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Abstract

The Bird and Nanbu systems are particle systems used to approximate
the solution of the mollified Boltzmann equation. In particular, they have
the propagation of chaos property. Following IGMY4, [GM97, I:;MQSH, we
use coupling techniques and results on branching processes to write an
expansion of the error in the propagation of chaos in terms of the number
of particles, for slightly more general systems than the ones cited above.
This result leads to the proof of the a.s convergence and the central-
limit theorem for these systems. In particular, we have a central-limit
theorem for the empirical measure of the system under less assumptions
then in ] As in [GM94, IGM97, [GM9Y], these results apply to the
trajectories of particles on an interval [0; 7.

Keywords: interacting particle systems, Boltzmann equation, nonlin-
ear diffusion with jumps, random graphs and trees, coupling, propagation
of chaos, Monte Carlo algorithms, U-statistics.

MSC 2010: 60J80, 60J85, 656M75, 82C22, 656M75, 65N75, 60C05,
60F17, 60J80, 60K35, 65C05, 75P05, 82C40, 82C80

1 Introduction

In a recent work ([DPRO9Y]), we showed a expansion of the propagation of
chaos for a Feynman-Kac particle system. This particle system approximates a
particular Feynman-Kac measure, in the sense that the empirical measure asso-
ciated to the system converges to the Feynman-Kac measure when the number
of particles N goes to co. What is called propagation of chaos is the following
double property of the particle system

e ¢ particles, amongst the total of N particles, looked upon at a fixed time,
are asymptotically independent when N — +oo (g is fixed)

e and their law is converging to the Feynman-Kac law.

*Laboratoire J. A. Dieudonné, C.N.R.S. U.M.R. 6621, Université de Nice-Sophia Antipolis,
Parc Valrose, 06108 Nice cedex 2, FRANCE, rubentha@unice.fr.



In , we wrote an expansion in powers of IV of the difference between
the law of ¢ independent particles, each of them of the Feynman-Kac law, and
the law of ¢ particles coming from the particle system. One can also call this
expansion a functional representation like in [DPRO9b[; in the present paper,
we call it an expansion of the error in the propagation of chaos. In the setting
of [DPRO9H], the time is discrete. We showed there how to use this kind of
expansion to derive a.s. convergence results (p. 824). In ([[DPR094]), we extend
the result of [] to the case where the time is continuous, still in the
Feynman-Kac framework, and we show central-limit theorems for U-statistics
of these systems of particles. The proof of the central-limit theorems for U-
statistics relies only on the exploitation of the expansion described above.

We wish here to establish a similar expansion for a family of particles systems
including Bird and Nanbu systems. We do not go as far as getting an expansion
in the terms of Theorem 1.6 and Corollary 1.8 of , but what we have
is enough for proving a central-limit theorem (Theorem [5.4). Bird and Nanbu
systems are used to approximate the solution of the mollified Boltzmann equa-
tion. We refer mainly to [GM97] and take into account models described in
(2.5), (2.6) of [GM97 (a similar description can be found in [[GM99], Section 3).
An other reference paper on the subject is ] The main points of interest
of this paper are: it provides a sequel to the estimates on propagation of chaos

of [GM97], [IGM99 and it allows to apply the results of [DPR0O9H], [DPR094| to
Bird and Nanbu systems. In particular,

e we get a central-limit theorem for the empirical measure of the system

(Th. p.9) with less assumptions then in [MéI9§] Th. 4.2, 4.3. (we suppose
only the existence and unicity of a solution to (R.6))

e these results hold for trajectories of the particles on any interval [0; T7).

The proofs leading to the development in the propagation of chaos are radically
different from those in ] and this is why we decided to write them in a
different paper.

In Section E, we will recall the definitions of Bird and Nanbu models, as
can be found in ] and will give an equivalent definition, useful to our
purposes. We will also introduce auxiliary particle systems which will be useful
in the proofs. In Section E, we will state and prove our first main theorem
about the expansion of the error in propagation of chaos (Theorem @) The
proof relies on estimates on population growth found in ] and on coupling
ideas. In Section [, we prove in what is called a Wick-type formula in [DPRO9H]
(see (3.6) p. 807 in and [], p.15 and Proposition [.9). This
formula (Corollary §.6) and Proposition .2 are used in Section E to prove an
a.s. convergence theorem for the empirical measure (Th. @) and our second
main theorem: a central-limit theorem for the emprirical measure (Th. @)

An important point is that we want to discuss here of the mathematical
properties of a certain class of particle systems which includes Bird and Nanbu
systems. This is why we will not discuss in details the physical models. Such a

discussion can be found in [GM9Y].



2 Definition of the model

2.1 Mollified Boltzmann equation

Let E = RS for the time being. We are given a Markov kernel L. The domain
of L is denoted by D(L). We are interested in molecules in R? which can diffuse
according to the kernel L and collide with one another. The set R? is partitioned
in cells A of volume |A| = §* and molecules in each cell interact as if in the
same location. We set (Vz,y € R?)

I (.Z' y 53 leeAlyEA

When molecules collide, and if given their velocities v, w before the collision,
the velocities after the collision depend on an impact factor v € S? (S? is the
unit sphere in R3) . The collision transform v into v* = v + ((w —v).v)v and w
into w* = w + ((v — w).v)v. We introduce a nonnegative function B called the
cross section such that B(v — w,v) quantifies the likelihood of the interaction
of molecules of velocities v, w with impact factor v. To avoid difficulties, we
suppose that

sup (/ I°(z,y)B(v — w,u)du) < 0. (2.1)

Z,Y,v,w

We want to define a kernel u(z,a,dh) (z,a,h € R%) . We write (x,v), z € R3,
v € R3, for the position and velocity of a molecule. We define 1 by its action
test functions f,

[ a4 (). ) d’ o)

fz,v+ ((w—v).)w)I°(z,y)Blv —w,v)dr. (2.2)
S2
Let Py be a law on R3. We are interested in finding (]St)tzo the solution of the
following nonlinear martingale problem (with initial condition Py,

Vo € D(L),
at<¢a ﬁt> - <L¢a ﬁt) (23)

= ([0t 0 - 6Dt 0.an). Praz) P )

This equation is called the mollified Boltzmann equation with delocalized cross
section (cf. [GM9T)). Suppose we start at time 0 with a gas molecules dis-
tributed according to PO The solution Pt is Vt the density of the molecules
having undergone the diffusion L and the collision described above. This is only
a short explanation of the physics behind this article. For a detailed study, the
reader is referred to [[GM9Y]. The purpose of the particle system introduced in
[IGM94 [GMO7, [GM9Y] is to approximate the solution of () by an empirical

measure.




2.2 Particles model

We will now introduce particle systems related to (@) These systems are used
to approximate the solution of (R.3), (R.4), as it will be seen in (R.5). For the sake
of generality, we use a more general setting that in the Subsection above. In all
the following, we deal with particles evolving in E := R? We set the mappings
ei : h € R 5 ¢;(h) = (0,...,0,h,0,...,0) € RN (h at the i-th rank)
(1 <1i < N). We have a Markov generator L. We have a kernel fi(v, w, dh, dk)
on R2? which is symmetrical (that is fi(v, w,dh,dk) = fi(w,v,dk,dh)). We set
w(v, w,dh) to be the marginal fi(v, w,dh x R?). Our assumptions are the same
as in [GMI7:
Hypothesis 1. 1. We suppose the equation (@) below has a unique solu-
tion (see \GMY4, |GMIT, |GMIY] for more details). See p. 119 for

a discussion on D(L)).

2. We suppose sup, , fi(z, a,R? x R?) < A < .

In Nanbu and Bird systems, the kernel i and the generator L have specific
features coming from physical considerations, like the ones explained above.
In theses systems, the coordinates in R represent the position and speed of
molecules but these considerations have no effect on our proof. This is why we
claim to have a proof for systems more general than Bird and Nanbu systems.

The Nanbu and Bird systems are defined in (2.5) and (2.6) of [GM97], by the
mean of integrals over Poisson processes. We give here an equivalent definition.

Definition 2.1. The particle system described in is denoted by

(Zi)iz0 = (Z)1z0.1<i<n -
It is a process of N particles in R? and can be summarized by the following.
1. Particles (EfﬁlgigN in R? are drawn i.i.d. at time 0 according to a law
Py.
2. Between jump times, the particles evolve independently from each other
according to L.

3. We have a collection (N; ;)i1<i<j<n of independent Poisson processes of
parameter A/(N —1). For i > j, we set N; ; = N;,. If N; ; has a jump
at time t, we say there is an interaction between particles i and j and we
take a uniform variable U on [0,1], in dependant of all the other variables,

~ Tl 2d
if U < % then the system undergoes a jump:
(a) In the Bird system: Z, = Zy— + e;(H) + ¢;(K) with
P
mZy_ 2y, .)
VAR ARS )
(independently of all the other variables).

(HaK) ~



(b) If we replace [i by [/ (z,a,dh,dg) = u(z,a,dh) @ 6o(dg) + do(dh) ®
wla, z,dg) in @), we obtain the Nanbu system (cf. Remark 2.6, p.

120, [T

We will denote by (Eé;t)lgigj\_/ the system of the trajectories of particles
on [0,t] (vt >0), that isVi: Zy, = (Zs)o<s<i. We use again this notation
0 :t in the following for the same purpose.

We denote by D(R*, R?) the Skorohod space of processes (in R?), embedded
with the Skorohod topology. As in [[GM94], we define the total variation norm
by: V measure p on a measurable space (S,S),

IIMIITvsup{/f u(de) ||f||0031}

Theorem 3.1 of [] implies that there is propagation of chaos for this system.

This theorem says (Vq,t):
—q —1 At 4 A2
1L, Zo) — £Z0) |7 < 24(q — 1)ﬁ ;

and
At -1

N+1"~7

where Py € P(D(R*,R?)) is solution of (with P, fixed) the nonlinear martin-
gale problem

—1
1£(Zo) = Poullrv < 65— (2.5)

V¢ € D(L),
at<¢a ﬁt> - <L¢a ﬁt) (26)

= { [0l )~ 9(eIut.0.a0), Ptd) Pt )

Recall that ISO;t = (ﬁs)ogsgt, Vt.

Remark 2.2. If y is fized, there exists different i having the right marginal. It
is in fact the choice of fi that leads to having different systems like, the Bird and
Nanbu systems. We refer the reader to [IGMQJ, (GM97, |GMIY] for very good
discussions on the difference between Bird and Nanbu models. What matters
here is that our result apply to any systems satisfying Hypothesisﬂ and having
jumps of the form .

Remark 2.3. In the case d = 6 and u defined by @), the equations (@) and
([-8) coincide. If we have (B.1) in addition, then any fi such that fi(w,v,dh x
RY) = p(w,v,dh) satisfies Hyp. [, B-

We can deduce propagation of chaos from the previous results, that is Vi,
VE' bounded measurable,

—1 — ~ At +A%2 M1
£ o) (F) - BN < (20t - D G2+ 657 ) 1



Figure 1: Interaction graph for (75:%73@)
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In Theorem @, we will go further than the above bound by writing an expan-
sion of the left hand side term above in powers of N. We will use techniques
introduced in [[GM97]. The main point is that one looks at the processes back-
ward in time.

Example 2.4. Suppose for example that N = 4, that N2 has only one jump
time in T/2, N1,3 does not jump on [0;T], N2 3 has one jump time = T/4 on
the interval [0;T), N34 has one jump in 3T/4 on the interval [0;T], and there
is no other jump of the N; ;’s.

Figure EI is a pictural representation of the example above. On the left is
the time arrow for the particles. What we draw here is called the graph of

interactions (for 73):% 7§:T) in [GM97, [GM99]. Suppose we want to simulate

7(1):T, 731. We first simulate the interactions times of the system. Suppose
these are the ones of the example above. In Figure ﬂ, we represent by solid
vertical lines the trajectories we have to simulate to get Z .-, Zo.7-- The particles
numbers are to be found at the bottom of the graph. The horizontal solid lines
represent the interaction we have to simulate in order to get 73):% 7§:T (they
may or may not induce jumps for the particles). For example, a horizontal solid
. . c 11 . . . -1 2
line between the vertical solid lines representing the trajectories of Z.;, Zg.p
represent an interaction between particle 1 and particle 2. The interactions are
simulated following Definition E The trajectory 73@ is represented by a solid
line between the times 0 and 7'/4 and by a dashed line between the times 7'/4



and 7', with the number 3 at the bottom. As we want to simulate 7(1):T and

7§:T and we have simulated the jumps as in the example above, then we are
. . =3 .

not interested in Z, for ¢ > T'/4. In the same way, we draw dotted lines for the

. —4 . . . .
trajectory Z,.r and the interactionr elated to this particle.

2.3 Other systems of particles
2.3.1 Backward point of view

From now on, we will work with a fixed time horizon T' > 0 and a fixed ¢ € N*.
For any j € N* we set [j] = {1,...,j}. Recall that N* is the set of positive
integers. For A > 0, we call £(\) the exponential law of parameter \.

We want to construct a system of particles (Z}.,)1<i<n such that the first

q particles have the same law has (7(1):% .. Ze.p) (see Lemma R.9). We take
advantage of the fact that the processes (N; ;(T'—t))o<t<7T are Poisson processes
to construct the interaction graph for the first ¢ particles moving backward in
time. This system of particles (Z(i):T)lgz'SN is in fact the central system in our
paper, all other systems will be compared to it.

We start at s = 0 with C§ = {i}, Vi € [¢]. For i € [g], we define (C?)s>0,
(K')s>0 (respectively taking values in P(N), N*) by the following. We take
(Uk)lgigq,lgky (Vk>1§i§q,1§k iid. ~ 5(1) In all the following, we will use the
conventions: inf{) = +oo and (...), is the nonnegative part. The processes
(C?), (K%) are piecewise constant and make jumps. At any time ¢, we set K =
#C?. We define the jump times recursively by Tp = 0 and

AK N - K
T, = inf{Tklgng:(sTkl)x T’H(N : T’“)+2Uk}
AKrp,_ (Kr,_, — 1)
Ty = Tp-1<s<T:(s—Ty Pl >V
k {kl_S_ (s k—1) X 2(N — 1) = Vi
Te = f(T.,TV).
At Ty
o At Ty, =T}, we take
r(k) uniformly in C%k,U~~~UC%k7,
j(k) uniformly in [N]\(C7, _ U---uCy, ). (2.7)

For any ¢ such that that r(k) € C%r, we then perform the jumps: C%k =
Ci_ ULi(R)} -

Note that the (...);+ in the definition of T} above forbids to be in the
situation where we would be looking for j(k) in (.



o If T, =T, we take

r(k) uniformly in C%k_ U---ucq, _,
j(k) uniformly in Cf, _ U--- U Ch _\r(k)}- (2.8)

This whole construction is analogous to the construction of the interaction graph
found in [GM97], p. 122. For all s € [0, 77, we set K, = # (CL U---UC{). We
set Vit < T,

K = (K;)

1<i<q,0<s<t *

are T —Ty <T—Tp_1 <---<T—T. (We say that the interaction times are
defined backward in time.)

o Z4,...,ZN are iid. ~ Py

e Between the times (T — Tk )k>1, the Z'’s evolve independently from each
other according to the Markov generator L.

o At a jump time T — T}, where Ty, is a jump time of CTR) IR (71) oo n
undergoes an interaction having the same law as in Definition ﬁ, E},
with (i,7) replaced by (r(k),j(k)), in the case of the Bird system (use
Definition @ @) in the case of the Nanbu system).

Definition 2.6. For all 0 <t < T, we set
Li=#{keN: T, <t, T, =T}} .
We call this quantity the number of loops on [0,1t].

Example 2.7. We look now at a situation similar to Example .Take q=2.
Suppose for example, that To =0, Ty = T/2, To = 3T /4, T5 = +oo, (1) =1,
i) =1,r2) =2, j(2) =3.

Then

o forse[0,T/2[, Ks=2,Ls=0, K! =K?=1,

o forse[T/2,3T/4], Ks=2, Ly =1, K} = K2=1,

o forsc[3T/4,T), Ks=3,Ls=1, K! =1, K2 =2

Figure E is a pictural representation of the example above. On the left is the

time arrow for the particles. On the right is the time arrow for the processes
(CY), (K'). What we draw here is called the graph of interactions (for ZJ.r,

Z2.,) in [GM97, GM9Y|. Suppose we want to simulate Z}.p, Z2.,. We first

simulate the interactions times of the system. Suppose these are the ones of the



Figure 2: Interaction graph for (Z3.1, Z&.7)
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example above. In Figure E, we represent by solid vertical lines the trajectories
we have to simulate to get ZJ., Z2.. The particles numbers are to be found at
the bottom of the graph. The horizontal solid lines represent the interaction we
have to simulate in order to get Z&:T, thT (they may or may not induce jumps
for the particles). For example, a horizontal solid line between the vertical solid
lines representing the trajectories of ZJ.r, Z2  represent an interaction between
particle 1 and particle 2. The interactions are simulated following Definition E
The trajectory Z3 ;- is represented by a solid line between the times 0 and 7'/4
and by a dashed line between the times 7'/4 and T, with the number 3 at the
bottom. As we want to simulate ZJ,, and Z2., and we have simulated the jumps
as in the example above, then we are not interested in Z} for t > T'/4 and we
are not interested in any Z¢ ., with i > 4. Again, the time for the particles
should be read on the left.

We have to keep in mind the following lemma throughout the whole paper.

Lemma 2.8. Let us denote by (N})i>0 an inhomogeneous Poisson process of
rate (At)i>0 (A is supposed to be a deterministic cadlag nonnegative process)

1. Let us denote the jumps of N* by 11 < 70 < .... Then Vk € N*,
L(T1,72, ., Tk|Te < T < Tpg1) is the law of the order statistics of k

independent variables of law of density t — ¢/ fOT Asds on [0;T).

2. For any j € N*, take cadlag processes (od)i>o such that Vt, 0 < a} <
af+ai < <al+---+al <1. Suppose we take (Wy)g>o i.i.d. random



variables of uniform law in [0;1] independent of N and set j processes
(N})t>0,1<i<; such that N§ = 0, Vi, the processes N'’s are a.s. piecewise
constant and may jump at the jump times of N following this rule: AN} =
1 if and only if AN; =1 and of + -+ ai™' < Wn,_ < a} +--- +al.
Then the N'’s are j independent inhomogeneous Poisson processes such
that N has rate (ai X A\)i>o0, Vi.

3. Take j € N*, j independent inhomogeneous Poisson processes (N')1<i<;
repectively of rate (\i)t>o0. Then Ny = N} + -+ + th s an inhomogeous
Poisson process of rate (A} +- - -—l—)\{)tzo and Vi, Vs, P(AN} = AN AN, =
1) = P(AN] = AN{JAN; = 1, (N{)1<k<jocect) = ﬁ

Proof. We write here a brief proof. Recall that the definition of an inhomo-
geneous Poisson process of rate (\;);>o is the following. We take II a Pois-
son point process on RT x RT with intensity u = dx x dy (see Chapter 2
of [Kin93 for the definition of a Poisson point process). Then (N{)i>o =
(#MN{(z,y),x < t,y < X\a});>( is an inhomogeneous Poisson process of rate
(At)ez0. SetVa >0, F(z) = [ Ayduand Vy > 0, F~(y) = inf {z, F(z) > F(y)}.
Set G : (z,y) € Rt x Rt — (F(z),y) € RT x RT. The Mapping Theorem
([Kin93, p. 18) says that G(II) is a Poisson process with intensity p* defined
by p*(B) = u(G=Y(B)). In particular, V¢t > 0,

w ({(z,y) € RT): 2 <ty < Ap-1(ny})
=n({(z,y) e R e < F7H(t),y < Ao })

FL(t)
0

This shows that N = (#G(II) N {(z,y) € RT xR,z <t,y < AF—l(I)})t>O is
a Poisson process of constant rate 1. Let us write 7/ < 75 < ... for the ordered
jumps of Nj. It can be shown by direct calculation that Vk, ¢, L((1{,...,7,)|7, <
t < 7;,,) is the ordered statistics of k independent variables of uniform law on
[0;¢]. We have N/ = N;:,l(t), Vt so 7; = F~1(7]), Vi. This proves the point [] of
the Proposition.

We take now processes (Ai);>0 as in the point P of the Proposition. The
Mapping Theorem implies that Vi, if we define V¢,

Ni = #(In{(z,y) € (R")? z <t,
)\315+...+)\;*1gyg)\;+---+)\i}),

then the (N}) are inhomogeneous Poisson processes of rate (A\f);>o respectively.
This can be seen for any i by using the mapping (z,y) — (z,y—(AL+---+Xi71)).
These processes (N*) are independent due to the definition of a Poisson point
process. The sum process Ny = N} + -+ + N} is a inhomogeneous Poisson
process of rate (A + -+ + M). As Vi, P(AN} = 1|AN; = 1,(NJ)o<s<t) =

10



Ar (this can be shown by direct calculation on II), we get the point E of

Abt A

the Proposition. The idea here is that whatever structure we add, the law of
the sum of j independent inhomogeneous Poisson procces of rates A!,... ,\ is
unique.

We take now (a})i1<i<ji>0 as in the point B We set Ny = #(I1 N {(z,y) €
Rt xR,z <ty <A} and Vi, N} = #([IN{(x,y) € RTxRT 2 <t (al+ -+
al"DA, <y < (al+--+ai)A.}. The process (V) is an inhomogeneous Poisson
process of rate A. Once again, the processes N are independent inhomogeneous
Poisson processes of rates, repectively, a‘\. We have that P(AN; = AN;|/AN; =
1) = P(AN} = AN{AN; = 1,(Ny)s>0) = ai. This proves the point f. Again,
whatever structure we add, the law of a processes N?, built from N by having
AN} = AN, with proba a! at any jump point of N and independently of the
trajectory of IV, is unique.

O

We then get the following Lemma.
Lemma 2.9. For all T >0, (Zp, ..., Z80) 'Y Zours- - Zior).

Proof. We give here a brief explanation of why our construction is equivalent
to the construction with an interaction graph in ] Section 3.1 p. 122-123.
We start the construction of the interaction times at time 0. We first look at
the times {Ty,k > 1} N {I},1 > 1}. The law of 7 = inf{Ty,k > 1} N {T},1 > 1}
is 5(%) . At this time 7, we choose r(k) in C1_U---UC?_ and j(k) €

[N\CL_U---UC?_ and we perform the jump crt®) = CI@ U {j(k)}. For
example, in the Figure E, we wait T/2 and then we add 3 to the set C(QT/2)_ =

{2}.

The situation in [GM94, IGM97, [GM9Y] is the following. We have Poisson
processes N; ; like in Subsection PR.1|. We start at the bottom of the interaction
graph and we move upward. There, we mean we follow the time arrow for the
processes C?, K. As the processes (N; ;(T'—t))o<t<T are Poisson processes, we
wait for 7/ = inf{¢ : jump time of N; ;(T'—.),7 € [¢],j ¢ [¢]}. And then, if 7’ is
a jump time for N, j with r’ € [g], we add a branch corresponding to j’ to the
branch corresponding to 7 (like in Figure [] we add the branch with the label
3 to the branch with the label 2). The random times 7 and 7’ have the same
law due to Lemma E, E The random couple of indexes (r, j), (r,j’) have the
same law due to Lemma @, E One can go on and show that the way we add
branches is exactly the same as in ] Section 3.1 p. 122-123.

Now we look at the horizontal lines between existing branches (such at the
line between 1 and 2 in Figure E) Let 0 <t <T. Weset j =#{k, T, <t}. We

11



compute

]P)(Vk S jv Tk 7& Tlg/|.]a TllvTQIa e aT]{a (Ku)OSuSt)

o Aalg—1)
_]P’(Tlm >Vi,...
Alg+j)g+i—1)

(=T

> ‘/j+1|ja Tl/vTQ/a e 7T]{7 (Ku)OSuSt)

e (- t )

So, conditionnaly to (Ku)o<u<r, (#F#{Tk = T}/, Tk < t})t>0 is an inhomogeneous

Poisson process of rate (%

2(N —1)

) . When a jump time of the form T}, =
0<u<t

T;! occurs, we choose (k) uniformly in Cf, - U---UCYF, _ and j(k) uniformly
in Cr, _U---UCf _\{r(k)}. We then add an horizontal line between branches
r(k) and j(k). Due to Lemma @, , this is the same as horizontal branches are

added to existing vertical branches in [[GM97].
O

2.3.2 Auxiliary systems

We now define an auxiliary system (E(i):T)izl with an infinite number of par-
ticles. We start at s = 0 with C§ = {i}, Vi € [¢]. For 1 < i < N, we
define (C%)o>0.1<i<q> (K!)s>0.1<i<q (respectively taking values in P(N),N) by
the following. The processes (C?), (K%) are piccewise constant. At any time ¢,
Ki = #Ci. We take (Ug)p>1, (Uf)g>1 1id. ~ E(1). We define the jump times
recursively by To = 0 and

T, = inf{Tp_1 <s<T,
. _ AK~ (N-K= )i N
Ty Ty
(S—Tk_l) <AK7:k1 _ k lNil 1 ZUk}
Tlg = inf{fk_l <s<T,
N AK~ (K= —1)—AK~ (K= —1) _
Tr_1 Tr_1 Tr_1 Te_1
(s — Tp_1) X : k ) . : > U}
T = inf(T{, Ty, inf{T} : T > Tr_1})

(recall that the process (K;) and the T}’s are defined in Subsection P.3.1)).
Note that {Tj,k > 0} C {Ty, k > 0}. At Ty:

~ - ~ K- (N—Kx
o If T}, = T} (note that it implies that Kg - w > 0):

12



— With probability

Ky _(N=-Kg )+

Th— N—1
I% Ky (N=-Kg )4’ (2.9)
To— N—1

~ . . 1 q
we take 7(k) uniformly in ka_ U---U C,T.F and
~ _ . * ~1 ~
(k) = win {N \@ U-ucl U [N])} :

We perform the jumps: 6’;(“ = 6‘?“ U {}(kz)}
k k—
— With probability

K- — K
T;< Th— , (2.10)
P 7 (N=Kgz )+
Th— N—1

g ; s (O 1 g q
we take (k) umfirmly in (C-T:E_\Cﬂ_) U---u (C’T'r\cﬁf) and
j(k) = min {N*\(C%k U---u C% U [N])} We perform the jumps:
_ -
~Fk) AR [
e = u ).

o If T}, = TV,;’ (note that it implies f(ﬁ_ > Kz, _):

— With probability

_ KTk*)KT -+ (Kﬁc* B kaf)(KT - ka7 - 1)

Ky (Kz_—1)- Kz (Kz_—1)

(K7,

3

(2.11)
we take 7(k) uniformly in (C%k \C‘;~ YU- - -U(C% \C% ) and j (k)
N k= k— k— k—
uniformly in (ka, u---u ka,)\ {r(k)}.
— With probability
(K7, — Kz, )Kr,

Tk T : (2.12)
Ky (Kz_ —1)- Kz (K7 _ -1)

we take 7(k) uniformly in (é%ki\c%r)u : ~U(5;~ _\C% )and j(k)

i in CL e 4
uniformly in Cﬁr U---u CTk_.

o If T}, = T} for some I, we take 7(k) = r(1), j(k) = j(I) as in R.3.1], @.7).

We perform the jumps: 5;8“) = 5;(:1) U{jk)} .

o If T}, € {T),1 > 1}, we take 7(k) = r(k), j(k) = j(k) as in P31, €3).

13



We define _ _ _ _
Iy = #{k Ty € {T[',Tl",l > 1},T,c < T} .

We set Vs, t < T, i € [q],

Ko=#(Ci+-+C1)

Ki = (K)i<j<qo<s<t.
Notation 2.10. We write Ex,(...) =E(...|K¢) , Pr,(...) =P(...[K¢), Eg, (...) =
E(...[K0), B, (...) = P(-.. [Ko), By, () =E(.. [Ki Ko

We define V1 <i < j <gq

T —
{T; <T k>0 Ty € {T/,f}',z > 1} 7 (k) or j(k) € {élﬂ_,i <1 gj}}
{Ti <7k >0, Ty e {17 70,1 > 1} 7(k) and (k) € {CL _i<i<j}}.
(2.13)
We define Vt, 7,
L =g {1 <o T e {ry 1=} (2.14)

The following lemma is a consequence of Lemma P.§.

Lemma 2.11. 1. The process (IN(s)sZO is piecewise constant, has jumps of
size 1 and satisfies V0 < s <t

P(K; = K| K,) = exp(—A(t — 5)K,) .

The process (Es)szo is piecewise constant, has jumps of size 1 and satisfies
VO<s<t

O AR, (K, — 1
]P)(Lt = Ls|Ls; (Ku)Ogugt) = exp <_/ %du) .

It means that, knowing (IN(u)ogugT, (zt)tZO is an inhomogeneous Poisson
process of rate (AK, (K, —1)/(N —1))o<u<r-

2. For all t, I~(t > K; and Zt > L a.s. .

3. Ile = Tl, ey Tk = Tvk then I?Tk = KTk7 ZTk = LTk-

4. The processes (I?f)tzo are independent. They are piecewise constant, have
Jgumps of size 1 and satisfy V0 < s <t, V1 <1 <gq,

P(K| = K}|K}) = exp(—A(t — 5)K}) .
These processes are thus q independent Yule processes (see D
102-109, p. 109 for the law of the Yule process).

14



5. Conditionnaly to Kr, fori € [|q/2]], the processes (L2 o<y< are in-

r-2i—1 I}Qi
t

. ) K
dependent non homogeneous Poisson processes of rates, repectively, | ———+ .
’ ’ N=1 Jo<i<T

Proof. The process (INQ)OS,:ST is piecewise constant and has jumps of size 1.
The jump times of K, belong to {T},k > 1} or to {f,g, k> 1}. The jump times
of K; belong to {T},k > 1}. Suppose we are at time s, and we know K,. We

define times T} by recurrence :

Ty =0, 7T, :mf{{ﬂ”,fk,l <TV < T} U {T;’,ﬁH <T/'<T } .

I
—~—
¥

V)
IN
Ea
IN

~+
——

g

~

We set j = #{fkas < fk < t}v {fkl <o < fk]}
compute (with the convention Ty, = s, Ty, =1)

E(]'f(t:f(s K;) =
E(E(]‘[}t:[}‘JI}S)KS)fkl; e 7fkj)|l?s) =
J
EE(|]|1 AK~  (N—Km ) 1 . (N—Ka )
E UiZ(Ai*ﬁ'*I)TFlN—flTijdu ﬁiz(fi_fi—l)(Aﬁf‘iil—%>du

|I}57 KS) fklv e 7fkj)|l?5) =
exp(—(t — $)AK,) .

The process (Et)ogth is piecewise constant and has jumps of size 1. The
jump times of this process belong to {I}/,k > 1} or to {T,g’,k > 1}. Suppose
we are at time s and we know ZS, (IN(u)ogugT. Let t > 5. We denote by fkl <
e < fkj the jumps of K, in [s;t]. Due to the properties of the exponential

law, the probability P(Zt = ES|ZS, (I}u)OSuST) is equal to

AK= (K= -1)
~ AK (Ks—1 ~ Th, T
]E(P((Tkl 75)% Z‘/llav(tiTk]) kj]\]i;] Z‘/j/a
~ AK(Ky—1) AK (K, —1)
(Tk1s>< e i e =R
_ AK@J. (K@j -1 AK@J. (K@j -1) ,
(b= Th) S - > V]

[(Kw)o<u<T, (f(u)ogugT, Lu)|(f~(u)ogugT, zu) ,

for some independent V/,V/ of law £(1). This last probability is equal to

P (f; %du > V1’|(I~(u)0§u§T). This proves the point [l| of the Lemma.

We have Vuw, t, AK;(w) =1 = AK,(w) = 1 and ALy(w) = 1 = ALi(w) =1,
so we have the point E of the Lemma. The point E of the Lemma is immediate.

15



Let &k > 1.
properties of the exponential law we can say that
- ~ AKz (N - K5
inf{T/,T) > Ty—1} — Tx—1 ~inf | T,& = N1 =

~ ~ A
inf T”, TN Z Tk—l - Tk—l ~ inf T, &
l l

Suppose we are at time Tk,l, with Tk,l < T. Using the

M>>7

Kz Kz , — 1
2(N — 1) ))‘

By direct computation, one can show that the infimum of four independent

exponentiel variables Fy, ..., F4 of paramaters, respectively, A1, ..., \q satifies
P(El = inf(El, .. .,E4)| inf(El, .. .,E4) < ) m (Vt > 0) So
AKz ((N-Kg )+
T T = T AKTk 1 ) N-1 )
]P)(Tk € {Tlvl > 1}|ICTk—17ICTk—1’Tk < T) = = = )
ka71(K7~"k7171)
AK'T”k T 2(N—-1)
MKz  (N=Kz )4
=~ = =~ N—1
P(Tk IS {Tl/,l > 1}|K:Tk,1,K:Tk,1;Tk <T)= — R, (R D)
AK~ k—1 k—1
Th_1 2(N—1)
so, recalling @), (@), (),
]P)(A[?%k = 1|fk c {Tl/,j:'l,l > 1} ’Ckaulngfok < T) =
~ AKz  (N—-Kz )y
ka,I _ k— lN ; k—1
Kz (N=Kz )+ i
« [ka,l - —= N—1 = « Kﬁ,l
~ Kq  (N=Kg )+ K
Ter N-1 ot
+ K'fk 1 - Kj:k 1 % Ki‘k 1 B Kj:k*l]
— (N—K~ N —
ka,I _ Tk 1 N71Tk 1)+ KTk L —KTk71
< T e 1)+) Ki Kb
+ _ 5 Tp—1 _  Tx—1 7
Tk 1 ﬁﬂ 1 ka 1

and this late expression does not depend on Tk or Cr. By point m the process

a )

(K5)5>0 is equal in law to the sum of ¢ in dependant Yule processes Y .
V{9 and its law is thus independent of N (see [ANTY], p. 102-109, p. 109 for

the law of the Yule process). We have
P(yvs(l) _ k) — e—sA(l _ e—sA)k—l

16
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and so:

q
ok
< Py,® > &
< ; SPl)
< g (2.16)

We have P(Kyy. > Ky +2|Ky) < (1—e Moy (1 —e=AEHDe) < A2(K,41)262 =
o(g). This o(g) is a quantity bounded by C(K; + 1)2¢?, it will be the same in
the rest of the proof for the other o(e). We also have

P(I?t-i-a > I?t + 1|i€t) = 1= e*/\f(ts
= AKie+o(e).

The process ((f(tl, ce fff))ogth is Markov. For any bounded F, 0 <t < T,

E(F(K},.,....,Kl,.)— F(K},...,K})|K;) =
E(F(Klye . . Kl ) = F(K o KD Ke Ko = K+ DP(Kege = K+ 1K)
HE(F(K} ., KL ) —F (K}, . KK, Koo > Kt 2)P(Kpye > Ki+2|KC) =

. .
~ . ~ ~ -~ Ki ~ ~ ~
S F(K], .. Ki+1,... . KH)—F(K}], .. .,Kf))?t](IP(KHE > Ki+1|K:)+o(e2))+o(e?) =
=1 t
q ~ ~ . ~ ~ ~ ~ .
SUF(K}, . Ki+1,.. K} - F(K},...,K{))AK] + o(¢?).

=1

And this proves the point {l of the Lemma. _
Reasoning as above, we can show that, conditionnaly to Kp, Kr, the pro-
cess (#{Tx, Tr, = T}, T < t})o<i<T is an homogeneous Poisson process of rate

(%)OStST and the process (#{fk, T, = Tv,;’, T < t})o<i<r is an homo-
AK(Ki—1)—AK (K;—1)

2(N—1)

geneous Poisson process of rate ( . So, by Lemma

-
EN!

)ogth

S~ AK(K; — 1
P(t € {T}',1 > 1}|Kp, Ky, AL = 1) = AR = 1)
AK (K — 1)

We have for all i (recalling (2.§))

KKt

AL = 1fr, Ko t € {17 L2 1) = oot
t t

17



and (recalling (R.11)), (2.19))

P(AL = 1|Kp, Kp,t € {T},1 > 1}) =
(Ky — KKy + (K, — K)(Kp — Ky — 1)
Ki(K;—1)— K, (K; — 1)

Bk | (@ KR
(K — Ki) (K — 1) (K — Ki) (K — 1)
_ (K: — Kt) " (f(g— KK (f(ftl L AN
Ki(K:—1)— Ki(K:—1) (K — Ki) K (K — Ki) Ky
C Ker (- KR RE - KPR
Kt(Kt—l)—Kt(Kt—l) Kt_l
1

+ = x (G = KDK + (Kf = KITK]) =
Ki(K, —1) — Ky (K, — 1)

(Rf = KPR + K + (R — KRG + K)
Ki(Ky — 1) — Ky (K, — 1)

So

P(ALS = 1Kp, Ky, AL = 1) =
<f{t(f(t —1) — Ky(K; — 1))
Ki(K;—1)
XC@KW@Ttﬂ“”<@“W“W@+Wv
KKy —1) — Ky (K — 1)

Ki(K;—1) 2K\
*&mﬁm>QM&—n)

2KIKiH!
Ki(K;—1)
SO o
KKt
Ki(K;—1)
So, using Lemma @, E we have the point E of the Lemma.

P(ALP T = 1Ky, AL = 1) =

18



We carry on with the definition of (Z).

Definition 2.12. Let k' = sup {k,fk < oo}. The interaction times of the Zi

areT—TE/ST—TE,_1§~~~§T7T1.

o The (26) are i.1.d. ~ ]50.

e Between the jump times, the Z evolve independently from each other ac-
cording to the Markov generator L.

o At a jump time T — fk, (Z) undergo a jump like in Definition @, (ﬁ‘),
with i, j replaced by 7(k), j(k).

By doing this, we have coupled the interaction times of the systems (Zi.1)i>0,
(Zig)iso. We can couple further and assume that Vi, Z}.p and Z} . coincide

on the event {fk,k > 11N {f,g,k > 1} = 0.

Definition 2.13. We define the auxiliary system (ZO:T)iZO such that

e it has interactions at times {T — Ty, k > 1} \ {T — T, T — flg, k> 1}

e the rest of the definition is the same as for (Z.1)i>0.

By doing this, we have coupled the interaction times of the systems (Z4.1)i>o,

=t =t =t

(Zy.r)iz0. We can couple further and assume that Vi, Zy.p and Zy.p coincide
on the event {Tk,k > 1} N {Tlg,T,g’, k> 1} =0.

Theorem 2.14 (Graham & Méléard). According to (Section 3.4, p.
=1 =q ~
124) or, equivalently [GM94] (Section 5), (Zo.r,- ., Zg.r) has the law POQ?%.

Suppose ¢ = 2. The figures E, E, E are realizations of the interaction graphs
~ ~ =~ =2
for (Z3:TaZ§:T)7 (Z3:TaZ§:T)v (Zo.rs Zo.r), N = 10.

3 Expansion of the propagation of chaos

We define for any n,j € N*, j < n:

(4,n) = {a: [j] — [j], a injective } , (n); = #(j,n) = T

Let us set 1
N _ .
770:1& - N Z 523}:1, )

1<i<N
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Figure 3: Interaction graph for (Zoa, Z2:2)

0:7T° “0:T
T
L —— + =T}
.......................... 1 7= Tl//
11 1 2 3 0
Figure 4: Interaction graph for (ZéVTI, Zévf)
T
................................................................................. 4 fg _ fé
o il f2 =T
.......................... 1 j:’l _ TIH
11 1 2 3 0
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~N,1 ~N,2
Figure 5: Interaction graph for (Zy.r, Zg.1)

T
................................................................................. + Ty = fé
BO— 1 =T}

11 1 2 3 0

1
Nyod = —a(l —a(q)y -
(770:15) (N)q Z 6(Z(()l:(t)7"'azo:(t,))
a€(q,N)
For any function F : D([0;¢],R%)? — R, we call (n,)®9(F) a U-statistics. Note
that for all functions F,

—1 _
E(F(Zo:ta---ng:t)) :E((U(J)\:[t)Qq(F)) . (3.1)
We define .
Fsym(zl, e ,Z'q) = —| Z F(xa(l), . 7$0(Q)) ,
& 0€S,

where the sum is taken over the set S, of the permutations of [q]. We say that
F : D([0;¢], R%4) — R is symmetric if for all o in the set of permutation of [g] (de-
noted by S;), Va1,...,z, € D([0;], R9%), F(zo1), - To(g) = F(21,...,24).
If F' is symmetric then Fsym = F'. Note that VF

(16:) *4(F) = (19:)* (Faym) -
Theorem 3.1. Set o = e T, For all ¢ > 1, for any bounded measurable
symmetric F, VT >0, Vlp > 1,

B () = Y | e i) + e () (32)
0<I<lp
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N,l —~N,o+1 . . .
where the Aq’T, A, are nonnegative measures uniformly bounded in N

defined by, f077’ any bounded measurable F,
ANUF) = B(F(Zhrs ..., Z80)| Ly = DP(Ly = )N

—N,1
A, (F) =E(F(Zyp,..., Z87)| Ly > )P(Ly > )N" .

We further have the following bounds (VF € C; (R?%))

— N Al N -1\ .
sup(ANH(F), A, 7 (F)) < s ((T) ) E(K7)||F|oo < 0.

Let us define Py (F) = E((ny)®%(F)). According to the terminology of
[DPRO9Y], p. 782, we cannot say that the sequence of measure (P%q)Nzl is

differentiable up to any order because the Aév% appearing in the development
depend on N. We will get enough results tough in the following of this Section
to prove the convergence results of Section E

Proof. We have by Lemma E, Vio:

E(F(Zr,....Z7) = Y_[E(F(Z},....Z8)|Lr = OP(Ly = 1)
+E(F(Zp, ... Z7)|Lr 2 1o + 1)
XP(Lp > 1lg+1).

It is sufficient for the proof to show that P(Lz > 1) is of order < 1/N!, VI € N*.
We have (using the notation N- of Lemma )

P(Lr >1) = E(Eg, (1f,5)

(Lemma P1T) = E(Bg (NAR(ReD/(N-1 > py)
< E(Pié (NAf(T(f(T—l)/(N—l) > 1)
< ) >

~ ~ l
1 (AKp(Kr —1)

< | — . .
= u< N-—1 (3:3)

And E((K1)?) < oo by (-16).

A consequence of equations (B.J) is the following.

Lemma 3.2. For alll € N*,

N'P(Ly>1) — 0.

N—+oc0
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Figure 6: ¢ = 3, interaction graph for (Zol:T, 22 Z3 )

I S Y R T7 — Tﬁ//

....................................................................................... T6:Té
.......................... TSZTé

............................................................................... i;:Té

I AOUURSRRRURUIPRRON! IURNROVURIRUY AORSSPROO f3:T2/
............. f2:f2/
...................................................... TIZTII
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4 Rate of convergence for centered functions

4.1 Definitions and result
For i € [g], we define the event

A = {{Tk k> 0,Tp < T,7(k) or j(k) € 5%_} (Tl k> 1}}

Recall that the definition of the 7%/ is in () We order THI by writing
THi = { TH < T < } For any i, j, k, we setT = am(k) (0i; : N—N).
WesetV1§z<j§q,1§l§q,

ap = T > 0,70i5(0) or (ous () € Chy_} (TR > 13}
= (4) n(ah) nn(ay)
B, = {{T.k=0}n{Tl.i=1} 20}
(o ({1 zopn (o= 1)) =1},

LioN--NLy 140N {# ({Tkk > 1} N {T/’,Tl",z > 1}) - q/Q} ,

&
;
[

ik
a
Il

A, = {{Tk k>0,Ty, < T,7(k) or j(k) € C”'fk_} c {T,g,f,;,k > 1}} :

=
{7 k2 0.5 < 1o,y 0) o Glows (k) € O € {TL Tk 21}

Ei,j = (EE’J) (Az’il)cﬂ---ﬂ (gé’j)c

Let us have a look at Figure E to clarify the notions above. Suppose w € 2
is such that the graph above occurs. Note that: w € A;, w € A5, w € Af,
w € A§’2

Definition 4.1. We define a set of “centered” functions:
By'™(q) = {F - D([0; 7], R9Y) — R, F' measurable, symmetric, bounded,
/ F(z,...,2q)Por(dey) = o} .
Z1,...,xgERE

Proposition 4.2. For F € B;""(q), we have:

1. for q odd, Nq/QIE((n]TV)Qq(F)) — 0,

N—~+oc0
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2. for q even,

4.2

N2E((ny )©U(F))
k (_1\(a—k)/2
Nodeo Z 1,Cy )0 (—1)4
1<k<q/2
X BIE(F(Z.ps - - Zote 25 - Z8p) = F(Zoors -+ Z¢ )| L)
T
< ] / AKZIK%ds]  (4.1)
1<i<q/2”0

where the limit indeed does not depend on N.

Technical lemmas

Before going into the proof of the above proposition, we need some technical
lemmas.

Lemma 4.3. We define Vj, Vkg = 0 < k1 < ko < --- < kj_1 < kj = ¢q,

Vli<r<y,
By ok = M<iceBr i1k N By 1 n) Nrri<i<s (Broy 416 \Bhy 1) »
~jr _ _
Bk, = Mi<i<eBrii+1k N Bl k) Mrr1<i<y (Bri 41,6 \Bhy_41,8,) -
We have
—jr
NRBY ) 0, (4.2)
, =i
NY?P(B,, ) — 0. (4.3)

""" J N—+oc0

Proof. Let usfix 1 <s<j. Weset VO<t<T,

s— 1,ks Tks— 1,ks Tks— 1,ks Tks— 1,ks -

keo141,ks S ~ koo 141,k ~ke_14lks S
E 1+ :#{Tl 1+ lel,Tl 1+ §t71_'l 1+ :Ti/,121,

F(’L) € C;“:_;_; ks—l + 1 S] S ks} . (45)

We have

!
Bi, y+1,k. N By, 41k,

k37 ,ks k — k _ 77’ k37 7ks o
C Ut<i<ks—ko_1 {LT bk > (%L Er bk Z} , (4.6)
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Figure 7: ¢ = 5, interaction graph for (Z&:T, ceey ZS:T)

ks—141,ks ks - ksfl
B 1416 \Bk,_ 415, C {LT = (fw} '

The Figure [] illustrates ([-§). In this case, we are in the event {L1° > 2} N

{E;’5 > 1}, which contains By 5 N 3175.
We set Ep = # {fk Ty =T}, 7(k) € C%_ U---u C%/ } We have:
k kT

J

§ : ks_1+1,ks T
LT S LT7

s=1

J
ZE;is—l-ﬁ-Lks S ET.

s=1

Knowing Kr and IET, ET and Er are independent. Knowing Cr, I%T, {fk

26
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is fixed and # {Tk Ty = T}é} = Ky — Kr. So, using (E), if T), = T,g,

Py, &, (7(k) € leki U---U C%k,)

Ky (N-Kg )+

_ Kj:k— B N—-1
T~ Kz (N—-Kz _)+
kaf - = N—-1 =
2 ~
e Kz (N - Kz )+ - Ky (Kz_—1) B KZ _ (Kp)?
L N-1 - N-1 - N - N’
and, Vm, if K7 < N1/3,
A
]P)’CTJET(ET = m) = Kr—Kr <W> IRT*KTZm
(I?T)3m
mlIN™
so, Vn,
([}T)3m
Ko fir (BT 2m) - < ; mIN™
< ()™ xp K7
—  nlN» N
~ I’E' 3n
(because Kp < N'/3) < (n!LN)"el (4.7)

We use (.16), to get Vi

P(Kr > NY3) < Y g(1—a)tet
k2N1/3
q(l — a)I.Nl/BJ/q_l
(1-(1—-a)/)

q 1 l LN/ /g1
< 7 - N1 — a-1) |
= 10— (1—a)/a) N o ( (1-0) )

So one can get P(Kp > N1/3) < C//N%/2+! for some constant C. Using Lemma
and using the notation of Lemma @, we get Vm

e (VAP0 )

A2\
< < N1 ) . (4.8)
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So le,mg,

P Ly > my, BEr > ms)

’ETJCT(

Am1 (I}T)2m1+3m261

< 1I~(T2N1/3 + 1I~(T§N1/3 (N — 1)t (4.9)

So (for some constant C')

< Igeons tlgaens DL D

1<is<ki—ko 1<ir <kr—kr_1

. " ke — ke — i I ke — ke
xP(Ly 2 Y [=—2—"1+ Y [,
s=1

s=r+1
Er > i) (4.10)
s=1
(Kr)5/2
S ez Pl Oy e
because we have the following inequalities Vj, k1,...,k;,7,41,...,01
J ks - ksfl - Z.s J ks - ksfl : . q : Z.s
I S DI TS 3t
s=1 s=r+1 s=1 s=1
S et
- 2 )

2q
2

+

25 <

By (£.14), E(f(é?) < 00, Vk. So, by the dominated convergence theorem, we get

a/2p(Bo"
NYZP(By, ;) N7 0.

So we have ([£.9).
We set VO <t < T, Vs,

Zfs—l"t‘laks — #{T . l Z 1,jv1lks—1+1aks S t,

Tks—14+1,k Tks—1+1k -
jﬁls 1+1s:71il/0r71ls 1+1s:711_l/,121}-
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j T s— 17 s T
We have a.s. » 7_; L; 1tLks T We have

o /
Brey 41,6, N By 11k,
~ho_1+1,ks ke —ks—1 —1 ko 141ks — -
C Ui<i<k,—ko_1+1 {LT > [72 1, Er >,

~ Thso ks ks — ks
B 1416 \Br,_ 41,5, C {LT LK (%1} '

Reasoning as above, we get ([£.3).
O

Lemma 4.4. FOT’jE {1,...,(]}, 1{30: 1< kl SkQ <... < kj—l < kj =gq, Zfﬂl
such that k; — k;—1 is odd then

2
Nq/ P(Bl7k15 ceey Bkj71+1,kj) N_>—+>OO 0 .

In particular, if q is odd, then ¥j € {1,...,q},V1 < k; <--- <k; = ¢, we
have the above convergence towards 0.

Proof. We decompose

Bro+1,ky U U Bl 41k,
— U"Z“ZO UICUL#I:T [UZEI (Bki—l‘i’l,ki n B;Ci—l“l’lqki) Ulej
(Bki71+17ki\B;€¢71+1,ki)] :

Using Lemma [£.3 and the symmetry of the problem, we get VI C [j], #I > 1,

2
NQ/ P (Uiel (Bki71+17ki n B];i—1+17ki) Uiqf[ (Bki71+11ki\B]/€i71+17ki)) qut}oo 0.

Now, we still have to look at the limit of
N2P((By g, \B] ) NN (Br,_y 410, \Bk, 1 418,) -

Note that Equation (f.10) is still valid for » = 0. As 3i such that k; — k;_; is
odd, we have

J
ks*ksfl q+1
DIz

s=1

So, using (f.9) and following the same reasoning as in the proof of Lemma [£.2,
we get the result.
o
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We set (for k even)
k!

~ 2F2(/2)!
(this the number of partitions of [k] into k/2 pairs).

We define the auxiliary particle system V1 < k < ¢, ( véjéﬂ’l, véﬁ’z, ...) by
saying

I,

e it has interactions at times {T' — Ty, k > 1} N{T —t,t € Ti 1},
e the rest of the definition is the same as for (Z{.;).

By doing this, we have coupled the interaction times of (Zo.z) with the in-
teraction times of the other systems. We can couple further and assume that
(Zogs ooy ZEp) and (Zot, ..., Zy¥) coincide on the event {T — Ty, k > 1}
{T-t,teTipt={T—"Tkk>1}

Lemma 4.5. If q is an even integer, j € {1,...,q}, ko =1<k) <ky <--- <
kj—1 < k; = q with Vi, k; — ki—1 even, F € B (q),

~ki1+1 ~q
=1k, 1 1k ko =
]V(]/QIE(F(ZO:T1 yrt ’ZO:T1 ' ) ZO:T e ’ZOZT)]‘Bl,kl s 1Bkj,1+1,kj)
N—>—+>oo Ikllkg—kl .. -Iq—kj,1
~ =k ~ki+1 =q ~ 2 T o~
xE | Eg_ (F(Z&T, o ZE T ,...,ZO:T)|L1,Q> H/ ARZ1R2 g
i=170

where the last expectation indeed does not depend on N.
Proof. Note that Vi, Eki71+1,ki\31/%,1+1,1% = Bk, 1 +1,k\By,,_,+1.1,- By Lemma

, we get

~q
. > 1,ky,1 =
Nlirfoo Nq/QE(F(ZO:Tl s Zo:T)lBl’k1 . 1Bkj,1+1,kj)

~ki1+1 ~q

= Jim NU2R(F(Zykt L Zemm Zom oo Zor)

1 1
B \Bi o, 1By i \BL )

We have

>1,k1,1 >1,k1,k
[(ZO:T1 (W), e ZO:Tl ! (w))]‘Bl,kl \Bi,kl (CU) e 1Bk]‘71+1,k]‘ \B;Cj71+1’kj (W)
1
# (ZO:T(w)v SEEE) Zg:T(w))lBl,kl\BLkl (w) cee ]'Bkj71+1,kj \B,;jilJrlykj (w)]

= ET(CU) >

N
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So, by Lemma @, the limit we are looking for is

~ki1+1 ~q
lim NY2E(F(ZA ..., 728 Zo ... Z,.
N_lf}rloo ( ( 0:T> y Z0:7 20T > ) O.T)

1 1
B1,k \Bj i, Bk171+1,kj\3;;j71+1,kj)

(by Lemma [i.3)
~ki+1 =4

= lim NY2R(F(Zr,, ....2F" Z . ... Z.
Nig;l/2 ( (o.Ta » 407 40T > ) O.T)

= R
Bk, \Bi,kl Bkj—1+1vkj \Bl/cj,1+1,1cj)

AsV1 <i <k, thT(w) =Zbp(w)ifw e Bi .k, \Bi i, , the last quantity is equal
to

~ki1+1 ~q

. q/2 ~1 k1 7 - ~
NgToo NYR(E(Zo.rs - Zoirs Lo 5 vZO:T)lBl,kl\Bi,kl o lBk‘j—ﬁlvk‘j \Bl/cjﬂﬂ,kj)
(by Lemma [1.3)
: /2 1 sx, St =1
= NE)IEOO Nq E(F(ZO:Ta ey ZO:IT’ ZO:T Yooy ZO:T)lgko,k1 e Ekj,1+1,kj)
We decompose
/2 ~1 sx, St =1
NYEB(F(Zy.ps - Zyips Zoor - ’ZO:T)lEkU,kl . Ekj,lﬂ,kj) =
/2 >1 TR A =1
1
NYE(F(Zy.ps -5 Zyops Zoop 5+ - - ’ZO:T)lEkO,kl . 1§kj71+1,kj (1ZT:q/2+1ZT>q/2)) .

By Lemma B3, N92P(Ly > ¢/2) N7 0, so we look for the limit when
—+00
N — 400 of

~ ~ ~ki+1 =q
2 1 ks
N4/ E(F(Zy.ps- - Zoips Zop s - - ’ZO:T)léko,kl e lékj,1+1,kj IZT:q/Q)
= (using the symmetry of the problem)
~ ~ ~ki+1 =~4q
NI Dy Dy NYPE(F (Zips - Zolps Zor -5 Zor) 1z, ) -
So we look for the limit, when N — 400 of

~ ~ ~ki+1 =4q

NYPE(F(Zyps - Zyips Zor - Zor)1, )
9 ~ =k ~ki1+1 ~q ~ ~
= NYEEg, (F(Zors- - 2o} Zor -+ Zor)IL1.0)Pr, (L))

We set Vj,t (recall definition of L= in (R.14))

L,={t=1bnn{rgto=al.
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We set Vj € [q/2]

T A 7025—1 7025
AKZ K2
a(2j —1,2j) = exp (/ ¥ds> .
0

N-—-1
We have
N?Pp (Lh,) = I a-a@i-12))
1<j<q/2
a.S, 7-25—17-25
e [ @AKPKY).

1<j<q/2

We have

Pe (L \L1,9) <Pg (L7 > q/2),

so, by Lemma B.9, N9/2P (Ell,q\il,q) 2% 0. And so :

N—+oco
N4/2p i a.8; TA~2i—1 2%
fr(Lra) 3 K27 'K2ds .
1<i<q/2’9

Now,

Nq/Q]P’,ET(ZLq) < Nq/QIP,ET(Z’Lq)

RS pE
A ARZ1R2 s
N-1 1<j<q/2 "0

Qq/2Tq/2Aq/2(f(T)q )

IN

which is of finite expectation by (.1§) and Lemma P.11]. So, using the domi-
nated convergence theorem, we get

~ ~ ~ki+1 ~q ~
yim EEg, (F(Zrs - Zotrs Zo -+ Zor) L1, N PP (L))
~ Sk ~ki+1 =4 ~ /2 ro__ ~
— BB, (F(Zipr- 2%, Zog ,...,Zo:T)|L1,q)H/ AR 2 ds).
i=170
~ ~ ~ki1+1 ~q ~
By Lemma I Jond Lewmma ETL B B, (F(Ziys. 2y e T )

is a random variable whose law does not depend on V.
O

4.3 Proof of Proposition
~1 =4

Proof. Because (Zyp, ..., Z87) = (Zo.p, ... Zyop) on A; N -+ N Ay, we have
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E(F(Z(%:Tv ey ZgT)) =
E(F(Zo.rs - Zg ) (ainenay)e) + B(F(Zog, -, Z¢p)lainiena,) =

~1 ~q

E(F(Z(%:T’ ) Zg:T)]‘(Alﬁ"'ﬁAq)c) + E(F(ZO:T’ ) ZO:T))
= ~q
- E(F(Z%)T’ ) ZO:T)l(Alﬁ'“ﬁAq)c) =

~1 ~q

E(F(Z(}:T, R Zg;T)l(AmmmAq)C) - E(F(ZO:Tﬂ R ZO:T)]-(AlﬁwﬁAq)c) - (411)
We decompose (using the symmetry of the problem)
E(F(Zo, - Zg7)L(annay)e) =

q
chE(F(Zé:T"'WZg:T)lAE"']-AZ]-AxHr"]-Aq) =
k=1

q

Z C!ZCE(F(ZolTv T Zg:T)]‘Bl,k]‘Ak+1 o ]‘Aq) =

k=1
~ ~1,k,1 1kk S =1
N CEYR(F(Zyyts . Zon" Zo - Zor) 1By A, - 1a,) =
k=1
S -1, k,1 1kk S =1
Z CVqIE(I—?(ZO:’T’ yrt ZO:7T7 ’ZO:T PR ZO:T)lBl,k)
k=1
k 21k, 1 1k S =4
_CqE(F(ZO:,T, s s g ’ZO:T R ’ZO:T)lBl,k1(Ak+1ﬁ“'ﬁAq)C) =
- k 51k, 1 kk 5 P
Z _CqE(F(ZO:7T7 goeey 0:’T, )ZO:T goeey ZO:T)]'Bl,k 1(Ak+lm...mAq)c) .
k=1
Fi =4 ~1 k1 ~1 k. k
because for all k, (Zg.r ..., Z.7) is independent of (Zy/p", ..., Zyr", 1B, )
~ ~ka+1 =q
and has the law P(?ft(q_k). We also have that, Vke > ki, (Zy.p ..., Zg.p) is
. “ ’,‘:,k'l"rl :kz
independent of (Zéﬁ’l, cel Zéﬁ’k, 1B, ,,Zo.1 +--->Zg.1), 50 We get in the same
way as above
N1 N,
E(F(Zyfs- .-, ZO:’]g)l(Alﬁ---ﬁAq)c) =
—E(F(Z3%", .. Zy% g, )
+ 2 X
1<k1<q—1k1+1<ks<q
1 ,k,1 kk ST
IE(F‘(ZO:T ’ "ZO:T ’ZO:T ). "ZO:T)lBl,kl 1Bk1+1,k21(Ak2+1ﬁ"'ﬁAq)c)'
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A recurrence then gives us
]E(F(Z(%:T, ey Zg:T)l(A1ﬂ~~~ﬁAq)C) =

q
k1 q—ke 0 _1\j+1
Z Z Cq qukl "'qukj—l( 1)
j=1 1§k—1<...<kj71<k;j:q
~ki1+1 ~q
~1,k1,1 >1,k1,k1 7~ ” _
X IE(FV(ZO:T Y 7ZO:T 7ZO:T yoe e ;ZO:T)]-Bl,kl s ]-Bkj,1+1,kj) -

And, in the same way (using at the first step of the recurrence the fact that
~ki+1 =q =1 ~k1
(Zo.r 5--+s Zo.r) is independent of (Zo.1, ..., Zo.r, 1B, ,, ):

~1 ~q
E(F(Zop,---» ZO:T)]-(A1ﬂ~~~ﬂAq)C) =

q
k1 ~a—k 0 i+1
> > ChCizpe. . C . (—1)
J=11<ki <-<kj_1<kj=q
=1 ~q
X E(F(ZO:Tv SERE) ZO:T)]‘Bl,kl s ]-Bkj,1+1,kj ) .
By Lemma @, for any j, k1,...,k; as in the sum above, if ¢ is odd or if 3i such
that k; — k;_1 is odd, we have

~ki+1 =q
k
NQ/QE(F(Z&T, ey ZO:T) ZO:T Sy ZO:T)lBl,kl R 1Bkj71+1’kj) Njoo 0
9 =1 ~q
Nq/ E(F(ZO:Ta ey ZO:T)lBl,kl te 1Bkj,1+1,kj) NH—J:oo 0
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So we have the point m of the Proposition. We suppose ¢ even from now on. By
Lemma @:

Nq/QE(F(ZécT’ R Zg:T)l(Alm“'mAq)c)

q/2
k1 0 _1)J+1
Nt E Cqt oo Copy_, (1)
j=11<k1<--<kj=q;k1,... €VEN

~ ~k ~ki1+1 ~q ~

X Ik1]k2*k1 . 'ij*kj—lE(]E}ET (F(ZO:T7 SRRR) ZO:1T7 ZO:T A ZO:T)|L17Q)
T ~ . ~ .
< 11 / AK?7 K% ds) =
1<i<q/2”9
(a—h1)/2 ; y
k1 q—rK; q—k;
> Ol Y > Cort - Coii
2<k, <q:k1 even =1 k1<K, <--<K[;kl,... even
) = ~k ~ki+1 =q ~
i _ 1
XIk/l_kl . Iké_ké,l (—1) E(EICT (F(ZO:T’ ey ZO:T’ ZO:T ey ZO:T)|L1,Q)
T
1-2i—1 1724
< 11 / AKZ1K%s)
1<i<q/2”9

with the convention that for k1 = ¢, the sum Zggkl)m(. ..) above is equal to
1. For k; < g, we get by Lemma @:

(g—k1)/2
q—k} q—k; i
E E Cq_k1 ...quk,_ 1Ik/1,k1...lk;,k;71(71)
-
=1 k1<K, <<k =gk{,... even

L3

=l (1), (412)

and So, we get (as Vk1 even, k1 < g, Cé“llkllq,kl = 05/12/2)

NY2R(F(Zirp,. .., ZE ) (aynnay)e) N
~k141 —q
k1/2 o Sk o ~ - B
Z C’(]/2/ Iq]E(F(Z(%:Ta ey Zg:T7 ZO:T PPN ZO:T)|L1,q))(71)(q k1)/2 .
2<k1<q;k1 even
And in the same way:
=1 ~q
Nq/QE(ZO:Ta sy ZO:T)
=1 ~q -
k1/2 B
N:»)oo Z C’q/2 IqE(F(ZO:Tﬂ'"5Z0;T)|L1,q)(*1)(q kl)/2.

2<k1<q;k1 even

And Equation (f.11) gives us the point J of the Proposition.
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4.4 Wick formula

We suppose here that ¢ is even. We introduce an auxiliary system of particles

<1 s2
(Zo.rs Zo., - - - ) such that
e it has interaction times {T — Tk, k> 1}ﬁ {T —tteTH?Nn.--nN Tq_l’q}

e the rest of the definition is the same as for (Z{.p)is1.

xi
By doing this, we have coupled the interaction times of the system (Z.;);>1 and

) <1 xq

of the system (Z{.)i>1. We can couple further and assume that (Z.r, ..., Zg.7)
~1 =4 ~

and (Zy.p, ..., Zg.) coincide on the event {Tk, k> 1} NTH2n...n7e b=

{Tk,k > 1}. We set Vf, g bounded E — R

0:T7°

1 %2 ~1 ~2 T
Vor(f,9) =E (Ef(l I?S:T(f(ZO:T)g(ZO:T) - f(Zo:T)g(Zo:T)|L1,2)/O AKlegd3> .

Note that Vf, g, Vo.r(f,9) = Vo.r(g, f)-

Corollary 4.6. [Wick formula] For F € By (q) of the form (fi @ ® fq)sym
and q even,

q/2 1 q
NYE(F(Zo.ps - - Zoir)) Noteo Z H Vor (fa, fo) -
JEZy {ab}ed

The name “Wick formula” comes from the Wick formula on the expectation
of a product of Gaussians. In this formula, there is a sum over pairings, just
as in the above Corollary. See Theorem 22.3, p. 360 in [NSO[] for the Wick
formula.

Proof. To shorten the notations, we will write

o2
H/ AKY 1KY ds =p.
i=170

With this particular form for F, the limit in (fi.1]) of Proposition .2 becomes

/2
1 : k —k)/2
T 3) MACREIE
oS, k=1
~ ~ ~ ~q
EEg, (fo)(Zor) - - Foom)(Z05) Foanrny (20 - Fot)(Zowr)

~1

 foty@oit) - frta) Zo) Era)p)
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For any s € S; such that Vi € [¢/2], s(2i) — s(2¢ — 1) = 1 and s(27) is even,
s(2i — 1) is odd, Vo, we have the following due to the symmetry of the problem

E(EET(fa(l)( ) o 2k)( 0: T)fd 2k+1)( ) fa(q)(Nq )
- fo(l)(ZO:T) - -fa(q) (ZO:T)|ZL<1)p)
~s(q)

=>s =s(2k ~s(2k
=EEg, (fo)(Z5%7) - - Foom) (Zo2) Fotonn) (Zger ™) o foi)(Zoer )
~s(1) ~s(q) __
- fU(l)(ZO:T ) e fo(q)(ZO:T )|L1,q)p)

So the limit becomes

q/2
= Z ZI 1)(a=k)/2 Z ]E(E,QT(Hfa(2z'—1)(ngfl)fa(Qi)(ngT)
T ;es, =1 Cla/2],#1=k/2 iel
~2i—1
Hfa(2z y(Zor )fU(Qz)(ZOT)|L1 a)p) =
¢l
p zg: LEEg, (
oc
qa/2 o . ~2i-1 ~2i
H(fa(2i71)(ZS:ZT_l)fa(%)(Zg:ZT) fcr 21— 1)(ZOT )fa(2z)(ZOT |L1q
i=1
Z LEEg (
UES
q/2 <2i—1 ~2i—1 ~2i »
]:[(fa(2z »(Zor )fa(2z)(Z0T) foi- 1)(Z0T )fU(Ql)(ZOT))|L1 2,y Lg—1,4)D) -
i=1
(4.13)

By Lemma P11, [, the processes L'2, ..., L99 defined in ([L.4) are indepen-
dent conditionnaly to Kp. And for all i € [¢/2],

< 2i—1 ~2i—1 ~2i _
(((fa 27— 1)(ZOT )fd 21) (ZOT) fd 27— 1)(ZOT )fd 24) (ZOT))|L1 23-"3Lq—1,q)
~2i—1 ~2i

x2i—1 21

:E(Ef(jf;lf(g%((fa(2i71)(Z0:T )fa(2i)(Zo;T)_fa(2i—1 ( )fcr 2i) ( 0T))|L2z 1 21)
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So the quantity in () is equal to

q/2 _ <2
J Z IE( H KZ;i;lJ?ng((fa' 2i— 1)(Z0T )fa 24) (Zo.r)
ocES,
~2i—1 ~2i

f (20— 1)(ZOT )f0(2z)(ZOT))|L21 121)

/ AKZ K21 ds))) =

0
(by Lemma P.11], 4)
q/2 %2
Z HE Rt Rai (fo2i- 1)(ZOT ) fo2i)(Zo.r)

UGS i=1
~2i—1 ~2i

T
— fo2i- 1)(ZOT )fa(21)(Z0T))|L21 121)/ AKZ K2 ds) =

0
Z H Vor (fa, fo) -

JeZ, {a,b}e]

5 Convergence theorems

All the theorems of this section are valid under Hypothesis EI

5.1 Almost sure convergence

Theorem 5.1. For any measurable bounded f, T > 0,

Proof. We recall the notations of [DPR09H]. For any empirical measure m(x) =

3% vazl 8i (based on N points z, 22, ..., 2™V), any ¢,

1
LOMESS THD DEUCTITI

where [N]9 = a : [¢q] — [N]. Note that for any F

m(z)®1(F) = m(z)®(Foym) -

We define, V1 < p < ¢, [q] = {a € [¢]¥, #Im(a) = p} and (Vk < q)
1
Qqu: Z s(p,q — k) ﬁ Z a
a—k<p<q ¢ ac[ql
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(the s(.,.) are the Stirling numbers of the first kind) and VF(of ¢ variables),
Wb € [¢]F,
Dy(F)(z!,...,2%) = F(z*® ...

Dyr,(F)= 3 stha—k)— 3 Du(F).

q—k<p<q (q)p

),

a€[q)l?

The derivative like notation 9*L comes from [DPRO9H] , where it makes sense
to think of a derivative at this point. We keep the same notation in order to
be consistent but it has no particular meaning in our setting. We then have, by
Corollary 2.3 p. 789 of [DPR09Y], for any empirical measure m(z) (based on N
points), any F of ¢ variables,

m()2U(F) = m@)® | Y < Dorr, (F)

0<k<q

Suppose F € Bgym(q),

E(D®(E) = Y a2 sma-k) Y E () (Da(F)) -

0<k<q q—k<p<q ac(qlld

(5.1)
We take a € [¢]l9 with p = #Im(a) > ¢ — k and k < ¢q/2. Note that #{i €
(@), #a({i}) = 1} > g — 2% > 0.
We have now to use the Hoeffding’s decomposition (see [{IPG99, [Lee9(], or
[DPR09d], for the details). For any symmetrical G : D([0;T],R%%) — R, we
define

0= /G(xl, .. .zq)]SO;T(d:cl, codag),

G(a‘)(xh,_,,xj):/G(zl,...,zq)ﬁg?;q—ﬁ(dxjﬂ,,..,dxq),

and recursively
h(l)(l'l) = G(l)(l'l) — 9,

Jj—1

h(k)(:cl, ceyTE) = G(j)(zl, A ZZ R — ¢,
i=1 (5,4)
where Z( i) h( is an abbrevation for the function
(zla-'-azj)’_) Z h(i)(zhﬂ-'-azm)'

1<r < <r<j

For all j, hU) € Bgym(j). We have the formula

qg—1
G(z1,.. . ) = hlD (g, .. zg) + )Y AU

=1 (q.5)
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We take now G(z1, ..
show by recurrence that h¥) = 0 for j < ¢ — 2k. So

qg—1
'axq) = h(q)(fﬂl,...,xq)—i- Z Zh(]) .

J=q-2k (q,5)

G(.Tl,..

So, by Proposition @, we have for some constant C

C

E(DGF(Z(%:Tv T Zg:T>> < N(g—2k)/2 "

And so, by (@),

E (i) 1(F) < <7 -

. xq) = Do(F). For j < q— 2k, GUY) = 0. So we can

Suppose we take a bounded function f : E — R. We set f = f — IST(f) We

,29) = f(z!) x -+ x f(x7))

E(((??é\fT(f) - ISO:T(f))q) = E

then have (with the notation f®4(x!,. ..

IN

(5.2)

Provided we take ¢ = 4, we can apply Borel-Cantelli Lemma to finish the proof.

5.2 Central-limit theorem

Theorem 5.2. Suppose q even. For all f1,..., fq € Bgym(l), vT >0,

law

Nq/Q(n(J)\:[T(fl)a-"ané\:]T(fq)) N(OaK) )

N ——+oco

with K (i, j) = Por(fif;) + Vo (fi, f), Vi, j.

Note that we can bound the component of the variance K. Take fi,...

as above. For all 7, j:

| Por (fif3)] < Il illooll f5lloc »

2| filloo |l £l B(TAK LK 2)
2 fillso |l fill o TALZTA .

Vor(fi, £5)]
(by Lemma and (R.19))

Proof. For any uq,..

IAIA

., Uq, We have:
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E (eXp (NUéYT <log (1 T w>)>)

=F ﬂ <1 + iulfl(Zg:T) +oo+ iuqfq(Zg:T)>

Jj=1

=

:E( Z ﬁ Z ikUjl...Ujk

< 5Za) - U Z)

1<i1 <<, <N

N 1
=E Z Evk)/g Z i*uj, .. 'ujkﬂ(né\:]T)Qk(fjl ®---® fi)

<Jiseess Je<q

(V)& : 1
=k Z NF/2 Z i*uj, . -“jkE(WéYT)Gk(fjl ® - ® fj,)sym

0<k<N 1<j1,..,Jk<q
(using Cor. [1.6)
_ k/2 Ujl e uj
N~>—+>oo Z ( 1) Z k! . Z H ‘/O:T(faa fb)

k>0,k even 1<j1,..., ik<q ’ Iy €Ly {a,b}eI}
> s
k/2 |
k>0,k even 2 (k/2)

<> gy uy Vo (£ i) - Vo (Fiusis £i)

1<j1,-,0k<q

k/2
(12
Z 2k/2(k/2)| Z ujlujZ‘/O:T(fjl)ij)
k>0,k even T \1<01,52<q
1
= &xp 9 Z ujlujZVO:T(fjl’ij) : (53)
1<j1,52<¢q
We can also a series development of the log in (??) and write:
' + A dug f,
E (exp | Nnlp(og(1 + 201 2/4 ))
(cexp (v o il
(DR ke N . k
=B | exp | Y N (G fi g ) | ] (54)

k>1

Let us set f = wlfl;r\,%u"f" We have || f|leo < C/N*/? for some constant C.
So, we can bound the remaining term in the series development of the log can
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be bounded by

C

(=D ke, , k
HZTN (furfi+ - +iugfy) HooSNa

k>3

for some constant C. So the limit when N — 400 of (5.4) is the same as the
limit of

E(exp (VN (iuaniip(fr) + -+ + iugnilr(f))
X exp <%77(J)\:[T((U1fl e uqfq>2)) )
We have

|E(e\/ﬁmﬁ\fT(f)€*%m§\fT(f2)> _ E(e\/ﬁngT(f)e*%ﬁo;T(fZ)”

- (E(ezx/ﬁné\;’T(f)e*%néYT(fz)))1/2 (E(egnéYT(f)(l _ 67%(ﬁo:T<f2>—néYT<f2>>>2))1/2

(5.5)

and (for some constant which might change from line to line)

E(e3m0r() (1 — =3 Por(F)=ngir(£2)))2)

< CE((Posr (%) = moir(f%)?)

(Equation (b.9)) N7 0.

So, by (b.3), the left-hand side of (5.) goes to 0 as N — 400. So

. N lu1f1++luqfq
]1[11_{10 exp (ﬁHO:T (10g(1 + \/N )

= lim E (e\/ﬁﬂév;T(iulfl+”'+iuqfq)€%ﬁ0:T((u1f1+“‘+iuqf1)2)) ,
N—O0

(meaning that if these limits exist, they are equal) which concludes the proof.
O

6 Technical lemma

For ¢ even, we define

q/2

Ny=3, 2
=1 ko=0<ki <---<kj=q,k1,....k; even

k1 q—k2 q—k
Clacate ik

j J+l
a—k1 * ’vilszfkl ...ij,kj71(71> .

J
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Lemma 6.1. We have Vg > 2 even

N,

q = (_1)q/2+11q-

Proof. We prove the result by recurrence.

e Forq=2: Ny =—1, = (71)q/2+1]2_

e If the result is true Vj even < ¢ — 2. We have

Ng = I Z C(]IClIklNQ*kl
2<k1<q—2,k1 €even
q—k1
= Iq—l— Z (—1) 3 Ctl;llkllq—kl

2<k1<¢—2,k1 €ven

a—k3 ki/2
= I+ > (-1)"2 chq/g/

2<k1<q,k1 even
—  (_1)9/2+1
_ (—1)e,
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