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Abstract

This paper concerns some aspects of uncertainty evaluations in multi-criteria decision-making (MCDM) in the framework
of e-commerce website recommendation. The emphasis is on the interest of handling uncertainty with possibility
distributions in a MCDM process where evaluations coming from users present variability. Thus, we consider the
propagation of possibility distributions through the multi-criteria aggregation made by a Choquet integral that enables to
take the interactions between the decision-making criteria into account. To support the recommendation process, location
and uncertainty indicators of possibility distributions are defined as well as their marginal contributions to the aggregated
result. The proposed approach is applied here to the problem of the choice of an e-commerce website for purchase

purposes but it can also be used for dealing with uncertainty in other complex problems.

Keywords: uncertainty propagation, possibility theory, Choquet integral aggregation, decision-making support system, e-
commerce website choice.



. INTRODUCTION

In recent years, there has been a growing intérelse need for designing intelligent systems tdrads complex problems
in engineering, business and social applicatiam@rtler to deal with the considered applicatioherd is often a need to
fuse information coming from a variety of sourcphysical sensors, measurement systems, expertgbap) and having
different formats (numerical, statistical, lingig$t[1]. Moreover, due to their nature, the souraes different concerning
the reliability and uncertainty of the informatigmoduced. Therefore, one of the most challengisgesin complex
systems is to handle real-world uncertainties @ffely. In this line, this paper is a contributioo the estimation and
propagation of uncertainty in complex decisionalljpems. Indeed, the final aim of any measurememtgss rests on the
acquisition of evidence that enables to understardtl formulate decisions about some problems [ZteMbpecifically,
the paper addresses the problem of high qualitisibes in web-shopping activities and makes prdjmos to improve
the quality of information available to consumédrsleed, in this emerging domain as well as in matingr areas such as
medicine, geology, robotics, ..., human experts a®emtial, but they are not able to solve all thenenous related
problems. It is therefore desirable to develop catep based systems which incorporate the availebtevledge to
provide high-level advice to people trying to solliese problems. In this sense, the proposed melibgy can be applied
to other decision-making situations within a contefjustification of decisions with regard to theoblem of uncertainty

and the risks it involves.

In fact, at the basic level, the assessment argkptation of the effects of uncertainty for comptgstems can be viewed
in a generic way as the study of functions of threnf:

y=f(m)

where the functior represents the modeh =[my,m,,..,m)] is a vector of basic information inputs apds the high-level
information output.

In practice,f can be quite complex (non linear function, compyegram involving complex processing, e.g. fuzzy,
neuronal, evolutionary). Here we study the casergvhes a Choquet integral. Indeed, in many problenesitést known
and most extensively used functiébnis a linear function, e.g. a weighted mean, butlaes not allow considering
interactions between variables that are often pteseapplications. Therefore in this paper, to ioye the decision-
making support, we firstly propose to consider2kadditive Choquet integral that allows considgninutual interactions

for pairs of variables.



Next the goal of an uncertainty analysis is to deiee the uncertainty of that results from the uncertainty in the elements
of m, and further how the uncertainty of affects the uncertainty of throughf (sensitivity analysis). To carry out this

analysis, the uncertainty in the elememtsmust be characterized. Here, the elemeantare assumed to be characterized
by a possibility distribution/z . This uncertainty representation will not be dgegiscussed here versus other ones

(probability, fuzzy random variables, intervals, [3][4][5][6][7][8]) but some reasons will be refexd to in section IV
through our application domain. Here, in the paftic application context, the elementsrofare criteria evaluations
(within the range [0,20]) provided by users of entnerce websites, andis the overall evaluation also within the range
[0,20]. Providing the decision-maker with a glohaicertain evaluation (e.g. a propagated possibditstribution)
guarantees that no information is lost in the infation fusion processing. However, it is not neagbs easily
understandable. As a decision-making support systeaimed at representing and improving the waypfgease their
reasoning and data processing abilities, signifieard relevant indicators for aiding the decisioaker must be added.
The proposed indicators are based upon descriptigasures on the propagated distribution such eatidoc and
uncertainty, which are reinterpreted in the framdwof decision making. Indeed, the analysis is wdwinder a linear
decomposition of the indicators fgrinto components derived from the indicatorsnuf the size of these components

provides the decision maker indications of impactand variability of the elementsrof

The paper is organised as follows. Section 2 redhk propagation mechanism of possibility distidms into a 2-
additive Choquet integral. Then in section 3, wdrads the issue of how to support the decision-msakethis MCDM
possibility representation of uncertainty. In thiw, we propose to describe possibility distribog in terms of
interpretable indicators. Only location and undettaindicators are considered in this paper. Tierpretation in terms of
marginal contributions of each elementary indicator the overall indicators constitutes the basis podposed
recommendation functionalities. In section 4, vistrate our purpose with e-recommendation apdinat

In the remaining of the paper, the following nitas will be used:

S ={ §, ce é, . %} is the set of g e-commerce websites to be evaluated

m' = [rﬁl, r‘rl&, . rfg ]the vector of satisfaction degreesS&f with respect to tha considered elementary criteria.
yI the overall evaluatiom' .

Cl(m') 2-additive Choquet integral of the elementgf : y' =CI(m'")

V, coefficient ofimportance of the criterion(called also Shapley coefficient)

|ij coefficient ofinteraction between the criterisand]



H(mI ) the simplex domain corresponding to the rankinthefelements ofm’

A/'Iil linear coefficient ofmportance of criterioni in the simplex domain defined km'

7t the possibility distribution associated to theleation M of criterioni

T, the possibility distribution associated to theralleevaluationy

M(A) the possibility measure of the stfor a possibility distribution/z: [1(A) = sup, 77 (X)
N(A) the necessity measure of the etfor a possibility distributiovz: N(A) =1-sup_; 77 (X)

P(A) the necessity measure of the #etfor a probability distributionp : P(A) = I p( X dx

xOA

X
F the cumulative probability function associatectprobability distributionp : F(X) = I p( X dx

P"(A) the upper probability measure of the fetdefined by the possibility measufé(A)

P.(A) the lower probability measure of the s&tdefined by the necessity measux{ A)

+00

E’ (77) mean value of the upper probability distributiotfiied by a possibility distributiod7: E (77) = j xdE (X dx

—00

+00

E. (77) mean value of the lower probability distributiorfided by a possibility distribution7: E, (77) = j xdF (X dx

MD(77) the location indicator of a possibility distriboti 77: MD(77) = (E (77) + E. (77))/ 2
A(77) the uncertainty indicator of a possibility distrtton 77: A(77) = E (77) - E. (71)
C(ﬂi) contribution of the possibility distributiofZ, to the overall possibility distributior?ITy
77‘; decomposition part of the overall possibility distition 7T, in the simplex domaik

ﬂik decomposition part of the elementary possibilistribution 7Z in the simplex domaik
C(77°) contribution of the possibility distributiof to the possibility distributiorfz,

CA, contribution of the elementary uncertainty indiza/A(77 ) to the overall uncertainty indicatdx(77, )



Il. THE 2-ADDITIVE CHOQUET INTEGRAL AGGREGATION OF POSBILITY DISTRIBUTIONS
A. Choquet integral aggregation

Often, the decision-maker problem is to make aetaffl between the different criteria evaluationsalved in the
considered problem. This leads to consider commemperators (the aggregated evaluation is betth@eminimum and
the maximum of the elementary evaluations), and toudisqualify those that model severe or toletsftavior (such as
t-norms and-co-norms). Thus, according to these consideratibresoperators of the Choquet Integi@l)(family [9] are
particularly well-adapted because they includet@i@generalized mean operatoig.(those included between the min and
the max operators). Moreover, they can be writteden the form of a conventional weighted mean niediby effects
coming from interactions between elementary evalnat According to the application context, we wveitinsider here a
particular case of Choquet fuzzy integrals knowrtrees 2-additive Choquet integral that considersy onteractions by
pairs. In the following, the definition of the 2ditive Choquet integral and its principal propestivill be briefly recalled.

The expression of the 2-additive Choquet fuzzygraecan be written in the form of Equation 1:

% 1
Cl(ml)zzl:vini_azlij‘m_rﬂ (1)
i= i>]
This equation involves two types of parameters:[10]
« the weight of each elementary performance exprassicelation to all the other contributions to theerall
n
evaluation by the so-calléshapley coefficient®; 's, that satisfyz V; =1, which is a natural condition for
i=1
decision-makers,

+ theinteraction coefficientd i of any pair of performance criteria (i,j), that genwithin [-1,1]:
» apositivel i implies that the criteria are complementary (pesisynergy),
* anegativel i implies that the criteria are redundant (negasiueergy),

= anul Iij implies that no interaction exists, the critenia andependent; thug; 's acts as the weights in

n
a common weighted mean (the equation 1 bec&@hém') = z v, m).
=

An important point is that, th€l has a linear form on the simplex domdi'h(m') corresponding to the ranking defined

by the elements om'. TheCl can thus be written as [11]:



Cl(m') =iAu! y )

i=1

with Ay =V, +%ZIij —%ZI” 3)
jd

>

This linear expression per simplex domains wiluiseful for the uncertainty contribution determinati(section III).
B. Propagation of possibility distributions

As already introduced, we propose to handle unicéytan a multi-criteria evaluation process. Evdlaas are no longer
guantitative precise values but fuzzy assessmeatqossibility distributions. Computing fuzzy uaeld Choquet integrals

is a topic of wide interest [12][13][14]. The pragdion of possibility distributions through the Gpuet integral obeys

Zadeh’s extension principi¢l15]: T (y) = SUR (mingz, (m ),...;t, M )),

----- M) er(m = y
where 77 (y) is the overall evaluation of a vector and 7z (m) the elementary possibility distributions. This iple is

nothing else than the equivalent of the propagatioprobability distributions [3]. But as the axisnof probability and
possibility theories are not identical tlsep operation replaces theum operation and thenin operation replaces the

productoperation.

Here we limit our study to the case of mono modat@wise linear distributions: to each criterioa trapezoidal or
triangular possibility distributior’z; is associated?7; is thus defined by 4 parameteeshy,c,d with the interval [b,c] as

kernel and the interval [a,d] as support. As wedmaling with piecewise linear distributions, anithva piecewise linear
propagation function the propagated possibilityritistion is also piecewise linear. Moreover, theoGuet integral needs
only to be calculated at the intersection pointshef ascending and descending parts of the inpasilpitity distributions
[12].

This property explains the slope change in theipiisg distribution shape such as presented in ftiilowing example.
Figure 1 illustrates the criteria possibility diktrtions of four criteria evaluations of a solutisrand figure 2 the overall
possibility distribution obtained by the Choqueteral defined by the coefficients included in &bl The possibility
distributions considered in the example lead to $imaplex domains. The two sets of linear coeffitseare shown table II.

The weights of the criteria are quite differenttie two domains that reflects the interaction effec

! No assumption is made about the dependence guéndence of the criteria evaluations.



Digtributions

Table I: Choquet integral coefficients
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Table II: Choquet integral linear coefficients fbe two simplex domains

1 2
Linear Choquet coeff /domain A Au
Criterion 1 0.05 0.25
Criterion 2 0.175 0.175
Criterion 3 0.325 0.125
Criterion 4 0.45 0.45
Diztributions
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Figure 1: Example of uncertain elementary evalumtio
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Figure 2a-b: Example of an uncertain overall evédua

The slope change in the descending part is dubetdntersection point at the value 17.66 of the highest evaluation

possibility distributions. As a comparison, theufig 2b gives the aggregated evaluation when therieriare considered

independent, i.e. the interaction coefficients raul. The two kernels are quite different: withteria interaction we have

[12.38, 13.35] and [13.46, 14.62] without interawt



M. LOCATION AND UNCERTAINTY INDICATORS FOR DECISION MKING SUPPORT

A. General objectives

As indicated in the first section, the uncertaiatyalysis was conducted for the purpose of aiding afecision. The
display of the whole possibility distribution is wélue to decision makers. But the decompositiothefresulting overall
distribution in terms of contributions of the elemery criteria distributions can provide relevarplanation features for
the decision. Indeed, concise quantified interfetaieces of information reflecting variability tife evaluations are also
significant and useful indicators for the decisimaker. In this view, we propose, in addition tooaaltion indicator, to
associate an uncertainty indicator to each podgililstribution and to consider the propagationtafse indicators.

Note that, we are not considering the uncertaintjcator only as a statistical measure, but appa@ti in the decision
making process. Suppose we have a set of ranketiosd described by their overall evaluation disttions. The first
ranked solution and the second one are rather dtose the point of view of a location indicator (fexample, the
average). On the other hand, the first one hamanritant uncertainty whereas the second one hambes uncertainty. In
some cases, choosing the solution with the leasentainty could seem more reasonable... This illtstrahat the
“average” reasoning is not always sufficient arldvant to decide when we are dealing with uncerteduations.

Moreover, we want to evaluate the impact of theeutainty related to each criterion evaluation ks decision making
process. The idea is to explain how the uncertaiigrent to a criterion evaluation can contribiot¢he uncertainty of the

overall evaluation (propagated distribution). Irhet terms, we are evaluating the impact of the dairgy of each

distribution on the decision process and identdywhich distribution7z has the most contributed to the uncertainty of
the propagated distributioﬂy. The decomposition of the indicators associateﬂ}ointo a sum of elementary indicators

associated td7, is the fundamental basis of our definition oEammendation functionalities [16] [17].

B. Indicator definitions

Our proposition is based on the fact that a pdgsibiistribution 77 (with ' the associated possibility measure dNd

the associated necessity measure) defines a fawilyprobability distributions P that it dominates, i.e.

OAOR,N(A)< P(A<T(A. Two extreme probability distributions of this fdynare of particular interest, P,
defined by its cumulative probability functiofr, / IUXLIR F (X)= N(]—, X), and P. defined by its cumulative

probability function F / OXOR F (x) =T (]— 0, X]) . Our proposition for the uncertainty indicatobsed upon the

definition of the upper (B and lower (E) values of the mean value of these probabilityritlistions [18][19]:



E*(ﬂ)=TxdE(>§anndE(ﬂ):TxdF*(@dx 4)

In fact[E(lT), E (ﬂ)] defines an interval containing all the mean valoesiputed according to all the probability

distribution functiond® dominated by the possibility distributiofi. Moreover they are invariant by linear operatiand

easilyunderstandable by the users.

We define the uncertainty indicatd¥(71) as the deviation between the upper and the loaleles of the mean interval.
A(rr) = E'(m) - E(m) (5)

Finally, let us denoteMD(77) = (E. (77) + E (77))/ 2 the middle of the mean interval @1 . This value allows to reduce

the evaluation to one point (in the same way asatlerage) and thus provides a location indicatersistent with our

uncertainty indicator.
C. Decomposition of the distributioﬁy into components due to the distributidfs
n
The idea is to write77, as 77,(Y) = Z C(rr) (6)
i=1
where C(ﬂi) is the marginal contribution of the possibilitystitibution 77 to the propagated distributioﬁy.

As mentioned before, the Choquet integral has @alirexpression in simplex domains defined by thking of the
evaluations. When the evaluations are possildigributions, the domains are limited by the peiofk linearity change on
the propagated distribution. If we hapel points, we obtaip domains. Therefore, the aggregated possibilitiridigion

can be written as the union of the results ofglde®mains thus defined.

== ¥ o= ¥ cor Y

k=1..p k=1..p i=1..n k=1..p i=1.n
where ﬂJ; is the part of the propagated distribution coroesling to the k-th domain anﬂiJ< the part of the possibility
distribution of the criteriom involved in the k-th domain. The latter is obtairmdtruncating the distribution at the level of

the intersection point and by keeping only the éasing part (resp. decreasing part) accordingé&aontbnotony ofﬂt

(increasing resp. decreasing). Tﬁ}(ﬂlk) 's are possibility distributions that represent toatributions of each criterian

to the 77 in domaink. Finally, we obtain the possibility distributié®(77) = | | C(77) =max_, ,C(7") .

k=1..p

=1.p



D. Decomposition of the uncertainty indicat&(77, ) into components due to the uncertainty indicafb(# )

p
Itis proved in the appendix B thak(7z,) = z A O(rT) 8)

n
k=1 i=1
This equation is the basis for the determinationthefimpact of the uncertainty of each criteriostrdution. Indeed, it

allows to identify which one has the most contrélalitto the uncertainty of the propagated distrilbutidhus, the

elementary contributionCA; of each criterion evaluatiod; to the uncertainty of77, is defined as:

P
CA =) A A7) )
k=1

Let us continue with the preceding example wheeeattgregated possibility distribution is composétive domains (see
figure 2 and table II). Table Ill and IV containetluncertainty indicators and contributions for the domains (values
computed by using equations 8 and 9), and Tabkhd\obverall indicators (values computed by usingpagign 9).

Table IlI: Uncertainty indicators and contributions for the simplex Domain1

m' A C1Ai
Criterion 1 2.194 0.109
Criterion 2 1.722 0.301
Criterion 3 3.527 1.146
Criterion 4 1.222 0.549
Propagated 211
Distribution

Table IV: Uncertainty indicators and contributions for the simplex Domain2

2

! A C?n,
Criterion 1 0.055 0.013
Criterion 2 0.027 0.004
Criterion 3 0.222 0.027
Criterion 4 0.027 0.012
Propagated 0.06
Distribution

Table V: Uncertainty and contributiamicators for m'

m' A CA,
Criterion 1 2.25 0.122
Criterion 2 1.75 0.305
Criterion 3 3.75 1.173
Criterion 4 1.25 0.561
Propagated 217
Distribution

Note that due to the small part of the distributiorihe domain 2 (see figure 2), the associate@tainty indicators are
small in this particular case. Based on the tahlét \éan be said that the uncertainty of the praped) distribution is

essentially due to the distribution of criterioard at a lower level due to criteria 4 and 2.



IV. APPLICATION: THE E-RECOMMENDATION PROBLEM

A. Introduction

To illustrate the proposed approach, let us congite case of the e-recommendation process. Nowad@gause of
the tremendous number of e-commerce websites, mastoare not only unable to decide which websitéhés most
interesting and the most appropriate for their bgyibut also unable to justify on what basis thieeote-commerce
websites will be rejected. That is why a new geti@naof websites has emerged: the recommendatidosites based on
the different customers’ evaluations upon these ormarnerce websites [20] (see for example:

http://www.ciao.fr/shopping_partngrsCustomers’ evaluations are gathered and usegidbtatively evaluate a set of e-

business sites with regard to several criteria. &ample, for numerical cameras, 115 evaluatioes aamilable for
Cdiscount.com, 575 for amazon.fr, 46 for Pricentéricom, 6 for expansys.fr, etc. These evaluatimsilt from
customers’ elementary evaluations with respectparael of criteria such as loading speed, site-figgrdliness, products
variety, price and condition offers, products imfation, delivery time, after sales service and paymnsecurity, etc.

In our study we consider the case of ciao.cortphivww.ciao.fr), which represents a platform ofckanges where
members’ evaluations are gathered and which prapaseulti-criteria decision making process aimedigiporting a

customer in the choice of a suitable e-commercesitee-retailer) for his/her purchase.

A global evaluation based on the arithmetic mefithe members’ evaluations of the e-retailers agiogr to different
criteria is currently proposed to customers. Buenhbat the arithmetic mean is an aggregation mibde¢ldoes not take the
interactions into account, thus we have replacéy i 2-additive Choquet integral. Moreover, noghis proposed in the
recommendation about the variability of the evabre given by the users although this kind of infation can represent
a great added value in terms of decision-makingusThwe aim to integrate advanced functionalitie® isuch e-
recommendation websites such as: more advanced critdria evaluation operators, ranking and corigear of the e-

retailer sites, and justification functionalitiem thoice.

One way to consider variability in customers’ ewdions according to each criterion is to constragbrobability
distribution. But the probability distribution amarch is not always adapted. In fact, if we constterprecise evaluation
case, building a sound probability distributiorpsssible only if we have a sufficient number oftousers’ evaluations
(not usually guaranteed in the e-commerce webgsitgext). In the imprecise evaluation case, whewrruals are
considered, they are rarely disjointed or nestguratice; in fact, a more realistic assumptiothat all intervals somehow

overlap, which prevents computing a probabilitytritisition directly from them.



Considering all these aspects we propose to cansidaossibility theory-based uncertainty repregémal5][15].
Indeed, a possibility distribution can be usefulity problem where heterogeneous uncertain ancetiger data must be
dealt with, e.g. subjective, linguistic-like evaliams and statistical data. The possibility disitibn can be built using
either a probability-possibility transformation [2dr directly from statistical overlapped interv§2®]. The latter approach
is the more appropriate in the context of the aapilbn where the customers’ evaluations are expdesdth stars
translated into score-bounded intervals.

In the following, based on the ideas presenteckatian Ill, we illustrate the interest of using enw@inty indicators and

their contributions to provide the user with recoemaations to choose an e-commerce website.

B. Description of the considered case

Four criteria (product variety (1), products andvgees pricing (2), payment security (3), delivéirme (4)) have been used
to evaluate the e-retailers. The global evaluatiban e-retailer is obtained by the aggregatiorh wit2-additive Choquet
integral modelling the behavior of the e-custom&rsge parameters of this aggregation operator arersin the Table VI.
The criteria have a quite similar importance, théré is an interaction between them, especiallwéet products and
services pricing and payment security and betweedytt variety and delivery time. Note that theniification of the
customers’ collective behavior is a problem thahdas the object of this paper. The coefficientstadfle VI have been
obtained by using evaluations of customers thatHaeen identified as influencers of the customequfaiion and by
applying the learning algorithm of Mori and Murofii$23]. The possibility distributions correspondito the evaluations
of the different websites according to the différeriteria are built with the method described #2], and are given in

Table VII. Evaluations given by users are withie thnge [0,20].

Table VI: Choquet integral coefficients for thens@ered application

V1 Vo V3 \ l14 I24 34 I23 13 12
0.275 |0.225| 0.3 0.2 -0.2 0 -01 03 02 o0

Table VII: Elementary possibility distributions thfe different websites

Cdiscount.com Price Amazon.com
minister.com

products
variety | (14.5,15,16,16.5) (15,15.5,17,18)| (15.5,16,17,19)

Prices (17,17.5,18,19) | (12,13,14,14.5) (12,12.5,13,13.5
payment
security | (10,11,12,13) (13,13.5,15,19)| (15.5,16,17,19)
delivery
time (4,6,8,9) (10,11,11.5,12) (6,7,9,10)




The overall possibility distributions for the thrsiges are shown hereafter.

Diigtributions
14 Price minister.com
—— Cdiscount.com
0.8 1 - = = = Amazaon.cam
0.6 1
0.4 1
0.2 1
I:I T 1

10 12 14 16 18 20
Figure 3: Example of e-retailer overall evaluations

If it is clear that Cdiscount.com is the worst exdéd site, it is more tied for the two others, Butazon.com is less

uncertain. These aspects are quantified in theviatlig using the proposed indicators.

C. Location and Uncertainty indicators and theintbutions

Tables VIII, IX and X contain the indicators foretkthree e-retailers considered.

Table VIII: Indicators of Cdiscount.com

CDiscount.com MD A CA
products varietyRdty) 15.5 15 0.4875
prices Price) 17.875 1.25 0.031
payment securityRytseg 11.5 2 1.2
delivery time DTime 6.75 35 0.175
Propagated Distributionltag) e 189 1.89

We have for Cdiscount.col@A(Pytsec)> CA (Pdtv)> @ (DTim@> @& (Pr ic€. Thus customers are aware of

possible problems with the payment security. Fa website manager of CDiscount.com, one recommiemdé to
improve services in terms of payment security. Theertainty of delivery time is higher but has l@stuence on the
overall uncertainty.

Table IX: Indicators of Amazon.com

Amazon.com
MD A cA
(Pdty) 16.875 2.25 0.506
(Price) 12.75 1 0.425
(Pytsec) 16.875 2.25 0.675
(DTimg 8 3 0.15
Propagated 14.678 1.756 1.756
Distribution




We have for Amazon.cor@A(Pytsec)> CA (Pdtv)> @ (Price> @ ( DTimé Note that once the criteria payment

security and product variety have the same evalnstithey have different uncertainty contributiclu® to their varying
importance in the aggregation.

Table X :Indicators of Priceminister.com

Priceminister.com
MD A CA
(Pdtv) 16.375 2.25 0.517
(Price) 13.375 1.75 0.743
(Pytsec) 15.125 3.75 1.08
(DTim@ 11.125 1.25 0.0625
Propagated 14.445 2.404
Distribution

To have a global ranking of these different welssitse issue is to order them according to theition values MD).
Thus, we have: Amazon.cotr Priceminister.conm~ CDiscount.com (wheré- is a ranking operator). Moreover, if we
look at their uncertainty indicator, in this padiar case we find the same ranking. Thus the recamdiation to the
customer is to choose the Amazon.com website fophichase, even though the delivery time is bathfe site. Thus, if
the customer’s requirements regarding delivery tame higher than the population average, he/slaltsed to select
Price minister. In fact, all these tables allow stamers to adjust their choices according to thditiatial pieces of

information they contain.

V. CONCLUSION

This paper concerns some aspects of uncertairdynmulti-criteria decision making process. More sieally, we have

emphasized the interest of considering possibdistributions instead of precise quantitative eatitns. A method for
propagating these possibility distributions usirenegralized weighted mean aggregation operators asidche Choquet
Integral has been exposed. It allows to take inotemas into account. In addition, we have proposedassociate
uncertainty indicators to each distribution in artiegive the user an idea about the variabilityhaf evaluations of other
people. Furthermore, these indicators allow to watal the impact of the uncertainty associated ®dith criterion on the
decision making process and to explain how the iy inherent to a criterion can contributetie final result. For the
sake of illustration we have considered a procemssdat supporting a customer in the choice ofitalkle e-retailer for
his/her purchase, but the methodology can alscsbd for dealing with uncertainty in other complgstems. For the time
being, we have only considered mono modal possitdlistributions. Work is now in progress concepnie case of

bimodal possibility distributions, which will alloto consider controversial aspects of customeraluations.
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APPENDIX A

Proposition 1 Let us consider a piecewise linear possibilitgtrddution Tt This distribution can thus be written as

= U * where 7 are linear adjacent possibility distributions (natecessarily normalized); then
k=1..p

A() = Z’:A(n‘().

Proof. Let us consider a generic distributi@dn plotted in figure 4.

1.2
1
0. 4
7T, TT,

e 4 > 3
.4 4

e A

a

T T T T — T T T T v
0 S q L3 & 0 a|112 CBM dlli- 1% zn

—4— Propagated Distribution
Figure 4: Example of possibility distribution decposition
Let us first define B and E, for 1t that is a non normalized possibility distributidn.this case, we take for dRthe

following degenerated probability distribution thatthe weighted sum of a uniform probability distition and a Dirac

one.

dE,(X) = 77(5“-)-U[a,a1] (X+ (A-77(al))d (% dl) Thus E = m(al).(al+a)/2+(Ial)).al



Obviously, E'=al. With the same reasoning, we haverfbiE.;=c3 and E= n(c3).(c3+d)/2+(1r(c3)).c3
For the distribution?, we have:

di, (¥ =(1- lT(al)).U[alvb] (X)+m(al)d (x al)dF?(x) = (1_”(03))'U[c,c3] (x)+71(c3)0 (x A3)
Therefore: B= (1-T(al)).(al+b)/2A(al).al and B= (1-m(c3)).(c+c3)/2-A(c3).c3

For the whole distributiom applying the definitions of Eand E leads to:

E.=m(al). (a+al)/2+ (I{al)). (al+b)/2

E = (1-1(c3)). (c+c3)/2+1c3). (c3+d)/2

Thus,E. = E, —(1-7(al)).al+ E, —7r(al).athat givesE, =E, —dl+ E, = E - E'+ E

In other respect& = E? - 77(c3).c3+ E* — (1-7/7(c3)).cithatgivesE' =E? +E* - 3= B + F - E
In conclusion, we have:

E-E=E'-E +FE -E+ B - E andfinally, A(1) = A(/T") + A(7T) + A(TT) .

This result can be easily generalized for distidng having any number of linear pieces.

APPENDIX B

Proposition 2 Let us consider the propagated possibility disitibn ﬂyand its associated uncertainty indicator
n

A(rt,)) ; then A(rT) = Zp:ZA,uikA(ﬂik) .

k=1 i=1

p
Proof. from proposition 1 of Appendix A we haveA(77,) = ZA(HJ;)
k=1

Then, due to the linearity in each simplex dom#ie, uncertainty indicator of the partial propagatiéstribution ﬂJ; is
- k k

then: A(77;) = Y A A(7T°)
i=1

Therefore the following equation holds:

D (1)

n
i
k=1 i=1

AT =3,
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