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ETA INVARIANT AND SELBERG ZETA FUNCTION OF ODD TYPE OVER
CONVEX CO-COMPACT HYPERBOLIC MANIFOLDS

COLIN GUILLARMOU, SERGIU MOROIANU, AND JINSUNG PARK

ABSTRACT. We show meromorphic extension and give a complete description of the divisors
of a Selberg zeta function of odd type Zp ,(A) associated to the spinor bundle ¥ on an odd

dimensional convex co-compact hyperbolic manifold T'\H?"*1. As a byproduct we do a full
analysis of the spectral and scattering theory of the Dirac operator on asymptotically hyperbolic
manifolds. We show that there is a natural eta invariant n(D) associated to the Dirac operator
D over a convex co-compact hyperbolic manifold T\H2"*! and that n(D) = % log Z3. +,(0),
thus extending Millson’s formula to this setting. We also define an eta invariant for the odd
signature operator, and we show that for Schottky 3-dimensional hyperbolic manifolds it gives
the argument of a holomorphic function which appears in the Zograf factorization formula
relating two natural Kahler potentials for Weil-Petersson metric on Schottky space under some
assumption on the exponent of convergence of Poincaré series for the group I'.

1. INTRODUCTION

The eta invariant is a measure of the asymmetry of the spectrum of self-adjoint elliptic operators
which has been introduced by Atiyah, Patodi and Singer as the boundary term in the index formula
for compact manifolds with boundary [EH For an elliptic self-adjoint pseudodifferential operator
D of positive order acting on a bundle over a closed manifold, it is defined as the value at s = 0
of the meromorphic function

which admits a meromorphic continuation from R(s) > 0 to s € C and is regular at s = 0. In
heuristic terms, n(D) := n(D, 0) computes the asymmetry Tr(D|D|~1).

By applying Selberg’s trace formula, Millson [@} proved that for any (4m — 1)-dimensional
closed hyperbolic manifold Xr := I'\H*™~!, the eta invariant 7(A) of the odd signature operator
A on odd forms A°dd = @%’QOA%_l can be expressed in terms of the geodesic flow on Xp. Millson
defined a Selberg zeta function of odd type by

,Y)k) ef)\kl('y)
3 k

L. Z2 (N i=exp | — X (R(7)F) — x—(R(
(1.1) [INQY, p %; el PO

where P denotes the set of primitive closed geodesics in X, R(vy) € SO(4m — 2) is the holonomy
along a geodesic v, x+ denotes the character associated to the two irreducible representations of
SO(4m — 2) corresponding to the 4i eigenspace of x acting on A?~1 P(v) is the linear Poincaré
map along v, and () is the length of the closed geodesic v. Then he showed that Z2 , (\) extends
meromorphically to A € C, its only zeros and poles occur on the line $(\) = 0 with order given in
terms of the multiplicity of the eigenvalues of A, and the following remarkable identity holds:

™) = 721 (0).

It is somehow believed that central value of Ruelle or Selberg type dynamical functions have some
kind topological meaning and this identity, as well as Fried’s identity [ﬂ], provide striking examples.
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It is a natural question to try to extend this identity and to study the meromorphic extension
and the zeros and poles of the zeta function Zp A(A) on non-compact hyperbolic manifolds. The
first step in this direction has been done in [@] for cofinite hyperbolic quotients, where Millson’s
identity holds with extra contributions from the cusps, in the guise of the determinant of the
scattering matrix. In the present work, we carry out this program for convex co-compact manifolds,
i.e., geometrically finite hyperbolic manifolds with infinite volume and no cusps. In dimension 3
for the particular case of Schottky groups, our results have interesting connections to Teichmiiller
theory, as we explain below.

The proof of the meromorphic extension of any reasonable dynamical zeta function on co-
compact hyperbolic manifolds is contained in the work of Fried [E] using transfer operator tech-
niques in dynamics, but as explained by Patterson-Perry [@], it extends to the convex co-compact
setting in a natural way. However there is no general description of the zeros and poles, while we
know in the co-compact and cofinite cases that these are related to spectral and topological data
since the work of Selberg [@] There are now some rather recent works of Patterson-Perry [@] and
Bunke-Olbrich [ﬂ] which give a complete description of the zeros and poles of the original Selberg
zeta function on convex co-compact hyperbolic (real) manifolds. The case of homogeneous vector
bundles is not yet completely described.

In this paper we study mainly the Dirac operator acting on the spinor bundle ¥ over a convex
co-compact hyperbolic manifold Xt := T\H?"*!. The basic quantity associated with T' for this
case is its exponent dr defined to be the smallest number such that

(1.2) Zexp(—()\—i—n)ry) < o0
yel

for all A > dr. Here 7., denotes the hyperbolic distance dgzn+1(m,ym) for a fixed point m € HI+1.
Note that our definition of dr is shifted from the usual one by —n. For A > dr, we define the Selberg
zeta function of odd type Zp 5,()) associated to the spinor bundle ¥ exactly like in (EI) except that
R() denotes now the holonomy in the spinor bundle ¥ along -, and x+ denote the character of
the two irreducible representations of Spin(2n) corresponding to the +i eigenspaces of the Clifford
multiplication cl(T,) with the tangent vector field T’, to . Like for the hyperbolic space H2
the Dirac operator D acting on the spinor bundle ¥ on a convex co-compact hyperbolic manifold
Xr has continuous spectrum the real line R, and one can define its resolvent for #(A\) > 0 in two
ways
Ri(\):=(D+i\N)7!, and R_(\) := (D —i)\) !
as an analytic family of bounded operators acting on L?(Xr,Y). We then first show

Theorem 1.1. The Selberg zeta function of odd type Zl‘l)z()\) associated to the spinor bundle ¥ on
a convex co-compact odd dimensional spin hyperbolic manifold X = T\H?"*! has a meromorphic
extension to C and it is analytic in {R(\) > 0}. The resolvents Ry (\) of the Dirac operator have
meromorphic continuation to X € C when considered as operators mapping C§°(Xr,X) to its dual
C~>°(Xr,X*), and the poles have finite rank polar part. A point Ao € {R(N\) < 0} is a zero or
pole of Z¢ w(A) if and only if the meromorphic extension of Ry () or of R—(\) have a pole at Ao,
in which case the order of \o as a zero or pole of Zfﬂ’z()\) (with the positive sign convention for
zeros) is given by

Rank Resy, R—(\) — Rank Resy, R ().

In so far as analysis is concerned, we deal with a much more general geometric setting in
arbitrary dimensions and we prove various results which were previously known for the Laplacian
on functions. We consider asymptotically hyperbolic manifolds (AH in short). These are complete
Riemannian manifolds (X, g) which compactify smoothly to a compact manifold with boundary
X, whose metric near the boundary is of the form g = g/2? where g is a smooth metric on X
and z is any boundary defining function of X in X, and finally such that |dz|; = 1 at 90X,
a condition which is equivalent to assuming that the curvature tends to —1 at the boundary.
Convex co-compact hyperbolic manifolds are special cases of AH manifolds. We show that the
spectrum of D on AH manifolds is absolutely continuous and given by R, that the resolvents
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R4 (\) defined above have meromorphic extensions to A € C, and we define the scattering operator
S(A\): C=(0X,¥) — C*(0X,¥) by considering asymptotic profiles of generalized eigenfunctions
on the continuous spectrum. The family S(A) extends to a meromorphic family of elliptic pseudo-
differential operators acting on the boundary with the same principal symbol as Dy, |Dp,|** !
(up to a multiplicative constant), where Dy, is the Dirac operator induced by the metric g|pgx-
The scattering operator is a fundamental object in the analysis of Selberg zeta function for convex
co-compact manifolds, and we study it thoroughly in this work. We also show in a related note
[@] that the construction and properties of the scattering operator have some nice applications,
for instance the invertibility of S(\) except at discrete \’s implies that the index of D,J{O vanishes
(the so-called cobordism invariance of the index), and the operator §(Id — S(0)) is the orthogonal
Calderén projector of the Dirac operator D on g, providing a natural way of constructing the
Calderén projector without extending or doubling the manifold X.

In a second time, we prove that Millson’s formula holds on convex co-compact manifolds for
the Dirac operator, and also for the signature operator under some condition on dr.

Theorem 1.2. Let Xr = D\H?*"*! be an odd dimensional convex co-compact hyperbolic manifold.

Then the function Trs,(De™"P) € C°°(X1) is in L*(Xr) where Try, denotes the local trace on the
spinor bundle. The eta invariant n(D) can be defined as a convergent integral by

1 (e o)
(1.3) n(D) == — / t—%( / Tre(De~P")(m) dv(m)) dt,
VT Jo Xr
and the following equality holds
(1.4) ™) = 72 5(0).

When 2n + 1 = 4m — 1, the eta invariant n(A) can also be defined replacing D by A and ¥ by
A°dd — EB%;”OAQP’l n (E), and if the exponent of convergence of Poincaré series or is negative,
we moreover have e™MA) = Z2 £ (0).

The assumption about dr for the equality e™(4) = Zp 4 (0) is rather a technical condition than
a serious problem. Most of the analysis we do here for Dirac operator D goes through without
significant difficulties to the signature operator A, but it appears to be slightly more involved
essentially due to the fact that the continuous spectrum of A has two layers corresponding to
closed and co-closed forms. The complete analysis for forms in all dimensions will be included
elsewhere.

To conclude this introduction and to motivate the eta invariant n(A) of the odd signature
operator A, we describe the particular case of Schottky 3-dimensional manifolds with dr < 0,
where the eta invariant n(A) can be considered as a function on the space of deformations. The
Schottky space &4 is the space of marked normalized Schottky groups with g generators. It
is a complex manifold of dimension 3g — 3, covering the Riemann moduli space 9, and with
universal cover the Teichmiiller space T . It describes the deformation space of the 3-dimensional
hyperbolic Schottky manifolds Xt = I'\H? as well as the one of boundary Riemann surfaces. Like
T4, the Schottky space &, has a natural Kéhler metric, the Weil-Petersson metric. In [@, ,
Takhtajan-Zograf constructed two Kéhler potentials of the Weil-Petersson metric on &, that is,

DetA
— 127log det Im 7

where 9 and 0 are the (1,0) and (0, 1) components of the de Rham differential d on &, respectively,
and wy p is the symplectic form of the Weil-Petersson metric; here S is the so-called classical
Liouwille action, DetA is the (-regularized determinant of the Laplacian A on the Riemann surface
determined by the hyperbolic metric (i.e. a point of G,) and 7 denotes a period matrix. We show
that

895 = 33( ) — Ywwp
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Theorem 1.3. The function F defined on &) := {I" € &4;6r < 0} by

F:= DetA exp (i - iwn(A))

" detImT 127

is holomorphic. In particular, the eta invariant n(A) is a pluriharmonic function on 62.

The condition dr < 0 in Theorem B simplifies the proof at several stages. But, one can expect
that a similar result still holds over the whole Schottky space &,. This extension problem will be
discussed elsewhere.
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work was started and completed. We are also grateful to the CIRM in Luminy for funding us
through a ‘Research in Pairs’ in January 2008. C.G. was supported by grants ANR05-JCJC-
0107091 and NSF0500788, he thanks the MSRI at Berkeley where part of this work was done.
S.M. was supported by grant PN-II-ID-PCE 1188 265/2009.

2. THE DIRAC OPERATOR ON REAL HYPERBOLIC SPACE

2.1. Dirac operators over hyperbolic spaces. The (d + 1)-dimensional real hyperbolic space
is the manifold

Hd+1:{;[;ERd+2|$3+(E%+...+(E3—(E3+1:_17 Tap1 >0}

equipped with the metric of curvature —1. The orientation preserving isometries of H%+! form
the group SO(d + 1,1). The isotropy subgroup of the base point (0,...,0,1) is isomorphic to
SO(d + 1). Hence the real hyperbolic space H"! can be identified with the symmetric space
SO(d 4+ 1,1)/SO(d + 1). Since G = Spin(d + 1,1), K = Spin(d + 1) are double coverings of
SO(d 4+ 1,1), SO(d + 1) respectively, we see that SO(d + 1,1)/SO(d + 1) = G/K and we use
the identification H?*! = G/K for our purpose. We denote the Lie algebras of G, K by g =
spin(d+1, 1), € = spin(d+1) respectively. The Cartan involution 6 on g gives us the decomposition
g =8P p where £ p are the 1, —1 eigenspaces of 0, respectively. The subspace p can be identified
with the tangent space T,(G/K) = g/t at 0o = eK € G/K. The invariant metric of curvature —1
over H%*! is given by the normalized Cartan-Killing form

(2.1) (X,Y) := —%O(X, oY)

where the Killing form is defined by C(X,Y) = Tr(ad X cadY) for X,Y € g.

Let a be a fixed maximal abelian subspace of p. Then the dimension of a is 1. Let M = Spin(d)
be the centralizer of A = exp(a) in K with Lie algebra m. We put [ to be the positive restricted
root of (g, a). Let p denote the half sum of the positive roots of (g, a), that is, p = %ﬁ. From now
on, we use the identification

(2.2) ac = C by AS— A

Let n be the positive root space of 8 and N = exp(n) C G. The Iwasawa decomposition is given
by G = KAN. Throughout this paper we use the following Haar measure on G,

(2.3) dg = a**dk dadn = a~*’dn da dk

where g = kan is the Iwasawa decomposition and a?’ = exp(2p(loga)). Here dk is the Haar mea-
sure over K with || x dk =1, da is the Euclidean Lebesgue measure on A given by the identification
AR via a, = exp(rH) with H € a, 3(H) = 1, and dn is the Euclidean Lebesgue measure on N
induced by the normalized Cartan-Killing form (-, -) given in (P.1)).

The spinor bundle ¥(H?*!) can be identified with the associated homogeneous vector bundle
over H¥*! = /K with the spin representation 74 of K 2 Spin(d + 1) acting on V,, = c2
that is,

(2.4) Y(HY) =G x,, Ve, — H =G/K.
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Here points of G x,, V;, are given by equivalence classes [g,v] of pairs (g,v) under (gk,v) ~
(g9, 7a(k)v). Hence the sections of G X, V;, from G/K consist of functions f : G — V., with the
K-equivariant condition,
F(gk) = 7a(k) "' f(9)
for g € G, k € K. Recall that 7, is irreducible if d 4+ 1 is odd, while it splits into 2 irreducible
representations if d + 1 is even.
Let us denote by

V: C®HM, S(HT)) — C®HM, THHY) @ DH))
the covariant derivative induced by the lift of the Levi-Civita connection to the spinor bundle

Y(H*Y), and by cl : Tp,,(H) — End %,,(H!) the Clifford multiplication. Then the Dirac
operator Dyat1 acting on C§°(HI !, ¥ (HH)) is defined by

d
Dgasi f(m) = cl(e;) Ve, f(m) for fe Co(HT! B(HI))
=1

where (ej)?ill denotes an orthonormal frame of T,,,(H?*!). The Dirac operator Dyas1 is an
essentially self-adjoint, elliptic and G-invariant differential operator of first order, and we use
the same notation for its self adjoint extension to L2(H4t!, X(H*!)). It is well known that the
spectrum of Dyat1 on L2(H4HL S(H?HL)) consists only of the absolutely continuous spectrum R
(for instance, by Corollary 4.11 in [{]).

2.2. The resolvent on H?"!. Let us define the resolvent in the half plane {R(\) > 0} by
RHd+1 ()\) = (DH?HdJrl + )\2)71

which maps L?(H4*! S (HYH)) to itself. Recall the hypergeometric function F(a, b, ¢, z) defined
by

-~ Ta+ B+ k(e
Flob.e:2) = 2 reore s R

Then we have from the work of Camporesi [ﬂ, Th. 6.2 and 6.3]

for |z| < 1.

Proposition 2.1. [Camporesi] For R(\) > 0, the respective Schwartz kernels of Ryga+1()\) and
Dya+1 Rga+1(N) are given by

e T4 AT

Ryass(Asm,m’) =2~ (7= (cosh(r/2)) (Y

2.5) T2A+1)
X F(% + M A, 2) + 1, cosh™2(r/2)) U (m, m’),
(2.6)
Digers Ruass (v, ')y = — 2@ 02t DO ANTAHD) @123 oy 2)

TE2r+ 1)
d+1
X F(% + M A+ 1,20+ 1, cosh™2(/2))cl (v )U (1, m)

where v = dyat1(m,m’) for m,m’ € H¥Y, vy, . is the unit tangent vector at m to the geodesic
from m’ to m and U(m,m’) is the parallel transport from m' to m along the geodesic between
them. Moreover Rya+1 () has an analytic continuation in C\ {0} with a simple pole at A =0 and
Dya+1 Ryat1(N) admits an analytic continuation to X € C, as distributions on HAT! x HI*+!,

Remark. If one denotes Ryar1 (A;m;m’) = Jx(r)U(m,m’) where r = dyn+1(m, m’), the function
Jx(r) satisfies that Jx(r) — J_x(r) is smooth in r near r = 0. This can be checked using func-
tional equations of hypergeometric functions but actually follows directly from elliptic regularity
since Jx(r) — J_x(r) (since the difference of resolvents too) solves an elliptic ODE. The kernel
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DII(A;m,m’) of D(Rga+1(A) — Rga+1(—A)) is then also smooth near the diagonal m = m/ and
following the proof of E, Th 6.3], we see that it can be written under the form

Deosn-2(r2) ((cosh™(5))~# Ha(cosh*(3)))
cosh(g)d+4

where H)(cosh™2(r/2)) := Jx(r) — J_x(r) with Hy(u) smooth near u = 1. Then we deduce that
on the diagonal DII(A;m,m) = 0.

DII(A\;m,m’) = —% sinh(r) (v, )U (m,m')

2.3. Dirac operators over convex co-compact hyperbolic manifolds. Let I denote a con-
vex co-compact torsion-free discrete subgroup of G = Spin(d + 1,1) such that its co-volume
Vol(T'\G) = oo. Hence
Xr :=T\G/K

is a (d+ 1)-dimensional convex co-compact hyperbolic manifold of infinite volume, which is a spin
manifold by construction. The boundary OH?*! which can be identified with K /M, admits a
I-invariant decomposition into Q(T") U A(T") where Q(T') # @ is open and I' acts freely and co-
compactly on H! U Q(I"). Hence Xt can be compactified by adjoining the geodesic boundary
nQ).

By the identification (.4) of the spinor bundle £(H%!) with the homogeneous vector bundle
G %, V;,, we can also identify the spinor bundle X(Xt) over Xr with the locally homogeneous
vector bundle I'\ (G x, V;,). Here I' acts on G x., V3, by v[g,v] = [vg,v] for v € I'. We can
also push down the Dirac operator Dgs+1 to X, which we denote by D. We also use the same
notation for its unbounded self-adjoint extension in L?*(Xr, % (Xr)), that is,

D: L*(Xr,%(Xr)) — L*((Xr,2(X7)).

By Corollary B.4 (Corollary 7.9 and Theorem 11.2 in [[]]), the Dirac operator D over L?(Xr, %(Xr))
has no discrete spectrum and only absolutely continuous spectrum R.

3. RESOLVENT OF DIRAC OPERATOR ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

In this section, we analyze the resolvent R()\) of D? on an asymptotically hyperbolic manifold
(AH in short) of dimension (d 4+ 1). An asymptotically hyperbolic manifold is a complete non-
compact Riemannian manifold (X, g) which compactifies in a smooth manifold with boundary
X and there is a diffeomorphism v (called product decomposition) from a collar neighbourhood
[0,€) x OX of the boundary to a neighbourhood of X in X so that

N dx? + hy
(3.1) Vg =——a—

2
for some one-parameter family of metrics h, on the boundary X depending smoothly on = € [0, €).
By abuse of notations, we will write = for ¢,x, and z is then a boundary defining function in X
near 0X, satisfying |dz|,2, = 1. A boundary defining functions satisfying |dz|,2, = 1 near the
boundary is called geodesic boundary defining function, and it yields a diffeomorphism ) like in
(B.1)) by taking the flow of the gradient Vo starting at the boundary. Following the terminology
of [L1], we shall say that

(3.2) the metric is even if the Taylor expansion of h, at 2 = 0 contains only even powers of x.

€T

This property does not depend on the choice of the diffeomorphism ¢ but only on g, see [@,
Lemma 2.1]. It is well known that convex co-compact quotients Xr = I'\H?*! are even AH
manifolds (see [@]) Note that the metric hg is not canonical since it depends on the choice of 9,
but its conformal class [ho] is canonical with respect to g.
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3.1. O-structures, spinor bundle and Dirac operator. Following the ideas of Mazzeo-Melrose
[@] (and refer to this paper for more details), there is a natural structure associated to AH
manifolds, this is encoded in the Lie algebra Vo(X) of smooth vector fields vanishing at the
boundary, whose local basis over C*°(X) is given near the boundary dX by the vector fields
(205,20, , ..., x0y,) if (z,y1,...,ya) is a local chart near a point p € X and z is a smooth
boundary defining function in X. The algebra is also the space of smooth section of a bundle °T'X
with local basis near p given by (20y, 20y, ,...,2d,,) and its dual space is denoted °T* X, with
local basis (dx/x,dyy/x,...,dys/x). The metric g is a smooth section of the bundle of positive

definite symmetric form $2 (°T*X) of °T*X.

Let us define g := 2%g where z is a boundary defining function appearing in (B.1). If (X, g) is
orientable, there exists an SO(d + 1)-bundle ,F(X) — X over X, but also an SO(d + 1)-bundle
YF(X) — X defined using the O-tangent bundle °7X and the metric g smooth on it. If (X,g)
admits a spin structure, then there exists a 0-spin structure on (X, g) in the sense that there is a
Spin(d+ 1)-bundle Y F(X) — X which double covers Y F(X) and is compatible with it in the usual
sense. This corresponds to a rescaling of the spin structure related to (X, ). The 0-spinor bundle
U%3(X) can then be defined as a bundle associated to the Spin(d+ 1) principal bundle 2F(X), with
fiber at p € X

OE;D(X) = (ng x Vz,)/7a-
The vector field 29, := xV7(z) in the collar neighbourhood is unit normal to all hypersurfaces
{x = constant}. The 0-spinor bundle on X splits near the boundary under the form

' =9, %, where °2y := ker(cl(z0,) F i),

note that this splitting is dependent of the choice of the geodesic boundary defining function x
except at the boundary X where it yields an independent splitting of the spinor (since the first
jet of VT is independent of z at 9X). To avoid confusions later (and emphasize the fact that
it is only depending on the conformal class (90X, [ho])), we shall define cl(v) the linear map on
9%sx
cl(v)y = cl(xdy ).

At the boundary, °%|,¢ is diffeomorphic to the spinor bundle X(0X) on (90X, hy), this is not
canonical since it depends on hg and thus on the choice of xz, however the splitting above is.
Notice also that in even dimension, the splitting Y, @ °$_ near the boundary is not usual
splitting of the spinor bundle. The Dirac operator near the boundary has the form

(3.3) D =% (cl(20,)xd, + P)a~2, P € Diff}(X;¢€)

where P is a first order differential operator in tangential derivatives, which anticommutes with
cl(z0,) and such that P = x Dy, +O(x?) where Dy, is the Dirac operator on X equipped with the
metric hg. If the metric g is even, it is easy to see that locally near any point ' of the boundary,

if (£0g,2Y1,...,7Yy) is an orthonormal frame near 3’ and (z,y) are coordinates on [0,¢) x X
there, then P is of the form

7

d
1=1

for some differential operators P; of order 1 and with smooth coefficients in (22,y). This can be
checked for instance by using that D = 251Dz~ % where D is the Dirac operator for the metric
g := x?g which is smooth in the coordinates (x = #2,%) down to x = 0. From these properties, it
is straightforward to check that if g is even, then for x geodesic boundary defining function fixed,
D preserves the space A+ C O (X % X)) of smooth spinors which have expansion at the boundary
of the form

(3.4) 0 ~ao Y a1y, with ¢hy; € $1(0X) and ;41 € T(0X).

Jj=0



8 COLIN GUILLARMOU, SERGIU MOROIANU, AND JINSUNG PARK

3.2. The stretched product. Following Mazzeo-Melrose [@], we define the stretched product
X xo X as the blow-up [X x X,As] of X x X around the diagonal in the boundary Ay :=
{(y,y) € 0X x 0X}. The blow-up is a smooth manifold with codimension 2 corners, and 3
boundary hypersurfaces, the left boundary denoted 1lb, the right boundary denoted rb and the
new face, called ‘front face’ and denoted ff, obtained from the blow-up. The blow-down map is
denoted 3 : X x¢g X — X x X and maps int(Ib) to X x X, int(rb) to X x X and ff to Ay.
The face ff is a bundle over Ay ~ 9X with fibers a quarter of d-dimensional sphere. Let us use
the boundary defining function z in ()7 which induces = := 7j 2 and 2’ := 752 as boundary
defining functions of X x X where 7g, 7, are the right and left projection X x X — X. The fibre
ff, of the front face ff (with p = (v/,y') € 0X x 9X) is, by definition of blow-up, given by the
quotient

(3.5) ft, = ((N,,(Aa,a)_( x 0X) x (R*d,) x (R*&w/)) \{O})/{(w,t,u) ~ st ), s > 0}

where in general N(M,Y’) denotes the normal bundle of a submanifold M in a manifold Y. Since
T,0X is canonically isomorphic to N,(Ap,0X x 0X) by z € T, 0X — (z,—z) € TH(0X x 0X),
ho(y’) induces a metric on Np(Ap,0X x 0X). Then ff, is clearly identified with the quarter of
sphere

ff, =~ {w + t0; + uds € Np(Ap,0X x 0X) x (RT0,) x (RT0p), 1* +u® + |w|,2m(y,) =1}

In projective coordinates (s := t/u, z := w/u) € (0,00) x R?, the interior of the front face fiber ff,
is a half-space diffeomorphic to H?*!. In the same way we define the blow-up X x¢0X of X x 90X
around Ag and the blow-up X xo 90X of 0X x 0X around Ay. The first one is canonically
diffeomorphic to the face rb of X xq X while the second one is canonically diffeomorphic to IbNrb.

The manifold X x X carries the bundle

£ ="2(X)R'%"(X)
which on the diagonal is isomorphic to End(°Y). This bundle lifts under 3 to a bundle over X x X,
still denoted by &, whose fiber at the front face ff is given by °%, (X) K %7, (X) everywhere on
the fiber ff, (here p = (v/, ') € Ap) if °%,/(X) is the fiber of °X(X) at the point y’ € 9X.

On a manifold with corners M with a smooth bundle E — M, let us denote by C> (M, E)
the space of smooth section of E which vanish to all order at the (topological) boundary and let
C~°°(M, E*) be its dual, the elements of which are called extendible distributions. Then §* is an
isomorphism between C°°(X x X; &) and C®(X x( X; &) and also between their duals, meaning

that distributions on X x X can be as well considered on the stretched product. In what follows, we
consider the Schwartz kernel K4 € C~(X x X, €) of an operator A : C°°(X,°%) — C~>°(X,°%)
defined by

(A, 8) = (Ka, ¢ R 0)
where (.,.) is the duality pairing using the volume density of the metric. By abuse of notations we
will write A(m,m’) for K4 (m,m’) and the bundle € at the diagonal will be identified to End("X).

3.3. Pseudo-differential operators. We define the space \Ilgn’a’ﬁ()_(;E) form € R, a,0 € C
as in [@, @], and refer the reader to these references for more details. An operator A is in
WP (X €) if its Schwartz kernel K 4 lifts to X xo X to a distribution 4*(K ) which can be
decomposed as a sum K4 + K2 with K} € p%pl C®(X xo X;&) and K2 € IM(X xo X, A; €)
where I1'(X %o X, A; €) denotes the space of distribution on X xo X classically conormal to the
lifted diagonal A := *({(m, m) € X x X}) of order m and vanishing to infinite order at the left
and right boundaries 1b U rb.

3.4. Microlocal structure of the resolvent on H%*!. We want to describe the resolvent kernel
as a conormal distribution on a compactification of H%*! x H*! in order to show later that a
similar result holds for convex co-compact quotients and more generally asymptotically hyperbolic
manifolds. Here we let HY+! be the natural compactification of H+!, i.e. the unit ball in R4+,
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Lemma 3.1. The analytically extended resolvent REdH (A) := (Dyat14i\) "t of the Dirac operator

. —I AL AL
Dyat1 on HY s in the space ¥, 27T (HAHL E).

Proof. This is very similar to the case of the Laplacian on functions dealt with in [@], since we have
cosh(r/2)72 € pipeC (HAH! x o H4+1\ A) and is a smooth function of the distance, and since, by
the remark after Lemma E, the lift of U(m, m) by £* is smooth on HT x o Ho+1, combining the
formulae (E)7 (@) proves our claim, except for the singularity at the diagonal A. The conormal
diagonal singularity can easily seen by applying the first step of the parametrix of Mazzeo-Melrose
(we refer to the proof of Proposition @ below) near the diagonal, indeed the construction shows
that there exists QJ(A) € Wy (HIH1; &) such that (Dyarr £ iX)(RE (A) — QL()\)) and
(REGHl (A) = QY% (X)) (Dgas+r £14)) have a smooth kernel in a neighbourhood of A down to the front
face ff, and so by O-elliptic regularity REHI (A) — QY%.()) is smooth near A down to ff. O

Note that the resolvent can be also considered as a convolution kernel on H%*+! with a conormal
singularity at the center 0 € H?*!,

3.5. The parametrix construction of Mazzeo-Melrose. We can construct the resolvent
Ri(\) := (D +i\)~! through a pseudo-differential parametrix, following Mazzeo-Melrose [R4]
or Mazzeo [@] We will not give the full details since this is a straightforward application of
the paper [P4 and the analysis of the resolvent RTH(/\) on the model space H4*!. This will
be done in 3 steps. If E,F are smooth bundles over X, we will say that a family of operator
A(\) : C®(X,E) — C~*(X,F) depending meromorphically on a parameter A € C is finite
meromorphic if the polar part of A(A) at any pole is a finite rank operator.

Proposition 3.2. Let (X,g) be a spin asymptotically hyperbolic manifold and D be a Dirac
operator over X. Then the resolvent Ri(\) = (D £ i\)~! extends from {R(\) > 0} to C\

(=N/2) as a finite meromorphic family of operators in \Ifal’wr%’wr%()_(;&). Moreover Ry()\)
maps C®(X,°%) to 2 2 C=(X,%) and for all o € C®(X,°%), we have [z~ Ry (N)0]|sm0 €

C=(0X,9%4).

Proof. First, we construct an operator Q% (\) € Uy "*>(X, &) supported near the interior diag-
onal such that (D £i\)Q%L(\) = Id+ K% (\) with K9(\) € ¥, °°>(X, &), thus a smooth kernel
on X xo X and whose support actually does not intersect the right and left boundary. Note that
this can be done thanks to the ellipticity of D and it can be chosen analytic in A, moreover notice
also that Q% (A\)(D £4)) —Id € U, °°>(X; &) by standards arguments of pseudo-differential
calculus. The error K ()) is a priori not compact on any weighted space x°L?*(X,°¥) so this
parametrix is not sufficient for our purpose. To be compact on such a space, it would be enough
to have vanishing of the error on the front face K¢ (\)|g = 0.

Next we need to solve away the term at the front face ff, i.e., K (\)|g. We can use the normal
operator of D: the normal operator N,/ (D) of D at y’ € 0X is an operator acting on the space
Xy :={z €T, X, %(z) > 0} obtained by freezing coefficients of D at y’ € 9X, when considered
as polynomial in the O-vector fields x0,,x0,. Here the spinor bundle over X, is trivial, i.e., it is
given by X, x 9%,/ (X) where °%,/(X) is the fiber of °% at the boundary point ¢’ € X. The half
space X, equipped with the metric g frozen at y’ (the metric here is considered as a symmetric
tensor on the 0-cotangent space °T* X) is isometric to H*! and the operator N,/ (D) corresponds
to the Dirac operator on H¢t! using this isometry. Moreover this half space is also canonically
identified to the interior of the front face fibre ff, with basis point p = (v/,y’) € Ap. One has from
[B4) that the composition (D + iX)Gy for G+ € Wy P (X;€) is in the calculus ¥o(X) and the
restriction at the front face fiber ff, is given by

(D£iN)G1)lg, = Ny (D £1iX).Gxlg,

which is understood as the action of the differential operator N,/ (D £ iA) on the conormal distri-
bution G4 g, on ff, ~ X,,. Thus to solve away the error term at ff, it suffices to find an operator
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QL ()\) in the calculus such that
Ny (D £iX).QL (Ml = KL (V]a,

for all y € 9X. This can be done smoothly in y' by taking QL (N)|g, = —Ri(y’ (M(ELN)g,)
where Ri(y/ (A) is the analytically extended resolvent of N,/ (D % i\) o~ (Dga+1 £ i\) on X, x
0%,/ (X) ~ HI*! x O5(H), and then defining Q1 (\) to be a distribution on X x¢ X whose
restriction to each fiber ff, is —Ri(y' (M(EL(N)g,). As we studied above, the resolvent Rﬂfl+1 N
is analytic in A and it maps C™ (H+1,0%) to p)‘+%C°° (W,OE) if p is a boundary defining
function of the compactification of H%*!, moreover the leading asymptotic term is of the form
pAJr%ij for some ¢4 € C’OO((?W,OX&). Thus, the composition Ri(y/ A)(KY (Mlz,) is a conor-
mal distribution in the class (pippyp) & C> (ff,, End(°S,)) and it is then possible to find Q1 (\) €
\IJSOO’AJF%AJF%(X; &) with the correct restriction at ff. Let Py denotes the canonical projection
Pi : %(0X) — °S1(0X). The restriction of a conormal kernel in W, 0P (X&) at 1b can be
considered as a section C~>°(9X x X; ) conormal to all boundary faces. From the mapping prop-

erty of REHI (A) just discussed, it is possible to choose Q1 (\) such that Py[p,” QL (\)]|w =0,
which will be important for the next step. Then we get (D 4 i\)(QL(\) + QL (\)) = Id + KL())
where K1(\) € pgWg 7222 (¢ ).

The final terms in the parametrix are those at the left boundary, solved away through the
indicial equation for z € C

(36) (DEiNaFHE (P + )
=i(z £ N2ty +i(—z £ N2 TP + 02T, Yy € CF(0X,°84).
which is an easy consequence of @) Lifting D as acting on the left variable on the space X xo X,

dgid _

it satisfies the same type of indicial equation: if G € ¥, ooty fts (X; &) for some a, B € C, then
Cso.atd grd

(D£iNG e ¥, EERE (X; &) and the leading term at 1b is

. a+ 2 —a—2 . a+ 2 —a—2
(3.7) lila £ N)py, > Pil(py, 2G)ln] +i(—atN)py, > P-[(p, *G))
where the restriction at 1b is considered as a section C~>°(9X x X; &) (conormal to all boundary
a—d
faces). Then since for o = A, the term (B.7) vanishes if Py (plb/\ 2G)|w = 0, one clearly has

KL\ e pf-f\I/(;oo’)‘JrgH’AJrg (X, &) thanks to the choice of Q1 ()\) and now, since a = A+ for j € N
is not solution of the indicial equation above when A ¢ —N/2, it is possible by induction and using
Borel Lemma to construct a term Q3 ()\) € pff\Ifaoo’)\Jr%H’)\Jr% (X, €), holomorphic in C\ (—-N/2)
such that (D +i\)Q%(N\) = —K1(\) + K% ()\) for some operator K% (\) € pﬁ'\I/aOQOO7)\+g (X,8).
By [BJ, the error term K3 ()) is now compact on p*L? for all z € [0, 00) such that R(\)+z > 0.
Fix Ao such that R(\g) > 0 where Ry ()\g) is bounded on L?(X). Then we use a standard argument:
we can add a finite rank term Q% (\) = Q3 (A\g) € U°%%°(X; ) to Q2 (\) in case (Id+ K2 ()\g))
has kernel in pL?, so that that Id + K3 ()\¢) is invertible if K3 (\) := (D + i/\)(ZfZO Q%L (N\)—1d
(see the proof of Th. 7.1 in [P4] for more details). The operator Q4 () := E?:o Q' ()\) is bounded
from p*L? to p~*L% if R(\) + 2z > 0 by [RJ], and so Fredholm theorem proves that Ri(\) =
Q+(\)(Id+ K3 (X))~! on the weighted space p?L? for z € [0, 00) such that z 4+ R(\) > 0. Finally,
writing (Id+ K3 (\)) ™! = Id+T%()), we see that To(\) = —K3I(\)+ K3 (A (Id+K3(\) K3 (N)
and the same arguments as [p4] show that Ry(\) € \I/al’AJr%’)‘Jrg(X; €). The mapping property
of Ry ()) acting on C*°(X,°%) follows from Mazzeo [R3. and the fact that for all o € C=(X,%)
we have Ri(\)o = 2 %¢x + O(z 2 +1) for some ¢ € C®(9X,%8<) is a straightforward
consequence of the indicial equation (B.4). O

Let us now discuss the nature of the spectrum of D. We start by an application of Green
formula, usually called boundary pairing property (compare to [@, Prop. 3.2])
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Lemma 3.3. Let R(\) =0 and 0; = x%’AU; + x%Jr)‘U;r fori=1,2 and o € C>®(X,°%), then
if (D? + Mo, =r; € C(X,%), one has

/X(<01,7“2> = (r1,02))dvy = 2 /8X<U1_|8X70'2_|3X> — {01 lox 73 lox )V,

where ( , ) denotes the scalar product with respect to g on X and to hg on 0X.

Proof. The proof of this Lemma is straightforward by using integration by parts in {x > €} and
letting € — 0. O

As a corollary of the resolvent extension and this Lemma, we obtain the following

Corollary 3.4. On a spin asymptotically hyperbolic manifold, the extended resolvent Ry (\) =
(D 4+ i\)~t is holomorphic on the imaginary line iR, consequently the spectrum of D is R and
absolutely continuous.

Proof. In view of the meromorphy of Ry ()), it clearly suffices from Stone’s formula to prove that
R4 ()) has no pole on the imaginary line. Assume ) is such a pole with order p, then the most
singular coefficient of the Laurent expansion is a finite rank operator whose range is made of gen-
eralized eigenspinors o solving (D +i)g)o = 0 and o € 220+ 2(C>(X,°%). In particular it satisfies
(D% 4+ A3)o = 0 and by applying LemmaB.d with o1 = 02 = o we see that (272" 20)|,—0 = 0 and
s0 0 € 2N TETL0®(X O%). Now from the indicial equation (B.g), this implies o € C>(X,°%) if
Ao # 0. Then Mazzeo’s unique continuation theorem [@] says that for a class of operator including
D?, there is no eigenfunction vanishing to infinite order at the boundary except o = 0, we deduce
that o = 0 and thus by induction this shows that the polar part of Laurent expansion of R()\) at
Ao is 0. Now there remains the case \yg = 0. First from self-adjointness of D, we easily get

(3.8) Allol[zz < [[(D +iA)o||L2

for all A > 0 and o in the L?-Sobolev space H'(X,°Y) of order 1, and this implies that R4 ())
has a pole of order at most 1 at A = 0, i.e. one has Ry(\) = ALA"! + BL()\) for some B4 ()
holomorphic (these can be considered as operators from C°° (X, %) to its dual). By (B-9), we also
see by taking A — 0 that ||[ALo]||p2 < ||o]|z2 for all ¢ € C(X,°%) and so A is bounded on L?
and also in ker(D) by the functional equation (D +iA) R4 (A) = Id. Now in view of the structure of
the kernel of R ()), it is not hard to check (e.g. see [[[J)) that the elements in the range of Ay are
harmonic spinors of the form o € 22C°(X,°%), which can only be L? if the leading asymptotic
(2720)|p—0 = 0, ie. if 0 € 27 T1C(X,°%). Using again the indicial equation, (B-4), we deduce
that o € C"‘X’(X, %) and thus o = 0 by Mazzeo’s unique continuation theorem, so AL = 0. O

Another corollary of Proposition B.9 is

Corollary 3.5. The resolvent R()\) := (D? + \?)~! extends meromorphically to A € C\ (—=N/2)
with poles of finite multiplicity, except at A = 0 where it has a simple infinite rank pole with

residue (2i) " (R_(0) — Ry (0)). Moreover R(\) is an operator in \I]az,/\+%,/\+%()—(7 &) and for any
o € C=(X,%), one has R(\)o € z2T2C>(X,°%).

Proof. : The extension and the structure of R(\) are a consequence of Proposition @ since
R(A\) = (2iA)"H(R_()\) — R4 ()\)). As for the mapping property, this is a consequence of mapping
properties of operators in Wy **(X) in [BJ. The question of the simple pole at A = 0 is also
clear since Ry (A) are holomorphic at A = 0. It remains to show that the residue IIj is infinite
rank. One way to prove it is to consider the asymptotic of Ilp¢ if ¢ € C5°(X;°Y). First, both
R_(0) and R, (0) have infinite rank since DR+ (0) = Id on C§°(X;°%), but moreover if ¢ is
smooth compactly supported, Ry (0)¢ has an asymptotic of the form $%¢i at the boundary
where 11 € C*(9X;°S4) according to Proposition B.3 If ¢ = 0, then R4 (0)¢ = O(z2*1), and
by the indicial equation @) it must vanish to infinite order at 0X, which by Mazzeo’s unique
continuation theorem implies that Ry (0)¢ = 0, a contradiction. This then shows that the range of
R4 (0) on C§°(X;°%) does not intersect the range of R_(0) acting on the same space, concluding
the proof. 1
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Remark. By self-adjointness of D?, one deduces easily that R(\)* = R(\), or in terms of kernels
R(\;m,m/)* = R(\;m/,m) ¥Ym,m' € X, m#m/,

here A* € ¥,,, K X,, means the adjoint of A € 3,,, KX,/ if we identify the dual ¥, with ¥,, via
the Hermitian product induced by the metric g.

3.6. Another parametrix construction when the curvature is constant near co. When
(X, g) is asymptotically hyperbolic with constant curvature outside a compact set (which is the
case of a convex co-compact quotient Xr = I'\H%*1), one may use a simplified construction similar
to that of Guillopé-Zworski [[[f]] for the Laplacian on functions.

Indeed, there exists a covering of a neighbourhood of X by open sets (U;) with isometries

Ly : (Ujvg) - (ngH‘”l)v
2 2
where B := {(x0,10) € (0,00) x R4, 22 + |yo|> < 1} and  ggasr = w.
0
We denote by B := {(z0, y0) € [0,00) x R, 22 +]|yo[* < 1} a half-ball in H™! and 9B := BN{zy =
0}. We shall also use the notation ¢; for the restriction Lj|Uj NOX-

Note that the function xy in B is not pulled-back to a boundary defining function putting the
metric g under the form g = (da® + h,)/2?, but we have (z/1520)|px = ¢}n; for some functions
n; € C>(dB). Through ¢;, the spinor bundle on H**! pulls-back to the spinor bundle X (X)|y,
but the splitting induced by cl(x¢d,,) does not correspond to the splitting °S, @ X _, except at
the boundary zo = 0, since the eigenspaces of cl(¢j(200s,)) are the eigenspaces of cl(x0;) when
restricted to the boundary.

The Dirac operator Dya+1 pulls back to D in Uj, consequently one may choose a partition of
unity % x} near X associated to (Uj);, that is > ix} = x where x € C*°(X) is equal to 1 near
dX. Take now x7 € C5°(B) some functions which are equal to 1 on the support of x}. Let us
define ¢ on 9B by x’(0,y0) = ¢}(yo) so that > tidj =1on 0X and ¢?¢] = ¢j.

The first parametrix we can use for (D? + \?) is

(3.9) Ro(\) = Z L;X?RHLH»I ()\)X}Lj* + Qo(N)

where Qo(\) € U, %°°(X; €) is holomorphic, compactly supported and solves (D? 4+ 2)Qo()\) =
1 —x + Ko(A) for some Ko(\) € C5°(X x X;&). Here ¢} denotes the pull back on sections of the

)
(71)* We obtain
)Ro(M)

A) =1d + Z D21, X3 Ryars (V)X ey, + Ko(N).

spinor bundle and ¢;

(D* + MR

The last term Ko() is clearly compact on all weighted spaces 2 L2(X, %) while the first one is
not. Since on H?! one has

a . 4 1 0 .
Dy = 2§ (—(200sy)?1d + 2§ Dga + izgADga) 75 2, A= [O _1] = —icl(xo0y, ),

in the splitting induced by cl(x09s,). The operator [Dg,..,x3] can be written as follows,
[Dfair, X3 =dx00z, X (z0, y0))1d
- :170(82 X? (z0,Y0))1d + 353 [Dga, X?(Io, Yo)] + ixo[ADga, X? (z0,Y0)]-
Using the fact that (ij)xj = 0 and the expression of Rya+1(\), we deduce that
[DHd+1aX]]RHd+1 ()\)X] € 0Jr 2 /)\+ZCOO(B % B 8)

where (20, Y0, 2(, y() are the natural coordinates on B x B. This error term can be solved away
using the indicial equation explained above for the general AH case and one can thus construct,
for all N € N, an operator Ry(\) € 22 &+12/2C°° (X x X, &) such that

(D? + A2)(Ro(A) + Ry (V) = 1d + Kn(2), Kn(A) € M3V A 200 (X « X 8)
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and K (\) is compact on N L2(X,9%) if 0 < N’ < N and R(\) > —N + N’ and R()\) > —N'.
All these terms are holomorphic in A except possibly at —N/2 where first order poles come from
the indicial equation and at A = 0 where Rpa+1(\) has an infinite rank pole. As above for
the general case, we can take an asymptotic series using Borel Lemma, which gives an operator
Roo(\) € a3+ M 20X x X €), holomorphic in A ¢ —No/2 so that (D? + A2)(Ro()) +
Ro(N)) = Id 4+ Koo () for some Koo(N) € x‘x’x’wr%C‘x’(X x X). And again , as in the proof of
Proposition @, up to the addition of a residual finite rank term for Ry, ()), we can assume that
there is A9 with R(X\g) > 0 such that Id + K, (X\o) is invertible on 2V L?(X) for all N > 0. The
extended resolvent of D? + \? is thus given by

R(A) = (Ro(A) + Roo (M) (Id + Koo (V) 7,
it is finite meromorphic in C\ (—Ny/2). Moreover standard arguments show that (Id+ K (X)) ™! =
Id + Soo(A) for some S () € xmx’A+%C°°(X x X, &) and so

R(\) — Ro(AW)(Id + Sec(N)) € 2312800 (X « X ).

Using the composition results of Mazzeo B3, Th.3.15], we get Ro(M\)Se(N) € (za ) TEC®(X x
X;€&) so

(3.10) R(\) — Ro(\) € 22327750 (X x X, 8).

Similarly, using the remark following Corollary @, we deduce that the kernel

(3.11) (m,m’) — R(\;m,m’) — Roy(\;m/,m)* € a:)‘Jrga:’)‘Jr%OOO(X x X,€)

and Ro(\;m’,m)* is given, by symmetry of Ryat1(\), by

(3.12) Ro(Asm',m)™ = (65X Rigar (M) 15,) (mym') + Qo(A)"

J

The expressions (B.10), (B.11)) and (B.12) will be very useful in what follows for obtaining an
explicit formula of the scattering operator modulo a smoothing term.

4. SCATTERING AND EISENSTEIN SERIES

4.1. Definitions and properties. Similarly to the Laplacian on functions, we can define Eisen-
stein series and scattering operator for Dirac operator. The Eisenstein series F()\) is an operator
mapping C*(9X,°Y) — C>(X,°%) and for all ¢/, E(\)% is a non L2-solution of (D? + A\?)o = 0;
more precisely it is defined using the following

Lemma 4.1. Let ¢ € C®(0X,°Y), and A € C\ (—=N/2) not a pole of R()\), then there erists
o € C%(X,%) solution of (D*+\?)o = 0, unique when R(\) > 0, and such that there exist o= €
C>=(X,°%) with 0~ |55 = and 0 = 22 2o~ + 22 Aot Moreover o* depend meromorphically
on A€ C\ (-N/2).

Proof. This is essentially the same construction as for the Laplacian on functions in [@] us-
ing the indicial equation (@) and Borel lemma, it is possible to construct a spinor o, €
=22 (X, %), holomorphic in C\ (Z/2) such that (D2 +X2)os = O(z) and (2~ Z040)|5x =
1. Note that this spinor is meromorphic in A\ € C with only simple poles at N/2 coming from the
roots of the indicial equation. Then we can set

0= 000 — RO)(D? + A?)0.
If ) is not a pole of R()), this solves the problem and defines ¢* by using the mapping property
of R(\) stated in Corollary @ The meromorphy of o is also a consequence of the construction
and of the meromorphy of R(\). The uniqueness of the solution is due to the fact that for two
solutions o1,05 of the problem, the indicial equation implies that o1 — oo € 2220 (X,0%),
and then for R(A\) > 0 this would be L? and X\ would be a pole of the resolvent in the physical
plane. For R(A) = 0, this can be proved using an application of Green formula like in [@] if
01,09 are two solutions of the problem, then the difference o1 — g5 is in zEtAC (X,°%) by the
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indicial equation and it is also in the kernel of D? + A\?, so we may apply the Lemma with
o1 =01 — 02 and 0y := R(—\)p where p € C*(X,°%) is chosen arbitrarily. This clearly implies
that fX <51 - &2, (p>dVg = 0 and thus 51 = 52. O

Remark. By uniqueness of the solution, o and o*|; 5 depend linearly on 1.

Definition 4.2. The Eisenstein series is the operator E()\) : C*(9X,°%) — C*(X, %) defined
by E(\)¢ := o where o is the smooth spinor in Lemma [i.1.

Definition 4.3. The scattering operator S(\) : C*°(0X,°%) — C>®(0X,°%) is defined by
S(A\)¢ := oF|y5 where o is the smooth spinor in Lemma [i.1.

It is rather easy to prove that the scattering operator is off-diagonal with respect to the splitting
O%(0X) =92 (0X)® 2 _(0X). To that end, we give an alternative construction of the Eisenstein
series E(\)1) when ¢ € O, or ¢ € °Y_. Let us first define a useful meromorphic function on C
INE D)

(4.1) o) m 2 L@ =N
I+

which satisfies C(A)C(—\) = 1.

Lemma 4.4. Let¢ € C*(0X,° 1), and A € C\ (=N/2) be not a pole of R+ ()\), then there exists
a unique o € C®(X,°%) solution of (D 4+ i\)o = 0 and such that there exists o+ € C>(X,°%)
with 0~ |px =  and o = 220~ + 2t . Moreover one has ot|,5x € C>®(0X,3¢) and
o* are meromorphic in X € C\ (=N/2). If in addition the metric g is even, then o= /C(\) are
holomorphic in {R(X) > 0} where C(N) is the function in (|L.1).

Proof. Recall the indicial equation for (D £ i)): let j € N and ¢+ € C®(0X,°S.) then there
exist some smooth spinor F) ; near X such that

(4.2) 25D+ iN)a M I (), ) = iad ((j “AENYL+ (A -G+ A)w_) + 27y .

Using this indicial equation inductively, we can construct for all ) € C*°(9X,°%.1) a formal Taylor
series, and thus a true spinor o + € 27~ 2> (X,9%) by Borel lemma, such that (D+iX)0oo,+ =
O(z>°) and (a:)"gaooﬁi)bg = ). This can be done holomorphically in A as long as A is not a
root of the indicial equation (J.4). The A so that the indicial numbers j — A £ X and A — j & A
in @) vanish are at N/2 and they vanish only on the ¥+ part of the bundle, therefore since
C'(\) has first order poles at 1/2 + Ny, we see that 0. /C()\) can be chosen holomorphically in
A € C\ N and that it has at most poles of order 1 at each A = k with k& € N; since it does not
involve new arguments we refer the reader who needs more details to the paper of Graham-Zworski
[@] where it was studied in the case of the Laplacian on functions. Now consider the case of a
metric g even. Since A4, A_ defined in(B.4) are preserved by 7% Dx? if g is even, then clearly
25 (D £ iz e = N—cl(2d,) £ i) + 2~ 2Dz? also preserves both Ay, A_. In particular,
if v = 0in [{), then 22+ Fy o5 € Ay and 2%2F) 9,41 € A_, while the converse is true if
14 = 0. This implies that the spinor o + can be taken so that x’\_%ooo,i € A+ and the A which
are actually solution of the indicial equation () for D 4+ 4\ are only at 1/2 + Ny. The spinor
000 /C(A) can be taken holomorphic also at A € N. It remains to set

(4.3) 0 =000+ — R (N)(D £ i))oco,+

which solves our problem, using the mapping property of Ry () stated in Proposition . 0

By uniqueness, the solution in Lemma @ is clearly the same than the one of Lemma @ when
the initial data v is either in o4 |yx or o_|y%, which implies

Corollary 4.5. The scattering operator S(A\) maps C*°(0X,°%1) to C*(0X,¥<).

Let us define the natural projection and inclusion
Py : C®(0X;'%) — C®(0X;°%4); i : C™®(0X;"Sy) — OC(0X;°%)
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and also the maps corresponding to the two off-diagonal components of S(\)
SL(\) i= PeS(\) Iy : C=(0X;°%1) — C*(0X;°% %)
Ei()\) := EQ\)ILPy : C*(0X;°%) — C(X;%).
4.2. Some relations between resolvent, scattering operator and Eisenstein series. Like

for the Laplacian on functions, the Schwartz kernels of R(\), E(\) and S(\) are related by the
following

Proposition 4.6. Let A € C be such that A ¢ —N/2 and X\ not a pole of R()\), then the Schwartz
kernel E(\;z,y") and Ex(X\;z,y") in CT°(X x 0X; &) of respectively E(N\) and E(\) can be
expressed by

[SI%

E(\z,y) =202 2 T R 2,2, y)] oo,

(4.4) u
Ex(\z,y) =2 2 "Re(\ 2,2, y)]|wr=ocl(v)

where we use the product decomposition (z',y') € [0, €) x 0X near the boundary in the right variable
of X x X. If in addition R(X\) < —%, the Schwartz kernel S(X;y,y') of S(A) is in C°(0X x 0X; &)
and can be expressed by

(4.5) SNy y) = BN 2,y )lemo, Se(Niy.y) = (27 EL (N 2,9, ¢)] oo

Proof. Let z € X and 04 as in Lemma L1}, then E(\)Y = 0o — R(A\)(D? + A\?)0w. The first
statement of the Lemma is simply obtained by integration by part in (2’,y’) of

[ (RO ) (D 4+ X iy )
and letting ¢ — 0, this give_zs the term oo (2) plus a term
[ (RO 2,0, Vi, 09 = (Tarig RO 208,10 (037 L @
But fra;(m the analysis of the resolvent R(\), we have for z € X and as 2’ — 0
Rxizal o) =24 (LN 2,y) + O)),

Varo, RG22, y/) = (5 + Va5 (L0 2,9/) + 0@))

anela’ 1) = W) + 0E), Vo, om(e!,y') = (5~ N W) + 0)

for some L € C°°(X x9X, &) and where ¢ € C*°(9X,Y) is arbitrarily chosen. We can then deduce
that E(\;2z,9') = 2AL(\; 2,9/) as distributions in C>(X x 0X;€). Using the structure of R(\)
in Proposition .4, we observe that the kernel of E()\) is also a distribution in C~>°(X x 8X; &)
since its lift to X x¢dX is a conormal distribution on X xdX, more precisely it is an element in
plAbJr%pf;Af%C“(X X0 8X;&). This is exactly the same argument for the Ey(\) formula in (£.4)
by using the representation ([.3) and integration by part.

Now for the scattering operator, we take R(A\) < —2 and use the definition of S(A)¢ to deduce
that ,

S = (27272 EO)¢)la=o.

From the fact that the lift of the kernel 22 E(\) to X x(dX is in Pt TAO® (X x 00X ; End(°Y)),
thus in C%(X x 9X), we see that

/ e B g,y ) ) dvag (1)
0X

is C°(X,%%) and its restriction to OX is given by the pairing of [z7>~% E(A)]|s—o with t, which
ends the proof for S()). The argument is the same for Sy (). O
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In the same way as E()\), we define the operator E*(\), B ()) so that the Schwartz kernel of
E4(X\), B ()\) are given for A € C\ (=N/2) not a pole of R()) by
(4.6)
E*(\y,m') = 20 RO g, m )] lomo, BNy, m) = =)o 2 Re (X2, y,m)][a=o
using the product decomposition [0, ¢), x X near X. Like for the analysis of the kernel of F()\)
above, the structure of the kernel E*(\) on the blow-up 0X x X is clear from the analysis of
R()). Note also that E%(\) maps C>(X,°%) to C>(0X;°%.) by using Corollary B.5 and

(5 () )(y) = ~el(v) lim / ~4 Ry (s, g, m' o (' lvg ().
We see also from the remark following Corollary @ that
(4.7) Ef(Ay,m') = E(xm',y)", EL(Ny,m') = Ex(\m,y)".

when these are considered as linear maps from %,/ to °%,.

Lemma 4.7. Let m,m’ € X, then for A ¢ Z/2 neither a pole of R(\) nor of R(—\), we have

R(\m,m’) — R(—X;m,m') = (20)" / B m,g) BNy m)dvig (y),
(4.8) ox

Ry(Aym,m') — Re(=Aym,m’) = — /ax Ex(Aym, y)el(v) B (= Ay, m')dva, (y)
or in terms of operators
R(N) = R(=X) = @20 'EQNEH(=)),  Ri(A) — Re(=A) = —Ex(\cl() EL(-N).

Proof. This is a straightforward application of Green formula and does not involve anything

more than in the proof given by Guillopé [@] for the Laplacian on functions on a surface. It

is based on the fact that (D? + A2)R(\;m,m') = (D? + M)R(=X\;m,m') = §(m — m') and

(D£iN)Re(Aym,m') = (D £iX)Rx(—A;m,m') = §(m —m'), where 6(m —m') denotes the Dirac

mass on the diagonal. O
A corollary of this is some functional equations relating E()\), E#(A\) and S(\).

Corollary 4.8. The following meromorphic identities hold
E(N) =E(=NS(),  EHA) = S(VEH-N),
Ez(\) = Bx(-N)S5(\),  BL(\) = S (WEL(-N).

Proof. Let us consider the second identity: assume R(\) < —, it suffices to multiply the first
line of ([£§) by 2(m)~*~% and take the limit as z(m) — 0 when m/ € X is fixed, the limit makes
sense in view of our analysis of the Schwartz kernels of R()\), E(\), E*(\) and S(\). Then we use
Proposition @ and the definition of E*()\) and this gives the proof of the second identity of the
Corollary, at least for R(\) < —g, but this extends meromorphically to A € C. The proofs of other
identities are similar. O

4.3. Properties of S()\).

Proposition 4.9. For A such that ®(\) < 0, A\ ¢ —=N/2 and X not a pole of R()\), the operator
S(A) is a classical pseudo-differential operator on 0X of order 2\, with principal symbol

. _oaI'(=A+1/2)
4. , = 221 th =7 2
49 ow(SONE = CONAMIEEae), it C(y) = 2P AL
Moreover S()) can be meromorphically extended to C\ (=N/2) as a family of pseudo-differential
operators in W (0X;E).
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Proof. Let (3 :_X xo X — X x X be the blow-down map, 8_)2 x00X :=[0X,0X, As] be the blow-
up of 90X x 0X around the diagonal Ay and By : X x¢0X the associated blow-down map. Then
the expression ([L.§) can also be written for R(A\) < 0 (S(\) and R()) denote also the Schwartz
kernel)

(4.10) S(\) = 2\, (6*((xx’)’A’%R(/\))hbmb)

where 1b N rb is naturally identified with 9X xo 9X. For more details, we refer to the article
of Joshi-Sa Barreto ] which deals with the Laplacian on functions. Now using the fact that

R(N) € U328 M5 (% £) we deduce that

((z2") " ER(A)) [ibrwb € pay "CP(0X %0 0X,€)

where pg.9 := palibnrb 18 a boundary defining function of the boundary (i.e. the face obtained by
blowing-up) of X x¢ dX. This shows that the kernel S()\) is classically (or polyhomogeneous)
conormal to the diagonal and the leading singularity at y = ¢y’ = p given in polar coordinates in
the conormal bundle is given by

y—y

SOsusy') ~ eOly =y 2060, o = =

for some ¢(\) € C and where U,(p') € End(°2,(X)) denote the limit of the parallel transport
U(ep,m) in the fiber ff, when m — p’ € IbnrbNff, ~ S9=1 (here e,, is the center of ff, defined by the
intersection of the interior diagonal with ff, and identified with the center of hyperbolic space).
Thus we obtain S(\) € WX, &), moreover the expression ([l.1]) can be meromorphically
extended to C\ (—N/2) as a distribution classically conormal to the diagonal, thus as a family
S(\) € U2A0X;€). As for the principal symbol, we use the expression of U,(p’) for H*! given
in Corollary [A.4] and Fourier transform to obtain ([.9). Notice that there might be first order
poles of infinite multiplicity at N/2 coming from the meromorphic extension of the distribution
ly —/|***7 to A € C. This phenomenon is described in [Ld] for the case of A on functions. O

!

€ g1

Like for functions, the scattering operator is a unitary operator on the continuous spectrum
and satisfies a functional equation

Lemma 4.10. The operator S(\) is unitary on {R(\) = 0}, it satisfies S(N\)S(—=A) = Id for A
such that S(+N) is defined, and it is conformally covariant in the sense that for another choice

T = e“x of geodesic boundary defining function, the corresponding scattering operator is 5'()\) =
e~ T w0 §(N)ela =M% ywhere wy = wlyx.

Proof. The functional equation is a straightforward consequence of the uniqueness in Lemma @
or the first equality of Corollary @ The unitarity follows easily from Lemma by taking the
solutions o1, o9 of Lemma @ for two initial data 11,vs € C(0X,°%). The conformal covariance
of S()\) is straightforward by using the uniqueness of the solution in Lemma [£.1]. O

Corollary 4.11. If the metric g is even in the sense of (B.d), the operator §(A) = S(\)/C(N) is
finite meromorphic in C, and it is holomorphic in {3(\) > 0}.

Proof. The analyticity in the right half-plane is a consequence of the last statement in Lemma
[4 and the fact that S(A\)y = oF|s5 with the notation of this Lemma. We already know the
meromorphic extension outside —N/2 so we can write, using Proposition @,

S(N)/C\) = cl(v) (D, +1)(|Dno| +1)* 71 (Id + K (N))

for some K (\) compact on L2(0X,°%) and analytic in {R(\) > 0}. We know from Lemma
that Id + K(\) is invertible for almost all A € C, so we may use Fredholm analytic theorem to
show that (S(X\)/C(\))~! is a meromorphic family of operators with poles of finite multiplicity
at most in R(A\) > 0, so by the functional equation in Lemma [L10, we deduce that S(\)/C()) is
meromorphic in $(A) < 0 with poles of finite multiplicity. O

We give another corollary of the properties of S (N).
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Corollary 4.12. For an AH manifold with a metric g even in the sense of (@), the resolvent
Ry (X) is finite meromorphic.

Proof. According to Proposition @, the only problem for the meromorphy of Ry()) can be at
—N/2, so consider the half plane {*(\) < 0}. Since R(—\), E(—)), E*(—)) are holomorphic in
{R(N) < 0}, the result is a straightforward consequence of Corollary together with the formula
S(A
RO = R(-3) + (20 COVE(-X) S5 FH(-),
itself a consequence of Lemma E and Corollary @ O
4.4. Representation of F(\) and S()\) in the case Xr. Using Proposition [.q and (B.10),
we obtain directly an explicit representation modulo a smoothing term. We use the functions
7, gbj», X; of Section @ We denote Sga+1(A) and Ega+1(A) the scattering operator and Eisenstein

series on H9*!, defined using a defining function of JH?+! which is equal to zo on the half ball E
in the model H*' = {(20,y0) € (0,00) x R*"'}, i.e. in terms of distribution kernel on B x 9B
and on 0X x 0B

—\—4
EHd+1 (A7 Z0, Yo, yé) = 2A[$/0 2 RHd+1 ()\7 Zo, Yo, I/Ov yé)]I?E):O;
N -
Spa+1 (A yo,90) = 29" 2 Egasr (X 2o, Yo, Y))]|zo=0-

Lemma 4.13. If A € C\ (=Ny/2) is not a pole of R()\), then the Eisenstein series E(\) for D?
on a convex co-compact quotient X = I'\H*! has the kernel E(\) = Eg(\) + Ex()\) where

Ey(N) := Z ijiEHdﬂ ()\)¢]1'77j 2 Uj o

j
Exe(A) = 202" F(R(N) — Ro(W)]lr—o € 2 2C(X x 0X; ).
Similarly, the scattering operator S(\) for D* on X has the kernel S(\) = So(\) + Seo(\) where

« —A—4 R
SQ()\) = ZLJT]J 2¢?SHd+1 ()‘)¢3177J 2Lj*’
J

Seo(N) = 2M[(z2") "2 (R(A) = Ro(N)]|amar—o € C®(0X x 0X;€).
5. SELBERG ZETA FUNCTION OF ODD TYPE AND ETA INVARIANT

In this section, we will assume that the dimension d 4+ 1 = 2n + 1 is odd except in Lemma p.9.

5.1. Odd heat kernel of Dirac operator on H%t'. By the identification (2.4), the kernel of the

odd heat operator Dyas1e"Pa+1 on L2(H S (HA*1)) can be considered as a 74-radial function
P, over G. Hence there exists a function P; from G to End(V,,) satisfying the K-equivariance
condition

(5.1) Py (k1gks) = Ta(ko) ' Pi(g)7a(k1) ™ for g€ G ki, ks € K
such that
(5.2) Dyanre Pias1 (oK hK) = Py(h~'g)  for g,h € G.

Let us remark that P;(h~1g) and Pt(kl_lh_lgkg) for k1, ko € K give the same map by the condition
(@), so that the right hand side of () does not depend on the choice of the representatives of
the K-cosets.

Recalling the Cartan decomposition G = KATK with A" := {a, = exp(rH)|r > 0}, any
element g € G can be written as g = ha,k where a, = exp(rH) and r is the same as the
hyperbolic distance dga+1(eK, gK) between two points eX and gK in H*! =~ G/K. Now let us
recall that the spin representation 7; decomposes into two half spin representations o4 ,0_ when
restricting to M = Spin(d),

Taly =0y @ o,
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hence the representation space V;, also decomposes into V,+ @ V,- as M-representation spaces.
By Schur’s lemma there exists a function pfﬁ : R — C such that

Pi(ar)ly,, =pi (r)1dy,,

where a, € AT. As in the proof of Theorem 8.5 of [f]] using Theorem 8.3 of [, one can easily
derive

Proposition 5.1. The scalar components of Dyga+1 e~ tDhat1 qre given by

B sinh(r/2) d L 2
(5.3) pit(T) = ii23"+3/21"(n YOI <— d(cosh T)> rsinh ™t (r/2) e 7.

Let us observe that the equalities (F.1)) and (F.3) determine the odd heat kernel Dyasre P a1
by the Cartan decomposition G = KATK.

2

5.2. Odd heat kernels over convex co-compact hyperbolic manifolds. By a usual con-

struction, the kernel of the odd heat operator De~*" * over Xr is given (as an automorphic kernel)
by

(5.4) De™P*(g,h) = Y DyasrePust (g,7h)
yel’

where g, h denote points in Xt = I'\H%*! which we view as a fundamental domain in H*! with
identified sides through I'. By (F.1)), (F-]) and some elementary calculations,

r~(g,h)? .
(5.5) ||DHd+1€_tD]f1d+1 (g.yh)|| < Ct™2 e 2 (9h) = Z (g, h)t .

0<j<n+1
0<k<n

Here C' is a positive constant independent on t, (g, h) where (g, h) := dya+1(g,vh).

Lemma 5.2. Let F be a fundamental domain of T' and T be a boundary defining function of Xr
which we view as well as a function on F. There are positive constants C1,Cs, C3 such that for
all v € T with vy = dya+1(e,ve) > C3 and all g,h € F

Cre ™z(g)z(h) < el < o e x(g)z(h).

Proof. By conjugating by an isometry of H*! we can assume that in the half space model
H = R x RY the points (0,0) and oo are in the limit set A(T') of the group I'. Then, since the
group is convex co-compact, a fundamental domain JF satisfies the following: there exists C' > 0
and € > 0 such that

FC B:={z€[0,00) x R 2| < C,denar(z; A(T)) > €}
where deye denotes the Euclidean distance in R, Let v € I' an isometry which fixes points
p#,p% € RZ N B. Composing a translation z — z — (p# +p%)/2 with a rotation in the RZ variable,
we define an isometry ¢, which maps p! to p, = (0, |p} — p2[/2,0...,0) and p? to —p,. Notice
that
¢4(F) Cc B :={z€0,00) x R 2| < 20, deuel (2; +p,) > €}
Now we can define the isometry s., obtained by composing the dilation z — |p,| 'z with the map

1+ 2

(ZO7y27"'7yd) i (ﬁ7y27"'7yd)

where zy = (y1 + iz) € C denotes complex coordinates for R} x R,,. This isometry s, maps p,
to oo and —p, to 0. Moreover, it is easy to see that for z € B’ we have

Csn(a) < 2
40_872 e
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We conclude that t., := s, 0 ¢, maps F to {z € RT x R¢ e < |z| < e~} for some € > 0 which do
not depend on . But ¢, 0vyo t;l is an isometry fixing the line {y = 0} and thus can be written
under the form

lyoyo t;1 : (ZE, y) — e (‘Ta O’y(y))
for some O,(y) € SO(d). Moreover, possibly by composing ¢, with an inversion, we can assume
than r, > 0 and it is clearly given by dya+1(e,ve). Then we have for m = (z,y),m’ = (2’,y’) in
the half-space model

—1? 2
cosh2(de+1 (m, m/)/2) _ ly —y'|* + |I:17 + '

dxx
and by writing g = (z,y) and tyh = (2/,3’) in the half-space model,

7oy = Oy W)+ e Tz +
dzz! '

(5.6) cosh®(r, (g, h)/2) = ™

1

But since t,g,t,h € t,(F), one has ¢ < (2% + |y[?)2 < 7! and the same for (z/,y’), which
from (b.6) implies that cosh®(r, (g, h)/2)e " vxx’ € [e2,672] for ., large enough (depending only
g). It remains to use the that ¢, is an isometry of H*! and so there exists C' > 1 such that
(xoty)/x € [C™,C] on F, which ends the proof. O

By (.3), (F.9) and Lemma .3, we get that the right hand side of (f.4) converges uniformly in
g,h in a fundamental domain. We denote by Try; the local trace over OEm(Xp) =2V, formina
fundamental domain of I'.

Proposition 5.3. For m in a fundamental domain of ', we have

(57) TrE(De_tD2)(m) = Z Trs(Dyga+1 e_tDuid+l)(m,’ym).
velr\{e}

Proof. 1t is enough to show that Trs;(Dga+1 e_tD;d“)(m, m) = 0, which is a consequence of
Trsy(Dygasr e Pit41) (m,m) = Tes(P)(€) = d(o2) (] (0) +p; (0)) = 0
where d(o) denotes the dimension of V,,, and the last equality follows from (j.3). O
By equations (5.5), (5.4) and Proposition f.9, we deduce that there is € > 0 such that

| Trss(De™ P (m)| < Co(t) a(m)?EF9 Y em(EFar
vEr\{e}
where C¢(t) is a constant depending only on €,¢t and = a boundary defining function. Hence the
local trace function Try, (DeftDz)(m, m) is integrable over Xp. Now we can define

(5.8) Tr(De P%) = / Trs (De 2%)(m) dv(m)
Xr
where dv(m) denotes the metric over X induced from the hyperbolic metric dvyga+:.

By our assumption on ', T'\ {e} consists of hyperbolic elements and decomposes into T'-
conjugacy classes of hyperbolic elements. We denote by I'yy, the set of I'-conjugacy classes of
hyperbolic elements. Each element [v] in the set T'nyp, corresponds to a closed geodesic Cy in Xr.
We denote by [(C,) the length of C, and by j(v) the positive integer such that v = 73(7) with a
primitive 7o. A primitive hyperbolic element v means that it can not be given by a power of any
other elements in I', so that I'-conjugacy class of a primitive 7 corresponds to a prime geodesic
C, in Xp. The trace of the monodromy in 3(Xr) = I'\(G X, V,) along a closed geodesic C, is
given by X, (m~) + xo_ (m~) since any hyperbolic element + can be conjugated to ma, € MA™.
A closed geodesic C corresponds to a fixed point of the geodesic flow on the unit sphere bundle
over Xt. The Poincaré map P(C,) is the differential of the geodesic flow at C.,, which is given by
P(Cy) = Ad(m~ay) if ¥ = mya,. The unit sphere bundle SXr of Xr is given by I'\G/M, and its
tangent bundle T'S X is given by

TSXr =T\Gxy MPadn)
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where n = (n) and M acts on 1 @ a @ n by the adjoint action Ad. Hence P(C,) preserves the
decomposition 1 @ a & n. We denote by P(Cy )|y, P(Cy) its restriction to n, n part respectively.
Now we put

(5.9) D(3) = | det(P(C, ) nan—1d)[ /2 = ()| det(P(C, ) —1d)| = €O det(1d—P(C,) o )-
Proposition 5.4. The following identity holds

D2 2mi 1(C,)? ) — m 6*1(041)2
(5.10) Tr(De )= (47Tt)% ; ]ezrhyp iD>) (XU+( v) — Xo_ ( ’Y)) .
Proof. By equalities (5.9), (5.7) and (5.9),
r(DetP%) = s P(g™! .
(5.11) Tr(De tP%) 7;\:{6} /F\GT s P:(g7"79) d(Tg)

By Theorem 2.2 in [@ the scalar function p¢(g ) Trs P;(g) is in the Harish-Chandra L!-space.
(Note that p;(g) should not be confused with p(r) in the subsection @) Hence we can follow
the well known path of Selberg on p. 6366 of his famous paper [@] to obtain

(5.12) > / pi(g 'v9)d(Tg) = > VO](FW\G'V)/ P9~ vg) d(Grg)
ver\{ep /T\G (V1€ hyp Gr\@

where I'y, G, denote the centralizer of v in I' and G respectively. Now we show the following

equality,

_ 211 Z(O )2 _UCy)?
5.13) vol(I',\G / p 1 d(G :—3,7’ng — Yo (Mm~y))e” 3,
(5.13) vol(I',\Gy) o (97 79) d(G~9) (47#)”(7)1)(7)@ +(Mmy) = Xo_ (my))
We may assume that a hyperbolic element v € I" has the form m~a, € MA*. If vy € MAT,
(5.14) | ple 99)d(Gog) = vol(Go /) [ pilarg ) d(g)

G, \G G/A

We also have
(5.15) /. | P9 d(g4) = D) By o)

where the Abel transform of p; is given by

F,, (myay) //pt kmyaynk™") dkdn

with af, = exp(nl(C5)). By Theorem 6.2 in [B4), we have

(5.16) O, (p1) = /M /_ E,,(mexp(rH))tr o(m) ™" dr dm.

Here O, x(p:) is defined by
Orpr) = Tr o (p) = T [ pilo)anlg) da
G

and for (o,H,) € M (where M denotes the set of equivalence classes of irreducible unitary
representations of M) and A € af the principal representation 7,y := Ind§; 4 n (0 ® ¢ @ 1d)
of G acts on the space

Hox:={f:G— Hy| f(xman) = a_(i)""p)a(m)_lf(x), flx € LA*(K)}

by the left translation 7, (g)f(z) = f(g~'z). Applying the Fourier inversion theorem and the
Peter-Weyl theorem to the equality (f.16]), we get

(5.17) F,, (mya.) Z tro(ms) / O (pr)e HEDN .
ceM
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Now let observe that ©, x(p:) vanishes unless o = o4 since 74|y = 0+ @ 0. Moreover, we have

(5.18) Ouy 2 (pe) = £he™
as in Proposition 3.1 in [2g] by (4.5) in 7). Note that the analysis for this does not depend

on I', but is performed over G. Combining (5.14), (F.11), (b-14), (F.19) and observing that
vol(T,\G~)/vol(G,/A) = 1(C)/j(7), we conclude

WG [l ) dGag) = Zﬁ% ol RN
_ l(C’Y)(X<7+ (my) = Xo_ (mv)) 1 /OO A=tV il (CON g\
i) D) 2m
_2mi UCY)? (Xoy (my) = Xo_ (M) 87%
(47t)} i(v)D(v) '
Taking the sum over [y] € Ty, of this equality and by (F.11]) and (5.19), we obtain (5.10). O

From Proposition f.4, putting ¢ := ming,er,  [(Cy) > 0 we obtain the

Corollary 5.5. The following estimates hold
Tr(De_tD2) = O(e_cz/t) as t — 0; Tr(De_tD2) =O0@t™%?) ast — .

5.3. Selberg zeta function of odd type. We define the Selberg zeta functions attached to half
spinor representations o by

o)~ 3 Amslm) ey
(5.19) Zr(os, ) : p( h]ezr;yij)D(”Y) )

for R(\) > or. It is easy to see that Zr (o4, \) absolutely converges for R(\) > or by ([L.9).
Proposition 5.6. For R®(\) > or,

(5.20) Zr(ox, ) = ] ﬁ det (Id —0s(my) ® sk(p(cv)‘ﬁ)e—um)z(cw))

[v]€PThyp, k=0
where PI'yyp is the set of I'-conjugacy classes of primitive hyperbolic elements, and for an endo-

morphism L :V — V, S¥(L) denotes the action of L on the symmetric tensor product VEE

sym*
Proof. Tt is easy to see that log of the right hand side () is the same as

Z i Tr log (Id —o01+(my) ® Sk(P(C,Y)IH)e*()\Jr")l(CV))

[V]€PT Ly, E=0

- Y2 i (Ui(m7)®5k( (C))e )e*()\Jrn)l(C.,))j

[Y]EPThyp k=0 j=1

= D Y i) (s (my)) Tr(SH(P(Cy ) Jem AN
[ ]erhyp k=0
== Y J() Mdet(ld = P(Cy)) Tr(os(ms)) e M),
(V€T hyp

Now these equalities complete the proof if we use (@)

The Selberg zeta function of odd type is defined by
ZF (O'+ 5 A)

(5.21) 7P 5(N) = m

for  Re(\) > or.
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Note that the definition in (f.21)) is shifted by —n from the one in [Rg], [R]. From this definition,
the following equality follows easily

(5:22) g ZEs (N = 3 HCIG) D) (e, (my) — xo (my))e MO,
V€T hyp
By Proposition Q, and from the identity

oo 2 —Ar
/ et (47rt)_%e_ﬂ dt = £
0 4drr
valid for Re(A?) > 0, we have
Corollary 5.7. For Re()\) > max(dr,0),
(5.23) / e Tr(De P dt :%aA log Zg 5 (\).
0

Let us define the function wy on the fundamental domain Xr by
wr(m) := Trg[DR(A;m,m') — DRyarr (N;mym/) e

where Rya+1(A) is the meromorphic extension of the resolvent of DZ,.,. The kernel of D(R(\) —
Rya+1()\)) is smooth in Xr x Xr and, since automorphic on HY*! with respect to T', it induces
a smooth kernel on X x X. From the analysis of the resolvent above, we see that it is in the
class (z2/)*2C%(X x X; &) so its restriction to the diagonal followed by the local trace is in
p? 40> (X) and thus integrable when $()\) > 0; moreover it is meromorphic in C\ (=N/2). By
reversing the order of integration and trace in (f.23), we can write for ®(\) > max(dr, 0)

(5.24) O\ log ZP (N\) = w = —22'/ wx(m) dv(m)

' ZF,E(/\) Xr

and the integral of wy(m) can be decomposed under the form [, _and [, __ for some boundary
defining function x, so that it can be decomposed under the sum of a meromorphic function of A

and of
€0

lim e (2, y) da dvp, (y)

e—0
for some w) smooth and meromorphic in A. As ¢ — 0, this has an expansion of the form A(\) +
o €22 +30;(\) for some meromorphic C;()), A()), and for A > max(dr, 0) we have (f.24) which
is equal to A(\) + fx(m)>€o wx(m)dv(m). This shows

Lemma 5.8. The function O\Z{. 5(\)/Z{ (\) has a meromorphic extension to C\ (=N/2) given

by the value
NZp 5(N)
— i = 20 FPEHO/ wx(m) dv(m)
ZF,E()‘) (m)>e

where FP._o means the finite part as € — 0, that is the constant coefficient in the expansion in
powers of €, and wy is given in (5.3).

In addition, using that Trs[D Rgar1 (A\;m, m’) — DRygat1 (—=X\;m, m')|mem: = 0 for all A € C, we
obtain
MZ2H)  OZEs(N)

5.25 — =—2iFP6_,/ Trs[DIT(\; m, m')] e dv(m
G2 o) Zs() © oy TEPIs 2 dv(m)

where II(A\; m,m’) := R(A\;m,m’) — R(—=X;m, m/).
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5.4. Eta invariant. We define the eta invariant of D by

(5.26) n(D) = % /Ooo 3 Tr(De'P’) dt

where the trace Tr means the integral of the local trace like in @) Note that the integral on the
right hand side of ([5.2) is finite by Corollary .. The meromorphic extension of 7P 5(A) and its

analyticity on [0, 00) will be proved in next section, it implies directly the following result:

Theorem 5.9. The eta invariant of the Dirac operator over a convex co-compact hyperbolic man-
ifold Xr satisfies

(5.27) exp(imn(D)) = Z¢ 5(0).

Proof. We start by writing
2 [
12 = —/ e M,
v Jo

VA
// M (De P ) d) dt = Z/ S S
Zr,x(/\)

and this concludes the proof by Theorem @, in particular, the meromorphic extension of Zl‘l)z()\)
over C with A = 0 as a regular value. O

then we have by (5.29)

6. SPECTRAL SIDE OF TRACE FORMULA, MAASS-SELBERG RELATION

With the only exception of Theorem , the dimension d + 1 in this Section can be either
odd or even, and X can be any asymptotically hyperbolic manifold with constant curvature near
infinity. By convention, if J(\) is an operator depending on A, we shall use the following notation
throughout the paper

- , o D(=A+1/2)
— _o-aat(zAT1/2)
J(A) = J(N)/C(N), with C(\) =2 Tt 1/2)
where the constant C'()), already introduced in ([L.9), satisfies C(\)C(—\) = 1.

6.1. The Maass-Selberg relation. We now describe the Maass-Selberg relation in order to
study the singularities of the odd Selberg zeta function in terms of scattering data.

A corollary of the Lemma [1.7 is that the kernel of II(\) := R(\) — R(—A) is smooth on X x X.
Actually, in the Mazzeo-Melrose construction described before, one can choose the same term
Qo(X) for the parametrix of R(\) and R(—M\), proving directly that TI(\) is the sum of a term
whose lift under 3 is smooth on X x X \ (Ib Urb) with a term in (za/) " 2C>®(X x X;¢&) +
(z2') "M EC>(X x X; &). The local trace of II()), i.c. the trace of the endomorphism IT(\; m, m),
is thus in

Tr(TII(A\;m, m)) € C°(X) + 2?10 (X) 4+ 2~ 20 (X).
From the composition properties of ¥g™"(X; €) in Mazzeo @], the operator DII(\) has a kernel
which has the exact same properties as II(A) and thus its local trace satisfies

Tr((DI)(A\;m,m)) € C=(X) + 2?2 TC®(X) + 2~ 20> (X).
Lemma 6.1. Let € > 0 and A € C\ (Z/2) neither a pole of R(X\) nor of R(—\), then

/( ) Try,(DII)(A; m, m)dvy(m)

1 ~ ~
= Ee_d/ Trg (Cl(V)axE(/\; z,y,y ) EH =Ny, y))dv;w (y")dva, (v)-
m)=e JOX
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Proof. First observe that
DE(\) = —AE(Ncl(v), Ef(=A\)D = —Acl(v)E* (=)
which is a consequence of Lemma @ and the remark that follows. Then we get for ¢ € C small
% (DEO+ 0B (-\) ~ B+ 1)(B(-\)D)) = —%E(A +t)el(v) BE (=N,

From Lemma 1.7, the limit as ¢ — 0 on the right hand side is DII(\) = —%E(/\)cl(y)ﬁﬁ(—/\),
which by taking the local trace and using the fact that Tr(AB) = Tr(BA) gives
1. 1 ~ . . -
Tes(DI(X;m, m)) = 5 lim ~Try (E”(—)\)DE(/\ +t)(m,m) — (B*(=\)D)E(\ + t)(m, m)).

In particular, remark that the local trace on the right hand side has to vanish at ¢t = 0. We use
Green formula on {z > €}

/( . Try,(DII(A; m, m))dvy(m)

—d
1
=~ lim -

2 / Trs (B (=X y/,m)cl(V) EQA + tym, ) dva, (y) dva, (y)
t=0¢ z(m)=e JOX

e ? ~ ~
= o T A ) BOs m ) v ) v, )
z(m)=e JOX
The Lemma is proved using the cyclicity of the local trace once again. O

In a second time, we want to consider the expression in Lemma @ as € — 0. For that we
introduce the representation of E()) given in Lemma and a similar one for E*(\): E*(\) =
E}(\) + EX()\) obtained by restricting (B13) times x(m)~*~% at m € X and using (B:11)), that
is

A

~ _—d ~
E§N) =Y in; 2 Bl ()X,

(6.1) J
BE(N) =20 a3 (R(\) — RE(\))]amo € 2 P20 (0X x X €)
where again E%Id +1(A) is the corresponding operator on H?*! like in Lemma and Rg(/\) =
Ro(\)*. Notice that, using the same arguments as in ([L.7), we obtain EL(\sy/,m) = Eo(A;m, y)*.
Similarly we have S(\) = Sg()\) + 8% (N\) with
~ " =4 ~ N -
SHN) =D uiin; "7 Syan (N, 261,
(6.2) J
S (N == 20z’ N E(R(N) — REA))]aewr—o € C(0X x OX; ).
and §Hd+1 (A) is the operator on H4*! like in Lemma . Then we can prove

Proposition 6.2. The meromorphic identity holds in A € C\ (Z/2),

/ Try; (DII(A\; m, m))dvg(m)
(m)>e
1 _d = N 1t /
(6.3) =3¢ [T (d@an BN 2, .y B (X s ,)
z(m)=e JOX

+ ’I‘l"z (Cl(xam)akﬁoo ()\7 x,Y, yl)va‘g(_)V y/7 x, y))} dvho (yl)the (y)
where Trs, means the local trace on End(°Y).

Proof. The point is to prove the vanishing of
Try (cl(v)axﬁo(k;x,y, y)E§(=X; y’,x,y))
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so we use the explicit formula for Eg(\) and Eg(/\) given in Lemma and (B.1). We have to
deal with terms of the form

* ~ N " A—d ~
(64)  Trs (X0 Ban Nobn, ™ )vebng* Bl (~X)xu(mym))
where ;) is the unique isometry of H*! extending ¢) o Lj_l i (U NU;) — w(Upg NU;) (and
which acts smoothly up to the boundary), X; is the vector field X; := ¢; (20,) and is the
connection on °%(B). We use the fact that 77, Ryga+1(X) = Rya+1 (X)7}, since v is an isometry so if

* o) * Afi *
i = [V (¥0)/T0]|zo=0 € C (R9), then one deduces that ijE]gIdH(—)\) = aj, 2E§Hd+1(—)\)7jk.
Let us consider (@), it can be written as
Aji (N o, 50, 90) =X (o, yo) Xk (Vi (%0, Y0))
x Try, (Cl(Xj)(aA [Ega1 (X 0, 50, ¥6)1; 1 Bi (N 90) Efar (= As b, o, yo))

where ¢;(m) = (z0,y0) and Bjx(y',\) = n;(y ) 9oL (v )k (vik(y')). We shall show that Ajy
vanishes for algebraic reasons. First we recall from (@) that

Eiass (X 20,90, yp) = F (N2 (@ + [yo = 90/*) U (20, 0), o)
and a similar expression for Eﬁldﬂ, here U is the parallel transport on H%+! extended to the

boundary (see Appendix []) and f()) some explicit meromorphic function. Thus using the fact
that U(mo, yo)U (yg, mo) = 1d, A can be written under the form

Aji (Xm0, y5) = bik (A mo, yo) Trs (cl(X;)U (mo, yo)U (Y, mo)) = bjr (A mo, yg) Trs (cl(X))
for some bj where mo = (xo,%0). But since the dimension d > 1, the trace vanishes. O

We deduce from this formula

Proposition 6.3. For A € C\ (Z/2) not a pole of S(\) and S(—X), the term in Proposition [p.3
has a limit as € — 0, given by
(6.5)
1 - - -
lim Tes (DI m, m))dvy (m) = =T (cl(u) [O\S(N)SE (=N) + 8ASOO()\)S§(—)\)]) .
e~V Jz(m)>e

where Tr is the usual trace for trace class operators.

Proof. First when d 4+ 1 is odd, we know from the discussion before Lemma @ that the term
(-3 has an expansion as e — 0 of the form A(XN) + Y72 e 22 C; (A) + Y72 A CF(N) for
some meromorphic functions A(\), C'Ji (A). But actually the same result holds for the general AH
manifolds where the metric has constant curvature near oo and d + 1 odd or even: indeed, using
the parametrix (B.10) and the fact that the local trace Trs(D(Rya+1(A) — Rya+i(—=A))) = 0 as
explained in the Remark following Proposition @, it is clear that Trs;(DII(A;m,m)) is a function
in 222C>®(X) + 2722 C>(X). Let us then take the limit as ¢ — 0 in (E) For instance consider

=Ty (AW)ONE (N 3,1, B (=X s 2,)).

we can use the arguments used in the proof of Theorem 3.10 of [@] (in the present case this is
even simpler since they correspond only to the mixed terms there, which comes from the regularity
E! (=) € 27220 (0X x X;€)) and we obtain

(6.6) @ Trs (AW)RNENs 2,9,y B (~ Ny 2.9) )

= log (@) Trs (1) S (i, ) S (=X ', 9)) + Trs (AAW)OS (A ) S (~ A0/ 0))
+ O(zlog(z)).



ETA INVARIANT AND SELBERG ZETA FUNCTION OF ODD TYPE 27

In a similar way we have
(6.7) x_dTrg(cl(l/)B,\Eoo()\;x,y,y')Eg(—)\;y’,x,y))

= log(x)Try (CI(V)goo Xy, 9)S5 (=X, y)) +Try (cl(u)axgoo Ny, y)SE (=N y))
+ O(zlog(z)).
Thus the sum of (B.4) and (p.7) integrates in v,y to a function of = of the form a(\)log(x) +
B(N)+O(x1og(z)) for some meromorphic function a(A), 5(A) which we can express in terms of the

scattering operators. But from the discussion before, we also know that this trace has no log(x)
coefficients and so «(\) = 0, which ends the proof by letting x — 0 and writing G(\) in terms of

S(A), Sac(N), S%(—A) and Sh(—N) from (B4), (B2 O
Let us define the super trace of a trace class operator A on L?(0X,¥) by

S Tr(A) = %md(u)A).

Corollary 6.4. Let A € C\ (Z/2) be such that S(z) and S(—z) are analytic at z = X, then the
super trace s=Tr(0xS(N)S(—p)) extends meromorphically in p from RN — p) < —d to p € C, it is
analytic in p = X, and the following identity holds

lim Trs (DII(A; m, m))dvy(m) = —% S—Tr((%\g(/\)g(—u)ﬂ#:A

€—0 z(m)>e

Proof. Since 9y\S(A)S?(—p) and 9ySs0(A)S(—p) have smooth kernels, it is clear that their super-
trace extends meromorphically to C and is analytic at 4 = A by assumption on A. Now if we
show

(6.8) s-Tr(9xSo(N) S (=) = 0

then we have proved the corollary in view of Propositions @ and @ We have to study terms of
the form

: -1 o3 T -4
(6.9) Tr(LjCI(V)aA[nj 07 Sgars (N ojn; " 21 ienl 2 OnSmar (—)dpm), Lk*)

where ~;, is the unique isometry of H! extending ¢, OLj_l (U NU;) — 1 (UpNUj), which acts
also as a conformal transformation on 9B C RY. As above we use the fact that Vi Buarr (—p) =
Rygas1(—p)7jy since ;i is an isometry so if ajx = [}, (20)/70][z=0 € C> (R%), then one deduces

H_g H—g .
that ”Y;kSHdH(—N) =aj,’ SHdH(—N)ajk *7j)- So the term (@) is equal to
/ Ty (AW, () E G () S ()8} (s () ]
OBx0B

030" 2 Ok (vik () Siaavs (— 113y 9) 83 (v () )05 (y)“’%) (n; (y)m; (y")) dydy’.

Using the explicit formula of Syat1(\;y,y’), we see that the local trace of the operator above, i.e.
the integrand in (6.1(]), can be written under the form

FieOs w3y, y") Trs (W)U (y, ") U (Y, y)
for some function fj; and where U(y,y’) is the parallel transport map on spinors on H4! studied

in Section [A] and extended down to the boundary RY. Thus since U(y,y)U(y',y) = Id and
Trx(cl(v)) = 0, we obtain that (§.1() vanishes, which finishes the proof. O

(6.10)
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6.2. Analysis of residues of s-Tr(9)S(A\)S(—A)). Let us define F()) for the value at p = X of
the meromorphic extension in p of s=Tr(9xS(\)S(—p))

(6.11) F(O) = s Te(@8 (NS (=) .
It is clear from Corollary @ that F'(\) is meromorphic in A € C, but we want to prove that it has

only first order poles, the residue of which are integers. Since S()) is unitary on {R(X) =0, A # 0}
it is analytic at A = 0, so one can define

(6.12) 81(N) = S+ (A\)S5(0) : C®(0X;°84) — C®(0X; %)

which are the two diagonal components of $(A) := S(A)S(0) in the splitting °S, @& °S_. These
two operators are elliptic pseudo-differential operators of complex order 2\ by Proposition @
$4()) € U (OX; End(°5)),

and their principal symbol is [¢[**. Let D be the Dirac operator on (0X, ho) and let D = Py DI :
C>®(0X;9%4) — C>(0X;°%1) be the off diagonal components of D. If |D|g := (DiD¢)%, it
is possible to factorize 84 () by (1 + |D|5) 84 (A)(1 + |D|+)~* and this operator is of the form
14 K () for some meromorphic family of compact operators on L?(9.X; 1), it is thus Fredholm
on this space. Then we can use the theory of Gohberg-Sigal [E] like in or Section 2 of [@]
for these operators. In particular, one can define the null multiplicities Ny, (84 (X)) of S1()) at a
point g as follows: by the theory of [{J], for a meromorphic family of operators L(\) = 1+ K ())
acting on a Hilbert space H with K(\) compact, with L(A) invertible for some A, then there
exist holomorphically invertible operators Uy (A), U2(A) near Ag, some (k;)i—o,...m € Z\ {0} (with
m € N) and some orthogonal projectors P, on L?(0X,°%.) such that rank(P) = 1 if [ > 0,
PZ'PJ' = 5ij and

(6.13) L) = Ui (P + D (0= %) ) U2 (M),
1=1
then we define the null multiplicity at Ag by
(6.14) Nap(LN) = k.
k; >0

Note that, by [f], this is an integer depending only on 8 ()\) and not on the factorization (6.19)
and that Ny,(L()\)) = 0 if and only if L(A)~! is holomorphic at A = Ag.

Proposition 6.5. The function F()\) of (f-11]) is meromorphic in A € C, one has

(6.15) F(A) = FPuaTR(9A8— ()8~ (1)) — FP - xTR(9x8+ (V)81 (1))

where TR s the Kontsevich-Vishik trace of @] and FP,,—x means the finite part (or regular value)
of the meromorphic function of p at pw = X. The poles of F(X\) are first order poles, with residue
at a pole \o given by

Resy—x, F'(\) = Tr(Resy=x, (038 (N)S_(A) 1)) — Tr(Resn=x, (0x8+ (N8 (M) H)
= (Nag(8=(N) = Ny (8-(A) 7)) = (N, (8+(N)) = Nay(8+(N) 1))
where Ny, is the null multiplicity defined in (p.14).
Proof. The first statement is straightforward since
STr(O\S(N)S(—p)) = TR(OS_(\)S=" (1)) — TR(9xS+ (NS5 (1))

and we know from the work of Lesch [@] that the Kontsevich-Vishik trace of an analytic family
of log-polyhomogeneous operators A(u) extend meromorphically to p € C, so it suffices to use the
fact that s-Tr(9xS(A)S(—u)) analytically continues to p € C and is analytic at © = A to prove

(B13).



ETA INVARIANT AND SELBERG ZETA FUNCTION OF ODD TYPE 29

As shown in Proposition @, F()\) can be written as a trace of a meromorphic family of trace
class operators, more precisely, using the fact that cl(v) anti-commutes with S(\) and Sy(A) for
all A where they are defined,

F()) = %Tr(cl(y)(aﬁ(»é’(x)*l ~ \So(NBE(-N).

Consequently, the polar part of F()\) at a pole Ag is given by the trace of the polar part (which
is finite rank) of cl()(OxS(A)S(A) ™' — 8xSo(A)SE(=A)). But clearly from the explicit formula of
Spat1(N), we see that 9,5 ()\)Sg(—)\) is holomorphic in A € C. Now use that S(0)? = Id to write

cl(@)ONS(N)S(N) ! =+ il O (S— (NS4 (0))(S-(A)S4(0)) Py
— il Ox(S1 (NS (0))(S+ (NS (0)) " P

and write a factorization of the form (.13) for 84 (\), from which it is clear that 9y84(\)84(\) ™!
has only first order poles except possibly

(6.16)

(A= 20) " P)UL(N) !

NE

D) (Bo + 30— M) PN U (U2 ()
=1 l

s U

UL QA = 20) POOU2 (N U2(N) ™ (Po + (A= 2) M PYUL(N) ™
1=1 1=1
But this is a finite rank operator and so by the cyclicity of the trace, we deduce that the trace of
this term is holomorphic in A. To finish the proof, it suffices to apply the main result of [E]

Tr(Resa=x, (0284 (A)8+(A) 1)) = Nxy (8:£(A)) — Ny (8= (A) ).

Let us define the multiplicity of resonances as follows
(6.17) m4(Ng) := rank(Resy=x, R+ ()\))
We want to identify scattering poles and resonances.

Proposition 6.6. Let Ao € C, then the following identity holds
(6.18) Ny (85(=A)) = m+(Xo) + 11 /2, (Ao) dim ker 8+ (—Ao).

Proof. We just sketch the proof since it is very similar to that of Theorem 1.1. of [@], and we
strongly encourage the reader to look at [[[J). The first thing to notice is that Ny, (S1(—A)) =
N_»,(8£(N\)) and that Ny, (8£(A)™!) = Ny (85(—=A)) since S1(A\)~! = S1(0)8x(—N)S+(0)~%
Remark that R.()\) and 84 ()\) are analytic in {f(\) > 0} and so the identity (f.1§) is trivial (all
terms are 0) for R(\g) > 0.

Now suppose that R(\g) < 0. First we prove that

(6.19) Ny (85(=A)) — 11 /5, (o) dimker 8+ (—=Xg) < m+(Ao).
By ([t4) and (L), S+ () can be represented for R(\) < —2 by

Se(Xy,y) = Hil(@a) A2 Re (N 2,9, 2,y le=wr=o

and the expression can be extended to A € C meromorphically as a singular integral kernel using
the blow-down maps like in () Then we can apply mutatis mutandis Lemma 3.2 of [@]7 where
S(A) there is replaced by Si (M) here, the function z(\) there is A here, and we have to multiply
the factorization (3.11) of [[Z] by §¢(0) on the right, which is harmless since it does not depend
on \. We want to apply the factorization of $(\) obtained from this Lemma 3.2 of [IF to prove
(b:19), in a way similar to Corollary 3.3 of [LJ]. First the Corollary 3.3 in [[LJ can also be rewritten
(using the notations of [Ld]) under the form

Nao (80 = X)) = 11 a5, (Ao) dim ker S(n — Xo) < ma (2/(\R(V))

by using equation (3.19) in [[J] if Ao € n/2 — N and the fact that ¢(n — \) is holomorphic at all
Ao ¢ n/2—N. Then the proof of this Corollary 3.3 in can be copied word by word by replacing
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S(n—A) and ¢(n — ) there by 8+(—A) and C(—A) here, and my, (z/(A\)R(X\)) by m+(Ao). This
finally proves (p.19).

Then we need to prove the converse inequality of () From Lemma @7 Corollary @ and
the fact that S+ (0)S+(0) = Id|oy, , we deduce

(6.20) Ri(X) = Re(=)) = —E=(=\)C(N)8+ (V) (0)cl(v) EL (=)

which is the equivalent in our setting to the identity (3.15) of [[J]. Since the Lemma 3.4 of is
only based on the identity (3.15) in [@], the structure of the resolvent kernel at the boundary and
the unique continuation principle of Mazzeo , the same proof applies and is actually easier in
our case since there is no pure point spectrum thus no resonance in the physical sheet {$#(\) > 0}.
This implies
Nixo (85(=A)) — -1 /5_n, (o) dim ker 8+(—Ao) > m+(Ao)-

The idea of the proof of Lemma 3.4 of [LJ] is to use (b.20) to write the residue of Ri(\) at Ao
with (o) < 0 in terms of the singular part of the Laurent expansion of 84 (\), itself obtained
from a factorization of the form (6.19), then use the fact that R+(—\), E+(—A) and EfF(—)\) are
holomorphic in {#(A) < 0} and finally count the rank of the residue in terms of the k; of the
factorization (@) O

Theorem 6.7. The function F()\) is meromorphic with first order poles and integer residues given
by
Resx=x, F'(A) =m (o) — Ao) + 11 /5, (Ao)Ind(8§_(=Xo))
=my(Xo) — Ao)-
for R(Xo) <0, where m+(\o) is defined in (5.17).
Proof. Apply Proposition @ with Proposition @ To see the index of §_(—Xg) appearing, we
also use that 84 (—Xg)* = 8_(—Ag) for A\g € R, which come from the self-adjointness of S(—\o).

The fact that the index of §_(—M\g) vanishes comes from the invariance of the index by continuous
deformation and the invertibility of S(A) except on a discrete set of A € C. O

We deduce directly our main theorem from this Theorem, Corollary 5.4 and the identity (f.25):

m_(
m_(

Theorem 6.8. The odd Selberg zeta function Zl‘lyg()\) on a convex co-compact hyperbolic manifold
Xr of dimension 2n + 1 has a meromorphic extension to C, is analytic in {R(X) > 0}, and Ao
is a zero or pole if and only if the meromorphic extension Ry(\) or R_()\) of (D +i)\)~! from
{R(A) > 0} to C have a pole at Ao, in which case the order of Ao as a zero or pole of Z{ 5 ()
(with the positive sign convention for zeros) is given by

Rank Resy, R—(\) — Rank Resy, R4 (\).

7. ETA INVARIANT OF ODD SIGNATURE OPERATOR AND ITS STRUCTURE ON SCHOTTKY SPACE

For a (4m — 1)-dimensional convex co-compact hyperbolic manifold X, we consider the odd
signature operator A on odd forms A°44 = @2 A?P~1 acting by (—1)""?(xd + dx) over A*~! as
in Millson’s paper [@] Recall that A2 = A and A is self adjoint. We want to make a sense of

(7.1) n(A) = % /000 i~ /X Tra(Ae™"2)(m) dv(m) dt

where Try is the local trace on the bundle A°dd. First it is easy to see that Tra(Ae*2) is the
same as Trpzm—1(xd e *2) since the other parts are off diagonal if we write Ae™*® as a matrix
with respect to the natural basis of A°4. First we show that the local trace Trysm—1(xd e ) is
integrable on Xp. As in the spinor bundle X, the bundle of (2m — 1)-forms can be understood as a
homogeneous vector bundle given by the representation A2™~1¢ with the standard representation
¢ of SO(4m — 1), which decomposes into

(7.2) A" | v—soam—2) = Ao A2 g e A2

N[
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where ¢ denotes the standard representation of M = SO(4m — 2). As in the subsection @, there
is the A?"~l¢-radial function P, associated to *de *®, and we have the corresponding scalar

functions pf(r), p?™2(r) of P; restricting to the representation spaces on the right hand side of

(@) Now, as in Proposition , we have

Proposition 7.1. The scalar components pft(r), pP™=2(r) are given by

Lo (4m — 1) sinh(r) d
py (r) = ii22m*1/27r2m+1/2t3/2 _d(coshr

Proof. The equalities follow from Lemma 7.4 and Theorem 7.6 in [B(] and Theorem 1.1 in [24]. O

r2

2m—1
)> rsinh ™! (r)e” T, P2 (r) = 0.

Using this proposition and repeating the same argument as in Section E, one can easily show
that Tryem-—1(xde *?) is integrable over Xr. By the same argument as in Proposition @ and
Corollary @, one can also obtain the corresponding results, which implies that the integral fooo -dt
in (1) converges. Hence the eta invariant 7(A) given in (7.1) is well defined.

For $(A) > dr, we also have the Selberg zeta function of odd type Z 4 (A) just putting o1 =
AT '¢ in (p.19) and (p.21), which coincides with the one in ([[.1]) introduced by Millson [24]. We
first have a result similar to the case of spinor bundle dealt with above:

Theorem 7.2. If Xt := I'\H*"~! is a convex co-compact hyperbolic manifold, then the local trace
Trpzm—1 (xd e~ *2) is integrable on X for all t > 0, so that the integral ([])) converges and defines
the eta invariant n(A). Moreover, if the Poincaré exponent o < 0,

(7.3) ™) = 72 1 (0).

Proof. We already showed the first claim. The equality () also easily follows from the corre-
sponding results to Proposition @ and the assumption ér < 0, from which we do not need to
show the meromorphic extension of Z. , (A). O

It turns out that this eta invariant n(A) of the odd signature operator A has an intimate
relationship with the deformation space of the hyperbolic structures when Xr is 3-dimensional.
To explain this, first we review the work of Zograf [@]

7.1. Zograf factorization formula. A marked Schottky group is a discrete subgroup I' of the
linear fractional transformations PSL(2, C), with distinguished free generators 1, 7s, . .. ,7y, satis-
fying the following condition: there exist 2¢g smooth Jordan curves C,., r = £1, ..., £¢g, which form
the oriented boundary of a domain €y in C=cCcu {o0} such that +,.C, = —C_, forr =1,...,g.
If Q is the union of images of Qy under T, then Yr = T\ is a compact Riemann surface of genus
g. The action of T' on C naturally extends to the action on H? where OH? = C and the quotient
space Xr = I'\H? is a Schottky hyperbolic 3-manifold whose boundary is the Riemann surface Yr.
Here let us remark that dp + 1 is the Hausdorff dimension of the limit set A in OH? of I" and dr is
also the smallest number such that ] {7}(1 — ¢3) absolutely converges whenever s > or + 1. The
function J[,(1 — ¢3) was briefly described in B] where it was asserted without the proof that
with the values of ¢ chosen appropriately, the infinite product is defined for R(s) > or + 1 and
has an analytic continuation to C.

Each nontrivial element v € T' is loxodromic: there exists a unique number ¢, € C (the
multiplier) such that 0 < |¢,| < 1 and ~ is conjugate in PSL(2,C) to z — ¢z, that is,

Yz — Gy Z— Gy

vz — by N 'Yz—bv

for some a,,by € ¢ (the attracting and repelling fixed points respectively). A marked Schottky
group with an ordered set of free generators vi,...,7, is normalized if a,, =0, b,, = o0, a,, = 1.
The Schottky space &, is the space of marked normalized Schottky groups with g generators. It
is a complex manifold of dimension 3g — 3, covering the Riemann moduli space 9, and with
universal cover the Teichmiiller space T,.
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Like the Teichmiiller space T4, the Schottky space &, has a natural Kahler metric, the Weil-
Petersson metric. In @], Takhtajan-Zograf constructed a Kéhler potential S called classical
Liouwille action of the Weil-Petersson metric on &, that is,

(7.4) 008 = 2iwwp

where 9 and 0 are the (1,0) and (0, 1) components of the de Rham differential d on &, respectively,
and ww p is the symplectic form of the Weil-Petersson metric. On _the other hand, from the local
index theorem for families of J-operators in Takhtajan-Zograf [@], the following equality also
follows

— DetA i
where DetA denotes the (-regularized determinant of the Laplacian A given by the hyperbolic

metric and 7 denotes the period matrix. Comparing (f-4) with ([.5), one can expect a nontrivial

relationship between S and log deDteItIfT. Indeed, in [@], BM] Zograf proved

Theorem 7.3. [Zograf] There exists a holomorphic function F(T') : &, — C such that
DetA 1

7.6 — = ———S | |F(T)?

(7.6) det Im 7 cgexp< 127 ) F(T)]

where ¢4 is a constant depending only on g. For points in &, corresponding to Schottky groups I'
with ér < 0, the function F(T') is given by the following absolutely convergent product:

(7.7) =11 H @t

{7} m=0

where qy is the multiplier of v € T', and {v} runs over all distinct primitive conjugacy classes in
T excluding the identity.

Combining the equalities ([.6) and (.7), these are called Zograf factorization formula. This
result was extended by McIntyre-Takhtajan to the Schottky groups without the condition for dr in
[@] Here they used the (-regularized determinant of A,, acting on the space of n-differentials so
that the corresponding holomorphic function is £, (I') = [T, [T;n—o(1 — ¢5 ™) which absolutely
converges for any Schottky group I' if n > 1.

7.2. Eta invariant as a functional over the Schottky space. By the construction of Xr and
its boundary YT, the eta invariant 7(A) can be understood as a functional over the Schottky space
S,. Now a natural question is to describe the eta invariant 7(A) as a functional over &,. For
this, we have

Theorem 7.4. Let 62 to be a subset of &, consisting of normalized Schottky groups I'’s with the
property dr < 0. Then we have

F(T) = |F(T)|exp (—%in(A)> over 62,

in particular, n(A) is a pluriharmonic function over 62.

Proof. The proof is a simple application of the equality (@) For this, as in Proposition @, we
rewrite Zf 5 (A) with respect to the group PSL(2, C) as follows:

1_ 160~ 2k (7 \—2¢ —2(A+1)
79) ZROES | I =
[v]E€PT 10y k,0=0 1 -¢ (b)) 728 () 2 1| )

Here v runs over the set of I'-conjugacy classes of the loxodromic elements in I and a loxodromic el-
ement v can be conjugated to a diagonal matrix with the diagonal elements p., = exp( Iy +1i6y)),
iyt = exp(—3(ly +1i,)) in PSL(2,C) (Ju,| > 1). Let us remark that the infinite product on the
right hand side of (@) absolutely converges for R(\) > or, in particular, at A = 0 since dr < 0.
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Now comparing the definition of ¢, and p., one can see that ¢, = u;Q, that is, q}/2 = u;l.

Hence the odd Selberg zeta function Zp. A(0) has the following expression in terms of ¢,

) 1— 1 P4
- T ] L ddwn))
(/] EPT 1oy b f=0 ( (+Gy 7 (44G,)? )

)
)
k =0+1 [ee} 1— 1+m
-1 10 %zf:q_g I -5

[V]€PT 10 k,£=0 (1 »t)

=

q

QW‘

1

=
==

q

[V]EPT 10x
Combining this and (@) completes the proof.
O

Remark. In the proof of Theorem @, we assume the condition ér < 0 which simplifies the proof
in several steps. But, one can expect that a similar result still holds over whole Schottky space
S,. This extension to &, is also related to the proof of the assertion of Bowen in [J] about the
meromorphlc extension of ] {'v}( —¢3) over C. These problems will be discussed elsewhere.

APPENDIX A. COMPUTATION OF PARALLEL TRANSPORT IN THE SPINOR BUNDLE

Let T:gl denote parallel transport in the tangent bundle of the upper half-space model H?*! of
hyperbolic space, between points m = (z,y), m’ = (2’,y’), along the unique geodesic linking them.
We identify T, H ! with R using the orthonormal basis at m given by {20, 20y, ,...,20,,}.
We denote by 7(m,m’) the matrix of the transformation 7/ written in these bases.

Proposition A.1. Let r := |y — ¢/|, pg = /(z+2')2+r2.  The special orthogonal matriz
7(m,m’) has the following coefficients:

TOO =1- 27"2/[)%-

0 = —2(x + ') (y; — ¥j)/ it forj=1,...,d
o =2(z + ') (y; — ¥)/ Pt forj=1,....d
T =0 —2(y; — v;) (i — v1)/ pi for j,le{1,....d}.

which are smooth on the stretched product HOH x o H*! defined in subsection @

Proof. Let A be the translation by (0,y’) in R9+!, composed to the left by the homothety of factor
1/2'. This isometry of H**! maps m’ to (1,0). In the above trivialization of the tangent bundle,
A, acts as the identity. Moreover, since it is an isometry, A transforms the geodesic from m to
m’ into the geodesic from A(m) to (1,0) and preserves parallelism. Thus (as matrices)
(A.1) 7(m,m’) = 7(A(m), (1,0)), where A(m) = (;’ Y x,y )
We now concentrate on 7(m, (1,0)).
If y = 0 it is clear that 7((x,0),(1,0)) is just the identity matrix. Suppose y # 0. Let

= %2?21 yj0y,; denote the radial vector field, defined outside the vertical line through the
origin. Define R := 20,, X := 20,. For each j > 1 set e; := x0,,, and let Tj := ¢; — (e, R)R
denote the component of e; which is tangent to the sphere S=1. The geodesic from m to (1,0) lives
in the totally geodesic plane II,, passing through (1,0) and m, which is a copy of the hyperbolic
2-space. Along this plane the vector fields 7T} extend smoothly at the vertical line through the
origin. It is clear that the vector fields T} are parallel along II,,

Lemma A.2. In the plane I1,,, parallel transport between m and (1,0) is given by the complex

number
—r+i(l+x)

r+i(l+ )
Proof. We use as (real) basis for TTl,, the orthonormal vector fields X and R. The complex
structure rotates R to X. The formula is deduced from the similar formula in H?Z. O
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Equivalently, in the basis {X, R}, parallel transport is given by the 2 x 2 orthogonal matrix

o [x+1)2 =12 2r(z+1)
Pr [ =2r(z+1) (z+1)%- 7°2]

We decompose a vector V' = ap X —|—E?:1 aje; into its tangent, respectively orthogonal components

to II,,, as follows:
d

d
V =0a0X + Zaj<ej,R> R—l—ZajTj.
=1

j=1
Since T are parallel, the orthogonal component is constant during parallel transport. Using (@)
and Lemma @, we write

d d d
7(m,m’)(ap X + Z aje;) =aor(X) + Z a;(e;, R)T(R) + Z a;7T);
j=1 j=1

j=1
12 2 ’ d
:ao(x—i_Ig TX—}—QaOT( _; )R—l—ZaJ(eJ (ej, R)R)
P ff j=1
9 / N2 _ .2
+Za;<6pR>(— T(a:;l-x)X_i_(a:—l—xg TR)
P P

from which the proposition follows, since (pg, (y — v')/ps, V', /pst, ¥’ [ pg) are smooth coordinates
on the blow-up Ht! x HAt!, O

The above oriented basis {X, e1,...,eq} of THY! extends smoothly to the boundary {0} x R¢
of ﬁdH as an orthonormal basis of the zero tangent bundle with respect to the hyperbolic metric.
Therefore, by the Proposition above, 7(m, m’) is a smooth section on ﬁdH ><Qﬁd—|r1 in the pull-back
vector bundle

g (WfoTﬁd+l X ﬂ'SOT*EdH).

The orthonormal frame bundle Pso of the 0-tangent bundle is trivialized over " by the frame
p={X,e1,...,eq}, therefore the (unique) spin structure Pspin is identified with " % Spin(d+1).
Denote by p one of the lifts of p to Pspin. By definition of the lifted connection, parallel transport
in Pgpin of the section p along the geodesic from m to m’ is pU(m, m’), where U(m, m’) the unique
lift of the SO(d + 1)-valued function 7(m,m’) to the Spin(d 4+ 1) group, starting at the identity
for m = m/. Thus, parallel transport of a constant section o (with respect to the trivialization p)
in the spinor bundle is simply

T [D,0] = [pU(m,m’), 0] = [p,U(m,m")o]
where multiplication in the last term is the spinor representation. By abuse of notation we write
U(m,m') for 7.

d+

Proposition A.3. Let m = (z,y),m' = (z/,y') € H ', In the above trivialization of the spinor

bundle, parallel transport takes the form

x4+ r
— —cl(X)cl(R).
5 p()()

Proof. We view the Spin(d + 1) group inside the Clifford algebra as the group generated by even
Clifford products of unit vectors. The projection 7 : Spin(d + 1) — SO(d + 1) is given by the
adjoint action in the Clifford algebra on vectors:

7(e)(V) :=cVe
the kernel being precisely {£1}. We must therefore examine the adjoint action of A(m,m’) :=

%:/ — o=cl(X)cl(R) on oPH"*". Note that any Clifford element of the form a + Bcl(X)cl(R) with

U(m,m') =
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a? + 32 = 1 belongs to the Spin group. Next, A~ (m,m’) = 2 4+ ~cl(X)cl(R) so

PEf Pftf
N2 2 /
W(A(m7m/))X = <M — T_2> X — QMR
P P P

which coincides with the action of 7(m,m’) on X from Proposition @ Similarly, for the vector
fields T} from the proof of Proposition [A.1] we have 7(A(m,m'))T; = T; = 7(m,m')T;. Thus
m(A(m,m")) = 7(m,m’). The proof is finished by noting that A(m,m’) was normalized so that
A(m,m) = 1. O

Corollary A.4. Letm’ = (1,0), m = (0,7rw). In the limit r — oo, the parallel transport U(m,m’)
tends to —cl(X)cl(R).
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