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Abstract

The Bird and Nanbu systems are particle systems used to approximate
the solution of the mollified Boltzmann equation. These systems have the
propagation of chaos property. Following [GM94, GM97, GM99|, we use
coupling techniques to write an expansion of the error in the propagation
of chaos in terms of the number of particles. This expansion enables us to
prove the a.s convergence and the central-limit theorem for these systems.
Notably, we obtain a central-limit theorem for the empirical measure of
the system under less assumptions than in [Mél98|. As it is the case in
[GM94, GM97, GM99], these results apply to the trajectories of particles
on an interval [0, 7.

Keywords: interacting particle systems, Boltzmann equation, nonlin-
ear diffusion with jumps, random graphs and trees, coupling, propagation
of chaos, Monte Carlo algorithms, U-statistics, Gaussian limit, Gaussian
field.

MSC 2010: 65M75, 82C82, 60C05, 60F17, 82C80.

1 Introduction

In a recent work ([DPR09]), we obtained an expansion of the propagation of
chaos for a Feynman-Kac particle system (which means, in the context [DPR09],
that the particles are interacting through a “selection of the fittest” process).
This particle system approximates a particular Feynman-Kac measure, in the
sense that the empirical measure associated to the system converges to the
Feynman-Kac measure when the number of particles NV goes to co. What is
called propagation of chaos is the following double property of the particle sys-
tem:

e ¢ particles, amongst the total of N particles, looked upon at a fixed time,
are asymptotically independent when N — +o0o (g is fixed)
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e and their law is converging to the Feynman-Kac law.

In [DPRO9], we wrote an expansion, in powers of N, of the difference between
the law of ¢ independent particles, each of them of the Feynman-Kac law, and
the law of ¢ particles coming from the particle system. This expansion can
be called a functional representation like in [DPRO09]; in the present paper, we
call it an expansion of the error in the propagation of chaos. In the setting of
[DPRO9|, the time is discrete. In [DPR09], we showed how to use this kind of
expansion to derive a.s. convergence results (p. 824). In [DPR11], we extend the
result of [DPRO09] to the case where the time is continuous, still in the Feynman-
Kac framework, and we establish central-limit theorems for U-statistics of these
systems of particles. The proof of the central-limit theorems for U-statistics
relies only on the exploitation of the expansion mentioned above.

In this paper our aim is to establish a similar expansion for a family of
particles systems including Bird and Nanbu systems. We do not go as far as ob-
taining an expansion in the terms of Theorem 1.6 and Corollary 1.8 of [DPR11],
but our expansion is enough to prove central-limit theorems (Theorem 2.8 and
Corollary 2.9). Bird and Nanbu systems are used to approximate the solution
of the mollified Boltzmann equation. We refer mainly to [GM97] and take into
account models described in (2.5), (2.6) of [GM97] (a similar description can be
found in [GM99], Section 3). Another reference paper on the subject is [GM94].
Our paper is mainly interesting in the following: it provides a sequel to the
estimates on propagation of chaos of [GM97], [GM99] and it allows to apply the
techniques of [DPR09]|, [DPR11] to Bird and Nanbu systems. In particular:

e In the present paper, we obtain a central-limit theorem for the empirical
measure of the system (Th. 2.8) under less assumptions than in [Mél98]
Th. 4.2, 4.3. (we only make assumptions that are sufficient to ensure a
solution to the problem 2.2 defined in Definition 2.2). Note that the results
of [Mél98] hold under the assumption that the operator L, describing the
“free” trajectories of the particles (see below), has a certain form, and that
its coefficients and their derivatives up to a certain order are bounded (see
in particular (H{) p. 215 of [Mél98]). These assumptions are stronger
than our and are more than what is required to have existence of a solution
to 2.2. Note also that the result in [Mél98] is a functional CLT for the
empirical process whereas our result is a Gaussian fluctuation field result
for the empirical measure, it considers only a finite number of centered
real test functions. A result similar to [Mél98] can be found in [Uch83b]
(with similar assumptions).

e Our convergence results (2.7, 2.8, 2.9) hold for particles trajectories on
any interval [0, T7.

Here, the proofs are radically different from those in [DPR11] and this is why
we decided to write them in a different paper.

In Section 2, we will present Bird and Nanbu models, as they can be found
in [GM97] and we will state our main results: Theorem 2.4 is a refinement of



the propagation of chaos results for the above-cited models, Theorem 2.7 is an
a.s. convergence result for these systems and Theorem 2.8 and Corollary 2.9
are central-limit theorems for these systems. In Section 3, we will introduce
various particle systems which will be useful in the proofs and we will prove Th.
2.4. The proof of Th. 2.4 relies on estimates on population growth found in
[AN72] and on coupling ideas. In Section 4, we will prove a convergence result
for a particular kind of centered functions (Proposition 2.6), from which we
will deduce Corollary 4.7. The kind of result found in Corollary 4.7 is called a
Wick-type formula in [DPR0O9] (see (3.6) p. 807 in [DPRO09] and [DPR11], p.15
and Proposition 2.6). Corollary 4.7 and Proposition 2.6 are used in Section 5
to prove Th. 2.7 and Th. 2.8 and Cor. 2.9. Similar results can be found in
[DZ91, ST85, Uch83a, Uch88]. We will compare them to our result after the
statement of Th. 2.8.

Note that CLT’s of the same kind as our can be found in [Szn84, Szn85]. The
equation approximated by particles systems in these papers is a McKean-Vlasov
equation. This is quite different from our setting.

An important point is that here we want to discuss the mathematical prop-
erties of a certain class of particle systems. We will not discuss the physical
models. Such a discussion can be found in [GM99].

2 Definition and main results

2.1 A first particle model

In the following, we deal with particles evolving in R¢. We set the mappings
ei : h € R s ¢;(h) = (0,...,0,h,0,...,0) € RN (h at the i-th rank)
(1 <4 < N). We have a Markov generator L and a kernel fi(v,w,dh,dk)
on R?? which is symmetrical (that is fi(v,w,dh,dk) = fi(w,v,dk,dh)). We
set (v, w,dh) to be the marginal fi(v,w,dh x R?) up to mass at zero. Our
assumptions are the same as in [GM97]:

Hypothesis 1. 1. We suppose that the generator L on R acts on a domain
D(L) of L>®(R%). (See [GMI7] p. 119 for a discussion on D(L)).

2. We suppose sup,, , fi(z, a,RY x R?) < A < 0.

In Nanbu and Bird systems, the kernel i and the generator L have specific
features coming from physical considerations. In these systems, the coordinates
in R? represent the position and speed of molecules. However, these consider-
ations have no effect on our proof. That is why we claim to have a proof for
systems more general than Bird and Nanbu systems.

The Nanbu and Bird systems are defined in (2.5) and (2.6) of [GM97], by the
means of integrals over Poisson processes. Here, we give an equivalent definition.
One can have a look

Definition 2.1. The particle system described in [GM97] is denoted by

— —i

(Zt)tz0 = (Zy)1>0,1<i<N -



It is a process of N particles in R? and can be summarized by the following.

1. ]iarticles (78)1951\/ in R are drawn i.i.d. at time 0 according to a law
Py.

2. Between jump times, the particles evolve independently of each other ac-
cording to L.

3. We have a collection (N; j)1<i<j<n of independent Poisson processes of
parameter AJ(N — 1) (recall the definition of A from Hypothesis 1). For
1> 7, we set N;j = N;;. If N;; has a jump at time t, we say that there
is an interaction between particles i and j. If there is an interaction at

S i g2d
time t, then the system undergoes a jump with probability M :

7,5 :715_ +61(H) +€J(K)

//]’(72—57%—3 *y )
AZ. " Z Ry

with (H, K) ~ (2.1)

(independently of all the other variables).

) . BZ._Zl_ Rr> . ) .
And with pmbabzhty 1 — —===——, there is no jump at time t. We
will use (78:t)1§iSN to denote the system of the trajectories of particles
on [0,] (vt > 0), that is for all i: Zy, = (Z.)o<s<t. We will use this
notation “0 :t” again in the following for the same purpose.

We denote the Skorohod space of processes in R? by D(R*, R?) (or D([0; ], R?),
depending of the domain). As in [GM94], we define the total variation norm by
the following: for all signed measures v on a measurable space (5, S),

Wliry = sup{ [ s@wta) 7l < 1} .

Definition 2.2. Let ¢ be the canonical process on the Skorohod space D(R,,R%).
We say that P € P(D(Ry,R%)) is a solution to the martingale problem 2.2 with
initial condition Py if , for all ¢ € D(L) and for all t > 0,

e ot~ [ [ Lo(Z) + (6(Ze+ )~ (Zu)u(Zus.d) P

s a Ig—martingale and the marginal ofl5 at time 0 s ?0.

In view of the above equation, the reason why the mass of p(v,w,.) in zero
(for any v, w) is not important is clear . According to Theorem 3.1 of [GM97],
there exists a P solution of the problem 2.2 defined above (under hypothesis 1).



We denote the marginal of P on D([0, T],R?) by Py.r. We will work with this
particular solution in the following. This theorem also says (for all g, t):

At + A2%¢2

—1 — —1
1£aas - Zo) = £Z0)*lrv < 2a(a = )=

and
At 1

— ~ e
1£(Z04) = Poallrv < 657 -
Remark 2.3. If u is fized, there exists different fi’s having the proper marginal
(that is, such that [i(.,.,.,R%) = u(.,.,.)). In fact, it is the choice of [i that leads
to having different systems such as the Bird and Nanbu systems. We refer the
reader to [GM94, GM99], [GMI7] p. 119-120 for very good discussions on the
difference between the Bird model and the Nanbu model. What matters here is
that our result applies to any system satisfying Hypothesis 1 and having jumps
of the form (2.1).

(2.2)

We can deduce propagation of chaos from the previous results, that is for all
t, for all F' bounded measurable,

—1 — ~ At + A2t2 eAt -1
LB T (F) — BEI(F)| < <2q<q ) ) 1F oo

6
N -1 + N+1

In Theorem 2.4, we will go further than the bound in the equation above by
writing an expansion of the left-hand side term in powers of N. We will use
techniques introduced in [GM97]. The main point is that one should look at
the processes backward in time.

2.2 Statement of main results

From now on, we will work with a fixed time horizon T' > 0 and a fixed ¢ € N*.

2.2.1 Expansion of the propagation of chaos

We define for any n,j € N*, j < n:

[n] ={1,2,...,n},

(4,n) = {a: [j] = [n],a injective } , (n); = #({j,n) =

(n—=j)t"

We take ¢ € N* and T > 0. Let us set

1
N )
=5 D 0z,
1<i<N

0 zay = .
Z (Zg:(T)v“'ﬂZg:(’;“))

a€(q,N)

(UéYT)Gq =

1
(V)q



For any function F : D([0,T],R9)? — R , we call (n)7)®4(F) a U-statistics.
Note that for all functions F,

E(F(Zours - Zogr)) = E((hr) 21 (F)) . (2.3)

We define

1
Fsym(xl,,..,xq) - — E : F(xa(l),“.’xa(q)) ’
& 0ES,

where the sum is taken over the set S, of the permutations of [q]. We say
that F : D([0,7],R%)? — R is symmetric if for all ¢ in the set of permuta-
tion of [g] (denoted by S,), Va1,...,2, € D([0,T],R%)q, F(zo(1), - To(g) =
F(xy,...,24). If Fis symmetric then Fsym = F. Note that for all I,

(10:7) 1 (F) = (16:7) " (Fiym) -

Theorem 2.4. For all ¢ > 1, for any bounded measurable symmetric F, for all
ZO Z 1;

1 NI 1 —N,lo+1

E((nhr)®(F) = > [WA,],T(F) + N 1) SeT (F) (24)
0<i<lo
where the AN%, Zév;ﬁ_l are nonnegative measures uniformly bounded in N

(defined in Equations (3.11), (3.12)).

We will give a bound on these operators A and A in (3.14). Let us define
Py, (F) = E((ny )®*(F)). According to the terminology of [DPRO9], p. 782, we

cannot say that the sequence of measure (]P’¥ o)N>1 is differentiable up to any

order because the Aé\% appearing in the development depend on N.

2.2.2 Convergence results

The main interest of Th. 2.4 is that it gives us sufficient knowledge of the
particle system to prove an almost sure convergence result and central-limit
theorems. The key is to focus on functions centered in the right way.

Definition 2.5. We define a set of “centered” functions:

By (q) = {F ([0, T],R9Y) — R*, F' measurable, symmetric, bounded,

/ F(xl,...,xq)ﬁof(dzq) = 0} :
11,...,Zq€D([O7T]1E)

We set (for k even)
k!

T 2k2(k/2)1
(this is the number of partitions of [k] into k/2 pairs).

Ji



Proposition 2.6. (Proof in Subsection 4.3) For ¢ > 1, F € By""(q), we have:
1. for q odd, N9?E((n};)®4(F)) — 0,

N —+oco

2. for q even,

NZE((noi) 4 (F))

a/2 \ ik
1<k<q/2

=1 <2k x2k+1 =4 =1 =7 -
x BEg, (F(Zor, - Zor: Zo - Zor) = F(Zog, - Zo.r)|La,g)
T
< ] / AKZIK%ds]  (2.6)
1<i<q/2”0

where the limit, indeed, does not depend on N (the notations 2, E, K
will be introduced in Subsection 3.2). This limit takes a particular form if

F=(f/i® @ fy)sym (with f; € BY™(1), Vi) (see Corollary 4.7).

Using the above Proposition, some combinatorics and Borel-Cantelli Lemma,
we prove the following theorem (see the proof in Subsection 5.1).

Theorem 2.7. For any measurable bounded f, T > 0,

N a.s, 4
: — P .
No:r (f) Notoo 0:7(f)

Using the above results and a computation on characteristic functions, we
then prove the following theorem (see the proof in Subsection 5.2).

Theorem 2.8. For all f1,...,f, € By?" (1), for all T > 0,

NY2Np ()il (f)) 2% N(0,K)

N —+o00
(the matriz K is given in (5.7)).

A similar result can be found in [Uch83al, under the assumption that the
initial law ]30 falls in some particular set. This assumption makes it difficult to
compare our covariance K to the ones found in [Uch83a] (the expressions of K
varies according to the subset Py is in). A similar result can also be found in
[Uch88], this time for particles moving in a set which can only be countable.

The result in [ST85] has common points with the theorem above. The ker-
nel Q™ defined in [ST85| is asymmetric. The variance appearing in Th. 2.1
of [ST85] (Equation (2.7)) could be expressed as an expectation over random
trees (if one uses Equation (2.22) of [ST85]) but the asymmetry of the kernel
would make it different from our K anyway. The fact that we do not need an



assumption of the kind of (2.4) p. 443 of [ST85] is another difference between
our result and Th. 2.1 of [ST85]. [DZ91] extends the result of [ST85] to a case
where the jump rate is not bounded (without the second part of our Hypothesis
1) but it is limited to processes in Z; .

Using classical techniques, we obtain the following Corollary.

Corollary 2.9. For any q € N*, F bounded measurable and symmetric, we
have

VN (2 (F)® = Por(F)) 25 N(O,¢*(Por (FD)) + Vor (FD)?),

where F(l)(:cl) = fD([O,T],Rd)qfl F(xy,..., zq)ﬁo;T(dSCQ, ...,dxg) and Vo.r is de-
fined in (4.11).

3 Other systems of particles

In this section, we introduce the particle systems that we will need for the proofs
of the main results.

3.1 Backward point of view

For A > 0, we call £()\) the exponential law of parameter A. For any x € R, we
define |z| :=sup{i € Z,i < z}, [z] = inf{i € Z,1 > z}.

We intend to construct a system of particles (Z8 r)1<i<n such that the first
q particles have the same law as (731, <., Zg.r) (see Lemma 3.4). We use the
fact that the processes (NV; ;(T' — t))o<i<r are Poisson processes to construct
the interaction graph for the first ¢ particles moving backward in time. The
system of particles (Z}.1)1<i<q is indeed the central system in our paper, hence
all other systems will be compared to it.

We start at s = 0 with C} = {i}, for all i € [¢]. For i € [q], we want
to define (C?)s>0, (K!)s>0 respectively taking values in P(N), N*). We take
(Uk)1<k, (Vi )1<k 1.i.d. ~ &(1). In all the following, we will use the conventions:
inf() = 400 and (...); is the nonnegative part. The processes (C?), (K') are
piecewise constant and make jumps. At any time ¢, we set K; = #C}. For all
t€0,T], we set K; = # (C{U---UCH).

Before considering the technical details, let us explain our purpose. The
population CtU---UC? is allowed to get a new particle from [N]\(C*U---UCY)
by growing a link to this particle (this particle is chosen uniformly). If such an
event happens at time tg, then the waiting time until the next such event is of
law € (_AKto(JilV—KtOH

1
AK (N—K
at a rate (71”

N—

loops) between particles of C' U ---U (9, and this kind of event happens at a

AK (K. —1)
2(N-1)

). To put it briefly, we say that this kind of event happens
. The population CtU---U(C1 is allowed to form links (or

rate (the newly linked particles are chosen uniformly). The processes



C1, ..., C7 are used in Definition 3.1 to define the process (Z%)1<;<y. As will be
seen below, the link times correspond to the interaction times of some particles.
We define the jump times recursively by Tp = 0 and:

AK N — K

Tl; = inf {Tk—l <s<T: (S - Tk—l) X Tkil(]V 1 Tk71)+ > Uk}
AK K -1

Tlé/ = inf {Tkl <s<T: (S — kal) X TkQ(IJ(V Tk{)l ) > Vk}

T, = inf(T},T}) .

Here, we use a representation with inf’s to emphasize the fact that these jump
times are the jump times of Poisson processes with certain intensities. At Tk:

o If T}, =T}, we draw

r(k) uniformly in Cil“;r u---ucy, _,
j(k) uniformly in [N]\(Cf,_U---UCH, _). (3.1)

For any i such that r(k) € C%r, we then perform the jump: C%k =
Ch_ U iR} -

Note that the (... )4+ in the definition of T} above prevents us from being
in the situation where we would be looking for j(k) in 0.

o If T}, =T/, we draw

r(k) uniformly in C%k_ U---ucq, _,
j(k) uniformly in Cz, _U---U Ch _\r(k)}- (3.2)

For each k such that T}, < T, if Iy, are such that r(k) € C’llef, jlk) € C’ZTQIF,
we say that there is a link between C" and C'2. This whole construction is
analogous to the construction of the interaction graph found in [GM97], p. 122.
For all t < T, we set

K = (K.

5) 1<i<q,0<s<t *

S1>G,USS>

particles in R<.

Definition 3.1. Let k' = sup {k, T}, < co}. The interaction times of
(Z)i<s<ri<icy are T =Ty <T =Ty < -+ < T —Ty. (We say that the
interaction times are defined backward in time.)

o Zb, ..., 2 areiid ~ Py

e Between the times (T —Ty)i>1, the Z'’s evolve independently of each other
according to the Markov generator L.



Figure 1: Interaction graph for (Z3.,, Z8.7)

0 T
T4 4o e 1 37/4
T/2 4o ........................... 1 7/2

T 1 2 3 0

e At a time T — Ty, (Zi)lgiSN undergoes an interaction that has the same
law as in Definition 2.1, with (i, j) replaced by (r(k), j(k)).

It is worth noting that for N large and i ¢ [q], it is very likely that the particle
i has no interaction with the other particles.

For all 0 <t < T, we set
Lt:#{k/’EN:TkSﬁ,Tk:Té/}.

Example 3.2. Take ¢ = 2. Suppose for example, that Ty = 0, Ty = T/2,
Ty =3T/4, Ts = 400, r(1) =1, j(1) =2, r(2) = 2, j(2) = 3.
Then

o forse€[0,T/2[, Ks=2,Ls=0, K! =K?=1,
o forse[T/2,3T/A[, Ks=2,L; =1, K} = K2 =1,
o forse€ [3T/4,T|, Ks=3,Ls=1, Kl =1, K2=2

Figure 1 is a pictorial representation of the example above. The time arrow
for the particle is on the left. The time arrow for the processes (C?), (K') is on
the right. What we draw here is called the graph of interactions (for Z3 1., Z2 1)
in [GM97, GM99]. Suppose we want to simulate Z},, Z2,. We first simulate

10



the interaction times of the system. Suppose that these are exactly T—T17, T —T5
with 77, To coming from the example above. In Figure 1, solid vertical lines
represent the trajectories we have to simulate to obtain Z3 ., Z3 . The particle
numbers are to be found at the bottom of the graph. The horizontal solid lines
stand for the interaction we have to simulate in order to obtain Z}.;., Z2. (they
may or may not induce jumps for the particles). For example, a horizontal solid
line between the vertical solid lines representing the trajectories of Z ., Z2 1
stands for an interaction between particle 1 and particle 2. The interactions are
simulated following Definition 3.1. The trajectory ZS’:T is represented by a solid
line between the times 0 and 7'/4 and by a dashed line between the times 7T'/4
and 7', with the number 3 at the bottom. As we want to simulate Z} ., and
Z2 1 and we have simulated the jumps as in the example above, then we are not
interested in Z} for ¢t > T'//4 and we are not interested in any Z} . with i > 4.
Again, the time for the particles should be read on the left.
The following lemma should be kept in mind throughout the whole paper.

Lemma 3.3. Let us denote an inhomogeneous Poisson process of rate ()\t)tzo
by (N))iso0 (N is supposed to be piecewise constant).

1. Let us denote the jump times of N> by 11 < 7 < .... Then for all
ke N* L(r,72,...,7k|T < T < Tipt1) is the law of the order statistics
of k independent variables of law of density t — ¢/ fOT Asds on [0,T].

2. For any j € N*, take piecewise constant processes (a{)tzo such that for
all t, 0 < a,‘} < a% +af < e < a,‘} —l—---—i—a{ < 1. Suppose we take
(Wk)k>0 i.i.d. random variables of uniform law on [0, 1] independent of
N*. Suppose we set j processes (Nf)i>o0,1<i<; such that N¢ =0 for all i,
the processes N'’s are a.s. piecewise constant and may jump at the jump
times of N> following this rule: AN} = 1 if and only if ANy = 1 and
al +---+almt < Wy, <a}l+---+ai. Then the N'’s are j independent
inhomogeneous Poisson processes such that N' has rate (af; X At)e>0 for
all 1.

3. Take j € N*. Take j independent inhomogeneous Poisson processes (N*)1<i<;
respectively of rate (A\})i>o (the A" are piecewise constant processes). Then
Ny = N+ ~+th is an inhomogeneous Poisson process of rate (A} +- -+
X)i>o and for all i, s, P(AN} = AN;JAN; = 1) = P(AN; = AN;|AN,; =

N

L (NS rsksyoss<t) = 5

The point 1 of the above Lemma is derived from the Mapping Theorem of
[Kin93] applied to Cox processes (see [Kin93|, p. 17 and 71). The point 2 of
the above Lemma is derived from the Coloring Theorem of [Kin93| (see p. 53).
The point 3 of the above Lemma is derived from the Superposition Theorem of
[Kin93| (see p.16).

We then obtain the following Lemma.

Lemma 3.4. For all T >0, (Ztp, ..., Z80) 'Y Zours- -, Zior).

The proof can be found in Section 6.1.

11



3.2 Auxiliary systems

We now define an auxiliary system (Z.;);>1 with an infinite number of par-
ticles. We start at s = 0 with C} = {i}, for all i € [¢]. For 1 <i < N, we
define (C1)y>0.1<i<q, (K1) s>0.1<i<q (respectively taking values in P(N),N) by
the following. The processes (C'), (K') are piecewise constant. At any time ¢,
K} =#Cj.

Before going into the technical details, let us explain the purpose of the
construction. We intend to build a process C' = C!' U---UCY that grows at a
rate AK (by creating links to new particles) and that forms links between two

particles of Clu---UCY at arate % (such links will also be called loops).

Note that for k € N*, 280 Ak and that, for all N, Ak > 2k

N—+oc0
Given the processes C1, ..., C?, we add to them jumps (and elements) so as to
form populations C!, ..., C'? with the desired growth rate. It will be easier to

write inequalities if the populations C* and C' are coupled (see for example the
proof of Theorem 2.4). That is why we use the jump times T}, T}, T} in the
construction below. _

We take (Ur)k>1, (U})k>1 1i.d. ~ E£(1). We define the jump times recur-
sively by Tvo =0 and

f,é = inf{fk_l <s<T,

(s — Th1) (AI}’T‘kl - AKTkl(]i[V_lKﬂl)Jr) > U}
T} = inf{Th1 <s<T,

(s Fos) x AKy (Kg, —QL)V—AII)(%M(KfM - )
T = inf(T}, T}, inf{T; : T, > Th_1})

(recall the definition of the process (K;) and the T}’s from Subsection 3.1). Note
that {Tk,k > 0} C {Tk,k > 0} At Ty:

Ky _(N=-Kg )+

o If T}, = Tv,; (note that it implies that I~(~T~k_ — N1 > 0):
— With probability
Kz (N—Ks )4
Kz, — - N—1 =
~ K (N Kg )i (3:3)
KT,F - N—1

we draw 7(k) uniformly in C% U---UCL and
k— k—

7(k) = min {N*\(é;-r U UCL U [N])} .

12



b —

The following jump is performed: C’T(k) C’;(k) U {5(1@)}
— With probability

T 1 (3.4)
i Kz, (N-Kz )1’ :
To— N—1

we draw 7(k) uniformly in (Cl \01 yU--- U (5%67\0%7) and
j(k) = min{ \(C1~ U---u C%F U [N])} The following jump is
performed: Cr(k) CT-EJ U {E(k)}
o If T}, = TV,;’ (note that it implies f(ﬁ_ > Kz, _):
— With probability
(K7, — Kz VK7 _+(Kg_— Kz )(Kz_—Kgz_—1)

Ky (K7 _ —1)—-Kg (Kz_ -1)

, (3.5)

we draw 7(k) uniformly in (5% \Cx JuU---U (5% \C% ) and
. . k= k— k— k—
Jj(k) uniformly in (Cz _ U---UCx )\ {7(k)}.

— With probability

(Ks  — K= )K=

S, S — S S (3.6)
K; (Kz_ —1)- Kz (Kz_ —1)
we draw 7(k) uniformly in (Cl \C% = U (CY E \Cq ) and
k_ k—

j(k) uniformly in C%F U---U C%F

o If T}, = T} for some [, we take 7(k) = (I ), j(k) =j(1) as in 3.1, (3.1). The
following jump is performed: Cr(k) C’; ) U {](k:)} .

o If Ty € {T}',1 > 1}, we take 7(k) = r(k), j (k) = j(k) as in (3.2).

We define _ _ B B
Lt:#{k;Tke{Tl”,Tl”,zz1},Tk§T}. (3.7)

We set for all s,t < T, i € [q],

Ko=#(C+-+0C1)

’Ct ( )1<j<q 0<s<t.

>Jx4q,USS>

13



Notation 3.5. We setEx, (. .~.) =E(..|K), P,(...) = Iﬁ( AR, B (L) =
E(..|Ke), P, (o) =P |Ke), B, g, () = E( [, Ky).

For all k, l1,l5 such that 7(k) € aZTJ , E(k) € 5%2 , we say that there is a
— ~ k— k—
link between C'* and C'2. We define for all I subset of [q],
T! =
{Tk <T,k>0T,€ {T/,fz'vl > 1} (k) or j(k) € Uiezé%r}

u{fk T k>0 ¢ {T{’,Tz”J > 1},?(/@ and j(k) € uiefé%k_} . (38)

In other words, 77 is the set of jump times T such that

o if ALz =0, 3l € I such that C' jumps in T},

o if ALz # 0,301,y € I such that #(k) € 1, j(k) € L.
We define for all ¢, 7,

I = #{s eTl.s<Tse {T/’,Tl",l > 1}} . (3.9)

We have Et = Z,[fq]. The following lemma is a consequence of Lemma 3.3. Its
proof is elementary but quite long. It is written in Section 6.2.

Lemma 3.6. 1. The process (Kg)o<s<T 5 plecewise constant, has jumps of
size 1 and satisfies, for all s,t such that 0 < s <'t,

P(K; = K,|K,) = exp(—A(t — $)K,) .

The process (zs)ogng is piecewise constant, has jumps of size 1 and
satisfies for all s,t such that 0 < s <t

O AR, (K, — 1
]P)(Lt = Ls|Ls; (Ku)Ogugt) = exp <_/ %du) .

Hence, knowing (f(u)ogugT, (Zt)tzo s an inhomogeneous Poisson process
Of rate (AKU(KU — 1)/(]\7 — 1))0§uST'

2. For all t, IN(t > K; and Zt >L; a.s. .

3. Ile = Tl, ey Tk = Tk then I?Tk = KTk7 ZTk = LTk-

4. The processes (I?f)ogng are independent. They are piecewise constant,
have jumps of size 1 and satisfy for all s,t such that 0 < s < t, for all
i€ lql, o _

P(K} = K{KY) = exp(—A(t — s)KY) .

14



These processes are thus q independent Yule processes (see [ANT2], p.
102-109, p. 109 for the law of the Yule process). We have for all k > g,

P(Kr = k) = < . f ) > (e ATY1(1 — e ATYh—a, (3.10)

5. Conditionally to ET, the processes ((EEQFLM})MKT) are in-
-7 /Jie{l,..q/2}
dependent non homogeneous Poisson processes of rates, respectively,

N -1 ’
0<t<T

Let us carry on with the definition of (Z).

Definition 3.7. Let k' = sup {k,fk < oo}. The interaction times of the Z

are T =T, <T-Ty_ , <---<T-T1.

o The (Z%) are i.i.d. ~ B.

e Between the jump times, the Z' evolve independently of each other accord-
ing to the Markov generator L.

e At a jump time T — Tk, (Z) undergoes a jump like in Definition 2.1, (3),
with i, j replaced by 7(k), j(k).

In so doing, we have coupled the interaction times of the systems (Z41)i>o,

(Zig)iso. We can couple further and assume that for all i, Z}, and Zi .
coincide on the event {Tk, k> 1} N {T,é, k> 1} = 0.

Definition 3.8. We define the auziliary system (ZO:T>1'20 such that
e it has interactions at times {T — Ty, k > 1} \ {T — T — T,g’, kE>1}

e the rest of the definition is the same as for (Zé:T>i20'

In so doing, we have coupled the interaction times of the systems (Z.1)i>0,

=t =t

(Zy.r)iz0. We can couple further and assume that for all i, Z&T and Zy.r
coincide on the event {Tk, k> 1} N {Té’,Tlg,k > 1} =0.

It is worth noting that the laws of (Z3.p, ..., Zd.r) and (Z}:T, . Zg:T) and
=1 =q
(Zo.rs -+ s Zo.) are exchangeable.

~1

The g-uple (Zy.1)1<i<q is obtained from (Z{ )1<i<q by erasing the loops.
The g-uple (Z}.1)1<i<q is obtained from (Z{)i1<i<q by adding links. When

15



Figure 2: Interaction graph for (Z(])Y"Tl, ZéVTQ)
T
— 1 T,=T}
............................ __ T, = T1//
11 1 2 3 0

=1 ~q
N — 400, the probability that (Z.p,...,Zi;) = (Zo.ps ... Zor) goes to 1.
~1

~ ~q
The law of (Zy.z, ..., Zy.r) does not depend on N (see its law in the theorem

below). In fact, (Z )1<i<q is the asymptotic object appearing in the limit results
(see Proposition 2.6, Corollary 4.7). The following result can be found in [GM97]
(Section 3.4, p. 124) (or, equivalently [GM94], Section 5).

=1 ~ ~
Theorem 3.9. The variable Z .+ has the law Po.r (recall the definition P from
below Definition 2.2).
Suppose ¢ = 2. The figures 2, 3, 4 are realizations of the interaction graphs
1

~ ~ = ~2
for (Z3.p, Z87), (Zyps Z2.4)s (Zoory Zo.r), N = 10, for the same w.

3.3 Proof of Theorem 2.4 (asymptotic development in the
propagation of chaos)

Proof. By Lemma 3.4, we have for all [y > 0:

E(F(Zr.....29) = . [E(F(Zh,...,28)|Lr = DP(Ly = 1)]

0<I<lg
+E(F(Z3y ..., Z8) | Ly > 1o+ 1)

16



Figure 3: Interaction graph for (Z(])\:]i“la ZéVT2)

.................................................................................. 1 f4 _ ii/

e € T2:T2/

............................ __ T = Tll/

11 1 2 3 0

~N,1 =N,2
Figure 4: Interaction graph for (Zy.p, Zg.7)

.................................................................................. 1 f3 _ fé

e TQZTQ/

11 1 2 3 0
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XP(LT >y + 1)

Hence, we take, for any bounded measurable F,

AYAF) =E(F(Zyp, - Z30)| Ly = DP(Ly = )N' (3.11)
Ao (F) =EB(F(Zpy ..., Z8p)| Lr > DP(Ly > ))N" . (3.12)

It is sufficient for the proof to show that P(Ly > 1) is of order < 1/Nl, for all
I € N*. We write N* for an inhomogeneous Poisson process of rate (\s)s>0-
Using Lemma 3.6, we have

P(Lr >1) < P(E >l)

H
8
=
L
<
~
=
i
L
<
v
N
=
=

< E(Pg (NAKT(KT D/(N-1) > 1)
1 (AR (Kp —1)

< - — . .

- {! ( N -1 (3.13)
And E((K7)?) < 0o by (3.10) of Lemma 3.6.

O

Note that we have the following bounds (for all F' € C;" (D([0, T], R%)?))

N, Nl Al 21

sup(Ag,7(F), Bg 1 (F)) < 7 E(KT) [ Fllos < 00 (3.14)

4 Rate of convergence for centered functions

4.1 Definitions and results

For i € [g], I C [q] such that i € I, we define the event
Al = {{fk k>0,T, <T, Ty € T 7(k) or j(k) € @T,r} c{T], k> 1}} ,

and we set
A; = Al

Recall the definition of 77 from (3.8). For all 4,] such that 1 <i < ¢, 1<1<g,
we define

Livi = {#({Ti: T <7, (70),30)} = i+ 1),k > 0} ) =1},

for ¢ even, El,q = El,g N---N Eq_l,q

18



Figure 5: ¢ = 3, interaction graph for (EézT, Enga Eg’:T)

T

L f7 _ Té/
............................................................... TS _ T5/
............................ Ts = Tzi
................................................................................... T4 — Té
L fg _ T2/
.............. TVQ _ T;’
........................................................ j—’vl _ Tl/

1 2 3 0

o ([T 1) a1 }) =)

EL =% ({Tk,k: > 1,7, <T:7(k) € by n{T},i1> 1}) .

Note that we do not write anything about } in the last definition because 7 and
j do not play symmetrical roles (see Section 3.2). For a fixed w, we define an
equivalence relation on [q] by

i >4 j <= Jrsuch that T, € {T}, T}, > 1} and {#(r),j(r)} = {i,j}.

For all ¢ € [k], C; denote the class of ¢ for the relation . For I C [q], k € [q],
we define

Ly = {Cmax(I) = I}a (41)

L = {Conax(n) = I} 0 (Apyas(n))* 0 (mlﬁiﬁk.,iel(AEk])c)

N (karlSigq,iGI\ max(I)Al('[k]UI)\ maX(I)) : (42)

Let us have a look at Figure 5 to clarify the notions above. Suppose w € 2
is such that the graph above occurs. Note that: w € A;, w € A5, w € Af,

we AlMH ¢ ={1},C,={2,3}, EL = 1.
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Let us now write some sentences designed to illustrate the meamng of the
definitions above. The set 77 is the set of jump times T} of (C7, ci ) for
7(k),7(k) € I. When such a time is a jump time for C7, 5'] we say that a
link between C” and C7 is formed at this time, When T # _j, we say that the
link is an external link of CT and of CJ and if 7 _j € I, we say that this is
an internal link (or a loop) of (C%);c;. We can define the same notions for the
processes (C*);<x<,. Using this terminology, the event A! (with [ € I) is the

event that the links between C! and (CZ)ZE 1 are external links of C' and do not
belong to {Tl’ ,0 > 1}. The event LZ i+1 Is the event that there is exactly one
link between C* and C7. The event Llyq is the event that there is exactly one
link between C2~! and C2 for all i € [¢/2], and that Ly (the total number of
loops) is ¢/2. The relation i < j expresses that C and C7 are linked by a string

of links.
4.2  Technical lemmas
Before going into the proof of Proposition 2.6, we need some technical results.

Lemma 4.1. For all | € N*,

(g+1-1)

E(Kr) < (it — e g~ 11

Proof. By (3.10), with o = e AT

+o0 k
Zkl < 1 >o¢q(1oz)k_q
k=q 4

E(KT)

q +oo
- mz(kﬂ)(k“*1)---(qu+2)(1fa)qu+1
k=q
< af (g+1—1)!

T a)(g- D a

Lemma 4.2. For allr € {0,1,...,q}, 41,...,ir € [q], | > 1,

B(EY > 1,..., B > 1,Er 1)

- A2 g+ r+ 20— 1)!
= (N — 1)rH(e=AT)r+2(1 — ¢=AT) (g — 1)1I!

Proof. When Kr is fixed, for any 4, the law of the first jump of (E})o<i<r is the
same as the law of the first jump of a inhomogeneous Poisson process of rate

20



AK} — LKI%) o<t<T (this could be shown using the same techniques as

for the proof of Lemma 3.6). So, computing as in (3.13),
AK7
N-1"

P(Ep > 1|Kr) = Bg (Bx, &, (1pis1)) <

We have, as in (3.13),

~ o~ l
~ ~ 1 (AKp(Kp—1)
> — = 7
P(Lr > 1|KT) 1 < N1
Now, as E;l, . ,E;T , ET are independent conditionally to ET, by Lemma 4.1,

we obtain:

; ) ~ AT )2
P(EZTIZL---,E;Tzl,LTZZ)gE( (K7)

(N — 1)+

- AT (g+7r+20-1)!
= (N — 1)+ (e=AT)r+21(1 — ¢=AT) (g — 1)!

O

We write Py, for the set of m-uples (I1,..., L) of subsets of [¢] partitioning
[¢] and such that max(I1) > max(lz) > - -+ > max(ly,).

Definition 4.3. We define the auxiliary particle systems (Zg:’%, Zg:’;, cey Zg:’jlf)
(one system for each k € [q]) by saying that

e it has interactions at times {T — Ty, k > 1} N {T —t,te T{l’k}},

e the rest of the definition is the same as for (Z}.r).

In so doing, we have coupled the interaction times of (Z(]f:’%)lgigk with the in-
teraction times of the other systems. We can couple further and assume that
(Zos s ZEr) and (ZE7, ..., ZER) coincide on the event {T — Ty, k > 1} N
{T—t,t e TWKR Y} = {T — Ty, k > 1}. Note that for all k, the law of

(Z(]f:’%, e Z(])c:’]kﬂ) is exchangeable.

Lemma 4.4. If q is odd then for all k € {0,...,q}, for all F € Bgym(q),
m€lq], (I1,...,Im) € Pm,

~k+1

=q
k1 kk > =
Nq/2IE(F(ZO:T, s 2y Lo sy L) | | 1L’?i) N—>_>+OO 0,
1€[m]

(we use the following convention: in the case k =0,
~1

k1 bk ~k+1 =9 o ~q
E(F(Zo;yT’ cety ZO:7T5 ZO:T yeeey ZO:T)) = E(ZO:Tv ey ZO:T))'
If q is an even integer,
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~ ~ ~k+1 ~q
— E (EI%T (F(Zé:Ta EER) Z(I)C:T’ Zop s 7ZO:T)|L17<1)

q/2

T
x AK?'K?%ds | (4.3)
I

if
Vi, #I; =2and(I; C[k] orI; C{k+1,...,q}), (4.4)

and

/2 £l e SR =q

q s

NYE(F(Zy/p, - Zkr s Zoor 5+ Zo.r) ]_;[] ]-L’;i) Nodeo 0
1€(m

otherwise.

Note hat the expectation in (4.3) does not depend on N and that it cannot
be simplified by the use of the tower formula because the conditional expectation
is conditional with respect to Kr, Ly 4.

Proof. We define the event

B= U ((m;_l{E;f > 1}) A {Lr > [%D .

1<r<q1<iy <<, <g

Suppose that ¢ is odd or that ¢ is even and (4.4) does not hold. Then for all
m € [q], (I1,...,Im) € Pm, k € [q],

N i c (BU (Lr> g + 1}) : (4.5)

1<j<m
Let us write a short justification of the last formula. Suppose that m € [g],
(I1,- s Im) € Py w € Ni<jcrm L’}j. We note that, for all I C [¢], w € L; =
Li(w) > [#1/2] and (w € L% with I = {i}) = Ei(w) > 1. So, we have (4.5)
for ¢ odd. If ¢ is even and we do not have (4.4), then:
o If there exists j such that #I; # 2, then w € {ET >4 41}
o If #I; = 2, for all j, and, say, [k]NL; # 0, {k+1,....,¢} NI, # 0, then
Z}"Zl LY > q/2. Let ip = min(I}). We have w € (fyj)‘, so: either
EpF > 1, either there exists r € [k]\{io} such that LireY > 1. So,
wEBU{LTZ%Jrl}.
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Using Lemma 4.2 and (4.5), we then have

NP () L}) — 0.

N—~+oc0
1<j<m

Now, suppose that ¢ is even and that (4.4) holds. Note that (Zg%, ce Zg:’;)
and (Z} ..., Z(’J“:T) coincide on the event Elﬁq N{EL=-.-=E% =0}. Then,
using the symmetries of the problem and Lemma 4.2, we see that the limit we
are looking for is the same as

/2 ko1 ki 5 =1
li NYE(F(Zypy s Zyipy Lo 5«3 Lop) 17
N—1>I-Ii-1<>o ( ( 0:7> 0:7° < 0:T » ) O.T) Ly )
/2 =~ ~k+1 ~q
= 1 NYZE(F(Zy.p, - - Z Z e Zor)lz ).
Nililm (F(Zo.r o1 Zor s> Zor) Ll,q)

We set for all j,t¢
B = {E09 21} nn {E 0 20)

We set for all j € [¢/2]

T A 102j—1 1725
AK#—1K%
o _

We have
NP (L) = II -a@i-12) (4.6)
1<j<q/2
a.S, 7-25—1 125
e [ @AKPKE).
1<j<q/2
We have

Pe, (L1 \1q) < P, (L > q/2).

So, by Lemma 4.2, N9/2Pg (L1 M) ﬁ 0. And so :

T
NP (Lig) =5 ] /OAKfi—leids.

N=eo 1<i<q/2
Now,
Nq/Q]P’,ET(ZLq) < NP (Z’ o)
N
4. < | AKZLK2
(by (46)) < (Nl) I/ ds

1<j<q/2
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< 202792 N92(Kp)e

which is of finite expectation by (3.10). Thus, using the dominated convergence
theorem, we obtain

~ ~ ~k+1 =7 . ~
NEI}:OO E(E;ET (F(Zol:Ta T Z(I)C:Tv Zoq s 7ZO:T)|L17Q)Nq/2]P)}ET (L1,9))

~ “k ~k+1 ~4q ~ a/2 o7 ~ s 1~
=E [ Eg, (F(Zo.rs- -+ Zors Zor - s Zo.r) 1 L1,q) H/o AKZ T K ds
i=1

By Lemma 3.3, 1 and Lemma 3.6, 5, the law of

~1 pon ~k+1 ~q ~
E;ET (F(ZO:Tv cees ZO:Ta ZO:T s ZO:T)|LLq)

does not depend on N.

4.3 Proof of Proposition 2.6

Proof. Because Z . = ZO:T on A; (for all ), we have

E(F(Zé:Tv ey ZgT)) =
E(F(Z&:Ta XN Zg:T)l(AlﬂmﬂAq)C) + E(F(Z&Ta XN Zg:T)lAlﬂmﬂAq) =

=1 =~q
E(F(Zé:T’ ) Zg:T)]‘(Alﬁ"'ﬂAq)c) + IE(F‘(ZO:T’ ) ZO:T))
= ~q
- IE(F’(Z(l):Tv SR ZO:T)l(AlﬂvvﬂAq)c) =
=1 =~q

E(F(ZolzTa LR Zg;T)l(AmwﬁAq)C) - E(F(Zo:Ta EERR ZO:T)]-(A1ﬂ~ﬂAq)C) . (4~7)

~1 ~q ~q
To obtain E(F(Zy.p,-..,Zgr)) = 0, one could have used the fact that Z,.; is
~1 ~q=1

~q ~

independent of Zo.p ..., Zop , and that [;o 1 ey F(21; - . 2¢) Por (dzg) = 0,
for all z1,...,24—1. This kind of reasoning will be used again in the following.
We have (using the symmetry of the problem)

q
q
=> ( h )E(F(Zé:T,...,Zg:T)lAg...1A21Ak+1...1Aq)

g q k1 kr ST =1
= Z ( 3 ) E(F(ZO;T’ .. "ZO:7TaZO:T ""’ZO5T)1(A[1k])C - 1(AE:“])01AIC+1 ---]-Aq)-
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For all I, C Iy C I3 C [q], such that I3\Iz # 0, we have

miEIS\IlAiIB = (miefz\flAib) N (miGI::.\IzA{S) . (48)
This will be used many times in this proof. We obtain already
E(F(Zop,- -, Z80)L(ainnay)e)

= E(F(Zolva ) Zg;T)lAgmnnAg

— q k,1 ok ST =1
+Z< k/’ )E(F(ZOJT"" ZOTszTv'-'vzo:T)

k=1
XHl(A[k] H 1 q 1] X 1—1Ac)).

i=k+1

~q
We look at one term in the last sum above for a fixed £k < g — 1. As Z,.p

~k+1 ~q—1
o k,1 k.k
is independent of Zr,..., Zyr. Zo.p 5+, Lo and lA[lk],...,lAEf],lALq:], e
1 Ala=1 , we obtain that this quantity is equal to
k1 ke ST =1
E(F(Zo:ﬁTv s Ly Lo s e 7ZO:T)1(A[1’“])C e l(A[k])C
x1, 1y (—14c)).
q+ 1] . A,[;q,ll]( Aq))

Let us set i1 = ¢. Recall the definition of L¥ from (4.2) and the definition of
Ly, from (4.1). For all I C [q] such that ¢ € I, we have

AgNLy = (Aél)c NLjp,
if, in addition, max([¢]\I1) > k + 1, then (using (4.8))

Met+1<i<q-1 quil] - (mk+1§z‘§q71,¢¢hz4£q71])
A (Pienngirt,qon AT

And so:
(ﬂlgigk(AEk])C) N (ﬁk+15i§q,1A£q_1]) NA; =

| | [(ml<i<k(A£’“])C) N (mnggq_lAEq’”) nASN Lh} -
L C
g€

. i)
L { Niefk,ign (4; ))m<ﬁk+1§i§q,i¢h 4 >ﬁLh]

I Cq]

ge

[q]
I
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(the symbol U means “disjoint union”). For each I1 C [g] such that ¢ € I, we
set 4o = max([q]\[1), if it exists. If i3 > k + 1, we can then write (using (4.8))

e A} ) Ak —
(Micmign (AF)°) 0 (m k+1<i<qi¢h N > nin=
klye
(mie[k],i§2l1 (4l )

[a]\{i1,32} [a]\{i1} k
”(”k+19§q,i¢<zlu{z'2}> A )”Aiz L

~iz ~J

A k1 kk

Z.r is independent of Zyr, ..., Zy'r, (ZO:T)je{kH ..... q\{i2}s 1L’;1,
(1(Ag_k])c>1§j§k,j¢11; (]-AE_LI]\{’JLQ})k+1§j§q—1,j€{llu{i2}}' So, for I; such that iz >
k + 1, we obtain

~k+

k,1 kk 7
E(F(Zyp, - - ZOT,ZOT ZOT 1T 14, T 1ae-uxtacls,)=
i€k k+1§i§q71 ‘
E(F( . ) H l(AEk])C H 1A£q]\{i1,i2} X (1 — I(AEZ]\{il})C)lLlfl) =
i€lk]i¢ k+1<i<gq
7 ¢ LU {’LQ}
—E(F() l(AEk])C H 1 []\{11 ia} ><1( \{11})C)1Lk )
i€[k],i¢ I E+1<i< q
7 ¢ LU {22}
For I such that is € [k], we have
k.1 ok ST
E(F(ZY7,. .. ZOT,ZOT ZOT 1T 140, IT  1e-ux1acls,)
ielk] Chrigiger
=E(F(..) ][] 1wy X 1pg ).
i€[k],i¢ Iy

Recall Py, defined in Section 4.2. Proceeding recursively, we obtain that
E(F(Z(%Tv Z T)]-(A1ﬂ ‘NAG)¢ )

>3 ( )(I Syt

k=1m=1

k,1 k.k
xE(F(ZO:T,...,ZOT,ZOT,... o1 H1Lk . (4.9)
J€[m]

where s(I1,...,In) = #{j € [m],max(I;) > k+ 1}. And in the same way
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k=1m=1 Tyerny I,)EPm
=1 =~q
XE(F(ZO:Tv'-'aZO:T) H ]'L’;j)v (410)

JE€[m]

By Lemma 4.4, we then obtain that, for ¢ even (recall the definition of J; from

(2.5)),
NQ/2E(F(Zol:T’ ceey Zg:T)l(A1ﬂ~~~ﬂAq)c) N;}QQ
g—k
Z (_1)T ( Z )Jqu—k
1<k<gq
k even

- +1
X]E(EIET(F(Z&:Ta ZOTaZOTa-- ZOT)|L1q H / KQZ 1K21d5)

1<i<q/2
5 ~1 ~q
Nq/ E(F(ZO:T’ ) ZO:T)l(Alﬂ'“ﬁAq)c) N—>—+>oo
a—k
S o (f) e
1<k<gq
k even

E(E’CT(F(ZO STy - ZO T)|L1 q H / AK?’L 1K21ds)

1<i<q/2

and for ¢ odd, these limits are 0. We then use the equality ( Z ) JpJg—r =

< 9/2 > Jg to finish the proof.

k/2
O
Corollary 4.5. For F' € Bsym( ), we have
|92 (i) ()
< 229+ (A v 1)7+1(2¢)! 1 1 N 1
T (eAT) (1 — e AT (g - DI (N = 1)92 \ ([4])! (N -1)F )
Proof. For m,m’ € [q] and (I . ) € Pm, (I1...,1I),,) € Pps, we have that
(Njepm Lr,) N (NjepmnLry) = 0 if ( ) # (1] ..,Im,) Note, also, that for
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allm € [q], (I1 ..., In) € Pm, we have that ﬂje[m]L’fj C (B U{Ly > [q/Q]})
Hence, by (4.9) and Lemma 4.2,

’E(F(Zol:Tv"'vng)l(Alﬂ n4,)e)
( )R (Er = fa/21))
<29P(BU{Lr > [q/2]})

q - 1 r T qg—r

<2 ;( ) ET21,...,ET21,LT2{ 5 W)

(note that Vr € {0,...,q}, 7+ 2 [%—‘ <g+1,r+ PQT—‘ > ngg)
N (4 (AV1)7+(29)!
=2 z_;)( r ) (N — 1)+ 2" (e=AT)a+1(1 — e=AT) (g — 1)1 ([
. AV L 1
=2 (emAT)at (1 — e~ AT)(q — 1)! ; < r > (N =122 ([4])!
a 1
+ Z ! 2 4
229(A v 1)7T1(2q)! 1 1 N 1
T (e At (1 — e AT (g - DV (N - D)92 \ ([4])0 (V- 1)f

The same is true if we replace the Z%'s by Z ’s. Thus (4.7) gives us the desired
bound.

O

4.4 Wick formula

We suppose here that ¢ is even.

Definition 4.6. We introduce an auzxiliary infinite system of particles ( 0T ZOQ:T7 o)
such that

e it has interaction times {T — fk, k> 1}ﬁ{T —titeT2y...U 'T{qfl"q}}

e the rest of the definition is the same as for ( br)i>1-

By doing this, we have coupled the interaction times of the system (ZQ;T)izl and
of the system (ZO_T)@l We can couple further and assume that (Zg.r, . . ., Zg:T)
1

= ~q
and (Zy.p, - .., Zo.r) coincide on the event {Tk, k> 1}0(7'{1’2} Uy Tleha) =
{Tk,k > 1}.
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The system (ZO 7)1<i is obtained from (ZO r)1<i<k by stripping off the links
which are not internal to C*,C2 or C3,C4, ... .
We set for all f, g bounded D(R,,RY) — R

‘/O:T(fv g)
~2

~1 - T
- (EK &, (o)~ fEoro o Tno) | AK;KSds> .
(4.11)
Note that for all f,g, Vo.r(f,9) = Vo.r(g,f). Note that the formula above

cannot be simplified with the use of the tower formula. For all £ € N*, we set
T to be the set of partitions of [k] into subsets of cardinality 2.

Corollary 4.7. [Wick formula] For F € By"™(q) of the form (fi @+ ® fq)sym
and q even,

q/2 1
NPE(F(Zy, - Zor)) (o ST Ver(fa f).
JET, {ab}ed

The name “Wick formula” comes from the Wick formula on the expectation
of a product of Gaussians. In this formula, there is a sum over pairings, just
as in the above Corollary. See Theorem 22.3, p. 360 in [NS06] for the Wick
formula.

Proof. To shorten the notations, we will write:

q/2

H/ K21 1K21ds_

With this particular form for F', the limit in (2.6) of Proposition 2.6 becomes

q/2 q/2 .
DI AN IS
ceS, k=1
- ~2k+1 ~q
E(E;ET (fa(l)(Zol:T> fa(2k) (Zo T)fa(2k+1)(ZOT ) --fa(q) (ZO:T)
~1 ~ ~
- fa(l)(Zo T) - -fa(q) (ZO:T)|L17q)p)

q Zf (q/Q) (—1)2*

' 0€S, k=1
~2k+1

~ ~q ~
E(E;ET (fa(l)(Zol:T> fU(Qk) (Zo T)fa(2k+1) (Zo T ) e fU(q)(ZO:T)|L17Q)p) )

because Zq/2 ( qé2 ) (=1)3—% = (=1)3*!. Using the exchangeability prop-

erty of the particle systems, we can transform the last expression into
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L SO -1k > EEe, (I foci-n(Zoir ") foen (Z3ir)

|
£ oES, k=1 IClq/2],#1=k/2 iel
~2i—1 ~2i
Hfa(2z 1)(ZOT )fU(Ql)(ZOT>|L1 q) )
¢l
IO
€S,
qa/2 o . ~2i-1 ~2i
H(fa(2i71)(ZS:ZT_l)fa(%)(Zg:ZT) fcr 25— 1)(ZOT )fa(2z)(ZOT |L1q
i=1
Y
cEeS,
qa/2 o L ~2i-1 ~2i ~
H(fa(Qi—l)(Z(?:Z;l)fa(Qi)(Zg:ZT) f0(21 1)(ZOT )fO'(Ql)(ZOT))|L1 27'-'5Lq71,q)p)a
i=1
(4.12)

the last inequality being true because

~i ~1

LU Zyr)iz1, (Zor)is1lKr, L g) = L(Zor)iz1: (Zor)iz1Kr, Lig, - La-1,q)-
By Lemma 3.6, 5, the processes 5{1’2}, R Z{q’q_l}, defined in (3.9), are inde-
pendent, conditionally to Kr. And for all i € [¢/2],

_ L ~2i—1 ~2i ~
E}ET(f(Zngl)fU(Ql)(Zng) fO'(QI 1)(ZOT )fO'(Ql)(ZOT)|L1 2500y qul q)
. . ~21—1 ~2i
EK% 1 Kzr (f(ngT_l)fa(%)(ngT) fa(2z 1)(ZOT )fa(2z) (Zo T)|LZz 1 21)-
So, the quantity in (4.12) is equal to

q/2

! Z J E H Kzqul,f(g}'T((fa(%—l)(ng:iijl)fa(%)(zvg:iT)
ceS, i=1

~2i—1 ~2i

f0(21 1)(ZOT )fO'(Ql)(ZOT))|L2’L 121)
T

x/ AKZ Y1 s)]) =
0

(by Lemma 3.6, 4)

q/2

' Z HE KZI 1K21 ((fa(Qz 1)( OT )fa(2z)(Z0T)
0cES, i=1
~2i—1 ~2i T e
= fotsiZor Voo Zor ) Eaicri) [ AR VR M) =
0
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Z H Vor (fa, fo) -

JeT, {a,b}e]

O

5 Proof of convergence theorems

5.1 Proof of Theorem 2.7 (almost sure convergence)

Proof. We recall the notations of [DPR09|. For any empirical measure m(x) =
2% Zfil 8¢ (based on N points zt, 22, ... 2),

1
m(m)®q — ~ Z 5(za(1)7...,xa(4>) s
G,G[N][q]

where [N]19 = {a: [¢] = [N]}. Note that for any F,
m(z)®1(F) = m(z)(Foym) -

We define, for all p € [q], [q]Lq] = {a € [¢]l9), #Im(a) = p}, and (Vk < q),

1
aqu: Z S(paqik)W Z a,
a—k<p<q D g

(the s(.,.) are the Stirling numbers of the first kind), and for all F' (of ¢ vari-
ables), for all b € [¢]l,

Dy(F)(z',...,29) = F(a*™, ... 2"@)

Dyr,(F) = 3 s(p,qmi S Du(F) .

q—k<p<q 1 a€lqll!

The derivative-like notation O L comes from [DPR09]|, where it makes sense to
think of a derivative at this point. We keep the same notation in order to be
consistent, but it has no particular meaning in our setting. We then have, by
Corollary 2.3 p. 789 of [DPR09], for any empirical measure m(z) (based on N
points) and for any F of ¢ variables,

()24 (F) = m@)° | Y < Dorr, (F)

0<k<q
Suppose F' € Bg’ym(q), we then obtain
1
E ((nor)®(F)) = > ~F > spa—k) Y E((nir)(Da(F))) -
0<k<q ' g-k<p<q aglqly”

(5.1)
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We take a € [¢]l9 with p = #Im(a) > ¢ — k and k < ¢/2. Note that #{i €
lq), #a({i}) = 1} > g — 2k > 0.

We have now to use the Hoeffding’s decomposition (see [d1IPG99, Lee90], or
[DPR11], for the details). For any symmetrical G : D([0, 7], (R%)?) — R, we
define

0= /G(xl, . .zq)]SO;T(d:cl, codag),

G(]) .. /G Tly..-,T P®(q ])(d.’L'j+1,...,d.Z'q),

and recursively

W (@) =GV (21) -6,

Jj—1
R (2, ay) = GO (2, .. oy D _ g,
=1 (j,1)
where E(j,i) R is an abbreviation for the function

(z1,...,2j) — Z h(i)(zh,...,zn).

1<r < <r<j

For all j, hU) is in B ym( /). We have the formula

G(xl,...,:cq):h()zl,..., JrZZh

=1 (q,5)

We take now G(z1,...,24) = Dg(F) (still with F € Bsym(q)). For j <
q—2k, GY) = 0. So we can show by recurrence that h%) =0 for j < ¢— 2k. So

qg—1
Gy, mg) =W D2y, + > > BY).

J=q—2k (q.5)
So, by Corollary 4.5, we have for some constant C'

C

E(DoF (Zoips -+ Zip)) < N 2h2

And so, by (5.1),

B ((n)*9(F)) <

Suppose that we take a bounded function f : D([0, 7], R%) — R. We set f f-
Po.7(f). We then have (with the notation f®4(x!,... x7) := f(z!)x---x f(z?))

E((mor(f) = Por(£))) = E(tnoir ()
— N \®q
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IN

T (5.2)

Provided we take ¢ = 4, we can apply Borel-Cantelli Lemma to finish the proof.
O

5.2 Proof of Theorem 2.8 (central-limit theorem)

Proof. For any ui,...,uq € R, we have:

E (exp (NngYT (log (1 L mh +\./.N.+ i“qfq)))) (5.3)

=FE ﬁ (1 + iulfl(Zg:T) +-+ iuqfq(Zg:T)>

Jj=1 N
1
_ ik, .
= E( Z NE/2 Z VUG, - Uy
0<k<N 1<j1,..,0k<q

x oy @) Fa(Zoir))

1<i1 < <ig <N

N 1
= ( )k Z ikuh coUgy EE ((T]évT)Gk(fh R ® fjk))

Nk/2
0<k<N 1<, ik <q
(N)k e 1 N \Ok
- Nk/2 Z U Ugy - Ugy, EE ((nO:T)Q (fp®--® fjk)sym) .
0<k<N 1<j1, ik <q

By Corollary 4.5, for all & € [N], we have (computing very roughly)

(N)g . 1
Nk/2 Z Zkujl <o Uy, EE ((né\:]T)Qk(fjl Q- fjk)sym)
1<j1,. 0k <q '
- ¢"(max(|uy], .. ., |ug|)* o 22K HL(2F)!I(A v )M

= k! (k — 1)l(e=AT)F+1(1 — ¢—AT)

y L 1 (N)i
(T (V= 0FE ) V= e

<2%+1(2/<;)(max(|u1|,...,|uq|))k(Av1)k+1 L 1
) (e NTJFI(T = e=AT) ) w-pF3)"

and this last term is summable in k if IV is big enough. Using Corollary 4.7 and
Proposition 2.6, we then obtain:
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E (eXp (N77(J)\:[T (1Og (1 T W))))

Ve 2 G 3 e 3 T Ver(e )

k>0,k even 1<1,je<a " IeZi {ab}el

(—1)k/2
= > H72 (/2 Do wo Vo (F £i2) o Voo (Fiu s fi)
k>0,k even ’ j
k)2

(1)
Z W Z ujluj2VO:T(fj1afj2)

k>0,k even 1<j1,52<¢
1
=exp | —3 > wupVor(fin fi) | (5:4)
1<j1,52<q

We can also write a series development of the log in (5.3) and obtain:

" (eXP (N o (log(1 + Ml +\./.N.+ Ml ))))

1)kt 3 ) )
=& (e [ S E N (ot i) ) | 65)
E>1

Let us set f = wlfl;%“qfq We have || f||e < C/N*/? for some constant C.
So, the remaining term in the series development of the log can be bounded by

C

(=D ke : k
HZTN (iur f1+ - +iugfq) HOOSN,

k>3

for some constant C. So, the limit when N — 400 of (5.5) is the same as the
limit of

B(exp (VN (iuanip(fr) + -+ + iugnilr(f))
e <%775)YT((U1f1 +o Uqfq)Q)))-
We have, for some constant C'
IE(eVNnoir(e=3mr (1)) _ E(eVNuoir (=3 Por (1))

< CE((Por (%) = moir (%)) (5.6)

So, by Theorem 2.7, the left-hand side of (5.6) goes to 0 as N — +o00. So

. N iuyf1 + - +iugfq
]1/11—130 exXp <\/N770:T (10g(1 + \/N )
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= lim E (e\/ﬁnéV:T(iu1fl+-~~+z‘uqfq)eéﬁo:T((u1f1+---+mqﬁ)2)) 7

(meaning that if these limits exist, they are equal), which concludes the proof
with, Vi, j,

K(i,j) = Por(fifj) + Vo (fis 1) (5.7)
O
Note that we can bound the component of the variance K. Take fi,..., f;

as above. For all i, j: _
|Por(fifj)l <1,

Vor(fi, f;)] < 2E(TAK}KZ)
2T Ae?TA (g 4+ 1)q
(by Lemma 4.1) < 1 eAT)

5.3 Proof of Corollary 2.9

Proof. The result is a consequence of Theorem 2.8 and of Theorem 4.1 from
[DPR11]. We only have to prove that for all j > 2, f € Bgym(j),

2 () (9)*) < 5

for some constant C' which may depend on j, f, T. Looking at the proof of
Lemma 4.3 of [DPR11], we see that we need only to prove that for all k € {j +
1,...,25}, r € [k], for all F:D([0,T],RY)* — R bounded measurable, symmet-
ric in the k—r last variables and such that fD([o,T},E) F(z1,...,25)Po.r(dz;) = 0,
forallie {r+1,...,k}, we have

C

Bl (P < =

for some constant C' depending on F', k, r. The proof of this inequality follows
the outline of the proof of Proposition 2.6. Here, we write only the beginning
of the decomposition. We have (for F, k, r as above)

E((n6ir)**(F)) = E(F(Zg.r, - -, Ziir))

= E(F(Zéch SR Zg:T)l(AT+lﬂ"'ﬂAk)c) + E(F(Zé:Ta SR Z(I)C:T)]-Ar+1ﬁ"'ﬁz4k)

= E(F(ZéTa CER Z(I)C:T)I(Ar+1ﬁwﬁz4k)c)
1 ~r+1 ~k
- IE(FW(ZO:Tv SRRR) ZS:T? ZO:T PR ZO:T)I(AT+1ﬂ"'ﬂAk)C) .

O
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6 Appendix

6.1 Proof of Lemma 3.4

Proof. Let us here give a brief explanation of why this equality is true. We start
the construction of the link times at time 0. We first look at the times {7}, k >
1} N {T},1 > 1}. The law of 7 = inf{Ty, k > 1} N {T},1 > 1} is (200
At time 7, we choose r(k) in C1_U---UCI_ and j(k) € [N)\C:_U---UCZ_
and the jump cr®) = C:@ U{j(k)}is performed. For example, in Figure 1, we
wait 7'/2 and then we add 3 to the set C(QT/2)_ = {2}.

The situation in Definition 2.1 is the following. We have Poisson processes
N; ; like in Subsection 2. Let us start at the bottom of the interaction graph and
then move upward. As the processes (N, ;(T — t))o<t<r are Poisson processes,
we wait for 7/ = inf{t : jump time of N, ;(T —.),i € [q],7 ¢ [¢]}. And then,
if 7/ is a jump time for N,. ; with 7’ € [¢], we add a branch corresponding to
j' to the branch corresponding to r’ (in the same way as in Figure 1, where we
added the branch with the label 3 to the branch with the label 2). The random
times 7 and 7' have the same law due to Lemma 3.3, 3. The random couple of
indexes (r(k), j(k)), (r',j') have the same law due to Lemma 3.3, 2.

We now look at the horizontal lines between existing branches (such as the
line between 1 and 2 in Figure 1). Let 0 <t < T. We set j = #{k, T, <t}. We
compute

]P)(Vk S j7 Tk 7& Tl;/|.]a TllvTQ/a e aT]{a (Ku)ogugt)

o Aalg—1)
_]P’(Tlm >Vi,...
Alg+j)g+i—1)

(=T

> ‘/j+l|ja T1/7T2/5 e 7T]{7 (Ku)ogugt)

¢
AK (K, — 1)
- ) BB T g
o (- S )

So, conditionally to (Ky)o<u<r, (#{Tk = T}, Tk < t})i>0 is an inhomogeneous

AKu(Ku—l))
2(N-1) 0<u<t :
T}, = Ty occurs, we choose (k) uniformly in Cf, _U---UC{, _ and j(k) uniformly
in Cr, U---UC _\{r(k)}. We then add a horizontal line between branches

r(k) and j(k). Due to Lemma 3.3, 2, this is the way horizontal branches are
added to existing vertical branches in Definition 2.1.

2(N —1)

Poisson process of rate ( When a jump time of the form

O

6.2 Proof of Lemma 3.6

Proof. The process (f(t)ogth is piecewise constant and has jumps of size 1.
The jump times of K, belong to {T},k > 1} or to {T,é, k> 1}. The jump times
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of K; belong to {T},k > 1}. Suppose we are at time s, and we know K,. We
define times T} by recurrence :

Ty =0, Tj, = int {{T;’, Too1 <TI < T} U {f” To1 <TV < T}

We set j = #{Tk,s < Tk < t}. We can write {T;cl < - < fkj} = {fk s <
Tj < t}. We compute (with the convention Ty, = s, Tkﬁl =t)

E(lz,_z |Ks) =
E(E( |K55Ksafk1a 7Tk])|Ks) =
J
E|E 1 R AKz (N=Kgz )y
i—1 Ui2(Ti=Tio1) =1t du
1 K, | =

J
1 N—1

_ L AKg (N=-Kg )y |KsaKs;Tk1a---7Tk~
U>(Ti—Ti-1) AKA izl il

exp(—(t — s)AK,) .

The process (Et)0<t<T is piecewise constant and has jumps of size 1. The
jump times of this process belong to {T{/,k > 1}, or to {T,;’, k > 1}. Suppose
we are at time s and we know LS, (K Jo<u<T. Let t > s. We denote the jumps
of K, in [s;t] by Tk1 <... < Tkj. Due to the properties of the exponential law,
the probability P(zt = ZS|ES, (f(u)ogugT) is equal to

AK~ (K- —1)
~ AK (K, —1) ~ T, T,
E(P(Tk, —S)sza---a(f—Tkj) ]fo >V,
~ AK (K, —1)  AK (K, — 1) .
— — >
(Tkl S) ( N _ 1 N _ 1 - ‘/1 I
(A, Rr, —1 MK (Kp -D)
o (0= Th) N-1 B N-1 ="

[(Kw)o<u<T, (f(u)ogugT, Zu)|(f(u)ogugT, Eu) ,
for some independent V!,V of law £(1). This last probability is equal to
P (f; Md > V/|(K )ogugT)- This proves the point 1 of the lemma.

We have for all w,t, AKy(w) = 1 = AKi(w) = 1 and AL;(w) = 1 =

AL, (w) =1, so we have the point 2 of the Lemma. The point 3 of the Lemma
is immediate.

Let £k > 1. Suppose we are at time Tk 1, with Tk 1 < T. The vari-
ables inf{T/, T} > Ty_1} —Tk 1, inf{T), 1) > Tk 1} — Tk 1, mf{Tl,Tl >
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Tk,l} — kal; inf{fl”,fl” > fk,l} — Tk,l are of exponential law (recall the
definition from Section 3.1, 3.2). The infimum of four independent exponen-

tial variables E1, ..., E4 of parameters, respectively, A1, ..., Ay satisfies P(Ey =
inf(Ey, ..., By)|inf(By, ..., EBy) < 1) = x4 (V& > 0) (see Th. 2.3.3. of
[Nor9g]). So,
~ AKz (N=Kg )+
_ - _ _ AKT,V,1 _ k—1 — k—1
P(Tk S {Tl,l > 1}|K:Tk,1,K:Tk,1;Tk <T) = — — ,
— ARz (Rz =)
AK’T}.,l + 2(N—1)

AKg ((N=Kg )+

P(Tvk € {Tl/’l > 1}|K:Tk71”€ka1aTvk < T) =T AJ;[}_Nl (K -1
Ty Ty
AK’T}.,l + kz(fo)
so, recalling (3.1), (3.3), (3.4),
]P)(A[?%k = 1|fk S {Tllvj:vllvl > 1}7ICT;V,17ET;V,1;TI€ < T) =
~ AKg (N=Kgz )+ Kz (N=Kg )y i
K’fk,I _ k 1N71 k—1 . ka,I _ k—1 — k—1 fk,I
=~ — K- (N—-K~ ) _
KTk71 Kj:k71 — NflTlC - R
R St ¥ N
7 ka—l(Nink71)+ I?~ ~
Toly N—1 Tk_1 Tr—1
Kz (N=Kgz )t _ -
( k—1 N7 k—1 ) K% K%
+ — X L= L (6.1)
Kz, T K7

and this last expression does not depend on Tk or Cr. By point 1 of the lemma,
the process (K;)s>0 is equal in law to the sum of ¢ independent Yule processes

v ., V&9 and its law is thus independent of N (see [AN72], p. 102-109,
p. 109 for the law of the Yule process). We have, for all s,

P(Y(D) = k) = e 381 — e7sh)Ft (6.2)
and so (see for example [Do04], p. 288),

k

P(K; =k) =P+ +Y9 =k) = ( o

) (e7M)1(1—e AM)k=1 . (6.3)
Using the point 1 of the lemma, Equation (6.1) and the point 2 of Lemma 3.3,
we obtain the point 4 of the Lemma. _

Reasoning as above, we can show that, conditionally to Kr, K7, the pro-
cess (#{Tk, T, = T}/, T, < t})o<t<r is a homogeneous Poisson process of rate
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(AKt(thl)

2(N—1) )ogth A
geneous Poisson process of rate AR, (K1) ARG (K —1)
2(N-1) 0<t<T

3.3, 3,

and the process (#{Tk,fk = Tlé’,fk < t})o<t<r is a homo-

. So, by Lemma

~ ~ AK (K —1
P(t € {T}',1 > 1}|Kp, Ky, AL = 1) = ARy K — 1)
AR (K, — 1)
We have, for all i (recalling (3.2)),
~f - 2KiKi+1
PALI ™ = 1)k, Kyt € {T),1> 1)) = -t —
( t | T, NT E{lv = }) Kt(Kt71)7

and (recalling (3.5), (3.6))

P(ALY Y = 1Ky, K, t € {T), 1> 1}) =
(Ky — KKy + (K — Ko (K — Ky — 1)
Ki(K; — 1) — Ky(Ky — 1)

(Ki - KK (K - KK]
(K — Ki) (K —1) (K — K) (K —1)
L K-KgKe (K- KK (KT - KK
Ki(Ky—1)— Ky (K — 1) (Ki — KKy (Ki — KKy

(K} — KUK + K + (K - KT (K] A+ K))
Ki(K,—1) — Ky (K, — 1)

So,

PAL Y = 1|7, Ky, ALy = 1) =
Ki(K;— 1) — Ky(K, — 1)
Ki(K;y — 1)
" (Ki— Ké)(fﬂft1 +~KZ+1) + (KM — Ky (K] + K)
Ki(K; — 1) — Ky (K, — 1)

Ki(K; —1) QKT
* <f(t(f(t - 1>> (m(m - 1)) B

KK
Ky(K;—1)
so,
s - 2RiRI
IP(AL;E ’ +1} == 1|ICt,ALt == 1) == % .
Ki(K:—1)

So, using Lemma 3.3, 2 we have the point 5 of the lemma.
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