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The Discrete Cosine Transform (DCT) is a Fourier-related transform widely used in signal processing and
well suited to the analysis of open outlines. This method was applied here to evaluate the discrimination
power of the inner lateral rib for two palstave populations dating from the Middle Bronze Age, excavated
in northwest France. A corpus of almost 400 palstaves (bronze axes) of the Breton and Norman types was
processed, and compared to specimens found at Sermizelles in Burgundy. The procedure is robust and
produces a discrimination in good agreement with the traditional typology. Besides the definition of
a ‘standard’ shape for each population, the morphometrical approach allows shape disparity, which is
generally inaccessible to the naked eye, to be visualised and quantified. Shape disparity indicates that,
contrary to previous assumptions, the bronze axes from the Sermizelles hoards cannot be explained as an
assortment of Breton and Norman palstaves alone. We believe that this approach is quick, reproducible,
and generalisable enough to be applied to a wide variety of artefacts from different periods, in order to

clarify their typology and even their origin.©

1. Introduction

Metal holds a key position among materials used during the
European Bronze Age (2300-800 B.C.) because of its increasing
predominance in prehistoric societies (Harding, 2000; Pare, 2000).
The metallurgical chain covers all stages from the acquisition of the
raw material to the circulation of the finished objects (e.g., Need-
ham, 1998). However, these artefacts are generally the only
remaining evidence of the chain. The Bronze Age is characterised by
various associations of metallic objects buried together into the
ground, which are called ‘hoards’. Even if their interpretation is still
subject to discussion (e.g., Gabillot and Gomez de Soto, 2007), the
study of these metal artefacts allows the geographical and temporal
extent of human cultures to be constrained, thus facilitating
assessment of the relationships between them. The size, diversity
and number of hoards increased greatly during the Middle Bronze
Age (1650-1350 B.C.). This phenomenon is concomitant to
considerable changes in metallurgical practices, especially the
development of mass production (Briard and Bigot, 1989; Millotte,
1989; Mordant, 1998; Gabillot, 2003); some artefacts are known to
have come from the same mould. Palstaves, in use daily as tools, are

* Corresponding author. Tel.: +33 3 80 39 63 60; fax: +33 3 80 39 57 87.
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found abundantly in Western European hoards. They correspond to
a technical improvement of Early Bronze Age (2300-1650 B.C.)
flanged axes, as they allow better handle fixation. In France, two
main types of palstaves have been defined by the French Prehis-
torical Society: the Breton and the Norman types (Briard and
Verron, 1976). The Breton type (Fig. 1a) is narrow, and possesses
a rectangular, thin proximal part with straight flanges and little
decoration, sometimes consisting merely of a thin rib under the
stopridge. The Breton peninsula is the area where this type is most
often found, but it has also been discovered sporadically in Nor-
mandy, in the Loire valley and in Burgundy. The Norman type
(Fig. 1b) is defined by a trapezoidal blade, a rectangular proximal
part with convex flanges, and decoration under the stopridge.
Norman palstaves are mostly found in the Lower Seine Valley, to
a lesser extent in the Breton peninsula, and also in north-west
France, in Burgundy, in Franche-Comté and in southern England
(Verney, 1989; Gabillot, 2000, 2003). Such a typological approach is
therefore based on the search for one or several discriminant
criteria (i.e., overall shape, ornament and detail), intuitively
selected with the naked eye, allowing clusters to be identified. Even
if this method has been successfully used, it is clear that natural
language, including specialized jargon, is inadequate for subtle
description, to classify shapes without ambiguity or subjectivity.
For this reason a textual description of a shape is usually supple-
mented by a graphic representation, i.e., in fine, by the shape itself.
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Fig. 1. Principal characteristics of typical Breton (a) and Norman (b) palstaves.

Morphometry (Coster and Chermant, 1989) and statistical shape
analyses (Dryden and Mardia, 1998) are frequently used to
supplement description in life and earth sciences (e.g., Moellering
and Rayner, 1982; Lestrel, 1997; MacLeod, 1999; Navarro et al.,
2004; Dommergues et al., 2006), but more rarely in archaeology
(e.g., Kendall and Kendall, 1980; Palmqvist et al., 1996; Jerardino
and Navarro, 2008). Yet they provide rigorous methods of quanti-
fication and analysis, especially when the shape is difficult to define
or express. Unlike the naked eye, these methods provide quantifi-
cation of intra-group variability, which corresponds to shape
disparity around the “standard” shape. The aim of the present work
is therefore to evaluate the discrimination power of such a mor-
phometrical approach applied to Middle Bronze Age palstaves.
First, the morphological space of the Norman and Breton types is
defined by applying the Discrete Cosine Transform (Rao and Yip,
1990) to the axe silhouettes. Second, we examine whether the
origin of the palstaves excavated at Sermizelles in Burgundy (at
least 400-500 km from conventional production areas, in Nor-
mandy and Brittany) can only be explained by importation, as
traditionally suggested.

2. Material and method
2.1. Corpus

The Norman and Breton populations considered in this work are
composed of 177 and 203 palstaves dating from the Middle Bronze
Age. They come from 61 sites, and 31 sites, all located in the north-
west of France (Fig. 2). In addition to these two “standard” pop-
ulations, 38 palstaves originating from the two contemporaneous
hoards of Sermizelles were also studied. Excavated in 1955 in the
central-eastern France, the Middle Bronze Age hoards of Sermi-
zelles are sizeable metallic sets, particularly the “Sermizelles II”
hoard, which is composed of more than 150 artefacts. There are 68
palstaves in the Sermizelles hoards, of which only 38 are complete:
these 38 items were analysed for this study.

2.2. Choice of a discriminant criterion

To describe shapes mathematically, one possible approach
consists in characterising shapes as configurations of landmarks,
thus allowing the visualisation of shape differences via thin-plate
spline deformation grids or vector fields (Rohlf and Slice, 1990;
Bookstein, 1996; Slice, 2001). Unfortunately, landmarks cannot
always be easily defined and located with precision. In any case,
such a process could not be straightforwardly applied here because
the complete axe silhouettes do not fully correspond to their orig-
inal shapes. The summit was more or less modified after elimination
of the casting cone, whereas the cutting edge may have been
drastically reworked due to repetitive sharpening operations,
accentuating the curvature by plastic deformation (Gabillot, 2006).
It is necessary to find at least one portion of the axe, characteristic of
the mould, which has not been altered by the treatments
mentioned above. The inner lateral rib presents the advantage of
not extending from the heel to the blade, so that it is not affected by
the preparation of the axe for use. Unlike the lateral curvature, it has
not been modified by polishing or hammering. As a consequence,
we found it convenient to apply outline-based morphometrics (e.g.,
Rohlf and Slice, 1990) to describe the shape of inner lateral ribs.

2.3. Morphometry

All inner lateral ribs were drawn by one single operator, using
tracing paper, from the available archaeological documentation.
Open outlines were individually digitalised at 300 dpi. The math-
ematical method applied to describe these open contours consists
of a Discrete Cosine Transform (DCT). Theoretically, such a proce-
dure allows a signal (here the shape of the inner lateral axe rib) to
be decomposed into a sum of trigonometric functions, where each
harmonic is characterised by its own amplitude. The greater the
number of harmonics taken into account, the better the accuracy of
the reconstruction process. More details about the fundamentals of
this mathematical Fourier-type method (see Appendix), can be
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Fig. 2. Location of the sites where the Norman and Breton palstaves were excavated. On the map, the sites with a circle correspond to hoards with only Norman palstaves, those
with a square have only Breton palstaves. The hexagon symbol indicates the presence of both types in the hoards. The grey star indicates the town of Sermizelles. The number
between parentheses in the following list corresponds to the number of palstaves used in the study. All references concerning the Norman and Breton palstaves studied here are
presented in Gabillot (2003). 1 Amiens (1); 2 Amilly (1); 3 Auray (1); 4 Bazoches-en-Dunois (1); 5 Beaumont-la-Ronce (1); 6 Besné (2); 7 Blaru (2); 8 Boisgervilly (6); 9 Boulogne-
sur-Mer (2); 10 Bourneville (2); 11 Boynes (1); 12 Breval (4); 13 Calorguen (2); 14 Canteleu (1); 15 Chambourcy (2); 16 Chaumeré (1); 17 Chaveignes (1); 18 Civry (1); 19 Compiégne
(2); 20 Conde-sur-Iton (1); 21 Corbeil-Essonnes (2); 22 Créhen (1); 23 Derval (1); 24 Dierre (1); 25 Dinan (4); 26 Distré (1); 27 Domalain (6); 28 Doué-la-Fontaine (1); 29 Epieds-en-
Beauce (1); 30 Etrépagny (1); 31 Evreux (16); 32 Fougéres (1); 33 Fourmetot (3); 34 Gien (1); 35 Gisors (2); 36 Guérande (1); 37 Héric (4); 38 Heuqueville (30); 39 La Chapelle-du-
Bois-des-Faulx (24); 40 La Herrelle (1); 41 Languenan (4); 42 Le-Boulay-Morin (4); 43 Le Coudray-Montceaux (1); 44 Le Gué-de-Longroi (6); 45 Le Landin (1); 46 Les Andelys (1); 47
Les Baux-Sainte-Croix (4); 48 Les Montils (2); 49 Livet-sur-Authou (6); 50 Longny-au-Perche (8); 51 Manneville-la-Raoult (1); 52 Margay (1); 53 Mareil-Marly (1); 54 Molain (1); 55
Montargis (1); 56 Mordelles (2); 57 Muchdent (2); 58 Nouvion (1); 59 Orival (2); 60 Oucques (1); 61 Poligné (2); 62 Pontgouin (1); 63 Rampan (1); 64 Rosay (1); 65 Rouen (6); 66
Saffré (2); 67 Saint-Briac-sur-Mer (1); 68 Saint-Georges-du-Viévre (1); 69 Saint-Léger-de-Rotes (1); 70 Saint-Quay-Portieux (2); 71 Saint-Rémy-la-Varenne (2); 72 Saint-Samson-de-
la-Roque (3); 73 Saint-Thois (141); 74 Scaer (1); 75 Segré (1); 76 Senlis (1); 77 Sucy-en-Brie (4); 78 Taden (1); 79 Tours (4); 80 Vaux-sur-Aure (8); 81 Ver-sur-Mer (1); 82 Verneuil-

I'Etang (1); 83 Ville-d'Avray (3); 84 Villejust (1); 85 Vitré (2).

found elsewhere (Spaan et al., 1997; Hamarneh and Gustavsson,
2000; Gonzalez and Woods, 2002). A prototype version of the
MATLAB toolkit CDFT was used here; it was specially developed by
palaeontologists to study ammonite species on the basis of their
ribs (Dommergues et al., 2007). In brief, one starting pixel and one
end pixel on the curve are selected by the operator. Each rib outline
is sampled with 200 uniformly spaced points. The amplitude of the
first ten harmonics is then calculated for each palstave (Fig. 3a).
Such sampling frequency (and subsequent number of harmonics) is
high enough to describe the shape properly (Fig. 3b). The amplitude
of the harmonics is then normalised with the chord length of the
corresponding rib. This analytical procedure thus produces pure
shape descriptors (see Appendix).

2.4. Possible sources of error

The operator may introduce errors during three stages: (i) the
extraction of the inner lateral rib from the archaeological docu-
mentation, (ii) the drawing itself, and (iii) the selection of the
starting pixel and end pixel for the DCT calculation. Their influence
on the final pattern has to be checked. For verification concerning
the first stage, two palstaves (one Norman and one Breton) were
selected. Their respective inner lateral ribs were truncated at each
extremity to 2.5 cm, with an increment of approximately 3 mm.
The profiles were processed as described above. To verify the
drawing stage, five inner lateral ribs were drawn twice and treated

separately. Finally, 13 profiles were reprocessed using different
starting and end pixels.

Statistical analyses (hypothesis tests, discriminant and principal
component analyses) were carried out using Statistica 6.1 software
for Windows. Bootstrap was performed using a routine developed
for MATLAB.

3. Results and discussion
3.1. Discriminating Breton and Norman types

Palstaves, especially those discovered near the Breton peninsula
and the Seine Valley have previously been attributed to Breton and
Norman types on the basis of their site of excavation and their
morphology, so that both groups are a priori defined. It is therefore
possible to check the effectiveness of the information reduction to
the inner lateral rib as the sole morphological descriptor by
computing a discriminant analysis. This procedure builds a function
from available variables, which maximizes the differences between
groups, and then allows membership to be assigned to new spec-
imens. The discriminant power of each individual variable can also
be evaluated and tested.

Here, the discriminant analysis was computed taking into
account the ten harmonic amplitudes produced by the DCT. It is
worth mentioning that Kolmogorov-Smirnov tests indicate that all
variable distributions for each group do not significantly differ from
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Fig. 3. (a) Extraction of the inner lateral rib from the available archaeological documentation: decomposition by DCT and representation as
examples of quality reconstitution improvement when increasing the number of harmonics taken into account.

normal, which constitutes an ideal situation for running this
statistical procedure. A test of significance on the Mahalanobis
distance, which corresponds to the square of the Euclidean distance
between centroids of each group (Legendre and Legendre, 1998),
demonstrates that the DCT values of the inner lateral ribs can be
used to discriminate very efficiently between Norman and Breton
types (F=47.66, p < 0.001). Only the first seven harmonics appear
to be useful for the analysis, and their power decreases with their
rank (not shown here). The other harmonics probably represent
random effects, noise due to imprecision in drawing, or were
induced during digitalisation. Distributions of resulting scores have

a non-null intersection (Fig. 4), but approximately 87% of Breton
and 81% of Norman axes are well sorted. Cohen’s Kappa coefficient,
which is a statistical measure of “inter-rater” agreement, was used

A1+A2+A3 A1+A2+A3+A4 A1+A2+A3+A4+A5

Breton axe

A1+A2+A3

b

A1+A2+A3+A4 A1+A2+A3+A4+A5

an amplitude spectrum. (b) Two

to evaluate the concordance between the typology previously
established by archaeologists, and the discriminant analysis. It
appears that k=0.67 £0.03 (1¢). Such a value corresponds to
a substantial agreement (p < 0.05) as proposed by Landis and Koch
(1977). As a consequence, the reduction from the overall axe
features to the inner lateral rib seems to be a pertinent choice.

3.2. Evaluation of the robustness of the procedure

The position of Breton and Norman groups can be illustrated
using exploratory representations produced by Principal Compo-
nent Analysis (PCA). However, as all harmonics possess the same
unit, but not the same magnitude and the same meaning, we chose
to perform the PCA using a covariance matrix instead of
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Fig. 4. Distribution of discriminant scores for Norman and Breton palstaves. The discriminant analysis was computed taking into account the ten harmonic amplitudes produced by
the DCT for the 177 Norman palstaves and the 203 Breton palstaves. The threshold was voluntarily set at the origin.

a correlation matrix, in order not to give too much weight to high
harmonics, which account for less variance than the first harmonics
(Lestrel, 1997). That is why the use of a covariance matrix on the
morphological space pre-processed by the DCT is well adapted for
the visualisation. Only the first seven harmonics were processed, as
they had previously been identified as presenting significant
discrimination power. Most of the variance is depicted with a single
2D diagram, since the first and second factors contribute 86.63%
and 9.75% to the total variance, respectively (Fig. 5a and b). The F1
factor is governed at 99.5% by the first harmonic, while the second
harmonic predominates (88%) on the F2 factor. The overall position
of the Breton and Norman groups well illustrates the differences
already identified by the discriminant analysis.

When the truncated profiles of the two palstaves are projected
into the morphological space (Fig. 6a and b), the dots cover a large
range, essentially along the first factor. Although such variations are
considerable, it must be kept in mind that this situation is quite
artificial and surpasses any mistakes that an operator could

reasonably make, as it corresponds to an elimination of almost
2.5 cm at each extremity of the inner lateral rib. More realistically,
actual error should not exceed one third or one fourth of the
domain displayed in the diagrams. In the same way, the repro-
ducibility concerning the drawing itself and the selection of the
starting pixel and end pixel for DCT calculation is illustrated in
Fig. 6¢ and d respectively. Both types of errors are comparable and
are very low with respect to intra- and inter-group variability. As
a result, the greatest source of errors clearly derives from the
extraction of the inner lateral rib from the archaeological docu-
mentation, but the overall structure of the morphological space
should be not drastically altered.

3.3. Case of the hoards of Sermizelles
As mentioned above, the palstaves of Sermizelles were previ-

ously attributed either to the Norman or to the Breton types. If
these two types alone were present, the discriminant analysis could
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stopridge, etc. Within a given group, variants exist and produce morphological disparity.

be used to classify these palstaves: the Breton type would represent
68% of the whole set, while the remainder would obviously belong
to the Norman group. After projection into the morphological space
(Fig. 5¢), half of the Sermizelles specimens plot in the vicinity of
both the Norman and the Breton centroids and/or close to their
intersection. However Sermizelles palstaves display a wide
disparity of shapes with many individuals, spreading out to the
edge of the main body or even outside. This tends to complicate the
binary origin hypothesis.

It is therefore interesting to evaluate and compare the shape
disparity of the Norman type, the Breton type, and the whole Ser-
mizelles set, using disparity indices such as total variance and total
range. Since the sum of ranges is a disparity measure which
depends on the sample size, a rarefaction procedure is applied. This
bootstrapping approach compensates the differences in sample
size when comparing populations, by computing the sum of ranges
for repeatedly pulled random subsamples of decreasing size.

These approaches to assess morphological disparity have firm
grounding in bio-geosciences, and more details about these
routinely used procedures, especially with bootstrap, can be found
in an abundant literature (e.g., Foote, 1991, 1992, 1993; Wills,
2001). Here, even if comparisons between Norman and Breton
types are straightforward because both sets contain approximately
the same number of artefacts (~200), a rarefaction procedure is
necessary to compare them with Sermizelles, which contains only
38 axes, since range-based estimates of disparity are sample-size
dependent (Foote, 1992). Shape disparity, expressed as total range
(Fig. 7a), and variance (not shown here) are significantly greater
for the Norman than for the Breton type. It is important to recall
that all these palstaves are contemporaneous and produced in
neighbouring areas. The shape disparity of the Sermizelles hoards
is higher than that of Norman and Breton types taken separately
(Fig. 7a). But such a finding might be quite compatible with an
assortment of axes from these two groups. To test this hypothesis,

the Breton and Norman groups were pooled (Fig. 7b). The shape
disparity of this new pool still appears lower than that of Sermi-
zelles (p < 0.001), in terms of both range (Fig. 7b), and variance
(not shown here).

4. Archaeological interpretation

The mathematical treatment of the inner lateral rib fits well
with the typology previously established by archaeologists (see
Cohen’s kappa). Around 1500 B.C., the metallic production was well
controlled and rather homogeneous in terms of shape, necessarily
implying a certain standardisation within each of the two cultural
groups. This suggests that the conscientiousness of metalworkers
belonging to a given society might be expressed by the stability in
shape of the artefacts they produced; such shapes being typical of
their culture. The present approach, however, offers new oppor-
tunities to better understand the metallurgical practices in north-
western France during the Middle Bronze Age. As mentioned above,
the Breton palstaves exhibit lower shape diversity than the Norman
type. Such a distinction between the situation in the Breton
peninsula and in the Lower Seine Valley has already been noticed in
other circumstances: (i) ore deposits are abundant in Brittany,
while they are virtually nonexistent in Normandy (Geological map
of France, BRGM); (ii) the post-casting treatment of the palstaves is
clearly different from one area to another (Gabillot, 2004); (iii) the
hoards are different in terms of size and composition (Gabillot,
2003). All these clues, including shape disparity, plead for major
differences concerning the control of metallic production within
the two cultural areas.

The introduction into the analysis of Sermizelles palstaves,
discovered far from the presumed production areas, provides
information about the circulation of metallic artefacts. This set of
palstaves cannot be explained by a simple assortment involving
Breton and Norman sources only. It is unlikely that the atypical
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Five different inner lateral ribs drawn twice and projected into the morphological space. The grey domain highlights the five pairs. (d) Thirteen drawings processed by DCT twice
(different choices concerning the starting pixel and end pixel) and projected into the morphological space. The grey domain highlights the thirteen pairs.

palstaves found in the Sermizelles hoard really correspond to
shapes which had not been recognized in the production areas,
because the corpus used here is large enough to be considered as
fully representative (almost 400 palstaves). The best hypothesis is
therefore that one or more other sources were involved. Because of
their overall likeness to the Norman and Breton types, these pal-
staves could be imitations of the “standard” models. Even if their
production areas are still unknown, it is worth mentioning that the
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site of Sermizelles is situated just north of the Morvan massif, where
indirect evidence of mining and metallurgical activities during the
Bronze Age has already been recognized (Monna et al., 2004;
Jouffroy-Bapicot et al., 2007). In any case, beyond the traditional
diffusion of artefacts from the mass production areas, the present
study suggests an immaterial circulation of ideas and know-how.
Many minor centres of Norman- and Breton-like palstaves may
have existed outside the presumed limits of production areas.
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Fig. 7. (a) Evolution of total range vs sample size using rarefaction calculated by bootstrap: palstaves from Sermizelles (1), Norman (2) and Breton (3) palstaves. (b) Evolution of total
range vs sample size using rarefaction calculated by bootstrap: palstaves from Sermizelles (1), and Norman and Breton pooled (4).



5. Conclusion

The mathematical processing of the inner lateral rib is useful to
discriminate Norman and Breton palstaves, and complements the
traditional typology. This feature is easily accessible and can be
extracted without major problems from the available archaeolog-
ical documentation. In spite of the absence of easily identifiable
landmarks, requiring the use of outline-based approaches, the
Discrete Cosine Transform appears to be an appropriate tool for
analyzing open contours, since the procedure is costless, quick,
simple, precise and reproducible. The morphometric approach
allows the construction of a morphological space which valuably
illustrates the most frequent shape, in other words the central
tendency, and also the spread of individuals around this “standard”
morphology. This shape disparity could not have been evaluated by
naked-eye observations alone, yet it is an important descriptor for
these populations. With a Principal Component Analysis, the
morphology of more than 400 samples was graphically represented
using one single diagram, without constantly having to refer back
to the original drawings. This methodology constitutes a conve-
nient tool for further studies focusing on palstaves, because it
makes comparisons between populations much easier. Moreover,
this quantification enables the use of statistical tests that are
a considerable improvement on the traditional typology. In the
example presented here, only the inner lateral rib was taken into
account, but we can easily imagine that it could be supplemented
by other features such as chemical or isotopic composition. The
nature of exchanges taking place during the Middle Bronze Age
could be better understood by extending the procedure to other
European hoards and by spatialising the information. For instance,
it would be interesting to check if the presence of outliers increases
as we move away from the traditional production areas. More
generally, the method can easily be applied to other archaeological
artefacts such as fibulas, metallic vessels or ceramics.
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Appendix

Among an infinite number of possible decompositions, the
Discrete Cosine Transform (Rao and Yip, 1990), because of its
effectiveness and its ease of implementation, has become the base
for a whole generation of lossy compression standards such as JPEG,
MPEG-2, MP3, etc... In particular, a continuous aperiodic signal is
not degraded by the Gibbs phenomenon when compressed with
DCT. This interference is typical of Fourier’s transforms when
applied to discontinuous or aperiodic signals. As soon as some
harmonics are removed, some ripples, centered on the disconti-
nuities, occur on the reconstructed signal (Dommergues et al.,
2007). A transform such as the Discrete Fourier Transform (DFT)
apprehends all signals as periodic, so, if the original signal is
aperiodic, the DFT will implicitly introduce periodical discontinu-
ities. In comparison, performing a DCT is similar to applying a DFT
on a (always) periodic signal carried out by symmetry duplication
of the original signal (Gonzalez and Woods, 2002). Hence, the DCT
is a suitable tool to quantify and compare open (i.e., aperiodic)

contours and is especially useful when landmarks are difficult to
define or localise. The shapes must be similar, the Nyquist-Shannon
sampling theorem must be respected, and the number of samples
must be identical for each specimen (Gonzalez and Woods, 2002). A
two-dimensional curve can be represented by a complex-valued
analog signal s(t),

s(t) = x(t) +iy(t), 0<t<T (1)

where variable t is the curvilinear abscissa, T is the curve length,
and parametric functions x and y are Cartesian coordinates along
the curve. If N is the number of samples, then the sampling rate is
equal to 1/AT with AT=T/(N — 1). The discrete signal s[n] can be
expressed as:

s[n] = s(nAT), AT =T/(N-1), n=0,1,...,.N-1 (2)
The forward DCT of s[n] is given by:
N-1
B (2n+ 1)kw
Sik] = ;::OC[MS[”]COS (—ZN , kez (3)
and the corresponding inverse DFT is given by:
N-1
B (2n + Dkr
sin] = IZ:OC[k]S[k]cos (721\1 , nez (4)
where
L k=0
kg = { V)

\/Z, k=0 (3)

Equation (4) exhibits the harmonic decomposition of s[n], which
is the sum of N cosine functions weighted by the Fourier coefficients
S[k]. These are complex-valued, and so can be expressed in polar
form to provide two real-valued spectra: the amplitude spectrum
and the phase angle spectrum. The first Fourier coefficient S[0] is
a constant corresponding to the centroid of the samples. Except for
this coefficient, which is obviously translation-dependent, the
amplitudes are invariant to translations and rotations. By stand-
ardising the size, they become a good proxy for morphology.
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