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Abstract

Combinatorial maps define a general framework which allows to encode any sub-
division of an nD orientable quasi-manifold with or without boundaries. Combinato-
rial pyramids are defined as stacks of successively reduced combinatorial maps. Such
pyramids provide a rich framework which allows to encode fine properties of the ob-
jects (either shapes or partitions). Combinatorial pyramids have first been defined
in 2D. This first work has latter been extended to pyramids of nD generalized com-
binatorial maps. Such pyramids allow to encode stacks of non orientable partitions
but at the price of a twice bigger pyramid. These pyramids are also not designed
to capture efficiently the properties connected with orientation. The present work
presents our first result on the design of an nD pyramid of combinatorial maps.
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In [5] the authors refer to several lemmas, propositions and their respective
proofs which are given in this technical report. A few modifications and correc-
tions have been achieved in this report since the above mentionned conference
paper went in press. As a consequence, the numbering of most of the propo-
sitions and definitions that are refered to has changed. For that reason, we
provide below a table of correspondance between the former numbering, used
in [5], and the correct one.

Table 1

Former definitions, lemmas and propositions numbers and the current ones.

Reference in [5] | In this version | Page
Definition 16 Definition 16 21
Definition 24 Definition 23 42
Lemma 17 Lemma 15 40
Lemma 19 Lemma 17 44
Proposition 7 Proposition 7 22
Proposition 12 Proposition 10 39
Proposition 13 Proposition 15 46
Proposition 14 Proposition 11 41
Proposition 15 Proposition 12 43
Proposition 16 Proposition 13 43
Proposition 21 Proposition 18 48
Proposition 22 Proposition 19 49
Proposition 24 Proposition 21 50

Note also that an index of the definitions, propositions, lemmas and theorems
is provided at the end of this report.
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1 Introduction

Pyramids of combinatorial maps have first been defined in 2D [1], and latter
extended to pyramids of n-dimensional generalized maps by Grasset et al.
[7]. Generalized maps model subdivisions of orientable but also non-orientable
quasi-manifolds [8] at the expense of twice the data size of the one required for
combinatorial maps. For practical use (for example in image segmentation),
this may have an impact on the efficiency of the associated algorithms or
may even prevent their use. Furthermore, properties and constrains linked to
the notion of orientation may be expressed in a more natural way with the
formalism of combinatorial maps. For these reasons, we are interested here in
the definition of pyramids of n-dimensional combinatorial maps. This paper is
a first step toward the definition of such pyramids, and the link between our
definitions and the ones that consider G-maps is maintained throughout the
paper. In fact, the link between n-G-maps and n-maps was first established
by Lienhardt [8] so that it was claimed in [3], but not explicitly stated, that
pyramids of n-maps could be defined.

The key notion for the definition of pyramids of maps is the operation of
simultaneous removal or contraction of cells that satisfy some criterions. Thus,
we define the operation of simultaneous removal and the one of simultaneous
contraction of cells in an n-map, the latter being introduced here as a removal
operation in the dual map.

We first raise in Section 3.1 a minor problem with the definition of ”cells with
local degree 2 in a G-map” used in [6,3] and more precisely with the criterion
for determining if a cell is a valid candidate for removal. We provide a formal
definition of the local degree, which is consistent with the results established
in the previous papers, using the notion of a regular cell that we introduce.

An essential result of this paper, presented in Section 3.1, is that the removal
operation we introduce here is well defined since it indeed transforms a map
into another map. Instead of checking that the resulting map satisfies from its
very definition the properties of a map, we use an indirect proof by using the
removal operation in G-maps defined by Damiand in [3,4]. If needed, this way
again illustrates the link between the two structures.

Eventually, in Section 3.2 we will state a definition of simultaneous contraction
of cells in a G-map in terms of removals in the dual map, definition which we
prove to be equivalent to the one given by Damiand and Lienhardt in [3]. We
finally define in the same way the simultaneous contraction operation in maps
and provide a first result (Proposition 20) that justifies this definition using
the latter equivalence.
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2 Combinatorial maps
2.1 Basic definitions

Definition 1 (n-G-map [8]) Letn > 0, an n-G-map is defined as an n+ 2-
tuple G = (D, aw, . . ., av,) where:

e D is a finite non-empty set of darts;
® Qy,...,q, are involutions on D (i.e. Vi € {0,...,n}, a?(b) = b) such that:
- Vi €{0,...,n— 1}, a; is an involution without fixed point (i.e. Yb € D,
a;(b) # b);

- Vie{0,...,n =2}, Vje{i+2,...,n}, a;a; is an involution.

If cv, is an involution without fixed point, G is said to be without boundaries
or closed. In the following we only consider closed n-G-maps with n > 2.

Remark 1 For any i,j € {0,...,n} such that j > i + 2, the permutation
o,y is an involution. Therefore, in any n-G-map we have:

Vie{0,....n—2},Vjed{i+2,...,n}, a0 = ojoy

Indeed, if cyoai0; = 1p, then cioyo; = of ' = oy and oy = oot = ajoy.
Definition 2 (n-map [8]) An n-map (n > 1) is defined as an (n + 1)-tuple
M = (D,~o,...,Yn-1) such that:

e D is a finite non-empty set of darts;
® Y, ...Vn—2 are involutions on D and 7y,—1 s a permutation on D such that
Vie{0,...,n =2}, Vje{i+2,....,n}, v is an involution.

Definition 3 (Orbit) Let ® = {¢1,..., ¢} be a set of permutations on D
(a set of darts). We denote by < ® > the permutation group generated by
®, i.e. the set of permutations obtained by any composition and inversion of
permutations contained in ®. The orbit of a dart d € D relatively to ® is
defined by < ® > (d) = {¢(d) ’ » e<® >}. Furthermore, we extend this

notation to the empty set by defining <0> as the identity map.

Definition 4 (Connected component) Let M = (D,~y,...,Vn-1) be an
n-map (resp. G = (D, g, ..., q,) be an n-G-map). A subset D' of D is called
a connected component of M (resp. G) if D' =< o,...,Yn-1 > (d) (resp.
D' =<ap,...,a,_1>(d)) for some dart d € D'.

An n-map may be associated to an n-G-map, as stated by the next definition.
In this paper, we use this direct link between the two structures to show that
the removal operation we introduce for maps is properly defined (Section 3.1).
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For that purpose, we notably use the fact that a removal operation (as defined
by Damiand and Lienhardt) in a G-map has a counterpart (according to our
definition) in its associated map and vice versa.

Definition 5 (Map of the hypervolumes) Let G = (D, ay,...,a,) be an
n-G-map (n > 1). The n-map HV = (D,dy = apq,...,0n-1 = Qpety_1) 18
called the map of the hypervolumes of G.

Lienhardt [9] proved that if the n-G-map G is orientable, HV has two con-
nected components. In the following we only consider orientable n-G-maps
and assume that an arbitrary component of the map HV is chosen.

Definition 6 (Dual and inverse) Let G = (D, ay,...,a,) be an n-G-map
and let M = (D, 7o, ...,Yn-1) be an n-map.

o The dual of G, denoted by G, is defined by:
é = (D7 Ay Op—15 - - - 7a0)

e The dual and the inverse of M are respectively defined by:

M = (D% % 5% M)
= (D7 Y0, Y0 Vn—-1, - - - 7’7071)
M_l = <D7707 cee 77“*2777:—11)

Note that we also have M~ = (D,v5', ..., v t0s vnt1) since (Vi)iefo,...n—2)
s an involution.

Proposition 1 If we consider the function HV which maps each n-G-map G
to an n-map of the hypervolumes HV (G). We have if n > 1:

HV(G) = HV(G).

In other words the following diagram commutes:

dual
—_—

b
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Proof:

G = (D,(Xo,...,(ln)
HV(G) = (D, anaq, ..., 0n0,_1) | G=(D,ap, ..., o)

HV(G) = (D, . .., qpaq) HV(G) = (D, v, - . ., apary)

Indeed, since n > 1, a,a9 = apay, and Vi € {1,...,n — 1}, ayapa,o; =
QO Ol O = Q0. U

Proposition 2 (Associated maps of an n-G-map [8]) The two n-maps
associated to an n-G-map G = (D, ay, . .., a,) are defined as:

M, = HV(G) = (D, apag, apary, . . ., iyl 1) ng'(D, Y0y - > Y1)
M2 - M = Hv(é) = (D7 Aoy, OpUp—_1, . .. ,OéoOél) ng.(D7WO’ coe 7771*1)

Since there is a one-to-one correspondence between i-cells® of My and (n—1)-
cells of My = M, and since there is a direct link between the subscripts of
the permutations of a map and the way cells are defined, it is convenient to

denote® (D, g, -+, ¥n_1) ng'(D, By -y 1)

..........

following relationships (n > 2):

Bi = Y0V

Yo =LFn and Vi € {1,...,n— 1}

Proof: From Definition 6 My = (D, B,, Buf1, - - -, BufBn_1). Since My = ﬁl =
M, we have 79 = (B, and Vi € {1,...,n— 1}, v = B0

In the same way, we have M; = (Y0, Y%Vn—1, - - -, Y071). We also have by Propo-

sition 1, M; = HV(G) = HV(G) = M. Therefore:

Bn=2and Vi € {1,...,n— 1} 5; = v

O

The two maps M; and M, associated to an n-G-map G are respectively defined
as the maps of the hypervolumes of G and G. However, whenever the reference

1 Cells are formally defined in subsection 2.3.
2 These notation are also used for example in [2].
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to the n-G-map will not be required we will simply consider that we have two
dual maps describing a same partition of the space. The equivalence between
these two representations is illustrated in Fig. 1 where the 2-G-map G is the
triple (D = D; U Do, 9, 71) with:

Dy = {1,2,3,4,5,6}, Dy = {—1,-2,—3,—4, -5, —6}
ap = (1, —1)(2, —2)(3, —3)(4, —4) (5, —5)(6, —6)

ar = (—1,-2)(2, —1)(3, —4)(4, —3)(5, —6) (6, —5)

(1, —6)(2, —3)(3,—2)(4, =5)(5, —4)(6, —1)

€%)
The 2-map HV (Q) is (D1, 9,71) where

Yo = (17 6)(27 3)<47 5)(_1? _6>(_2> _3>(_47 _5)
Y= (1, 0, 3)(2, 4, 6)(—2, —4, —6)(—1, -9, —3)

The 2-map HV (G) is (Da, 32, 31) where

B2 =
pr = (1’ 2)(37 4)(5’ 6)(_17 _2)(_37 _4)(_57 _6)

14 1-6
14 A -p -2
2 3 -
- Y 5 —4y
3
At B | A cC | B| A
44 A5
-3
44 A5 P D
3 16 -1y
2
Y6 M, = HV(G) = (D1, v, M)
4 3 2 1 6 5
- — > ———=— 00— = 0— >
G = (D,Om,OQ,OQ) A B C
-4 -3 -2 -1 -6 -5
— - —» =@ > - @
A B C

My = HV(G) = (Dy, 2, 51)

Fig. 1. A closed 2-G-map G (left). The 2-maps HV (G) and HV (G) (right).
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Fig. 2. A part of a closed 2-G-map g (left) and a part of a connected component
of the associated n-map My = HV(G) (right).

2.2 From maps to G-maps and vice versa

We first define the notion of an n-G-map associated to a given n-map. We
need a precise construction scheme of the associated G-map, since Lienhard’s
Theorem 4 [8] only stated the existence of such a G-map.

Definition 7 Let M = (D, 7y, ...,Yn-1) be an n-map. We denote by AG(M)
the (n + 1)-tuple
(157 o, 1, . .. 7an)
where
D =DUTD, where D' is a finite set with the same cardinal as D,

o is a onte-to-one correspondance between D and D’.

«; is defined fori € {0,...,n—2} by:

o 0 D —

Q1 1S defined by:

D
dy, o ifd €D
do~'y,_1 ifd €D
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e «, is defined by:

Qy, D—1D
do if d €D
do~tifde D

d —

Remark 2 Any map o; of Definition 7 satisfies:

jp : D — D'
(1)

ai\D’ : D' — D

Furthermore, c;p and oy pr are both one-to-one correspondances, as the com-
position of bijective maps for i < n, and from the very definition of c,.

Lemma 1 IfM = (D,7, ..., Y1) is ann-map and AG(M) = (D, ap, . . ., ).
For alli € {0,...,n — 1} we have (a,;)ip = ;. We also have (aoan)ip = Yo
and for alli € {1,...,n— 1} and (o)ip = Y0%i-

Proof: This comes from the very definition of the involutions oy, i € {0,...,n}
(Definition 7). Indeed, let d be a dart of D, we have da; € D’ for all j €

{0,...,n}.

If i € {0,...,n — 1}, by Definition 7 we obtain that da,a; = doo™'v; = dv;.
We also have daga,, = dypoo™! = dvp. In the last case, if i € {1,...,n — 1}
we have daga; = dygoo™ 1y = dyry. O

Proposition 3 For any n-map M, AG(M) is an n-G-map.

Proof: We show that AG (M) satisfies the properties of G-maps (Definition 1).
The set D is indeed finite and non-empty, so we need to check that the appli-
cations «; from D’ to D’ are involutions that satisfy the conditions given by
the definition.

For i € {0,...,n}, following Remark 2 and the fact that:

e DND =, and
e the maps o;p and a;p are one-to-one

we conclude that «; is one-to-one. Indeed, if dya; = daay; for dy,dy € f), it
follows from (1) that either {d;,ds} C D or {di,d2} C D'. In both cases, it
implies that d; = dj since a;p (resp. a;p/) is a one-to-one map.

Now, let d € D =DUD'. Eitherd € D or d € D'. In either case, by (1) and
the fact that a;p and a;p are onto, there exists b € D such that d = ba.
The map «; is therefore onto.
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Let us additionally remark that the preimage of b may be explicited. Indeed,
if i <n—1wehave b =dyoifd €D and b=dovy;ifde D' Fori=n—1
we have b = dvy,_10 if d € D and b = do~,*, if d € D'. For i = n, b = do " if
deDand b=doifdeD.

Eventually, the maps «; are both one-to-one and onto, so they are permuta-
tions of D. Let us check that they are involutions.

The map «, is an involution since da? is either equal to doo™! = d (if d € D)
ortodolo=d (ifdeD).

For i =n — 1, we have da? = dv, 00~ v, or doy; = do~'7y, 17,110, which
in both cases is equal to d, so «,,_1 is an involution.

If i < n—1, from the definition of o; we have doa; = dyjoo™'v; if d € D
since in this case dy;oc € D'. Since ~;, i < n — 1 is an involution we obtain
doo; = d, so oy is an involution. (The case when d € D’ is similar.)

We conclude that all the maps a; are involutions on D. It is also readily seen
from (1) and the fact that D ND’ = () that these maps have no fixed points.

Now, we need to check that for all i € {0,...,n—2} and all j € {i+2,...,n},
o,y is an involution. For that purpose, we simply follow Definition 7 to build
the following table. The two last columns show that the equality holds for any
possible value of ¢ and j.

i J d e doya; dojo;
<n-—1 n D | dyioo™t =~ doo=ty; =
<n-—1 n D' | do 1y do o
<n—2| n-—1 D | dvoo Y1 = VYot | Ay 00y =
<n—2| n—1 D’ da‘l%»’y;_lla dU_l%f—lﬂiU
<n—-3|<n-—-1| D d%ua_lvj =Y deUO_l%' = Y%
<n—-3|<n—1|7D |dotyyo do ' yvi0

In the last four rows of the table, we simply use the fact that v;v; = ;7
(since M is an n-map) to conclude that do;a; = dajay.

The overall conclusion is that AG(M) is indeed an n-G-map. O

Remark 3 If M = (D,70,...,Y-1) s an n-map and D' is a subset of D
such that for all d € D' and all i € {0,...,n — 1}, dy; € D'; then the map
Viipr 15 well defined for all j € {0,...,n — 1} and the (n — 1)-tuple M' =

10



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

(D, Yoiprs - - - ,’yn,lm,) satisfies all the conditions of Definition 2.

Using the next lemma, it follows from the latter remark that M’ is a valid
n-map if and only if D’ is the union of connected components of M, which
leads to the notion of induced sub-map (Definition 8).

Lemma 2 Let M = (D,vo,...,Yn-1) be an n-map and D’ be a subset of D.
The two following properties are equivalent:

i) D' is a union of connected components of M;
ii) Vd e D', Vi €{0,...,n—1}, dv; € D".

Proof: (i = i) since dv; belongs to the same connected component of M as
d, thus it belongs to D' if d € D'.

(it = i) Let R be the relation on D’ defined by
ARd < 3, dvy; = d

It is readily seen that the reflexive and transitive closure of R is an equivalence
relation whose equivalence classes are orbits in M that use all the permuta-
tions 7’s, i.e. they are connected components of M. Using ii), D' is such an
equivalent class. O

Definition 8 Let M = (D,v,...,Vn-1) be an n-map and D' be a union
of connected components of D. The n-map (D’,%m,, e ’7"—1|D’)’ following
Remark 3, is called the sub-map of M induced by D', which we denote by
Mp.

In the same way, the notion of a sub-map of an n-G-map is used in the sequel.
Its definition is similar.

Proposition 4 If M = (D, 7, ...,Vn-1), then we have M = HV (AG(M))|p.
Proof: Let us consider the following (G-)maps:

o M = (Daf)/Oa"w’YNn—l)
« G=AG(M)=(D=DUTD,aq,...,a)

hd HV(G) = (D7 7(/)7 s 77;1—1)
following Definitions 7 and 5.

We first prove that for all d € D and all i € {0,...,n— 1}, dv, = dv;. In other
word, we prove that %12) = ;. Indeed, by Definition 5 and Definition 7, we

11
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have for all d € D:

Ifi=n—-1, dy,_, =do,a, (Definition 5)
= doo ™17, 1 = dv,_1 (Definition 7)
ifi<n-—1, dy =doyq; (Definition 5)
= doo 1y = d; (Definition 7)

Let b be a dart of D. Since M is connected, we have D =<~g, ..., v,_1>(b).
If dis a dart of D we may thus write d = by, ...7,, with p € N and
hi € {0,...,n — 1} for k € {1,...,p}. Since v; = 71{\177 we may prove by
a simple recurence on p that by, ...y, = by, .- .’y,’lp and we deduce that
D C<~fy..-y7n_1>(b) in G. On the other hand, if d €<~,...,v,_;>(b), we
have d = byj, 7, - - -V, With ¢ € Nand by € {0,...,n—1} for k € {1,...,q},
and it is again readily seen by a recurence on q that d = by, v, ... Vn,, thus
d € D. Eventually, we have D =<7,...,7,_;>(b) (in G).

The orbit D =<7, ...,7,_;>(b), which uses all the permutations of HV (G),

is then a connected component of D in G. Therefore, since Vi p = Vi, We obtain
that M = (D, vgp, - - - ’%—1@) is one of the n-maps induced by the connected

component <7, ...,7,_1>(b) of HV(G). In other words, M = HV (G)p. O

2.8  Cells in maps

Definition 9 (n-G-maps and cells [8]) Let G = (D, aq,...,a,) be an n-
G-map (n > 1). Let us consider d € D. The i-cell, or cell of dimension i,
which contains d is denoted by C;(d) and defined by the orbit:

@l(d) =<ag,...,0;... ,Ckn>(d)
where a; denotes the absence of the involution «;.

Definition 10 (n-maps and cells [8]) Let M = (D,~o,...,Vn_1) be an n-
map. The i-cell or cell of dimension i (vertex, edges,...) of M which owns a
given dart d € D is denoted by C;(d) and defined by the orbits:

Vi € {O,...,n— 1} Gl(d) = <’}/0,...,’}A/i7...,")/n,1>(d>
Fori=n Co(d) = <Y1, -+ Y0Vn-1>(d)

In both an n-map and an n-G-map, two cells € and €’ with different dimensions
will be called incident if @ N € # (.

12
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Proposition 5 The cells of the map M = (D,fyOL. - Yn—1) may be equiva-
lently expressed according to the permutations of M = (D, [y, ..., [31) using
the following equations:

Fori=20 eo(d) = <ﬁ1_1ﬂ27 s 7ﬁl_lﬂn>(d)

VZE{l,,n} @,(d) :<60,,ﬁz,,ﬁn>(d)

Proof: Using Proposition 2, we have for any i € {2,...,n — 1}, ;'8 =
W Y0707 = 71 - Moreover, 8118, = 71 0% =71 - We have thus:
e For i =0,
Co(d) = <y1,725 -+ s Yu1>(d)

= <BubB1: BuBo; - - BufBn-1>(d)

= <07 Bns BuBas - - Bullu1>(d)

= <P B BT Bas - BT Bua > (d)

= <P Bas -, B Bur, By B> (d)
e Forie{l,....,n—1},

Ci(d) = <0, Y15+ Vie1, Vidly -+ Yno1>(d)

= <70, Y015 - - s V0Yim15, V0 Vit 15 - - s Y0 Yn—1>(d)

= <Bn, b1y, Bic1; Bivry -+, B> (d)

= <B1,-- . Bic1, Bivrs -+ Bu1y B> (d)
e For i =n,

Co(d) = <7071, - - - s Y0 Vn—2510Yn-1>(d)
= <B1,..., Bn-2, Bn-1>(d)

O
Definition 11 (Degree and dual degree of a cell) Let C be an i-cell in
an n-(G-)map, 0 < i < n.

e The degree of C is the number of (i + 1)-cells incident to C.
e The dual degree of € is the number of (i — 1)-cells incident to C.

Notation 1 Let (D, ay,...,ap) be an n-G-map. For d € D, we denote by
<y, Oy, - - ., Qg >(d), where all the involutions are excluded, the orbit <®>

(d) where ® = {ag, ..., o0} \ {Qr, Vi, - g, }

13
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€2
e 31\{4 v = {1,2}
. 1 -1 o v, ve ={-1,3,4,—4,-3, -2}
U1 PR e ={1,-1,2,-2}
es = {3,4,—3,—4
_3‘,{_4 2= 1 }

Fig. 3. Degree and local degree: The cell v has a degree 2 and a local degree 3.
Dual degree and dual local degree: The cell e; has a dual degree and a dual local
degree 2, whereas e; has a dual degree 1 and a dual local degree 2.

Property 1 Following Definition 11, the degree of a cell € in an n-G-map
G = (D,ap,...,an) is precisely the number of sets in the set A = {< Qi >

(d)|dec}.
Proof: This characterization is a direct consequence of the definition of the

degree (Definition 11) and the one of an (i + 1)-cell in a G-map (Definition 9).
O

Definition 12 (Local degree in G-maps) Let C be an i-cell in an n-G-
map.

e Forie{0,...,n— 1}, the local degree of C is the number
{< &y, &ip1>(b),b € C}

e Forie{l,...,n}, the dual local degree of C is the number
{<d&i_1,q;>(b),b € C}

Le local degree (resp. dual local degree) of an n-cell (resp. a 0-cell) is 0.

More intuitively, the local degree of an i-cell € is the number of i + 1-cells that
locally appear to be incident to C. It is called local because it may be different
from the degree since an 7+ 1-cell may be incident more than once to an ¢-cell,
as illustrated in Figure 3 where the 1-cell e; is multi-incident to the 0-cell vs.

On the other hand, the dual local degree of an i-cell € is the number of (7 —1)-
cells that appear to be incident to C. As in the example given in Figure 3 where
the egde ey locally appears to be bounded by two vertices, as it is always
the case for a 1-cell, whereas the darts involved by the orbits considered in
Definition 12 all belong to a unique vertex (vs).

Property 2 The degree of a cell in an n-G-map is greater than zero and less
than or equal to its local degree.

14
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Proof: Let € be an i-cell, 1 < n — 1, in an n-G-map and d € C. Following
Definition 9, C;;1(d) is not empty and d € €N C;41(d). Thus, € is incident to
at least one (7 + 1)-cell.

The degree of € is the number |A| where A = {< Gip1 > (d) ’ d e @}
(Property 1). By Definition 12, the local degree of € is the number of sets in
the set A = {<ay, &i1>(d) | d € €}

Now, for any dart b of € we have < &;, &;11>(b) C<d&;11>(b) (by the definition
of an orbit).

Let b and b be darts of € such that < ;1> (V) and <d;41>(b) are distinct
orbits. Necessarily, we have b ¢ <&, 11> (b'). Since b €<&;, & 41> (b) we deduce
that < ééi, ééi+1 > (b) §Z< ééi+1 > (b/> As < di, (3[,'_;_1 > (b) < di+1 > (b) it follows
that this inclusion relation allows to associate each orbit of A with exactly
one orbit of A, thus to define a map from A to A. Furthermore, the inclusion
< @y, Qi1 > (b) C< @yqq > (b) also implies that this map is onto. From the
existence of such a map we deduce that |[A] < |A]. O

Property 3 (Cell with local degree 1) An i-cell C in an n-G-map is of
local degree 1 if and only if for all d € C, doy 1 €< &y, Gyp1>(d).

Proof: If € is of local degree 1, we have H< &4, Giyq > (d) ‘ de (3}‘ =1 It
follows that <d&;, &;+1>(d) = € for all d € €. From the definition of an i-cell,
daiiq € € so that doy €<é;, Gy >(d), hence the “only if” part.

If dovi1 €< @y, 1> (d) for all d € C, it is readily seen that
Vb € e, <di, di+1>(b) =< (3[1>(b)

Indeed, in 0 = bay, ...ax, €< &; > (b) any involution oy, = ;41 may be
replaced by a composition of involutions in < d&;, &1 > since bay, ... oy, , € C.
Thus we have < &; > (b) C< &y, &1 > (b), and obviously < &;, &1 > (b) C<
&;>(b). Hence the “if” part. O

The following definition for a cell € with a local degree 2 is given in [6].
Definition 13 (Cell with local degree 2 [6])
e Foralli€{0,...,n—2}, ani-cell C is of local degree two if
Vb € C, bajp1ipe = bovioiig
e Foralli € {2,...,n}, an i-cell C is of dual local degree two if

Vb € (‘3, bOéi_lOéi_g == bOéi_QOéi_l

15
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In fact, according to the above definition, the 0-cell v; in Figure 3 would have a
local degree of 2, although this is obviously not what was meant by the authors
their definition. Beside the fact that this definition does not distinguish cells
with local degree 1 from cells with local degree 2, it is also far more restrictive
then our definition for a cell with local degree 2 (Definition 12).

However, Grasset’s definition was intended to characterize cells that could be
removed from a G-map, producing a valid new G-map. To that extend, and
except for the case of cells with a local degree 1, it is a good criterion but again
not a proper definition for cells with local degree 2. (The removal operation
in maps is the purpose of Section 3.)

For clarity, we introduce here a criterion for a cell to be removable. This
criterion may be expressed as a modified version of Grasset’s definition for the
local degree 2 that actually excludes cells with a local degree 1. But we also
provide an equivalent characterization, in terms of several conditions among
which appears clearly the exact notion of local degree 2 (Theorem 1).

Lemma 3 For anyi € {0,...,n — 2}, and any i-cell C if:

Z) db € (‘3, bOéH_l ¢< (3(,‘,(3[,‘+1>(b), and
i) Vb € C, bay1aia = bayaai

then C is of local degree 2.

Proof: Let € be an i-cell that satisfies conditions i) and ). Let b € C be a
dart such that ba; 1 €<dy, &i1>(b), following condition 7). Eventually, let d
be any other dart of C.

From the definition of a cell, we have d = bay,ay, ... ax, with kj, # i for all
he{l,...,p}.

For all A > 1 such that k, = i+ 1, let us consider d' = boy, ...ay, ,. If
kn—1 = i+ 2 then from condition i) we know that d'ay, ax, = d'ag, ag, .
In the remaining cases (kn—1 ¢ {i,7 + 2}) we have either |kj, — kp_1| > 1 or
kp, = kp_1, so that in both cases d'ay,,_, oy, = 'y, v, _, (see Definition 1 when
|kp, — kp—1| > 1). In other words, a;1 always commutes with its predecessor
in the sequence of compositions oy, ay, . . . Q-
It follows that we way write d = baj, jap . .. ciy with ky, ¢ {i,i+ 1} for all
h€{0,...,q} and r € N. Eventually, if 7 is even we have d = (b)ay . .. cuy
and if r is odd, d = (ba1)ar ag, . . . ;. In other words,

de< OAéi, ééi+1>(b)

or
de< OAéZ', &i+1 > (bOéH_l).

16
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Fig. 4. A solid representation of a part of a 3-G-map where a vertex has a local
degree 2 but is not regular. (The vertex is made of all the depicted darts.)

Since ba1 <&y, i1 >(b), it follows that the two above orbits are distinct.
As any dart d € € belongs to one of them, they form a partition of € and the
local degree of C is 2 according to Definition 12. O

At this point, we introduce the notion of a regular cell that will help us to
clarify (with Theorem 1) the link between the proper notion of a local de-
gree 2 and the one of cells that may indeed be removed while preserving the
properties of a G-map.

Definition 14 (Regular cell) An i-cell (i < n —2) in an n-G-map is said
to be regular if it satisfies the two following conditions:

a) Vd € €, daji104r9 = doypotipr o1 doypioups &< &, Gigq > (daypo041),
and

b) Vb e C, bayy1 €<y, diy1>(b)

Note that condition a) of the above definition may be read as an implication,
in other words:

Vd € e, if dOéH_lOéH_Q 7é dOéi+2()éi+1 then dOéH_lOéH_Q ¢< OAéZ', ééi+1>(d0[i+20{i+1)

As an illustration, Figure 4 depicts a vertex with local degree 2 in a 3-G-
map, vertex which is not regular according to the above definition. Following
Grasset et al.’s criterion, such a vertex is not considered as removable because
it does not have a local degree two (according to their definition of the local
degree). In our case, this vertex actually has a local degree two but is still
excluded because it is not regular.

Lemma 4 Let G be an n-G-map and C be an i-cell of G fori € {0,...,n—2}.
If both conditions i) and ii) below are satisfied,

7,) db € (‘3, bOéH_l ¢< ééi,ééi+1>(b), and
it) Vb € C, bajt10iyo = bovipotisy
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then C is reqular.
Proof: The proposition a) of Definition 14 is trivial from 7).

Let us consider a dart b which satisfies ¢) and an arbitrary dart d € C. Using
Lemma 3, d €<y, 1> (b) or d €<dy, Gy > (bayyq) with:

< di, d1+1>(b) 7é< d/i, di—i—l ><b0éi+1).

Let us suppose that d €< d;, &;41 > (b). We have thus d = ba;, ...« , with
o€ {0, n} — {i,i+ 1} for all k.

o If ji, # i+ 2, for any k € {1,...,p} then o; 1y commutes with any «;,,
ke{l,...,p} and we have:

dOéH_l = bO{H_lCle ce Oéjp.

e Otherwise, let us consider the greatest index h such that j, = i + 2. By
definition of h we have:

dai—i—l = bO{jl c. Oéij{H_1

= bOéjl Ce Oéjh,loéi+2ai+lajh+1 Ce Oéjp

with both sequences ay, ...aj,_, and aj, , ...«;, being possibly empty.
Since by, ... ay, , belongs to € we have by #i):

bOéjl .. Oéjh_lOéi+2()éi+1Oéjh+1 .. Oéjp = bOéjl Ce Oéjh_lai+105i+2ajh+1 C Oéjp

This process may be iterated on the sequence doyj, ... «;, 011 until o,
reaches the dart b. We obtain thus finally:
dOéi+1 = baiJrlajl e

p

We have thus in both cases da; 1 €< &;, &1 > (bayy). Since < &;, Qypq >
(baviy1) #< &y, ip1>(b) and d €< @y, 41> (b) by hypothesis we obtain:

dop1 €< by, Qg >(d)

The same demonstration may be conducted if d €< &;, 1> (bayq). O

Theorem 1 For anyi € {0,...,n—2}, ani-cell C is a reqular cell with local
degree 2 if and only if

Z) dd € @, daiﬂ ¢<di,di+1>(d), and
it) Vd € C, dajp10ipe = doaip
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Proof: The reverse implication is provided by Lemma 3 (local degree 2) and 4
(regular). Let us show the implication. First, if € is of local degree 2 it is not
of local degree 1 and the property i) is provided by Property 3.

Secondly, let us consider a dart d € €. We have by condition b) of Definition 14
(and the fact that da; o € C):

doiy €<ay, Gip1>(d) and doy o €< by, Gip1>(d)
Therefore if dai+1 ¢< OAéi, ééi+1 > (dOéiJrQOéiJrl), the three orbits < OAéi, é{i+1 > (d),
< ééi, ééi+1 > (dOéH_l) and < ééi, ééi+1 > (d()éi+2()éi+1> are distinct. HOWGVGI‘, in this
case C would be of local degree at least 3, which contradicts the hypothesis
about the local degree 2 of €. We have thus:
dovip €< by, Qg1 > (dovpoip)
which implies that
do 100 €< Gy, Q1> (dopo0ry)

Using property a) given by Definition 14, this last point implies that da; 1040 =
da 1911 which corresponds to ). O

Definition 15 (Local degree in maps) Let C be an i-cell in an n-map.

e The local degree of € is the number

{ <40 4i1> () | b e €} ifief{0,...,n—2}
‘{<'yo’yl,...,’yofyn,2>(b) ‘ be GH ifi=n-—1

e The dual local degree of C s the number

{ <3 41>0) [ b e €} forie{l,... ,n—1}
‘{<fyofyl, e Y0 Yn—2> (D) ‘ be (3}‘ fori=n

The local degree (resp. dual local degree) of an n-cell (resp. a 0-cell) is 0.

Let us justify the orbits considered in the definition of the local degree when
i €{0,...,n—2}. As for G-maps, we consider the darts that may be reached
from d while allowing no change of i-cell (hence 4;) and no change of (i+1)-cell
(hence 4;41). In the case when ¢ = n — 1, preventing any change of (n — 1)-cell
means that the allowed involutions are in {7, ...,7,—2}, and preventing any
change of n-cell means, according to Definition 10, that the set of allowed
involutions is {YoY1, .- -,%Vn_1}. Overall, only the involution ~yy,_; of the
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latter set is not allowed by the first one, therefore we obtain the orbit that
must be considered, i.e. <YoY1,- -5 Y0Vn_2>-

Proposition 6 Let G = (D,v,...,7m-1) be an n-map and let us consider
d € D. The i-cell C;(d) is of local degree at most 2 if:

e Forie{0,...,n— 3}, b%—+11%+2 = b%':_lQ%‘—i-l for all b € C;(d).
e Fori=n-—2, b%;ll = byp—1 for all b € C;(d).

Such a characterization may be equivalently performed in terms of the dual

map G = (D, By, ..., 51):

Vi € {O, BN IS 2} Vb € (f’z(d), bﬁijrllﬁi—s—Q = bﬁi_+125i+1

Proof: Let us first show the equivalence between both characterizations:

e Ifie{0,...,n—3}
Ay Vi = A3 8, Bubive = dBi4 Bive
AV yvier = dBi 907 BuBiv = dB 58
So that dy; . Yise = dyiiyyiss if and only if dB4 Bire = dB Bt
o [fi=n—2:
dyn-1 = dB.Bu1 and dy, !y = dB; 1 B

Since (3, is an involution we obtain:
A1 = dB;, ' B,—1 and dv,*, = dB; ", B,
So that dv,*; = dv,_ if and only if d3,*,3, = dB; ' Bu_1.

Let us now show that the above equations characterize i-cells with local degree
2.

o If i € {0,...,n — 3} let us consider a dart d such that:
AV vive = Ay
Since i < n — 3, ¥;41 is an involution and we have:
Vi vive = Ay Yiee = ALY

Since the above equation is valid for any dart d € €;(d), we may apply it to
(di12) and we obtain:

(dVir2) Vi Vi1 = dYiv2Yir1Vive = dYita
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We have thus:
dvivoyit1 = d%+2%+1%+27;12 = d%+1’>’i_+12

Let us now consider one dart b € C;(d) =<70,...,%,---, Va—1>(d). The

dart b is equal to dp with ¢ €<7y,...,%, ..., n—1>. Let us consider ¢ as a

word built on the alphabet {Yo, ..., %, Yoo} UL oo v oo Yt )

Within the general case, the symbol 7;,; commutes with all the symbols of
this alphabet except ;1o and 7;12. But as we have shown, the relationship
Ayt Vive = dyiyYie induces for all d € €:

dYir2Vir1 = dYir1 Vit
Ay = dyis1Yire
We may thus consider the natural p and the function

¢ €<%, --- 7")71'771‘117 s 7P)/n71>(d)

such that b = d}, 9.
Since 1 < n — 3, 7,41 is an involution and:
~ If pis even dy?,, = d and:

b= dw €<, -- 772'A+1> s 57n71>(d) = ez+1(d)

~ If pis odd dv},, = dviy1 and:

b=dvip1¥ €<V, Vit1s -, Yne1>(d) = Cipa(dyigr)

Therefore any dart of C;(d) belongs either to C;y1(d) or to C;rq(dyir1),
Ci(d) is thus incident to at most two i 4+ 1 cells and its degree is at most

2.
e Ifi =n—2 C,2(d) =<90,---,Y—3, Va1 > (d). The permutation ~,_;
commutes with all v;, i« < n — 3 and we have thus as previously, for each
b € Cy(d) a function ¢ €< g, ...,V,_3> such that b = dy’_,;p. We have
thus b € C,_1(d) if p is even and b € C,_1(dyn—1) if p is odd. The n — 2 cell
Cn—2(d) is thus incident to at most two n — 1 cells: Its degree is at most 2.

O

Definition 16 (Regular cell in n-maps) A cell in an n-map is said to be
regular if it satisfies the two conditions a) and b) below:

a) If i <n—3, for all d € C we have:

dYis1Viv2 = dYizoYirr O dYig1Vive E<His Yie1> (dVir2Yis1)
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If i =n—3, for all d € C we have:

dn—2Yn-1 = AV 1Yz and dy,_o7, "y = dyn1Yn—2, or
dyn—o ¢ << %—3,’AYnf2>(d%:—l1”Yn72)”Y;—11U <f3/n737':)/n72>(d7n717n72)7n71>

If i =n—2, for all d € C we have:

d%;—ll = dyp-1, or d%f—ll &<, Yn—3>(dVn-1)
b) If i <n —2, for all b € C we have:

byit1 €<5i, Yir1>(b)

If i =n—2, for all b € C we have:

{b’yn—la 5%7_11}“ <7, -- a7n—3>(b) = @

Remark 4 If v is a permutation of a set S, then for all s € S there exists

p € N such that

p

—_—~~
1

sy=sy ...yt =sy7P
Conversly, for all s € S there exists ¢ € N such that sy~ = s74.

Notation 2 If D and D' are sets, 0 : D — D', and S C D, we denote by
So the image of S by o, i.e.

50:{30‘365}

Proposition 7 Let M be an n-map and G = AG(M). If C is an i-cell of M,
then the set € = CU Co is an i-cell of G if i < n, and € = C U Cyo is an
n-cell of G if i = n.

Corollary 2 With the notations of Proposition 7 we have:

vd e @, <d;>(d) =0

Proof of Proposition 7:

e If i < n. We prove that for all b € CU Co, <a;>(b) = CUCo = CU Cay,.
Let us show first that < &; > (b) C CU Co. Let d €< a; > (b), we have
d = bog, vy, . .. o, where p € N and kj, € {0,...,n} \ {i}, 0 < h < p. (Note
that a; = o; * for all i € {0,...,n}, hence there is no need to consider inverse
involutions in the sequence ay, ... oy, .)

22



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

We prove by recurence on p, the length of the sequence ay, ay, ... ax,, that
d € CUCo. First, if p =0 we have d = b € CU Co and there is nothing left to
prove. Thus, the property holds for p = 0.

Now we suppose that the property is satisfied for p € N* and we consider a
dart d = bay, . ..ax,an,,,. We denote b = bay, ... ay,. Since the property is
valid for p, we have b’ € C or V' € Co.

If b € @, we deduce from Definition 7 that

VVippr0 i by <n—1

Vo, , = Vv, o ifk,=n—1

bo if by =n
so that in all cases V'ay,,, €<7¥;>(d)o = Co.

If b’ € Co we have I/ = 1"0 with b € C. Again, following Definition 7 and the
fact that Co C D', we have

d=10 = _ 000 iy = V" Yk i Epa <m
T Ok =V OMyn = N0y 1 : _

b'ooc™ =10 it kpr1 =n
so that b'ay,, € € since b € C and k1 # 0.

From the two latter cases, we obtain that bay, ...a,ar,,, € CU Co; hence
the property is valid for all p € N*. We conclude that <a;>(b) C €U Co.

We prove now that < a;>(b) D CU Co. Since € =< ;> (b), we deduce from
Lemma 1 that the orbit

<’71,...,’%‘,...,’7n_1>(b) in M

is precisely
<y - ey Ay ooy Oty 1> (D) in AG(M).

Since i < n we have
LR,y -+ ey Ay e oy Q1> (b) C<vgy .oy Qy ooy > (D)

Eventually, € C< a; > (b). Since i # n, we immediatly obtain that Co =
Ca,, C<a;>(b).

We conclude that <a;>(b) = CU Co.

o If i = n. Let b € C, we prove that <a,,>(b) = CU Cyyo where

C =<Y%71,- - - 770/yn—1>(b)
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~ (< ap>(b) C CUCyo) Let d €< ay, > (b). We have d = bay, . ..oy, for
p €N, with k, € {0,...,n—1} for 1 < h <p.

We prove by recurence on p, the length of the sequence oy, ...ay,, that d €
CUCygo. If p=10, we have d = b € C and there is nothing left to prove.

Thus, we suppose that the property holds for some p € N and we consider a
dart d = bay, ... ap,ap, . We denote d = boy, . ..oy, so from the recurence
hypothesis we have d’ € G U Cvyo.

If d’ € @, from Definition 7 we obtain that:

I kpp =0, dag,,, = dagona,, = d oapapay, = d' (o) € Cyo.
10 <kpp <n—1,
dag, , = d’akpﬂa_l%yoa
= d'ag,,, Y0700
= d'(an,,,) 0700
= d’v,;ilfygfyoa (By Lemma 1)
= d'(Y0Vkps1) " W00

Since d’' € € we have d'(Yo,,,) " € €, hence d'ay,,, € Cyo.

If d € Cygo then d' = d"~yo for some dart d’ € € and we have

’ o
d'oy,,, = d"vooy,,,

_qn —1
= d" 00 Vs

(since d"ypo € D" and ky11 < n)
= d"Y0Vkpss
Since d” € €, we obtain that d'ay,,, € C =<v71,...,%Vn-1>(D).

Eventually, either d € Cyyo or d € C, i.e. d € CUCy0o, and the property holds
for p+ 1.

— (CUCypo C<an>(b)) We have C =<v971, - .-, YVn-1>(b). From Lemma 1
we deduce that the orbit <~v¢y1,...,%7m-1>(b) in M is precisely

< W QALY -« -« A Qg 1> (D) in AG(M)

and since n > 2 we have

< AR Oy -« -y QO Ol 1> (b)) = < oy, - . .y Qo Oty — 1> (B)

= <QqpQq,. .. ,OéoCkn,1>(b)
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We observe that < apoy, ..., ap0,—1>(b) C<d,>(b), hence € C< a, > (b).
On the other hand, for all dart d € C, dyo = da,apq,. Since n > 2 we
obtain dyyo = daga,a, = dag. From € C< @, > (b) and d € C we deduce
that d e<a,>(b), thus day €< a,>(b). Eventually, dyoo €<a,>(b) so that
Cyoo C<an>(b).

We conclude that <a,,>(b) = CU Cyyo. O

Definition 17 (Associated cell) The cell C as defined in Proposition 7 will
be called the associated cell of € in AG(M).

Now, we will prove that if a cell of a map M has a local degree of 2, then
its associated cell in AG(M) also has a local degree of 2. This result will be
stated by Proposition 8.

Lemma 5 Let M = (D,%,...,Yn_1) be an n-map and AG(M) = (D =
DUTD ay,...,ap) be the associated n-G-map of M. Let C be an i-cell with
local degree 2 in M, for 0 < i < n, and Cy, Cy be the two sets of darts defined
(following Definition 15) by

o {C1,Ch} = {<’?i,’75+1>(b) ‘ be 6} if i <n, and
o {(1,Cy} = {<’Yo’71, c 0 Yn—2> () ‘ be 6} ifi=n—1.

Then we have

(Cl U C’l'y()ozn) N (CQ U CQ’Y()CY,—L) = @

Proof:

—If i <n—1, we first rewrite

(Cl U ClOén) N (CQ U CQOzn) = ((Cl U ClOén) N CQ) U ((Cl U C’lan) N Cga/n)
= ((Cl N 02) U (Clan N Cg)) U ((Cl N CgOén) U (C’lan N CQOén))

From C; N Cy = () and the fact that «,, is a one-to-one map from D to D’ we
deduce that Cia, NCha,, = 0. Since DND’ = () and v, is a map from D to D’
we also have C;NCha, = 0, C1NCha,, = 0, CoNChar,, = 0, and C,NCha,, = 0.
Thus, all the intersections of the above union of sets are empty.
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—If i =n — 1, we rewrite

(C1 U Ciyoa,) N (Co U Coypar,) = ((C1 U Crypa,) N Cs)
U ((C1 U Cryoan) N Caypary,)
= (C1 N C2) U (Cryoan N Ch)
U(C1 N Coyparn) U (Cryoam N Covyoary,)

From C; N Cy = () and the fact that Yy, is a one-to-one map from D to D’
we deduce that Ciya, N Coypay, = (. Since D ND' = () and g, is a map
from D to D’ we also have Cl ﬂleyoozn = @, Cl ﬂCQ’}/oOén = (Z), 02 ﬁCg’}/oO' = @,
and C; N Cyypa,, = (0. Thus, all the intersections of the above union of sets
are empty. O

Lemma 6 If C is an (n — 1)-cell with local degree 2 in an n-map M, then the
associated cell of € in AG(M) has a local degree 2.

Proof: Let M = (D, 7o, ...,Yn-1), AG(M) = (15 =DUD, ay,...,aq,) follow-
ing Definition 7.

If C has local degree 2 in M we have:

{<%717 Y0 Yn—2>(b) ‘ be 6’} = {0, Cy}

where C; and (5 are non-empty and disjoint sets. Thus, there exist by,b, € C
such that

o O =<%71,- 7% Yn—2>(b1),

o Co =<7V, Y0Vn—2>(b2),

o Vd € C, <y, %0Yn-2>(d) € {C1,Ca}.
Now, with e=CU Cyoo, we prove that

’{<Oé7;_1,02n>(d) ’ de é}‘ = {Cl U 01700', CyU CQ’YOO'}

Let d € C. We may suppose without loss of generality that d € C, if d € @
and that dovyy € C if d € Cvyyo. In all cases, we prove that <d&,_1, d,>(d) =
01 U 01’700'.

Thus, let d € CU Cvyyo, we consider the set <a,_1,a,>(d). If d' is a dart of
the latter orbit, we have

d’zdakl...akp,pEN

where k; € {0,...,n—2},1<j <p.
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We prove by recurence on p, the length of the sequence oy, ...y, that d' €
C1 U Cyygo with

CL =<Y0V1s - - - » Y0 Yn—2>(d) (2)

The case p = 0 comes from the assumption we made on d or do~y,. Therefore,
we suppose that the property holds for some p € N.

We have d' = doy, ...ag,0q,,, with k; € {0,...,n =2}, 1 < j < p+ 1.
Let us denote b = day, ...ay,. From the recurence hypothesis we know that
be CiU 01’}/00'.

If b € C, from Definition 7 and the fact that k,;; <n — 2 we have
d/ = bOékp_H = d")/kp+10'

We may rewrite

d/ _ b’)/()O' if kp+1 =0
DVhy110 (0 0%0) = d(Vh,%0) %00 0 <hpp <n—1

In the second case, vy, ,, is an involution since k41 < n—1 therefore d(vi,., ) =
d(Y0Vk,.) "'+ Thus, in both cases b € Cy implies that d’ € C1yp0 (see 2).

If b € Civyyo, then b = b'vyyo for some dart b’ € C;. Then again from Defini-
tion 7 we have d' = bo 'y, ., = Vo0 0 = U0 vk I Kppr = 0 we
obtain that d’ = V"yyy = b" € C}, otherwise d' = b"yyy,,, € C1 by (2).

We conclude that bay,,, € Cy U Civy0o, so that the property holds for p + 1,
hence for all p € N. Eventually, <a,,_1,d,>(d) C C; U Ciyg0.

Now, from the definition of C; (2) it is straightforward that C; C<ay, ..., a, o>
(d). On the other hand, we have Ciyy0 = Cra,pay,. Since n > 2 we obtain
Civpo = Chrag. Therefore, C; C< ayg, ..., a,_o>(d) implies that Ciyo C<
Qg - - ., p_o>(d). Thus we have C; U Cyyp0 C<ay, ..., an_2>(d).

Finally, for all dart d € €, we have proved that < ag, ..., n_o> (d) =C1 U
01’700' or <og,... ,Oén_2>(d> = CQ U 02’700'. Since Cl U 01’700' and Cg U CQ’)/()O'
are distinct sets (Lemma 5), we obtain that C has a local degree 2 according
to Definition 12. O

Lemma 7 If C is an i-cell with local degree 2 in an n-map M fori <n —1,
then the associated cell of € in AG(M) has local degree 2.

Proof: Let M = (D,7o,...,%m-1) and AG(M) = (D = DUTD, a, ..., )
following Definition 7.
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Since © < n — 1 and € has local degree 2 in M we have:

{<Fi7ia>0) [be e} ={C1. o}

where (' and Cy are non-empty disjoint sets. Thus, there exists by,by € C
such that

- Cl :<’?i7%'ti-1><b1)’
— Cy =<9, 741> (ba),
~Vd €D, <¥;,v41>(d) € {C, Ca}.

With € = €U Co, we prove that

‘{<di,a{+1>(d) ‘ d e é} = {Cl U 010', cyU CQO'}

Let d € €. We may suppose without loss of generality that d € C if d € € and
that do=! € C} if d € Co. In all cases, we prove that < d;, a;y1>(d) = C1UC, 0.

Thus, let d € €, we consider the set < Qj, @1 > (d). Let d' be a dart of the
latter orbit. We have:

d = dag, o, . ..o, g €N

where k; € {0,...,n}\ {i,i + 1} for j € {1,...,q}.

We prove by recurence on p, the length of the sequence oy, oy, ...y, that
d € Cy UCio with C7 =< 4;, 541> (b1). If p = 0, since we supposed that
d € Cyordo~t € Cy (i.e. d € Cy0) the property holds and there is nothing
left to prove.

Now, we suppose that the property is verified for some p € N. Let d' =
dag, g, . .. ag,ap,,, with d" = day, o, . . . oy, From the recurence hypothesis
we have d” € C UC0.1fd" € Cy, by Definition 7 we obtain that d' = d"v;,, o
(if kpr1 <n—1),d =d"v;, o (f kyyy =n—1),or d = d"o (if kpyy = n)
; therefore in all cases d' € Cyo. If d" € Cio, we have d' = d"o~ 'y, (if
kpi1 < mn)or d = d'o™" (if k,y1 = n); so that in both cases d' € C;. We
conclude that d' = doy, € Cy U Cio and the property holds for p + 1, hence
for any p € N.

Eventually, we obtained that

<d,»,oz{+1>(d) Cc ChyUCyo
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Now, we show that C; U Cio C< dy, a1 > (d). We have C} =< 7,741 >
(b1) =<7i,7i+1>(d) and by Lemma 1:

<’?Z‘, ’%A—ﬁ-l>(d) =<a,0p, ..., OénAOéi, andi+17 R O[nOén_1>(d)
Since i < n — 1, we have a,, € {ap,...,an} \ {a, i1}, therefore
<O, - - O, O i1 - - . A1 > (d) C< Ay, 1 >(d)

Finally, C; C< @;, ;1> (d). Since i + 1 < n, this also implies that Cia,, =
Cio Cc<a;, OéiA_|_1>(d).

We conclude that <a;, av1>(d) = Cy U Co.
The overall result is that for all d € é, either

i) <ay,ai1>(d) =C1UCo, or
ZZ) <di7 O{ZA+1><d) = 02 U 020.

where C7 U Cyo and Cy U Cyo are disjoint sets (by Lemma 5). In other words:
{<di,ain>(d) |d e €} =2

or again, C has a local degree 2 according to Definition 12. O

Proposition 8 If M is an n-map and C is an i-cell with local degree 2 in M
(Definition 15) for 0 <1i < n—1, then the associated cell of C in AG(M) has
a local degree of 2 (Definition 12).

Proof: The case i =n — 1 is proved by Lemma 6, and the case ¢ <n — 1 by
Lemma 7. O

Lemma 8 Let M = (D,%,...,Yn_1) be an n-map and AG(M) = (D =
DUD, ay,...,an) be an associated n-G-map of M following Definition 7. Let
U= {5 C {0551} forp < n, and ® = {ag,,..., o, }. For

all b € D we have
<d>(b) C (< U>(b)U <\I/>(b)an)

Corollary 3 With the notations of Lemma 8, for alli < n—2 and all b € D
we have:

< by, Q1> (b) C<Hi, Fir1>(D)U <Fi, Fir1>(b)
Proof of Lemma 8: Let d e<®>(b). We may write

d:bOzhl...Oéhq,QGN

29



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

where h; € {ky,...,ky} forall j € {1,...,¢}.

We prove by recurence on ¢, the length of the sequence of involutions ay, . .. ay,,
that either d e< V> (b) or d €< V> (b)ay,. The property is immediately ver-
ified for ¢ = 0. Thus we assume that the property is valid for some integer p
and we consider the dart d with

d=bay, ...op,an,,., g €Nand by € {ki,... k}for 1 <j<qg+1

By the recurence hypothesis, we have d = b'ay,,,, where ' e<¥>(b)U < V>
(b)auy,.

If o' e<¥>(b) we write d = by, p 0ty = b’(anahqﬂ)*lan = b’(thﬂ)*lan, if
hgt1 # n, and we obtain that d €< W¥>(b)ay,. The same result is immediately
obtained when h,.; = n since in this case d = V' ay,.

If ¥ e< > (b)ay,, we have b’ = V', for some dart b €< ¥ > (b) and we
obtain, when hqyy # n, that d = Va0, = V', €<V >(b). Again, if
het1 = n we immediately conclude since in this case d = 0" a0, = 1"

Eventually, we have proved that d €< ¥ > (b) or d €< ¥ > (b)a,, when the
sequence of involutions has a length p + 1. The property is thus true for any
sequence. O

Later on, we use the fact that a regular cell in M is associated with a regular
cell in AG(M). This will be stated by Theorem 4, whose proof is based on the
next Lemmas.

Lemma 9 If C is ani-cell, 0 <@ < n—2, in a map that satisfies property a)
of Definition 16, than € in AG(M) satisfies property a) of Definition 1/.

Proof: Let M = (D, o, ..., m-1) and G = AG(M) = (D = DUD’, a, . . ., ).
olfi<n—3.

We may write € =<4;>(b) for some b € D. Following Definition 17 we have
C =CUC Cay.

Let d € C.

a) If d € D, by Definition 16 we know that either dvy; 11712 = d7viroVit1 OF
dYis1Viv2 E<Yi, Yie1>(dYiz2viv1)- By Lemma 1 we may write day, 110,049 =
Ao, 0200 i1 O Ao, (g 0 Qo E< i, Vi1 > (don o0 it y).

Since 1 + 1 < n — 3 and AG(M) is an n-G-map, we have b, ;11 = bay 1,
and bay, ;0 = bayoay, for all b € D. Hence, either do; ;19 = doyio0yq Or
dai1@iye <5, Vi1 > (daviy20041).
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NOW, if dai+1ai+2 7£ dCY,L'+2Q’Z'+1 we have dai+1ai+2 ¢<’A)/i, &i+1>(dai+2ai+l)- In
this case, let us suppose that da; 1040 €< &y, dyp1>(doo041). By Lemma 8,
we know that

<@y, Qi1 > (dovpa0 1) C<Hiy Vi > (oo )U <5, Yigr > (dopo0ig )y,
Thus, either dai+1ai+2 €< Vi, Vir1 > (dOJH_QCYi_,_l) or dai+1ai+2 €< Vi, Yir1 >
(doviyoviy1) o, Since do 1y = dyip1vipe € D and <5, Yig1 > (daipoaiir)an, C
D' we necessarily have do;i 0o €< 9y, Yir1 > (daioiiy), a contradiction.

Therefore, day 0o <Gy, Qg1 >(doo0iyy).

Eventually, we have proved that either da; 190 = daypoqiq or doy 1049 €<
&4, Giyq > (daypoa41) which is property a) of Definition 14.

b) If d € D', then d = d'«,, for some dart d' € C (Definition 17). From Defi-
nition 16 we know that either doa,yii17ite = danYiroYir1 or dayYiv1YVite €<
Yis Vir1> (dawmYiraYir1)-

If doyYig1Vig2 = danigy2Vis1, we have:

Ao, 0 Qi1 Qo = do, o041 (Lemma 1)

dovi 100,040 = da 20,011
dOZZ‘+1Ozi+2(Xn = dai+2ai+1an (Z <n-— 3)
doviy1Qgo = da2041

If donYig1Yiee 7# domYigoyirr, then doyyipivice €< i, Yig1 > (dogYigaVigr)-
Since day, € D, we have proved that da,; 10440 €<y, Q1> (doyauo0iq).
Since 1 < n — 3, day o0y = doyyo0p10, and doy e = doy1Qga0y,.
Futhermore, since n ¢ {Z,Z + 1}, < (362', OAéH_l > (d()éi+2()éi+106n> =< ééi, ééi+1 >
(dai+2ai+1). It follows that dai+1ai+2an ¢< dia&i+1 > (dai+2ai+1), which
in turn implies that do;i 100 €< Gy, Qi1 > (dagioai). Eventually, either
dai+104i+2 = dai+204i+1 or dOéZ;HOéiJrQ §é< di, di+1 > (dai+2ai+1), which is prop-
erty a) of Definition 14.

o Ifi=n-—3.

a) If d € D. Following Definition 16, either dv,_oV,—1 = d¥, 1 VYn—2, O dyn_s &
<< Yn—3s Yn—2> (d%;lﬂn—Q)%;llU <An-3, Yn-2> (d%—1%—2)%—1)-

If dv,_oVn_1 = d’y;_llfyn,g, by Lemma 1 we deduce that da,o, sana, 1 =

Ao, 10,00, —9. Since day,,—9 = day,_s0r,, we obtain that do,_sa,_1 =
dan—lan—Q-
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Now, if dvVp—oYn—1 # v, 1 VYn—1 We necessarily have by Definition 16:

d’V’rL—Q ¢ (< ’Ayn—37’A)/n—2>(d77;—117n—2)'77:711U <’AYn—37&n—2><d7n—1’7n—2)7n—1)

(3)

Suppose that da,, a0, 1 €<dy,_3, @y_2>(doy,_100,_2), which we may rewrite
dov, 90,0, 1 €< Qp_g3, Qg > (doty 100,00, 2), OF da, 0, o0, €<
Gp—3, Qg > (do,— 10,0000, —2). Since d € D we obtain that dy,_27,—1 €<
dnfg, OAén,Q > (d’)/;_ll')/n72>

By Lemma 8, we deduce that dv, oVn-1 €< An_3, Yn_2 > (dy, 1 n2)U <
An-3,n—2 > (dy; 1 m_2)n. Finally, the fact that dvy, 27,1 € D and <
’A)/n—37'A7n—2 > (d77:—117n—2)an - D’ implies that drYn—Q’Yn—l €< ’S/n—37’AYn—2 >
(dvptin=2), 1. dyn—s €<An—3, An—2>(dV; 1 9m—2)7m21 ; Which is a contradic-
tion with (3). Therefore, da, o, 1 €<z, Qo> (do,—100,—2).

b) If d € D', we have d = ba, for some b € C. If € is regular, since da,, = b €
@, following Definition 16 either dan%_w,;ll = dopYn—1Vn—2, OF A, Yn_o ¢

(< V-3, Yn—2> (d%:—ll’Ynd)’Y;—llU <Hn-3, Yn—2> (dan’)/nflﬁ)/nf2)7nfl> .

If dan%_ﬂ;}l = dpYn-1Yn—2, by Lemma 1 we deduce that do,, o, o, o0, 10, =
dov, Oy 0y 10y Oty —a. Since doay, 0, —o = dov,_or,, we obtain that doy,, oo, 10, =
dov, 10, o0y, hence day, s, 1 = day,_100,_s.

Now, if daw, Y2721 # A Yn—1Vn—o- it follows (Definition 16) that

dan’)/n—2 ¢<’A)/n—37 &n—2>(dan7n—17n—2)7n—l (4>

Let us suppose that do,, o0, 1 €<dy,_3, @y_2>(doy, 100, _2). Since n ¢ {n —
2,n — 3} we have <dy,—3, dp—o>(day_105-2) =<3, Qo> (do, 100, _201,).

It follows that

dananan—Zan—lan € <dn—3a CAlfn—2>(dOénanOén—lOv/n—205n>

Since dqn € D, by Lemma 1 and from the fact that ba,«a,,_o = ba,,_sa, for
all b € D, we obtain

danfyn*ny'r:—ll e < dn737 OA‘n72 > (dOénIYnflfyan)
By Lemma 8 and the fact that do,v,—27,"; € D we deduce that

danf)/n—Q’Yq;—ll e< /?n—S) ;5/71—2 > (dan/yn—l/yn—Q)
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in other words,

dan7n72 e< ’A)/nf?n :)/n72 > (dan’}/nflf)/nf2)ﬁ)/nfl

which is a contradiction with (4). Therefore, day, sa,—1 €< Gu_3, Qo >
(danflaan)-

Enventually, we have proved that condition a) of Definition 14 is satisfied for
all d € C.

olfi=n—2.

a) If d € D. Following Definition 16, we know that either dv,'; = dvy,_1 or
dyyty E<Y1, - Ynes> (dynor).

If dv, ', = dy,_1, by Lemma 1 we have da,_1a, = doyc,_;.

Now, let us consider the case when dv, ', # dy,_i. Necessarily, we have
d’y;}l ¢<717 s 77n—3>(d7n—1>-

Suppose that da, 1, €< &, 2,d&, 1 > (daya,_1). Since d € D, we can
write dv,'; €< @n_2,An_1 > (dyn_1), and using Lemma 8 we obtain that
Aty €<An-2,n-1>(dVn-1)U <Ap_2, An_1>(dYn_1)an. Since dv, ', € D and
<An-2,n-1>(dYn_1)a, C D' it follows that dy, 'y €<An_2,n-1>(dVn_1), a
contradiction. Finally, we obtain that da,,_jc, €<dy,_2, Gy_1>(dayan,1).

We conclude that either do,_ 10, = doayo, 1 or doy,_j0y, €< Gy_o, Gy >
(do, v, 1), which is property a) of Definition 14.

b) If d € D', we have d = d'«, for some dart d’ € D.

Following Definition 16, we again know that either d'v,*; = d'y,_1 or d'v,}; ¢<
Yooy Vs> (dYp1), i d Yot <15+ - s Yns>(dv,2)).

If v, = d'v,_1 we obtain that doy,am,_10y, = don,amon,—1, thus doy,ap, 10y, =
day,_1 or again day, o, 1 = da,_10u,.

If dvy, ', # d'v,_1 we have necessarily d'vy,_1 ¢<1,...,m-3> (d'v,%,). In-
deed, let us suppose that da,, 1, €< Q2,01 > (dapa,_1). Since n ¢
{n —2,n — 1} we deduce that do,_1 €< &y_2,d,_1 > (daya,—1) and then
also that da,,_1 €< dy_9,G1 > (daya,_1v,). Substituting with d = d'«,
we obtain d'a,q, 1 €< &y, &g > (d oo,y _1ay,), and finally d'y,,_; €<
dn_g, &n—l > (dl’}/;,ll)

However, by Corollary 3, we have

<é‘n—27 &n—1>(d/fyr:—11> C<717 e 77n—3>(d/7;—11)u <fy17 s 77n—3>(d/’77;—11)05n
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As d € D, <7,...,9%-3 > (dy,})) C D and therefore < 7y,...,Yn_3 >
(d'v, o, € D'. Since d'yp,—; € D and d'Vp,_1 €< Gn_g, Gy > (d'y, 1), we
deduce from the above inclusion that d'v, 1 €< 71,..., Y3 > (d7,21), a
contradiction. Finally, da,, 10, €<dy,_9, dy_1>(dagam,_1).

We obtain that property a) of Definition 14 is satisfied by C.O

Lemma 10 If C is an i-cell in an n-map for i < n — 2 and such that it
satisfies property b) of Definition 16, then C in AG(M) satisfies property b)
of Definition 1/.

Proof: Let us denote M = (D,%,..., 1) and G = AG(M) = (D =
DUD', g, ..., ay). Furthermore, let C be an i-cell of M that satisfies property
b), and let d be a dart of C.

olfi<n—2

a) If d € D. Suppose that do; 1 €< &y, di11>(d). By Lemma 8, < &y, Grq >
(d) C<Ai,Yir1> (AU <4, Fix1 > (d)a, so that either dayr1 €< 94, Yiv1 > (d)
or dajy1 €< i, Jiy1 > (d)av,. Necessarily, we have do; 1 €< 94, Yip1 > (d)ay,
since doy11 € D'. We deduce that da; 1o, €<94,Yir1>(d), e, dayai €<
’A)/i, ’A}/Z'+1>(d), sincei+1<n—1. ThUS, we have d’Yi—i-l E<’%, ’A}/Z'+1>(d). But this
is a contradiction with the fact that C is regular in M (point b of Definition 16).
Hence, da; 1 €< &, &ip1>(d) which is property b) of Definition 14.

b) If d € D', we have d = ba, for some dart b € C. Suppose that do;, 1 =
b, i1 €<y, Gy >(bay,). Since n & {i,i+ 1} we have ba, a1 €<y, Q1>
(b). By Lemma 8,

<&, Qi1 > (D) CT<Hi, Yig1>(0)U <Hiy Fig1>(b)
so either bay, a1 €<9;, Yir1>(b) or ba, a1 €<F4, Yiv1 > (0)au,.
Since bayai11 € D, necessarily ba,ai1 €< i, g1 > (b). In other words,
bvit1 €< i, Yie1>(d), which is a contradiction with the fact that b belongs
to a regular i-cell of M (property b) of Definition 16). Therefore, da; 1 ¢<
&4, i1 >(d) so that property b) of Definition 14 is verified.
olfi=n-—2.
a) If d € D, following Definition 14 we have by,_1 €<70,..., Vn—3>(b).
Now, let us suppose that do,_1 €<é,_9, &,—1>(d). Sincen ¢ {n—2,n—1} we

deduce that doy, 10y, €< 9, dp,_1>(d) and by Corollary 3 that dv, !, €<
An—2,Yn—1>(d), which is a contradiction. Thus, do,,_1 €< &, 2, &1 >(d).
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b) If d € D', we have d = d'«,, for some dart d' € D. Let us suppose that
do,—1 €< OAén,Q, Q1 > (d) We obtain that d/OénOén,1 e< OAén,Q, Q1 > (d/Oén).
Again, since n ¢ {n —2,n — 1} we have d'a,a,,—1 €<bp_9,4p—1>(d'), and by
Corollary 3 (since d' € D) d'y,—1 €<Yn—2,¥n—1>(d’'). A contradiction with the
fact that C is regular (Definition 16). Thus, again doy,—; ¢<dy—2, Gp—1>(d).

Enventually, condition b) of Definition 14 is satisfied by C. O

Theorem 4 Let M = (D, %y, ..., V1) be an n-map and AG(M) = (D =
DUD  ayg,...,a,) be an associated n-G-map of M following Definition 7. If
C is a reqular i-cell in M for 0 < i < n—2 (Definition 16), then the associated
cell of € in AG(M) is reqular (Definition 14).

Proof: 1f C satifies properties a) and b) of Definition 16 then by Lemma 9 &
satisifies property a) Definition 14 and by Lemma 10 it satisifies property b)
of Definition 14. Hence C is regular in G. O

Property 4 An (n — 1)-cell in an n-map is of degree either 1 or 2. If the
n-map is closed, then all (n — 1)-cells are of degree 2.

3 Cells removal and contraction in G-maps and maps
3.1 Cells removal

Notation 3 If S = {E;}o<i<n is a set of sets for N € N, we denote by S*
the union of sets in S, i.e.

0<i<N

Definition 18 (Removal set) Let G = (D, a, ..., a,) be ann-G-map (resp.
M = (D,~o,...,Y-1) be an n-map) and S, = {R; }o<i<n be sets of i-cells with
R, = 0. The family of sets S, is called a removal set in G (resp. in M ).
Furthermore, for such a familly we will denote R = U}_(R;, the set of all cells
of S., so that R* is the set of all darts in S,.

Definition 19 (Removal kernel) Let G be an n-G-map. A removal kernel
K, = {R;}o<i<n in G is a removal set such that all cells of R are disjoint
(i.e. VC,€" € R, CNC = 0) and all of them are regular cells with local degree
2 (Definitions 14 and 12). A removal kernel is defined the same way for an
n-map M wusing Definitions 16 and 15 for the notions of regularity and local
degree, respectively.
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Lemma 11 Let G = (D, «,...,ay) be an n-G-map and K, = {R;}o<i<n be
a removal kernel in G. We have Rioa; N R* C R} for all i, 0 <i < n.

Proof of Lemma 11: Let d' = da; for d € R} (i.e., d € Rf«a;) and such that
d' € R*. We prove that d' € R}.

Since d' € R*, it is sufficient to prove that d’ ¢ R for all j # i. Let us suppose
that d’ € R with i # j, which means that d’ belongs to a j-cell C; € R;:

d c<qg,... ,dj, . ,O./n>(d//), d" e R;k

Since ¢ # j, d'«; also belongs to the above j-cell. However, d'a; = do;a; =
d € R}. We have exhibited a dart which belongs to both a removed j-cell and
a removed ¢-cell. This is a contradiction with the fact that cells of R do not
intersect (Definition 19). O

Corollary 5 Let G = (D, ay,...,ay) be an n-G-map and K, = {R;}o<i<n be
a removal kernel in G. With D' = D \ R* we have for all all i € {0,...,n}:

Rfo;\ R} € D' and Ria; N'D' = Ria; \ R} ()

Proof: From Lemma 11, we know that R;a; N R* C R;. We deduce that
Rfa;\ R C Rfa;\ R*. On the other hand, R} C R* implies that Rfa; \ R* C
Ro;\ R;. It follows that Rfo; \ R* = R;o; \ R}. Furthermore, since R}o; \ R*
is a subset of D' = D\ R* we also have Rfo; \ R C D'.

On the other hand, let us write:
R;(Oéi ﬂD/ = R:CYZ N (D\R*) = (R:O&Z ﬂD) \ R = R:‘az \ R*

As shown above, we have Rfa; \ R* = Rfa; \ R;. Finally, we obtain that
Riai ND' = Rfey \ Rr. D

The following definition for cells removal is adapted from [6] where a definition
combining removals and contractions is given. The definition below is obtained
by considering that no cell is to be contracted.

In her definition, Grasset required that cells of the removal kernel should have
a local degree two according to her definition (Definition 13). We have seen
that this definition is both too restrictive to be a valid definition for the local
degree 2, but also that it does not exclude cells with local degree 1.

We know that excluding cells with local degree 1 from Grasset’s definition
yields the notion of regular cells with local degree 2 (Definition 14). Both
notions being equivalent, as shown by Theorem 1. Therefore, the definition
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we present below as a note, although not exactly the one given by Grasset, is
just more restrictive in the sense that no cell with a local degree one should
be in the removal kernel.

Note 1 The operation of cells removal in n-G-maps is defined as follows in
[6]: Let G = (D, ay, ..., ap) be an n-G-map and K, = {R;}o<i<n—1 a Temoval
kernel in G. Let BV; = Rfa; \ Rf, Vi, 0 < i < n. The set BV, is called the set
of surviving darts which are neighbors of an i-cell to be removed. The n-G-map
resulting of the removal of the cells of R is G' = (D', ay, ..., al) defined by:

(1) D'=D\ R*;

(2) Vi, 0 <i<mn, Vbe D \BV,, ba; = ba;;

(3) Vi, 0 <i<mn, Vb€ BV, ba, = = bl )fay where k is the smallest
integer such that b’ € BV;.

In this report, we use the following definition for the removal of cells, definition
which is proved to be equivalent to the one used in [6].

Definition 20 (Cells removal in n-G-maps) Let G = (D, «g,...,q,) be
an n-G-map and K, = {R;}o<i<n—1 be a removal kernel in G. The n-G-map
resulting of the removal of the cells of R is G' = (D', oy, ..., al) where:

n

(1) D' =D\ R*;

(2) Vd € D', do, = da,;

(3) Vi, 0 <i<mn,VdeD,da, =d = dlaa;11)*a; where k is the smallest
integer such that d' € D'.

Notation 4 The n-G-map obtained after removal of a kernel K, = {R;}o<i<n
from an n-G-map G will be denoted either by G\ K,., or by G'\ R*.

As stated by the next proposition, the involution «,, remains unchanged after
the removal operation.

Proposition 9 Let G, G' be n-G-maps and K, = {R;}o<i<n be a removal
kernel as in Definition 20. Since R, = 0, then do,, € D' for all d € D’.

Proof: 1t is readily seen that do,, € D’ for all d € D’. Indeed, suppose that

day, € C; € R; for some i € {0,...,n — 1}. In other words, da,, belongs to an
i-cell which is to be removed for i < n:

C; :<Oé(),...,di,...,Oén>(dOén) eR,0<51<n
Since ¢ < n, we deduce that do,«,, = d also belongs to the above orbit, thus

d belongs to the same i-cell of R;. This is a contradiction with the fact that
deD. O
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Remark 5 Let G, G’ be n-G-maps and K, = {R;}o<i<n be a removal kernel
as in Definition 20. If a dart d belongs to an i-cell C of R;, then do,, € C.
Indeed, since there are no n-cell in K., i <n so that do,, €<&;>(d) = C.

The equivalence between Definition 10 of [6] (see Note 1) and Definition 20 is
stated by Proposition 10. The next two lemmas will be used in the proof of
the proposition.

Lemma 12 Let G = (D, «ay,...,ay) be an n-G-map and K, = {R;}o<i<n-1
be a removal kernel in G. Leti € {0,...,n—1} and d € Rfa; \ R}. If k is the
smallest integer such that d' = d(c;o;41)*a; € D\ R*, then k > 0 and for all
0 < h < k we have d(c;ai41) "o € RY.

Proof: Let D' = D\ R*. We first show that £ > 0. Indeed, d € Rfo; \ R}
means that d = bo; for some dart b € R; so that do; = boya; = b € R.
Therefore, da; ¢ D' so k cannot be equal to 0.

Then, we prove by recurrence on h, 0 < h < k that d(qa;y1)'a; € Ry,
assuming that it does not belong to D’ since h < k. The property has already
been shown to be true for h = 0.

Let us suppose that d” = d(a;a;,1)"«; belongs to R;. Therefore, d” belongs
to a removed i-cell, say C; =< ag,...,d4,...,a, > (d"). Because i + 1 # i
we deduce that d”a;y1 = d(oia) iy = d(osas)" € € € R;. Now,
consider d’ = d(o;ai41)"a; and suppose it does not belong to D' (h+1 < k).
There are two cases: either it belongs to R} or it belongs to R}, j # i. In the
latter case we observe that d(c;ayyi)"ta; and d(a;ci1)" belong to the
same j-cell. Therefore, d(o;a;11)" ™ a; € €' € R; implies that d(a;o;q)" €
¢ which contradicts the fact that d(O{iO{i+1)h+1 € C; € R; since cells to be
removed are disjoint (Definition 19). Hence, d(o;a;y1)" o € R; and the
property is true for h + 1. O

Lemma 13 Let G = (D, ), . .., ay) be an n-G-map and K, = {R; }o<i<n—1 be
a removal kernel in G. Let D' = D\ R*,i € {0,...,n—1} and BV; = Rfo;\ R}.
If d € D'\ BV, then do; € D'.

Proof: We need to prove that da; ¢ R* when d ¢ R* and d ¢ BV;.

We first show that da; ¢ R;. Indeed, if we suppose that do; € Rf, then
dojo; = d € Rfay. Since d ¢ R*, in particular d € Rio; \ R* = Rfa; \ R}
(Corollary 5), i.e. d € BV and it follows that d € BV, which is a contradiction,
thus da; ¢ R}

We also prove that do; ¢ R for all j, j # 4. Indeed, if doy € €; =<

Qg, ..., Qj, ..., 0> (b) for b € R} then since i # j, doja; = d also belongs to
C;. This is a contradiction with the fact that d € D’. Finally, we have do; ¢ R*
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so do; € D'. O

Proposition 10 Definition 20 and the one given in Note 1 are equivalent.

Proof: We need to check that the involutions « coincide in both definitions
forallz, 0 <i<n.

For i = n, only case (2) in Note 1 applies and D"\ BV,, = D’ since BV,, = 0.
This point thus defines ba!, = ba, for all b € D’ which is precisely point (2)
of Definition 20.

It remains the case when 0 < i < n. Let d € D', we distinguish two cases:

1) If d ¢ BV, then from Lemma 13 we have doy; € D'. Thus, k = 0 is the
smallest integer such that d’ € D' in point (3) of Definition 20 so that do) =
d' = da; is defined as in point (2) of Note 1.

2) Next, we consider the case when d € BV,. We define

k1 = min{h € N | d(ai0;41)"a; € BV,
ko = min{h e N ‘ d(oai) "oy € D’}

Since BV,; C D’ (Corollary 5) we have kg < k.

From Lemma 12, we know that for all 0 < h < ky we have d(afiai+1)h0[i € R;.
In particular, d(o;a; 1) ta; € Rf. Because applying «;,; cannot send a
dart from an i-cell to another i-cell we deduce that d(c;oii1)* oy =
d(ciaiq)F2 € R:. Therefore, we have d(c;aiy1)"a; € Rfa;. Now, because
d(oaiq)f2a; € D' we thus have d(a;a;11)*a; € Rfa; N D' and from Corol-
lary 5 we obtain that d(a;c; 1)*a; € BV,. It follows that ky > k.

Eventually, k1 = ko so that point (3) of Definition 20 is equivalent to point
(3) of Note 1 when d € BV,;. O

Definition 21 (Cells removal in n-maps) Let M = (D,~o,...,VYn—-1) be
an n-map and S, = {R; }o<i<n—1 a removal set in M. We define the (n — 1)-
tuple M\ S, = (D', vy, ... ,v,_q) obtained after removal of the cells of S, by:

° D/ =D \ R*,'

o Vi€ {0,....,n—2}, Vd € D, dvy, = d(vivih)* i, where k is the smallest
integer such that d(vivi31)*v: € D

e Fori=n—1,Yd €D, dy, , =dy*] where k is the smallest integer such
that dy¥*} € D',

39



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

We will prove in the sequel (Theorem 6) that the such defined (n — 1)-tuple
M\ S, is actually an n-map if S, is a removal kernel (Definition 19), this by
establishing the link between removal in n-maps and removal in n-G-maps.
Note that until this result has been proved, in the notation M’ = M \ K, the
prime indicates that M’ is linked to a map but is not necessarily itself a map.

Definition 22 Let G be an n-G-map, S, = {R; }o<i<n be a removal set in G
and M = HV (G). We define the set HV (S,) = { R, }o<i<n as follows:

e Vic{0,...,n—1}, Rl ={<ayap,...,qnq;,...,an0,_1>(d)|d € R}
o R ={<way,...,qp,—1>(d)|3C € R, d € C}

Lemma 14 Let G be an n-G-map, S, = {R; }o<i<n be a removal set in G and
M = HV(Q). If HV(S,) = { R} }o<i<n, we have R* = R'"™.

Proof: The fact that R* C R is immediate. Indeed, since d e< a,aq, . . . , @y,
(d), any dart of a cell of R; (for 0 < i < n — 1) belongs to R}*.

On the other hand, for all d € D and all i € {0,...,n — 1} we have

<Ay ey Ay e Oy 13> (d) C< vy ooy Gy ey 0y, 0, >(d)  (6)

From the definition of R., if £ =< ayaq,...,an0, ..., an0,_1 > (d) € R,
there exists an i-cell € in R; such that d € G. The i-cell of G that contains
dis <ap,...,0. .., 0, 1,0,>(d). From (6) we deduce that £ C C. Finally,
R* C R*. O

Lemma 15 If G is an n-G-map and S, is a removal set in G, then the set
HV(S,) is a removal set in HV (G).

Proof: Let G = (D, ay, ..., q,), according to Definition 5 HV (G) = (D, 7o =
O,y -+ vy Y1 = WpQly_1).

From the definition of HV'(S,), it is immediate that R, = (. Now, for all i €
{0,...,n—1} and all E € R, we have £ =<a,aq, ..., 0, ..., 0n0,_1>(d),
for some dart d € D. Thus, E is an i-cell in HV(G), from the very definition
of i-cells in maps. It follows that HV'(S,) is a removal set in HV(G). O

The next proposition is a first step to show that our definition of cells removal
in n-maps is consistent with the one of removal in n-G-maps.

It remains to be proved that the removal operation, when applied to an n-map,
produces a valid n-map as soon as the cells to be removed constitute a removal
kernel according to Definition 19. A consequence of Propostion 11 is that this
is true when the map is the map of the hypervolumes of an n-G-map, not for

40

ey Q1>



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

any map. The extension of Proposition 11 to any map will be the purpose of
Theorem 6.

Proposition 11 If G is an n-G-map and K, is a remowval kernel in G, we
have the following commutative diagram:

G removal of K, G, _ G \ Kr

| v |

M removal of HV (K) M \ HV(KT)

In particular, M \ HV (K,) is an n-map.

Proof of Proposition 11: Let G, G’ be the n-G-maps and K, be the removal
kernel as in Definition 20. By Lemma 15, HV(K,) is a proper removal set
in HV(G). If M = HV(G), we want to prove that the n-map M, obtained
after removal of HV(K,) from M is precisely M} = HV(G'), the map of
hypervolumes of G' = G \ K,.

Let us write KT = {Ri}ogign and Sr = HV(KT) = {R;}ggign.
Let D' =D\ R* (By Lemma 14, D’ = D\ R"™). We have:

G=(D,ap,...,an);

G' = (D, q,...,a,) where o for 0 <i < n follows Definition 20;

M = HV(G) = (D, = anap, . . ., Yn—1 = QpQy_1), from Definition 5;
M, =HV(G) = (D) =c,ap,...,7_, = a,al ), from Definition 5;

M| = (D',~,...,7v,_,) is the n-map obtained after removal of cells of R’
from M (following Definition 21).

We need to prove that for all ¢ € {0,...,n — 1} and for all d € D', dv} = dv/
which will eventually show that M| = M.

Let d € D' and i € {0,...,n — 1}.
~ If i < n — 2, following Definition 21, dvy, = d(v;v;;1)*y: where k is the
smallest integer such that d(%%jrll)k% ¢ R*. Since v; = ap; for 0 <i <m—1
we obtain:

dv) = d(anoi(anaip) ™) ana; = d(anaioinon) ana;

Since a? = 1p the latter equality becomes:

d%{ = dan(aiai—i—l)kai
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In the same way, we have for all h < k, d(vv54h)"vi = dan(aioi) oy € R*,
It follows that k is also the smallest exponent such that do, (a1 ) q; € R*.

On the other hand 7} = «;,a}. According to Definition 20 we have for any dart
be D, bal, = ba, and ba;, = b’ = b(a;a;41)"; where r is the smallest integer
such that O/ € D'. Eventually, we have dv! = d~,.

~Ifi=n—1thendy, ;| = dy**1 where k is the smallest integer such that

n
dy*1 e D’ Since y,_1 = ayov,—1 we have

k+1

dy, | = d(opan_1) T = do (10, *an,_y

In the same way, we have for all h < k+1, dy" | = da, (v, _10,) "1 € R Tt
follows that k is also the smallest exponent such that dan(&n,lan)han,l € R".
On the other hand 7/, = o) al,_; where o/, _, is defined for all b € D" by
bal, 1 = = b(ay_10,) a1 where r is the smallest integer such that b’ € D'.
Again, since da], = da,, (Definition 20) we have dv)!_; = da,(ap—100) Q1.
Eventually, dy/!_, = dv/,_,. O

Definition 23 (Associated removal set) If M = (D,7,...,Vn-1) 45 an
n-map and K, = {R;}iz0...n is a removal kernel in M. Let G = AG(M) =

(p,ao, g L) be an_associated n-G-map of M. We define the removal set
K, ={R;}i=0...n in G as follows:

-----

Vie{0,...,n—1}, éi:{é‘eeRi}

where C, for any cell C of M, is the associated cell of € in AG(M) (Defini-
tion 17).

As stated by Proposition 12, the removal set introduced in the previous defi-
nition is in fact a removal kernel.

Lemma 16 If C; and Cy are disjoint cells in M, then é1 and ég are disjoint
cells of AG(M).

Proof: Following Definition 17 and the notations of Definition 7:

e If @, and @, are both i-cells with i < n we have G; = C; U Cyo and G, =
CoUCy0o. Since G;NECy = () and o is one-to-one, it follows that ;0N Cy0 = 0.
Now, for any cell € € D and Co C D’ with D ND" = (. It follows that
€y N Cyo = Cy N Cro = (. Eventually, we obtain C; N Gy = 0.

e If C; is an i-cell with ¢+ < n and Cy is an n-cell we have C; = €; U €10 and

Cy; = €G3 U Cyypo, the same arguments apply since yy0 is one-to-one and
Cyoo C D' for all cells € of M.
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e Same considerations apply if C; and €y are both n-cell.

O

Proposition 12 The removal set K, in Definition 23 is a removal kernel in

AG(M).

Proof- Since K, is a removal kernel, by Proposition 8 all cells of K, have a
local degree 2 and by Theorem 4 they are regular. By Lemma 16, if two cells
of K, are disjoint then their associated cells (in INQ) are disjoint too. Thus,
K, is a removal kernel in AG(M) according to Definition 19. O

Definition 24 (Associated removal kernel) Let M be an n-map and AG(M)
be an associated G-map of M. If K, is a removal kernel in M, the set K, (Defi-
nition 23) is called the removal kernel associated with K, in AG(M) (following
Proposition 12).

Definition 25 (Removal set restriction) If S, = {R;}o<i<n i a removal
set in an n-map M and D' is a connected component of M, we denote by Sy ps
the removal set that contains all the cells of S, included in D'.

Remark 6 In Definition 25, since D' is a connected component, a cell of S,
is included in D' as soon as one of its darts belongs to D’. Indeed, any cell of
<0y -« -y Yn_1>(d) belongs to the same connected component of M as d.

Proposition 13 If M is an n-map, K, is a removal set in M, and D’ is a
connected component of M, we have the following diagram:

removal of K,

M\ K,

| g

removal of KT‘D/
R MO Ko

Proof: Following Remark 3 and Definition 8, M’ = My and the sub-map of
M \ K, induced by D’ are both n-maps.

We now have to prove that the diagram commutes. Let us denote:

M= (D,v,-- Y1) M' = (D', %01, s Yn—1)p);
M \ Kr = (Dlla 7(/)/7 <o 7’7;:71); and
M'\ Kyjpr = (D", 70, )

We show that for all i € {0,...,n — 1}, 7/ = %f"D,.

7
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Let K, = {R;}o<j<n-1 and Ky jp = { R }o<j<n—1. Furthermore, let i € {0,...,n—
1} and d € D
In the definition of dv/” (Definition 21), d('yim,%Jrl'_Dl,)k%m/ (d%k{ﬂm, when

1

i =mn — 1) belongs to D"\ R™ iff it belongs to D \ R*.
Indeed, let us denote d' = d(%m,%Jrlrpl,)’W”D, (resp. dvﬁﬂm,).

~(d eD'\R*=d e D\R")Ifd € D'\ R, in particular d’ € D so we have
to show that d' ¢ R*. Now, if b is a dart of a cell of R (i.e. d € R*) such that
d € D', the fact that D’ is a connected component implies that the cell that
contains b is itself included in R (Remark 6), thus it also belongs to R’ from
the very definition of K, p.. Therefore, we have R*ND" C R*ND'. It follows
that d’ ¢ R™ implies d' ¢ R*.

—(d e D\R*=d €D \R*)Sinced € D', d ¢ D\ R*iff d € D'\ R* and
the implication is straightforward since R™* C R*.

It follows that dv;” = dv;’ when d € D', thus 7/, = 7;”. Eventually, we obtain

(2

that (M \ Kr)\D’ =M \ K7"|D" O

Proposition 14 If K, is a removal kernel in M and G = AG(M) is an
associated G-map of M, then the set K, (Definition 23) is a removal kernel
in AG(M).

Proof: By Theorem 4 and Proposition 8, if € is a regular ¢-cell with local degree
2 in M, then € is a regular i-cell with local degree 2 in AG (M). Futhermore,
since the map o of Definition 7 in onto, it is readily seen that if €; and C, are
two disjoint cells of M, then €; and Cy are disjoint cells of AG(M). It follows
that K, is a proper removel kernel in AG(M). O

Lemma 17 Let M = (D, 7o, ...,%-1) be an n-map and S, = {R;}o<i<n be

a removal set in M. If S, is the associated removal set of S, in AG(M), we
have

S, = HV(S,)p

Proof: Let us denote C~¥~ = AG(M) = (D = DUTD,ay,...,a,) following
Definition 7, and S, = { R;}o<i<n the associated removal set of S, in AG(M).

(C) Let € be an i-cell in R and b € C. From the very definition of the g’—cell~é
associated to € in AG(M) and from the definition of S, we have b € C € R;.

Since b € R*, from Definition 22 there is a cell € in HV(S,) that contains b,
being a particular orbit of b. As a cell of HV(AG(M)), since b € D, the cell

€ belongs to HV (S,)p. Since M = HV(AG(M))p (Proposition 4) the i-cell
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¢’ is an ¢-cell of M. From b € C N € we then deduce that € = € so that € is
an i-cell of HV(S,)p. d € C

(D) Let d € € € HV(S,)p. From Definition 22 there exists an i-cell € € R
such that ¢’ C C € R~The orbit € € R is a particular orbit of d in AG(M);
in particular d € € € R.

Following the definition of S,, the cell € is associated to an i-cell @ € R. Note
that, from Definition 17, END = C. Asd € ¢ C D and d € € we obtain that
d e C.

Finally, we have d € €N €. Since M = HV(AG(M));p (Proposition 4) the
i-cell € of HV(S,)p is an i-cell of M. Tt follows that € is an i-cell of R. O

Theorem 6 If M is an n-map and K, is a removal kernel in M, the (n+1)-
tuple M\ K, as defined by Definition 21 is a valid n-map.

Proof: With G = AG(M), we have the following diagram:

M M removal of K, M \ Kr

uﬁ 4

removal of HV (K ;)

AG HV(G) V(G)\ HV(K,)
HV HVI
a_ . & _removal of Kr, G\ K,

Indeed:

e We have HV(@)W = M by Proposition 4. Hence the left part of the dia-
gram.

e If K, is a removal kernel in M, then K, as defined in Definition 24 is a
removal kernel in G by Proposition 12. Thus the bottom-right part of the
diagram holds by Proposition 11.

e We have K, = HV(KT)‘D by Lemma 17. Thus, the upper-right part of the
diagram is valid by Proposition 13.

Eventually, if we follow the path

\K,

M 25 G G\K, 2 HV(G\K,) 12 M\ K,

we deduce that M\ K, is a valid n-map since G = AG(M) is an n-G- map (by
Proposition 3), therefore G \ K, is an n-G-map [3,4], hence HV (G'\ K,.) is an
n-map (9], and finally HV (G \ K,)p, that is M \ K, is an n-map following
Remark 3 and Definition 8. O
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Proposition 15 Let M = (D, 3, ..., 1) be an n-map and K, = {R;}o<i<n—1
a removal set m M. The (n—1)-tuple obtained after removal of the cells of R
is M'= (D', 3,,...,3) defined by:

e D'=D\ R%;

o Vic{l,....n— 1}, Vd € D', dB = dBF(B:B1)" Bi, where k is the small-
est integer such that dBY ¢ R* and k' is the smallest integer such that
dBy (380K B e D'

e Fori=n,Vd €D, d3, =d33, where k is the smallest integer such that
dp, = BB, e D'.

Proof:

e For ¢ = n, from Proposition 2 we have 3/, = ;. By Definition 21 we know
that for all d € D', d3, = d(yoy; )"y where k is the smallest integer
such that d(yoy; ) v € D'. We may rewrite df, = dyo(y; 70)*. From
Proposition 2, 9 = 3, and 77 ' = B1 ', therefore d3!, = df3,3;". Since /3, is
an involution, d@, = dB3/"! = dBF 3. 1. Again, 3, = 3, ! so that d3, = dB¥Fg,.

e For i =n — 1, we have

Proposition 2)

dB,_1 = dVyVn_1 (
= d(yom)* i (Definition 21)
= dBYBn(BuBn_1)""t  (Proposition 2)
= dﬂf(ﬁnflﬂn)hﬁnfl ((ﬁnﬂn 1)h+1 ﬁn(ﬁnflﬁn)hﬂnfﬁ
(

= dB¥(Ba1B ) B (Bn = B

e Forie {l1,...,n—2} and for all d € D’ we have

gl = dyv: (Proposition 2)

"o (yiYir1) i (Definition 21)

= d(y071)"™

= d(y071)* 0 (Yvirv070) v

= d(vom1)* (v07ivi+170) " 0%

= dBF(B:8540)" B (7071 = frand for all 7 € {1,...,n — 2},

Yo% = B and Y170 = Bigh)
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3.2 Cells contraction

Definition 26 (Contraction kernel) Let G = (D, ay,...,a,) be an n-G-
map and K. = {Ci}to<i<n be sets of i-cells with Cy = (). Let C = U ,C;.
Furthermore, we suppose that the cells of C' are disjoint (i.e. Ve, € C, eNd =
0), have a dual local degree 2, and are regular cells in G. The family of sets
K. is then called a contraction kernel in G.

We also denote:
Ci=cadC*= |J Cf

ceC} 1€{0,...,n}

A contraction kernel is defined in a similar way for an n-map M.

Remark 7 If G is an n-G-map, then from the very definition of cells (Defi-
nition 9) an i-cell in G is an (n —i)-cell in G.

Proposition 16 If G is an n-G-map, a contraction kernel K. in G is a re-
moval kernel in G.

Proof: If G = (D, ay,...,qa,) we may write G = (D, ay,...,aq,) with a; =
a,_; for all i € {0,...,n}. Thus, for any dart d € D and any i € {0,...,n}
we have C;(d) =<ag,...,qQs,...,0,>(d) =<Tp, ..., 0n_i, ..., 0 >(d).

It follows that the set of n-cells of K, in GG, which is empty, is precisely a set
of 0-cells in G.

From Definitions 9, 12, and 6 it is also readily seen that an i-cell of degree 2
in G is an (n — i)-cell of dual degree 2 in G. Eventually, from Definition 26 a
cell of K, is a regular cell of G. O

The following definition is adapted from [6] where a definition combining re-
movals and contractions was given. The definition below is obtained by con-
sidering that no cell is to be removed.

The operation of cells contraction in n-G-maps is defined as follows in [6]

Note 2 (Definition of cells contraction by [6]) Let G = (D, aq,...,q,)
be an n-G-map and K. = {C;}i1<i<n a contraction kernel in G. Let BV; =
Cra; \ CF, Vi, 0 < i < n. The set BV, is called the set of surviving darts
which are neighbors of an i-cell to be contracted. The n-G-map resulting of the
contraction of the cells of C is G' = (D', ay, ..., al,) defined by:

(1) D'=D\ C*;
(2) Vi, 0 <i<mn, Vbe D\ BV, ba = ba;;
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(3) Vi, 0 <i <n, Vb€ BV, ba, =V = blaoy_1)*ay; where k is the smallest
integer such that b’ € BV;.

In this paper, we choose to define the contraction operation in G-maps as
a removal operation in the dual map (Definition 27 below). The equivalence
between this definition and the one (Note 2) given by Grasset in [6] or by
Damiand and Lienhardt in [3] will be stated by Proposition 19.

Definition 27 (Cells contraction in n-G-maps) Let G = (D, ao, ..., qy)
be an n-G-map and K. = {C;}1<i<n be a contraction kernel. The n-G-map
resulting of the contraction of the cells of K, is G' = G \ K,.

Notation 5 The n-G-map obtained after the contraction of a kernel K. =
{Ci}o<i<n from an n-G-map G will be denoted either by G/K., or by G/C*.

Proposition 17 Let G, G' be n-G-maps and K. = {C;}o<i<n be a contraction
kernel as in Definition 27. Since Cy = (), then dog € D' for all d € D'.

Proof: Tt is readily seen that dag € D’ for all d € D'. Indeed, suppose that
dag € C; € C; for some i € {1,...,n}. In other words, day belongs to an
i-cell which is to be removed for ¢ > 0. Since 7 > 0, the orbit that defines C;
obviously contains bay for all b € €; (Definition 9). Therefore, dagag = d also
belongs to ©;. This is a contradiction with the fact that d € D’. O

Proposition 18 Let G = (D, ay, ..., ay,) be ann-G-map and K. = {C;}1<i<n
be a contraction kernel. The n-G-map resulting of the contraction of the cells
of C' according to Definition 27 is G' = (D', oy, ..., ) defined by:

(1) D' =D\ C;

(2) ¥d € D', dogy = da;

(3) Vi, 0 <i<mn,VdeD,dda,=d = dlaa;_1)*a; where k is the smallest
integer such that d' € D'.

Proof: Let G = (D, qy,...,a,) with @; = a,,_; for 0 < i < n. From Proposi-

tion 16, K, is a removal kernel in G and we denote G” = G \ K. Thus, from

Definition 20 G” = (D", @y, ..., @) where:

e D"=D\C,

o Vd e D dal = day;

e Vi,0<i<n VdeTD, da! =d = (@a;,)a where k is the smallest
integer such that d' € D".

Now, let us denote G/K. = G' = (D, qy,...,al) following Definition 27.
Since G' = G” we have o, = @’ _, for 0 < i < n. Therefore, we obtain:

o Vd e D, dojy, = dal) = daiy;
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o Vi,0<i<n VdeD do=da_,=d = d(@n,i@n_(i_l))k@n,i where k is

the smallest integer such that d’' € D”.
or again, since o; = @,_; for 0 <1 < n,

o Vd e D, daj, = ap;
o Vi, 0 <i<mn,VdeD, dd =dal_, =d = dlao;_i)*a; where k is the

smallest integer such that d' € D”.

Which is precisely the definition of o/ for 0 < i < n in Proposition 18. O

Proposition 19 Definition 27 and the one given by Grasset (Note 2, see also
[6]) are equivalent.

Proof: Let G = (D, ap,...,a,) be an n-G-map and K. = {C;}1<i<, a con-
traction kernel in G.

We first express G/K, = G \ K., following Definition 27. Thus, let us write
G = (D,ay,...,a,) where a; = a,,_; for 0 < i < n. From Proposition 16,
K. is a removal kernel in G which contains no n-cell of G. Then, let G =
G\ K. = (D,aj,...,a,) be the map obtained after removal of K. from G.
From [6, Definition 10] (see also Note 1) and by Proposition 10, G is defined
by:

(1) D"=D\C

(2) ¥i, 0 <i<n,VbeD \BV, ba = ba;

(3) Vi, 0 <i<mn, Vbe BV, ba, = b = b(a;a;1)*a; where k is the smallest
integer such that v’ € BV,.

Now, let G = G/K.= G\ K. = G'. We denote G = (D', af,...,a) with

n

of =al _, for all i € {0,...,n}. From the above definition of @, 0 < i < n
we obtain:
(1) D"=D\C™;

1
(2) Vi, 0 <i<n,¥be D \BV, b =ba,_;
1, 0 <1 < n, € i, ba = b = b(a,_;0(n_iy+11) " n_; Where £ 1s the
(3) Vi, 0 < Vb € BV, ball = b = b( (n—i)+1)" here k is th
smallest integer such that b € BV;.

Using the relation @,_; = a; for 0 < ¢ < n, we deduce:
(1) D=D\ C%
(2) Vi, 0 <i<n,Vbe D \BV,, ba = bay;

(3) Vi, 0 <i<n,Vbe BV, ba) =V = b(a;a;_1)Fa; where k is the smallest
integer such that v’ € BV,.
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This definition of o for 0 < i < n is precisely the one given by Note 2 for the
n-G-map obtained after contraction of K. from G. O

Definition 28 (Cells contraction in n-maps) Let M = (D,vo,...,Vn-1)
be an n-map and let K. = {C;}1<i<n be a contraction kernel. The n-map
resulting of the contraction of the cells of K., which we denote M /K, is the

n-map M\ K..

The following proposition provides the justification for the definition of cells
contraction in n-maps.

Proposition 20 We have the following commutative diagram:

G Lmmcion ol Re o = G/K,

a a

M contraction of HV (K.) M = M/Kc

Proof: The diagram is a consequence of the one below, which comes from
Proposition 1, Proposition 11 and Definition 27.

G dual é removal of K. é \ Kc dual @ \ Kc _ 5/[(@ _ G/KC

HV HV HVJ, HVJ

A, S, N7 G, S TTVE, = FK = MUK,
1 2 3

Indeed, parts (1) and (3) of the above diagram were stated by Proposition 1.
Part (2) is precisely the diagram of Proposition 11. Eventually, the equalities

G\ K,=G/K.and M\ K. = M/K, follow Definition 27. O

Proposition 21 Let M = (D, 7o, ...,Yn-1) be an n-map. Let K. = {C;}1<i<n
be a contraction kernel. The n-map obtained after contraction of the cells of
K., M' = (D'~ ....v_1) is defined by:

e D'=D\C;
o Vd €D, dv, = dv*_ v where k is the smallest integer such that dy*_,~y €
D';

eVic{l,....n—1},Vd €D, dvy, = dv_,(vivi )" vi, where k is the small-
est integer such that dv® | € D' and k' is the smallest integer such that
Ayt (i) e D
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Proof: The n-map obtained after the contraction of the cells in K. in M is
M =M\ K..

Let M = (D, =% 571 = Y Vet V1 = Yo -71) (Definition 6) and let
M" = M\ K., if we denote M" = (D', ~{/,...,7"_,), according to Definition 21
and the above notations we have:

o D'=D\ R

o Vi€ {0,....,n—2},Vd € D, dv! = d(7,7:;1)"7,, where k is the smallest
integer such that d(77,4)"y, € D'

e Fori=n—1,Yd € D', dy'_, = dy"} where k is the smallest integer such
that dy**! e D

n—1

Since M’ = M”, by Definition 6 we have

n_n

M = (D', % =7,7 = Y Vn-1r- Vo1 = Y01)

Thus,

e Fori =0, dy, = dyy = d¥e7: )Y = d(v nti70) 0 ' = dyg 'yt Since
7 is an involution, we have

dyy = dyy ' =d(g k)T = ds_io (7)
e Fori=1,

"N

dyy = dygva_y = dvk_ ot (from (7))
= dyk_ (0 )"
= dvE_ 10 (e )M
= dyy_ ()"

e Forie{2,...,n—1},

"l —1

dv; = VG- = dﬁ}l?lfb—lr)/o(infii(n—i)-i-l)hinfi
= dvi_170(% riZ170) 0
= dvE_ 1076 (i)
= dyf (i)™
O

Proposition 22 Let M = (D, ,...,5,) be an n-map. Let K. = {C;}1<i<n
be a contraction kernel. The n-map obtained after contraction of the cells of
K., M'= (D', 3,...,0.) is equivalently defined by:

o1



S. Fourey and L. Brun GREYC Technical Report - TR-2009-01

e D'=D\C;

o Fori=1,Yd €D, dB3, = dBi*", where k is the smallest integer such that
dpytt e D'

o Vic{2,....,n},Vd €D, dB3 = d(B:3) 3, where k is the smallest integer
such that d(3;5;)*p; € D'.

Proof: We use the definition of the contraction in M as a removal of K, in
the dual map M. Following Proposition 2, we will denote

Ml :M: (Daﬁn n%t. %7"'751 n%t. ﬁ}/nfl) <8>

From Definition 28, M’ = M/K.= M \ K. Let M| = M\K. = (D, %y, .-, 7\_1)-
From Definition 21, the involutions 7;" are defined by

o dy; = d(77;41)"; for i € {0,...,n — 2}, and
o dy, , =dyitlifi=n—1.

With the notations of Proposition 2 we obtain:

o B, iy = d(Bn-B4-s_1) B for i € {0,...,n — 2}, and
o dB, =dp¥ttifi = 1.

where (n —i) € {2,...,n} when i € {0,...,n—2}. O

4 Conclusion and perspectives

We have defined cells removal and contraction in combinatorial maps, based
on the previous work by Damiand and Lienhardt for generalized maps.

A logical sequel of this paper will be the definition of n-dimensional combi-
natorial pyramids and the related notions, the way Brun and Kropatch [1]
did in the two-dimensional case and following the works of Grasset [6] about
pyramids of generalized maps.
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