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Abstract

The Bird and Nanbu systems are particle systems used to approximate the solution
of Boltzmann mollified equation. In particular, they have the propagation of chaos
property. Following [GM94], we use coupling techniques and results on branching
processes to write an expansion of the error in the propagation of chaos in terms of the
number of particles, for slightly more general systems than the ones cited above. As
explained in [DMPR] and [DMPR09], this result will lead to the proof of the convergence
of U-statistics for these systems.

Keywords: interacting particle systems, Boltzmann equation, nonlinear diffusion
with jumps, random graphs and trees, coupling, propagation of chaos, Monte Carlo
algorithms.
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1 Introduction

In a recent work ([DMPR]), we showed a expansion of the propagation of chaos for a
Feynman-Kac particle system. This particle system is approximating a particular Feynman-
Kac measure, in the sense that the empirical measure associated to the system converges
to the Feynman-Kac measure when the number of particles N goes to co. What is called
propagation of chaos is the property of the particle system that ¢ particles, amongst the total
of N particles, looked upon at a fixed time, are asymptotically independent when N — +oo
(g is fixed) and their law is converging to the Feynman-Kac law. In [DMPR], we writed a
expansion in powers of N of the difference between the law of ¢ independent particles, each
of them of the Feynman-Kac law, and the law of ¢ particles coming from the particle system.
One can also call this expansion a functional representation like in [DMPRI; in this paper,
we call it an expansion of the error in propagation of chaos. In the setting of [DMPR], the
time is discrete. In a forthcoming paper ([DMPR09], we wish to extend the result of [DMPR]
to the case where the time is continuous, still in the Feynman-Kac framework, and we wish
to show central-limit theorems for U-statistics of these systems of particles. The proof of
the central-limit theorems for U-statistics relies only on the exploitation of the expansion
described above.

We wish here to establish a similar expansion for particle systems approximating the
solution of mollified Boltzmann equation, namely Bird and Nanbu systems. We refer mainly
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to [GM97] and take into account models described in (2.5), (2.6) of [GM97] (a similar
description can be found in [GM99], Section 3). An other reference paper on the subject
is [GM94]. The two main points of interest of this paper are: it provides a sequel to the
estimates on propagation of chaos of [GM97], [GM99] and it allows to apply the results of
[IDMPR09] to Bird and Nanbu systems.

In Section 2] we will recall the definitions of Bird and Nanbu models, as can be found in
[GM97] and will give an equivalent definition, useful to our purposes. In Section Bl we will
state and prove our main theorem about the expansion of the error in propagation of chaos
(Theorem [B]). The proof relies on estimates on population growth found in [ANT2] and on
coupling ideas. In Section ] we prove what is called a Wick-type formula in [DMPR], this
formula will be useful to prove central-theorems for U-statistics in [DMPR09].

2  Definition of the model
2.1 Bird and Nanbu models

In all the following, we deal with particles evolving in R?. We set the mappings e; : h € R? —
ei(h) = (0,...,0,h;,0,...,0) € RN (1 < i< N). We have a kernel ji(v, w,dh, dk) on R??
which is symmetrical (that is fi(v, w, dh,dk) = ji(w, v, dk, dh)). We set u(v,w,dh) to be the
marginal i(v, w, dh x R?). We suppose sup,. ., i1(x, a,R? x R?) < A < co. We are also given
a Markov generator L on RY such that D(L) C L>(R%). The kernel i and the generator
L might have specific features coming from physical considerations, the coordinates in R?
might represent the position and speed of molecules but these considerations have no effect
on our proof. This is why we claim to have a proof for systems more general than Bird and
Nanbu systems.

We deal here with the Nanbu model and the Bird model. These particle models are
defined in (2.5) and (2.6) of [GM97], by the mean of integrals over Poisson processes. We
give here an equivalent definition.

Definition 2.1. The particle system described in [GM97)] is denoted by

_ N
(Z{")iz0 = (Z; ")izo01<izn -
It is a process of N particles in R% and can be summarized by the following.
1. Particles (Zé)lgiSN in R are drawn i.4.d. at time 0 according to a law PO.

2. Between jump times, the particles evolve independently from each other according to

L.

3. We have a collection (N; ;)i1<i<j<n of independant Poisson processes of parameter
A/(N —=1). Fori > j, we set N;j = Nj;. If N;;j has a jump at time t, we say
there is an interaction between particles i and j and we take a uniform variable U on

~r7N,i N,j m2d
[0, 1], independant of all the other variables, if U < M
undergoes a jump:

then the system
e In the Nanbu model:

;=

N _ ZN +e;(H)  with proba. 1/2
ZN +e;(H)  with proba. 1/2



with N SN
,LL(Zt—7 7Zt—1ja )
ﬂ(ZtNJ, Zt]\fj,Rmi)

(independently of all the other variables).

e In the Bird model: Z}' = Z1 + e;(H) + ¢;(K) with
S5N,i 7N,j
/’L(Zt—_ 7Zt—.j7 *y )
A2 2] R2)

(HvK) ~

(independently of all the other variables).

Theorem 3.1 of [GM97] implies that there is propagation of chaos for this system. This
theorem says:

At + A2t2

16, 20 = £Z P ey < 200 - )=

and
At _ 1

ZNh . p <=
1£(Z,"") tIITV_GNJrl,

where (P,) is solution of (with Py fixed)

V¢ € D(L),
O(p, P) — (Lo, Py)

1 ) o
= </ 5(8(z + 1) = ¢(2) + é(a + k) - é(a)) (2, a, dh, dk), Pt(dZ)Pt(da)>
We can deduce propagation of chaos from the previous results that is V¢, VF bounded
measurable,

At + A%¢2 |

L 2 - B < (2000 - DS 65 ) 1

In Theorem [3] we will go further than the above bound by writing an expansion of the left
hand side term above in powers of N. We will use techniques introduced in [GM97]. The
main point is that we want to look at the processes backward in time.

2.2 Backward point of view

From now on, we will work with a fixed time horizon T' > 0. For any j € N* we set
[1] =11,...,4}. For A > 0, we call £(\) the exponential law of parameter A.

We start in s = 0 with C§ = {i}, Vi € [q]. We set Vi, K} = #C¢. For 1 <i < j < g, we
define processes (N = N2) 50, (C!)s>0, (KY)s>0 (respectively in N, P([N]), N*)by the
following. For all s € [0, 7], we set

K.=#(Clu-..u09).

The processes (N#7), (C?), (K") are piecewise constant and make jumps. We define the
jump times recursively by (taking (Uk)i<i<q1<k, (Vi)i<i<g1<k 1i.d. ~ E(1)) Tp = 0 and
(always with the convention inf ) = +o00)



S AKu(N — K.,
T} inf T,Hgng:/ MduZUk
Tk*l N_ 1

5 OAKL (K, —1
inf{Tk_lgng:/ MduZVk}

T//
’ T, 2N =1)

T = inf(T),T)).
In Tk:
o If T, = Ty, we take r(k) uniformly in Cz, _ U---UCf _ and j(k) uniformly in
[N\(CF,_ U---UCf _). Suppose that r(k) € Cf, _, we then perform the jumps:
C%k = Cr}k_ U {j(k)}, K,}k = K,}k_ +1 (at any time KZ = #CZ), Nr(k),j(k)(Tk> =

Nr(ry,j(k) (Tx—)+ 1. So, in short, we have added particle j(k), which was in no set Ci/,
to the set C°.

Notice that the (... )+ in the definition of T}, above forbids to be in the situation where
we would be looking for j(k) in 0.

o If Tj, = T/, we take r(k) uniformly in Cf, U ---UCf _ and j(k) uniformly in
Ct,_U---uCf _\{r(k)}. Suppose r(k) € C;, _ and j(k) € C%C_, we perform the
. ; i . i i’ r(k r(k
jumps: Cp, = Cf,_ U {i(k)}, Cf, = Cp,_ U {r(h)}, Kr” = (K3 + 1) AN,
K%ik) = (K%ik_) + 1) AN, Nr(k),j(k) (Tk) = Nr(k),j(k) (Tk—) + 1. So, in short, we have
added r(k) to the set C%C_ and we have added j(k) to the set C, _.

This whole construction is analogous to the construction of the interaction graph found

in [GM97], p. 122.

We now define, for a fixed time horizon T' > 0, an auxiliary process (ZN)o<s<r =
(Zév’l)ogng,lgigN of N particles in Rd.

Definition 2.2. The interaction times of the (ZSN’i)lgngJgigq are {T—Tg, k> 1,T, <T}.
(We say that the jump times (Ty) are defined backward in time.)

N,N
74V

N1 . ~
© 7y, .., 2y are i.i.d. ~ Py

e Between the jump times (Tx)k>1, the ZN:’s evolve independently from each other
according to the Markov generator L.

o At a jump time T — Ty, which is a jump time of NI, (ZN) undergoes an interaction
having the same law as in Definition 21, (3.).

Definition 2.3. For allt > 0, we set
Li=#{keN: T, <t,Tp, =T}
We call this quantity the number of loops on [0, t].

Example 2.4. Toke ¢ = 2. Suppose for example, that the only jumps of the N*I ’s occurring
in [0,T] are
AN?3(2T/3) =1, ANY3(T/3) =1

then for s € [0,2T/3[, Ks =2 and for s € [2T/3,T|, Ks = 3. We then have L = 1.



We have to keep in mind the following lemma throughout the whole paper.

Lemma 2.5. 1. IfYy,..., Yy are respectively of law E(A1),...,ENg) (A1,..., >0,k €
N*) then
inf(Yl,...,Yk) NE()\l +"'+>\k) ,

M
M4+ A

2. ForY ~&\) (A>0), LY —t|]Y >t)=E(N) (for anyt >0).

3 IfVh,Ys, ... iiid. ~EN) (A>0), Uy, Us,... are i.i.d. ~U([0,1]), then Vk € N*,

LAYV, Vi+Ys .. . V14 + YY1+ + Ve <T <Y+ +Yii1)
=L{Uy,...,U})

We then have:

Lemma 2.6. For all T >0, (Z4,...,78) "% (Z},..., Z4%).

]P)(Yl = inf(Yl, ey Yk))

The system (ZN)o<s<y is of use in Section H but is also useful to understand the next
auxiliary process, which we use in Section Bl We now define, for a fixed time horizon T' > 0,

e1s N _ (&N
the auxiliary process (Z;")o<s<t = (Zp<<r)1<i<N,0<s<T-

We start in s = 0, with Cp = [q], Ky = q, Lo = 0. We define processes (és)sZO; (K)szo,
(Ls)s>0 (respectively in P([N]), N*, N*). These processes are piecewise constant and make
jumps. We take (Uy)r>0 to be iid. ~ (1) and (Ag) to be iid. ~ U([0,1]). We define
recursively the jump times (Tk)kzo by Tp = 0 and

"N~ Ky + Ky 1)
/. 2N —1)

Tk-’,—l = inf {S > Tk : AIA(udu > Uk}

2(N—K.,)y : ; K. — K.
TN -R)s ikl then we perform the following jump: Ky = Ky +1,

<
Ls, = Ly, _, we choose i(k) uniformly in [N\Cy, _ and Cz, = Cp _ U {i(k)}.

o If Aj, > #ﬁfgu_l then we perform the following jump: Ky = IA{TAF, ﬁTk =

LTk* +1, ka = kai
(This is why we say that the jump times (Ty) are dej:in;d backward in time. )
° Zév’l, e ,Zév’N are i.i.d. ~ Py

J

e Between the jump times (Tk)k21; the ZN+i s evolve independently from each other

according to the Markov generator L.

e At a jump time T — Tk, (ZN) undergoes an interaction having the same law as in
Definition 21, (3.), with i,j replaced by i(k), 5(k).
Keeping in mind Lemma 235 we get:
Lemma 2.8. For all T > 0,
law , 5 5
(Z%7"'7Z%):(Z%7""Z%)’

law , £ S
(K, L)o<t<r = (K4, Li)o<i<r -



3 Expansion of the propagation of chaos

We define for any N,q € N*, ¢ < N:

(¢, Ny ={a: [q] — [N],a injective } , (N)q = #(¢, N) = m )

Let us set 1
N
W=y 2 Oz

1<i<N

1
N\GOg _ § :
(nt ) 1= (N)q — 6(2{"@(1) 7777 Z{V‘”(Q)) .
ae(q,

Notice that for all function F, E(F(Z}',..., Z}N9) = BE((nN)®4(F)).
Theorem 3.1. Set a = e 2. For all ¢ > 1, for any F € C;f (R%), VT >0, Vlp > 1,

- 1 1 ——N,lp+1
E((n¥)®1(F)) = PRI(F — ANIR) | b AT (F 1
(7 )¥9(F)) T ( >+1SIZ§ZO (N_l)l q,T( ) +(N—1)l°+1 q.T (F), (3.1)
where the Aé\%, Zé\f’jio-i_l are nonnegative measures uniformly bounded in N defined by,

VF € C;f (R9) (the set of continuous bounded nonnegative functions on R),
AJE) =B(F(Z" .. 22| Ly = DP(Ly = [)(N — 1)"
B (F) =E(F(Z)" .. 23| Ly 2 DP(Lr 2 DN 1) .
We further have the following bounds

NI
sup(ANH(F), A, 7 (F))
_ 20+ 1)!
< q(1—a)/a? — (5 ! a)l)/q)QlJrQ x || F||infty
q _ _
+ A= —a)vs 3o ((1 — )Nt/ (v — 1)l) [Flloo -

Proof. According to [GM97] (section 3.4, p. 124) or, equivalently [GM94] (section 5),

E(F(ZN*', ..., ZN Y| Ly = 0) = Pr(F) .

We have, Vij:
E(F(ZY', ..., ZN%) = EB(F(ZN',...,ZN9 Ly = 0)P(Lr = 0)
lo
+Y [E(F(Z7",..., 2 )Ly = DP(Ly = 1)]
=1

+EB(F(ZNY, . ZND Ly > 1o+ 1)P(Ly > lo + 1).

It is sufficient for the proof of (B.I)) to show that P(Lz > 1) is of order 1/N', VI € N*.



We define piecewise constant processes (K”)s>0, (L.)s>0 (in N) such that K} = ¢, L) = 0.
Their jump times are (7} )x>0 defined recursively by 7§ = 0 and

Téinf{s:/ AIA(;dUZUk} .
k

—1

In T}:
i (Nif(;’"{C*)Jr . . N 2 o Fr
o If Ay < —F<—4—, then we perform the following jump: KT/ = KT’ +1, LT/ =
k kT k
T/
LT,;—
A u o N A g rr_
o If A > ~— then we perform the following jump: K; =K, +1, L, =
k k k
T/
LT,;— + 1.

Nptice that we use there the same variables Uk’s and Ak’s coming from the definition of
(ZN). We have for all t > 0, Vw,

Ki(w) < K(w) (3.2)
L < LW
Liw) < Kiw)

The process (K 1)s>0 is equal in law to the sum of ¢ independant Yule processes Ys(l),
cee v (see [ANT2], p. 102-109, p. 109 for the law of the Yule process). We have
PV = k) = e=s2(1 — e=*2)*~1 and so

PK, =k = P+ +v9 =k
q
< Y P > Tk/q)
=1
S ( —tA k/q 1 ) (33)

Notice that V¢ € [0,T]

(N - K[ < K%

I [ _
P(AL, = 1|AK] =1,(K})i>0) = 1 N1 SN_1°

We decompose

P(Lr=1) < P(Lr>1)
(by Lem. Z8) = P(Ly >1)
< P(Ly>1)

= P(Kp > [VN-1))+P( Ly > ,Kp < [VN 1)),

and we compute



I<r<|VN-1]
= > P(Ly=r|K] =k)P(K} = k)
1<r<|VN=1] r<k<|vN=1]
ko _
= >, G (ﬁ) g(1—a)*at
1<r< [ VN=1) r<k< VNI

< Y Y gt

~ N k2l
/ ’ — _ N\k/a—1
P(L. >, K. < |VvN-1]) < E kz!(N—1)lq(1 o)kl
I<k<|VN-1]J

ﬁ%k(/ﬂﬂ)(wz)...(“gl)

X (1 =)/t (1 = a)t/at
q(1 —a)t/a1 (20 + 1)!
(N=1F (1= (1=a)/a)p+z’

We also have
P(Rr>|N-1)) < Y ql—a)/!
k>|[N—1]
q(1 — a)lN-1/a-1
- (-7
1

q —1]/g—1
R TR vy ((1 )T - 1)1) (N—1) "

4 Wick formula

We now define an auxiliary system (Zf)ogth,izl with an infinite number of particles (for a
fixed time horizon T > 0). We start in s = 0 with C} = {4}, Vi € [q]. We set Vi, K} = #Cj.
For 1 <i < j < N, we define processes (N/ = N7) .50, (C?)s>0, (K')s>0 respectively in
N, P(N),N, by the following. The processes (Ni’j), (C’i), (f(l) are piecewise constant. We
set

Ky=#(Cl+---+C7) .

We define the jump times recursively by (taking (Uk)lgz‘gq,lgk iid. ~ &(1)), Tp = 0 and



~ ~ 5 - AK, (N - K -
T,é = infdTp_1<s<T: / AK, — Mdu > U
Ty N -1

Ty = inf(T},inf{T}:T; > Tp_1})
(recall that the process (/) is defined in subsection[2.2)). Notice that {Ty,k > 0} C {Ty, ke >
0}. In Ty:

o If Ty ¢ {T},1 > 1}, we take 7(k) uniformly in CN'%F U---u C‘%k_ and j(k) uniformly
in N*\(C%r U--- U C‘%k_). Suppose (k) € CN'%F,
C'sz_U{i(k)}, f(%k = I?%k_—i—l (at any time s and any index 4, we will have K? = #C?),
PUCE OIS LOECIN

we perform the jumps: C”Tk =

o If T}, € {T})',1 > 1}, we take 7(k) uniformly in C‘%k_ u-- -Ué%k_ and j(k) uniformly in
Ch_U---UCE \{F(k)}. Suppose 7(k) € Ci, _, j(k) € C%, _, we perform the jumps:
Ch, = G UM}, Kiy = K +1, Gy = Cf,_ Uik}, K, = Kf,_ +1,
W30 _ {36 4 g

The following lemma is a consequence of Lemma

Lemma 4.1. 1. The process (Ks)szo is piecewise constant, has jumps of size 1 and
satisfies V0 < s <t 3 o 3
P(K: = K |K;) = exp(—AKS) .

And so it has the same law as (K')s>0.
2. For allt, K; > K, a.s.
8 IfTy =Ty, ..., T = Tj then Kg, = Kr, .

In other word, knowing that ¢ is a jump time of (l~( s), the time to the next jump time is
of law E(AKY).

Definition 4.2. The interaction times of the Z* are {T —Tj, k > 1} (we say they are defined
backward in time).

o The (Zé) are i.i.d. ~ Py.

e Between the jump times, the Z' evolve independently from each other according to the
Markov generator L.

o At a jump time T—Ty,, (Z) undergo a jump like in Definition[2Z1, [3), with i, j replaced

by 7(k), j (k).
We define (Vt > 0)

G = {Vk>1suchthat Ty <T, Tp = Ts}
K:t == {(Kg)lgsgtai € [Q]}
I&t = {(K;l)lgsgtvi S [q]}



and, for ¢ even, we set {T}, < Ty, < ...} ={Tkx: k> 1,1 =1}'}, {chl < T;@ <...}=
(T} 1k >1,3, T, = T)"}

A = {#{k>1:T. =T, T <T} = q/2}

ﬂ{?"(kl) € C%"kl—vj(kl) € 0'12"k1—5 H '7T(kq/2) € Cg"ﬁi;{a](kq/Q) € 0%13/2—}
A = {#Hk>1:3,T =TT, <T} = q/2}

n{7 (k1) € é;v,j(/%l) € (Z*%_{, o (kgy2) € (3%2717’5(1@/2) eci?

a/2 kq/2

(recall the i(k)’s, r(k)’s are defined in subsection 2:2)). For ¢ € N*, we define
By (q) ={F: R?% — R, F symmetric, bounded,

/ F(zy,...,24)Pr(dzy) =0} .

Proposition 4.3. For F' € By""(E1), we have:
o fork <% AMy(F)=0,
e for q even,

a/2 N\Oq 7 71 79N, A
NEE)UE) = e (B 2010 )
T ~ ~
< 11 /AK?*lelds : (4.1)
1<i<q/2”Y

Proof. The convergence to 0 for k < q/2 is a consequence of Theorem 3.1l We suppose by
now that ¢ is even. In the following computations, we set R = sup{k : Ty < T}. We have

E(GICr) = E@g_qp, - 5,1, |K7)
= E(lf“l:Tl A 1TR,1:TR,1E(1TR:TR|ICT’T1 = Tl, A 7TR—1 = TR—l) .

On the event {Tl =Ti,... ,TR_l =Tr}, we have I~(t =Ky, Vt : Tr_1 <t <Tg. And so we
have:

E(ls, 7 |K7. The1, Ty =Th, ..., Tp—1 = Tr—1)

Tr AK, (N — K N
—1-P / AKu—MdugUk
T, N -1

|Kr, Ty =T1,...,Tr1 = TR71)

Tr 2 5

Kr, Ty =T1,...,Tp—1 = TR1>

Tr-1 -1
A(K7)?
= exp (— ]E]iTi (TR — TR—l)) .
So, by recurrence
AK?
E(G|Kr) > exp (_N TIT) ) (4.2)

10



Because of Theorem Bl we get:
NPE((y)*U(F)) = NPE(F(Zp,....Z77)
= NYE(F(Zp'.....Zp%)

2 N 1 N,
N NPE(F(Zpt 20 ) ppegs2) -

When Jk,r,s : N jumps at s,k € Ci,r € CJ and s € [0,7T], we say there is a loop
between C* and C7. We can define in the same way loops between C?, C7. As F € By,
then Vj € [q], we have

E(F(Z)",..., ZN9)|C7 has no loop on [0,T]) =0 .

Notice also that [Ji, C* has two loops on [0,7] and Lt = ¢/2] = [ 3j, C’ has no loop on
[0,T7]. As W;ﬂ)! is the number of ways of partitioning [¢] into ¢/2 couples, we get
|
q/2 N\Oq ~ a2 4 N1 N.,g

Noticing that L((Zn"', ..., ZND|G) = L(ZN*, ..., ZND)|G), we get:

|
q/2 N\Oq ~ a2 ¢ Nl 7N,a\q
E((F ( L Zp D alge)
]E(F(Z ,...,Z;V’Q)1A1Gc)} .

Notice that, knowing Kr, for i # j, the number of loops between C* and C7 on [0,t] is a

non-homogeneous Poisson process of intensity (Afv(—f_jl(g) . Notice also that, knowing
0<t<T
K, fori # 4, the number of loops between C" and C7 on [0, ] is a non-homogeneous Poisson
. . AKIK]
process of intensity (ﬁ) . So we have:
0<t<T
; ; T AKIK]
P( no loop between C* and C’|Kr) = exp ( N 1‘5 ds ) (i, j)
0 _
~ - T AKIK]
P( no loop between C* and C’|Kr) = exp (— N 1‘5 dS) =t a(i, j) .
0 _
We set
B = {at least one loop between C' and C?} N ...
.- N {at least one loop between C?~ ! and C?} .
We have

P(A[Kr) = P(B|Kr) — P(B\A|KT) , (4.3)
P( at least two loops between C* and C?|Kr) < (1 — a(1,2))? ,

11



and

e = L ekt
1<j<q/2

1
T

< 1
= N—1)ee

[1 (raky~K3)

1<j<q/2
[[ TAEFKE). (4.4)
1<j<q/2
So, we have:
N2E((F(Zp Y, ..., Zy )1 alge])
< N2||F || E(E(Lalge|Kr))
= N2||F | E(E(La|Kr)E(Lge K1)

(using ([2), ([3), [@D) <NPIFIE | e 11 (TAKZTKY)
1<j<q/2
A(K7)?T
1 _ - -~
( exp ( N —_ 1
(using Lemma [£.]) < NY?|F||E N 12 H (TAKY ™ K7)
1<j<q/2

X (1 — exp <—7A§\I](T)iT>>> )

For a fixed w,

1 i1 o A(Krp(w))?T
q/2 -~ 2j—1 27 o AR T\w)) 4
N sy 1L tARE (w)KTw))x(l exp< )
1<j<q/2
and
1 i1 i A(K7)*T
< N2 _—— AR K2 1- 7
<i<q
< 202 [ (ARPRY)

1<j<q/2

which is of finite expectation by (B3] and B.2) and Lemma 1l So, by dominated conver-
gence:

N2R((F(ZN', .. ZY D 1alge]) — 0.

N ——+oco

We can show in the same way :

NYPE((F(Z%, ..., Z3)1 51¢e|) 0

12



We have:
NY2R(F(Zk,...,Z01;) = EE(F(Z-,...,Z5)|Kr, A)NY?P(AIKr)) ,
We set

B = {at least one loop between C' and C?} ...
---N {at least one loop between C4~! and C?} .

We decompose

P(A|Cr) = P(B|Kr) — P(B\AKr) .

We have
NPR(BIKr) = N I (1-a2i-1,2))
1<j<q/2
T
a.s. r-21—1 121
e H /OAKS KZ%ds .
1<i<q/2

We also get, computing very roughly:

PB\AKr) < Y Y [T a-aei-12))°
1<r<q/21<i1,...i»,<q/2 [j€{i1,...,ir}
< ] (0 -a2i-1,2)
ji{ilv“'aiT}
JUR a\ 2 -~ -~
< > a, I {(TAK%le%J) v(TAK%“K%J)}
1<r<q/2 1<j<q/2
1
“ N — D
24/2 =2j—1 725 2 251 725
S I1 [(TAKT KT) V (TARY K2 )],

1<5<q/2

so N9/2P(B\A|Cr) N% 0. And so:

T

1210 A1C a.s. -2i—1 726

NYP(A|Cr) Naw II /o AKZ? " KZds
1<i<q/2

and again by dominated convergence, we get the result.

For F: (RY)4 — R, we define

1
(F)sym(l'l,...,l'q) = —' Z F(.Tg(l),...,l'g(q))
& 0ES,

(Sq being the set of permutations of [g]). We denote by Z, the set of partitions of [g] into
pairs.
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Corollary 4.4. For F € By"™ of the form (fi ® -+ ® fq)sym and q even,

NEE()PUF) = > 1] EOP L 6)
Iqel—q {i,j}EIq

with .
VR 1) = EUZDZRIAKD x | AR REds
0
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