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ABSTRACT. We introduce two operads which own the set of planar forests as a basis. With
its usual product and two other products defined by different types of graftings, the algebra
of planar rooted trees H becomes an algebra over these operads. The compatibility with the
infinitesimal coproduct of H and these structures is studied. As an application, an inductive
way of computing the dual basis of H for its infinitesimal pairing is given. Moreover, three
Cartier-Quillen-Milnor-Moore theorems are given for the operads of planar forests and a rigidity
theorem for one of them.
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Introduction

The Connes-Kreimer Hopf algebra of rooted trees, introduced in [, [, |, §, is a commutative,
non cocommutative Hopf algebra, its coproduct being given by admissible cuts of trees. A non
commutative version, the Hopf algebra of planar rooted trees, is introduced in [B, f]. We fur-
themore introduce in [[] an infinitesimal version of this object, replacing admissible cuts by left
admissible cuts: this last object is here denoted by H. Similarly with the Hopf case, H is a
self-dual object and it owns a non-degenerate, symmetric Hopf pairing, denoted by (—, —). This
pairing is related to a partial order on the set of planar rooted forests, making it isomorphic
to the Tamari poset. As a consequence, H is given a dual basis denoted by (fr)rer, indexed
by the set F of planar forest. In particular, the sub-family (f;);cT indexed by the set of planar
rooted trees T is a basis of the space of primitive elements of H.

The aim of this text is to introduce two structures of operad on the space of planar forests.
We introduce two (non-symmetric) operads P\ and P » defined in the following way:

1. P\ is generated by m and \,€ P\ (2), with relations:
mo(\,I) = \.o(l,m),

mo(m,I) = mo(I,m),

Noo(m,I) = No(l,\).
2. P » is generated by m and "€ P »(2), with relations:
mo (/1) =/ o(l,m),

mo(m,I) = mo(I,m),

/O(/vl) = /O(Iv/)'

We then introduce two products on H or on its augmentation ideal M, denoted by " and \,.
The product F' G consists of grafting F' on the left leave of G and the product F \, G
consists of grafting F' on the left root of G. Together with its usual product m, M becomes
both a P\ - and a P s-algebra. More precisely, M is the free P\ - and P r-algebra generated by
a single element .. As a consequence, P\ and P » inherits a combinatorial representation using
planar forests, with composition iteratively described using the products “\, and .

We then give several applications of these operadic structures. For example, the antipode of
H is described in term of the operad P\ . We show how to compute elements f;’s, with ¢t € T,
using the action of P\, and the elements fr’s, F' € F from the preceding ones using the action
of P ». Combining all these results, it is possible to compute by induction the basis (fF)Fer.

We finally study the compatibilities of products m, 7, \,, the coproduct A and the coproduct
A  dual of /. This leads to the definition of two types of P »-bialgebras, and one type of P -
bialgebras. Each type then define a suboperad of P » or P\ corresponding to primitive elements
of M, which are explicitively described:

1. The first one is a free operad, generated by the element ! —.. € P »(2). As a consequence,
the space of primitive elements of H admits a basis (p;)ieT, indexed by the set of planar
binary trees. The link with the basis (f)ieT is given with the help of the Tamari order.

2. The second one admits a combinatorial representation in terms of planar rooted trees. It is
generated by the corollas ¢,, € P ~(n), n > 2, with the following relations: for all k,1 > 2,

ckole, I,....;1)=¢co(I,...,1,cp).
——— ———

k — 1 times ! — 1 times



3. The third one admits a combinatorial representation in terms of planar rooted trees, and
is freely generated by 1 € P\ (2).

We also give the definition of a double P ~-bialgebra, combining the two types of P --
bialgebras already introduced. We then prove a rigidity theorem: any double P --bialgebra
connected as a coalgebra is isomorphic to a decorated version of M.

This text is organised as follows: the first section gives several recalls on the infinitesimal
Hopf algebra of planar rooted trees and its pairing. The two products \, and " are introduced
in section 2, as well as the combinatorial representation of the two associated operads. The ap-
plications to the computation of (fr)rer is given in section 3. Section 4 is devoted to the study
of the suboperads of primitive elements and the last section deals with the rigidity theorem for
double P ~-bialgebras.

Notations.

1. We shall denote by K a commutative field, of any characteristic. Every vector space,
algebra, coalgebra, etc, will be taken over K.

2. Let (A, A,¢) be a counitary coalgebra. Let 1 € A, non zero, such that A(1) =1® 1. We
then define the non counitary coproduct:

i [ Ker(e) — Ker(e) ® Ker(e)
A'{ a — Ala)=Ala)—a®1l-1®a.

We shall use the Sweedler notations A(a) = a(Y ® a® and A(a) = ' ® a”.

1 Planar rooted forests and their infinitesimal Hopf algebra

We here recall some results and notations of [4].

1.1 Planar trees and forests

1. The set of planar trees is denoted by T, and the set of planar forests is denoted by F. The
weight of a planar forest is the number of its vertices. For all n € N, we denote by F(n)
the set of planar forests of weight n.

Examples. Planar rooted trees of weight < 5:

aviv b vl b b by b v vyt

Planar rooted forests of weight < 4:

URUUUE SUUURE DU S VAR DR SUUE DU SER VNIV SUNE S S O /) Rf \} Y,£ .

2. The algebra H is the free associative, unitary algebra generated by T. As a consequence,
a linear basis of ‘H is given by F, and its product is given by the concatenation of planar
forests.

3. We shall also need two partial orders and a total order on the set Vert(F') of vertices of
F € F, defined in B, ff]. We put F' =t;...t,, and let s, s’ be two vertices of F'.

(a) We shall say that s >p,g, s if there exists a path from s’ to s in F', the edges of F
being oriented from the roots to the leaves. Note that >,y is a partial order, whose
Hasse graph is the forest F.



(b) If s and s" are not comparable for >p;45, we shall say that s >4 s if one of these
assertions is satisfied:
i. s1is a vertex of ¢; and ¢’ is a vertex of ¢, with i < j.
ii. s and s’ are vertices of the same ¢;, and s >.¢; ' in the forest obtained from ¢;
by deleting its root.
This defines the partial order > for all forests F', by induction on the the weight.

(c) We shall say that s >, ; s if s >pign §" or s >cf §'. This defines a total order on the
vertices of F.

1.2 Infinitesimal Hopf algebra of planar forests

1. Let F € F. An admissible cut is a non empty cut of certain edges and trees of F', such
that each path in a non-cut tree of F' meets at most one cut edge. The set of admissible
cuts of F' will be denoted by Adm(F'). If ¢ is an admissible cut of F, the forest of the
vertices which are over the cuts of ¢ will be denoted by P¢(t) (branch of the cut ¢), and
the remaining forest will be denoted by R¢(t) (trunk of the cut). An admissible cut of F’
will be said to be left-admissible if, for all vertices x and y of F', x € P*(F') and  <jet y
imply that y € P¢(F). The set of left-admissible cuts of F will be denoted by Adm!(F).

2. 'H is given a coproduct by the following formula: for all F' € F,

AF)= > P(F)®R(F)+Fe1+1F.
ceAdm!(F)

Then (H,A) is an infinitesimal bialgebra, that is to say: for all z,y € H,

Alzy) = (22 1)Ay) + A)(1®y) —z R y.

- deitiedt.elr o+ 0.,

= V.9l+1eo V+.91.+..0..+ V®.,

= Let+iol+.0t.+10..+10.,
HRI+1III+.0.14+1@1+1.8.,

Examples.
AL = .@1+1®.,
AGL) = o @141®..+.0.,
All) = 114101 +.®.,
Aly) = 1.@141@1.+.@..+1®.,
A(V) = Vel+1leaV+.0.+.01,
Ay = ter1+1et+10.4.01,
A(eerd) = ot ®141Q0.Qcee + 00 Qe +...Q 4,
Al.) = 1..0141Q01. 4. @ +1®.. +1.®.,
AGL) = 1.0141@.1.+. @1 +..®.. +.1 ®.,
A1) = L 1R1410.14+. @0 +..01 +...®.,
ALY) = . Vel+1le.V+.9V+..01+...0.,
)
)
)
)



We proved in [ that H

= VYeol+1eoV+.@V+.0l+...0.,

= K/®1+1®R/+.®V+I®I+I.®.,

Velile \}+.®I+..®I+.I®.,

Yoit+io Y.ol+.. 014+ Ve,

_ ®1+1®{ r.etrierslis..

is an infinitesimal Hopf algebra, that is to say has an antipode

S. This antipode satisfies S(1) = 1, S(t) € Prim(H) for all ¢ € T, and S(F) = 0 for all

FeF—(TU{1}).

1.3 Pairing on ‘H

1. We define the operator BT : H — H, which associates, to a forest F' € F, the tree ob-
tained by grafting the roots of the trees of F' on a common root. For example, B*(V.) =

\</, and BT (. V) = \y

2. The application + is defined by:

_ H — H
TV it €F — 8y ta. . th.

3. There exists a unique pairing (—, —) : H x H — K, satisfying:

i. (1,z) =¢e(z) for all z € H.
il. (zy,2) = (y ®@x,A(2)) for all z,y,2z € H.
iii. (BT (z),y) = (z,7v(y)) for all z,y € H.

Moreover:

iv. (—,—) is symmetric and non-degenerate.

v. If z and y are homogeneous of different weights, (x,y) = 0.

vi. (S(x),y) = (x,S(y)) for all x,y € H.

This pairing admits a combinatorial interpretation using the partial orders > s and >p;gp
and is related to the Tamari order on planar binary trees, see [H].

4. We denote by (fr)rer the dual basis of the basis of forests for the pairing (—, —). In other
terms, for all ' € F, fr is defined by (fr,G) = dpq, for all forest G € F. The family
(ft)ter is a basis of the space Prim(H) of primitive elements of H.

2 The operads of forests and graftings

2.1 A few recalls on non-X-operads

1. We shall work here with non-Y-operads [[[{]. Recall that such an object is a family P =
(P(n))nen of vector spaces, together with a composition for all n, ky,..., k, € N:

{ P(n)@Pk) ®... 0 P(k,) — P(ky+...+ k)

PRIPIR...0p, — po(ply...,Pn)

5



The following associativity condition is satisfied: for all p € P(n), p1 € P(k1), ..., pn €
P(kn), p1,1s- - Pk, € P,

(po (plv cee apn)) o (pl,ly' cyPlkise- -9 Pndy .- apn,kn)
pbo (pl o (pl,la s )p17k‘1)7 < yPn© (pn,ly o apn,kn))'

Moreover, there exists a unit element I € P(1), satisfying: for all p € P(n),

pO(I7"'7I) = p7
ITop = p.

An operad is a non-3-operad P with a right action of the symmetric group S,, on P(n) for
all n, satisfying a certain compatibility with the composition.

. Let P be a non-Y-operad. A P-algebra is a vector space A, together with an action of P:

P(n) ® A®" — A
PRARD...Qa, — p.ag,...,a),

satisfying the following compatibility: for all p € P(n), p1 € P(k1), ..., pn € P(ky), for all
a1,1s---50n.k, S A,

Po@i,- - s0n))-(G10, - QL ks ey Ol - e O y,)
= p(prarg, - a1 k)5 Pa(An1, - s Qngy,))-

Moreover, I.a = a for all a € A.

In particular, if V' is a vector space, the free P-algebra generated by V is:

= @P(n) Ve

neN

with the action of P given by:

P ((P®a11®...@a14) s (Pn®an1 @ ... @ ank,))
= (po@1,--,Pn) ®A11® ... @A} @ ... QU1 D ... DAk,

. Let T} be the set of planar binary trees:
S RARARR S,

For all n € N, Ty(n) is the vector space generated by the elements of T}, with n leaves:

T, (0) = (0),
Ty(1) = Vect(1),

Ty(2) = Vect Y>

(
T®) = Ve (V )
Ty(4) = Vect (%9 y QY\HV



The family of vector spaces T} is given a structure of non-Y-operad by graftings on the
leaves. More precisely, if t,t1,...,t, € Ty, t with n leaves, then to(t1,...,t,) is the binary
tree obtained by grafting ¢; on the first leave of ¢, £5 on the second leave of ¢, and so on
(note that the leaves of t are ordered from left to right). The unit is 1.

It is known that Ty is the free non-Y-operad generated by Y e Tp(2). Similarly, given

elements myq, ..., my in P(2), it is possible to describe the free non-3-operad P generated
by these elements in terms of planar binary trees whose internal vertices are decorated by
miy...,Mg.

2.2 Presentations of the operads of forests
Definition 1

1. P\ is the non-¥-operad generated by m and \ & P (2), with relations:
mo(\,I) = N\ o(l,m),

mo (m,I) = mo(I,m),

No(m, I) = No(I,\).
2. P » is the non-X-operad generated by m and /€ P »(2), with relations:
mo(/’l) = /O(I,m),

mo(m,I) = mo(I,m),

S o( ) /oL, ).

Remark. We shall prove in [J] that these quadratic operads are Koszul.

2.3 Grafting on the root
Let F,Ge€F —{1}. Weput G =t;...t, and t; = BT(G1). We define:
F\.G =BT (FG)ty...t,.

In other terms, F' is grafted on the root of the first tree of G, on the left. In particular,
F\,.=BT(F).

Examples.

N o= NN ~- 1. N - V.. N -V
N ol N .1 = I L= Vi _
1. N\, 1! = LI/ I N 1. = k/ N . =V SN = k/
v 1= Yl v o= b WV o= | v .. = Y
I\::L/:\I:U..\I:\ﬁ I\..:i.
Obviously, \, can be inductively defined in the following way: for F,G, H € F — {1},

F\.. = B*F),
F\ (GH) = (F\.G)H

FN\.B*(G) = B*(FG).

We denote by M the augmentation ideal of H, that is to say the vector space generated by
the elements of F — {1}. We extend \;: M ® M — M by linearity.



Proposition 2 For all z,y,z € M:

e\ (yz) = (2 \y)z (1)
Ny Nz = (zy) N\ oz (2)

Proof. We can restrict ourselves to z,y,2z € F — {1}. Then (f]) is immediate. In order to
prove (f), we put 2 = BT (21)29, 21,22 € F. Then:

N\ (y\2) =2\ (BT (y21)z) = BT (zyz1)z = (zy) \ (B (21)22) = (zy) \ 2,

which proves (B)). O

Corollary 3 M is given a graded P -algebra structure by its products m and by “\,.

Proof. Immediate, by proposition P O

2.4 Grafting on the left leave

Let F,G € F. Suppose that G # 1. Then F' / G is the planar forest obtained by grafting F'
on the leave of G which is at most on the left. For G = 1, we put F' ' 1 = F. In particular,
F /.=B"(F).

Exambples.
o0 = Yoo —t.l.. .. = V.. / - V.
.:/1:%1/::&./.::\/11/ _ .
:./1:%1/:.:{../1:\/:/ _ .
T R 1 IV A BV
I/::[:/I:[../I:Y I/..:[.

In an obvious way, /" can be inductively defined in the following way: for F,G, H € F,

F/(GH) = (F/QHEGHL,
F /B*(G) = B*(F / Q).

{ F,/1 = F
We extend /: H ® H — 'H by linearity.
Proposition 4 1. Forallz,z€e H, y € M:
x / (yz) = (x /" y)z. (3)

2. For all x,y,z € H:
v/ (/2= y) /2

So (H, ) is an associative algebra, with unitary element 1.



Proof. Note that (f]) is immediate for z,y, 2 € F, with y # 1. This implies the first point.
In order to prove the second point, we consider:

Z={:eM/Ve,ycH,x/(y, / 2) =@ y) /z}

Let us first prove that 1 € Z: for all x,y € H,

v/ (y/1)=xy=(xy) /L

Let 21,290 € Z. Let us show that z1z9 € Z. By linearity, we can separate the proof into two
cases:

1. z; = 1. Then it is obvious.
2. €(z1) = 0. Let z,y € H. By the first point:

v/ v/ (az)) = =/ ((y /" 21)z))
(/" (y / =1))2

(x y) / 21)2
(x /y) / (2122).

So Z is a subalgebra of H. Let us show that it is stable by BT. Let z € Z, z,y € H. Then:

x/ (y/ B (2) = =/ By, 2)
= B/ (y /2))
= BY((z /y) / 2)
= (z /y) /B (2).

So Z is a subalgebra of H, stable by BT. Hence, Z = H. O

Remarks.

1. () is equivalent to: for any =, y,z € H,
z/ (yz) —e(y)zr /2= (v /y)z —e(y)zz
2. Let F € F — {1}. There exists a unique family (. F},...,.F,) of elements of F such that:

F=(F)/../(F).

For example, Y/I c=(.) /7 (.+) /(.1.). As a consequence, (H, /) is freely generated
by .F as an associative algebra.

Corollary 5 M is given a graded P ,-algebra structure by its product m and by /.
Proof. Immediate, by proposition f]. O

2.5 Dimensions of P\ and P -

We now compute the dimensions of P\ (n) and P »(n) for all n and deduce that M is the free
P\.- and P r-algebra generated by ..

Notation. We denote by 7, the number of planar rooted forests and we put R(X) =

1-2X —v1-4X
2X '

+oo
Z r, X" Tt is well-known (see [B, [[J]) that R(X) =

n=1



Proposition 6 For Le {\u '} and all n € N*, in the P, -algebra M:

P, (n).(.,...,.) = Vect(planar forests of weight n).

?
—

As a consequence, M is generated as a P, -algebra by ..

Proof. C. Immediate, as M is a graded ]P’l)—algebra.

D. Induction on n. For n =1, I.(.) = .. For n > 2, two cases are possible.

1. F = F1Fy, weight(F;) = n; < n. By the induction hypothesis, there exists pi,py €
P, such that F} = p1.(.,...,.) and F5 = pa.(+,...,.). Then (mo (p1,p2)).(¢,...,.) =
m.(Fl,Fg) = F1F2.

2. F € T. Let us put F' = BT(G). Then there exists p € P, , such that p.(.,...,.) = G.

Then:
{ (N D)(es-ns) = GNo. = F
(/O(pvl))‘(°7"'>°) = G/' = F.
Hence, in both cases, F' € P; (n).(.,...,.). O

Corollary 7 For all Le N\, '}, ne N, dim(P; (n)) = rn.

Proof. Because we proved the surjectivity of the following application:

ev ., .

—

{ P, (n) — Vect(planar forests of weight n)
p — pleyye).

Lemma 8 For all - € N\ "}, ne N dim(P, (n)) <ry,.

?
—

Proof. We prove it for 5= /. Let us fix n € N*. Then IP »(n) is linearly generated by
planar binary trees whose internal vertices are decorated by m and . The following relations

hold:
e e e m m m
Ve _ Ve m _ e m _ m

In the sequel of the proof, we shall say that such a tree is admissible if it satisfies the following
conditions:

1. For each internal vertex s decorated by m, the left child of s is a leave.

2. For each internal vertex s decorated by ", the left child of s is a leave or is decorated by
m.

For example, here are the admissible trees with 1, 2 or 3 leaves:

m m m e Ve
>( Y A m s m e
| Y Y Y Y ) ) Y *

The preceding relations imply that P ~(n) is linearly generated by admissible trees with n
leaves. So dim(P »(n)) is smaller than a,, the number of admissible trees with n leaves. For
n > 2, we denote by b, the number of admissible trees with n leaves whose root is decorated by

10



m, and by ¢, the number of admissible trees with n leaves whose root is decorated by . We
also put by = 1 and ¢; = 0. Finally, we define:

AX) =) an X", B(X) =) b, X", C(X) =) caX™

n>1 n>1 n>1

Immediately, A(X) = B(X) + C(X). Every admissible tree with n > 2 leaves whose root is
decorated by m is of the form m o (I,t), where t is an admissible tree with n — 1 leaves. Hence,
B(X) = XA(X)+X. Moreover, every admissible tree with n > 2 leaves whose root is decorated
by " is of the form " o(t1,t2), where ¢; is an admissible tree with k leaves whose eventual root

is decorated by m and t9 an admissible tree with n — k leaves (1 < k < n — 1). Hence, for all
n—1

n>2 ¢ = Z bpan—k, so C(X) = B(X)A(X). As a conclusion:
k=1

A(X) = B(X)+0O(X),
B(X) = XAX)+X,
C(X) = B(X)A(X).
So A(X) = XA(X)+ X + B(X)A(X) = XA(X) + X + XA(X)? + XA(X), and:

XAX)?? 4+ (2X - 1DAX) +X =0.

Asap =1:
1—-2X —v1—-4X
AX) = = R(X).
2X
So, for all n > 1, dim(P »(n)) < a,, = r,. The proof is similar for P\_. O

As immediate consequences:

Theorem 9 For — ¢ N\, '}, n e N, dim(P, (n)) = r,. Moreover, the following appli-
cation s bijective:

ev o

—

{ P.(n) — Vect(planar forests of weight n) C M
p — pleyiiye).

Corollary 10 1. (M,m,"\,) is the free P\ -algebra generated by ..

2. (M,m, /") is the free P »-algebra generated by ..

2.6 A combinatorial description of the composition

Let € {\., /'}. We identify P, and the vector space of non-empty planar forests via theorem
Bl In other terms, we identify F € F(n) and ev ,*(F) € P, (n).

Notations.
1. In order to distinguish the compositions in P\ and P ~, we now denote:

(a) F, (F1,...,Fy,) the composition of P,
(b) F & (F1,...,F,) the composition of P -.

2. In order to distinguish the action of the operads P\ and P » on M, we now denote:

(a) F (z1,...,xy) the action of P\ on M,
(b) F & (z1,...,7,) the action of P » on M.

11



Our aim in this paragraph is to describe the compositions of P\ and P ~ in term of forests.
We shall prove the following result:

Theorem 11 1. The composition of P<_ in the basis of planar forests can be inductively
defined in this way:

°\®N (H) = H7
B+(F)\®N (Hlv"'aHn-i-l) = (F\QN (H17"'aHn))\HTL+17
FGs, (Hi,...,Hp 4n,) = F (Hy,...,Hp )G (Hpy41,- -y Hnytny)-

2. The composition of P » in the basis of planar forests can be inductively defined in this way:

() = T,
B+(F)/®7‘ (Hlu"'aHn-i-l) = (F)zz (H17---7Hn))/Hn+1a
FG/X‘ (Hlv"'aHnl-i-ng) = F/az (H17"'>Hn1)G/a7‘ (Hn1+17"'aHn1+n2)-

Examples. Let Fy, Fy, F5 € F — {1}.

£ (P, Fy) = I, o (FL, ) = BB,
18 (1, Fp) = B/ F, Iy (F1,Fp) = I\ F,
oo & (1, Fo, Fy) = i Es, Y (Fl,Fg,Fg) = F\FF;3,
A (B, Fy Fs) = Fi(Fy /' F3), A (FL Py ) = Fi(Fy \ F3),
1.8 (I, Fy, F3) = (F1 /) Fy)F3, Loy (F1, Fy, F3) = (F1\ Fy)F3,
V & (F1, Fy, F3) = (F1Fy) / Fs, V s, (F1, Fa, F3) = (F1Fy) \ F3s,
5% (F1, Py, F3) = (F1 /' F) / F3, P, (F1,F,F3) = (F1\ F2) \\ F3.

Proposition 12 Let Le "N\ )

1. . is the unit element of IP’;.

2. ..=min ]P’_?)(2). Consequently, in ]P’_?), ..o (F,G) = FG for all F,G € F — {1}.

3. Let F,GeF. In ]P’_7), 1 =5 Consequently, 16 (F,G) = jgiNe! for all F,G € F — {1}.
Proof.

1. Indeed, ev; (.) = . = ev. (I). Hence, . =I.

2. By definition, ev; (..) = .. = ev:(m). So .. =m in P, (2). Moreover, for all F,G €
F—{1}:
ev, (FG) = FG
= me (F,G)
= me (Fe(e,.....),G®(c.....))
_ (mé(F,G))i(.,...,.)

= evl(mge (F,Q)).
So FG =m (F,G) = .. (F,G).
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, (—). So 't = LinP, (2). Moreover:

”
— —

3. Indeed, ev, (1) = = ev

ev, (F5G) = F5G

So, F5G = 54 (F,G) = 14 (F,G).
O
Proposition 13 1. Let F,G € F, different from 1, of respective weights ny1 and ns. Let
Hiy,...,Hyn, and Hyy,... Hypn, € F—{1}. Let 5 € {\,, /}. Then, in P, :

? ? ?
(FG)—G% (H1,17 . 7H1,7l17H2717 . ,H27n2) = Fe (Hl,17 e ,Hlml)G—eé (H271, e ,H27n2).

2. Let F € F, of weight n > 1. Let Hy,...,Hy11 € F. In P, :

2

? ? ?
BT (F)<% (Hy,...,Hpi1) = (Fe (Hy,...,Hp))—Hyy1.
Proof.
1. Indeed, in P, :

(FG)% (Hya, ..., Hin,, Ha, ..., Han,)
= (mo (F,G))% (Hiy,....Hypn, Ha,. .. Hoy)
= mé (F& (Hiy,...,Hin,), G (Hyq,. .., Hopy))
— Fé (Hy,... Hyp )G (Hay,. .. Hopy))

2. In ]P’_?):
BY(F)& (Hy,...,Hyi1) = (F5.)& (Hy,..., Hyi)
= (15 (F,.)o (H,..., Hypi)
= 16 (F& (Hy,... Hy), .o (Hn))
= 1% (Fé (Hy,..., Hy), Hopt)

Combining propositions [ and [[3, we obtain theorem [[T].

3 Applications to the infinitesimal Hopf algebra H
3.1 Antipode of H

We here give a description of the antipode of H in terms of the action “w, of the operad P\ .
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Notations. For all n € N*, we denote I,, = (B7)"(1) € F(n). For example:

11:.,12:z,z3:I,z4:£ s = l

Lemma 14 Lett € T. There exists a unique k € N*, and a unique family (to ... t;) € TF !
such that:

t=1lpw (oo b, tg).

Proof. Induction on the weight n of t. If n = 1, then ¢ = ., so k = 1 and the family
is empty. We suppose the result at all rank < n. We put t = Bt (sy...5,). Necessarily,
ty =BT (s2...8m) and l,_1 (+,t2,...,tx_1) = s1. We conclude with the induction hypothesis
on Sj. O

\4@:14\(.,1,1,\/).

n
Definition 15 For all n € N*, we put p,, = Z Z (G L
k=1 a1+...+ax=n

Example.

P

Vi, a; >0
Examples.
pl = *
p2 = _I+°°7
p3 = —l4l.o4.1 ...,
Py = I S R T S S

Remark that p, is in fact the antipode of [, in H. It is also the antipode of [, in the non
commutative Connes-Kreimer Hopf algebra of planar trees [J].

Corollary 16 Lett € T, written under the form t =l &, (t1,...,tx), with t; = .. Then:
S(t) = pk\.N (tl, oo ,tk).

Proof. Corollary of proposition 15 of [H], observing that left cuts are cuts on edges from the
root of ¢; to the root of ;11 int, fori=1,...,n—1. d

3.2 Inverse of the application v
Proposition 17 The restriction v : Prim(H) — H is bijective.
Proof. By proposition 21 of [H]:

' ' Prim(H) — H
V| Prim(H) - fB*(F) (F c F) —  fr.

So this restriction is clearly bijective. O

We shall denote yﬁglm.m(H) : H — Prim(H) the inverse of this restriction. Then, for all
FeF, ’y‘}le(H)( fr) = fp+@p). Our aim is to express ’yﬁplm.m(m in the basis of forests.
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We define inductively a sequence (gn)nen+ of elements of P\ :

Q1 = . € \(1)7
@ = ..—-1¢€ ]P)\(Q),
1 = (o = 1) (gn,.) €P\(n+1) for n > 1.

For all F € F, ..s (F,.) = F. and 1, (F,.) = BT(F). So, g, can also be defined in the

following way:
{ Q= . € ]P)\(l)7

Gnt1 = qn. — BT (g,) € P\ (n+1) for n > 1.
Examples.
qg3 = ...—I.—V+I,
Q4:....—I..—V.—I—I.—W—F{/—I—Y—{’
G5 = eueen PSSR VNS U S VN Y. _1.

—'AV+KV+X</—L/+\Y—%—Y+[.

Lemma 18 Let F € F — {1}, and t € T. Then, in H:
AFN)=F\1)@1+1@((F\t)+FoF'"\ t+Ft'ot"+ Fat.
Proof. The non-empty and non-total left-admissible cuts of the tree F' \, t are:
- The cut on the edges relating F' to ¢t. For this cut ¢, P¢(F \,t) = F and R°(F \,t) =t.

- Cuts acting only on edges of F' or on edges relating F' to ¢, at the exception of the preceding
case. For such a cut, there exists a unique non-empty, non-total left-admissible cut ¢’ of
F, such that P°(F \ t) = P¢(F) and R°(F \,t) = R (F) \ t.

- Cuts acting on edges of t. Then necessarily F' C P¢(F \, t). For such a cut, there exists a
unique non-empty, non-total left-admissible cut ¢ of ¢, such that P¢(F \ t) = F Pcl(t)
and R¢(F \, t) = R (t).

Summing these cuts, we obtain the announced compatibility. O
Proposition 19 Let F =ty...t, € F. Then:
7|;317,im(H)(F) = Gn+1% (o511, tn).
Proof. First step. Let us show the following property: for all z € Prim(H), t € T,
g2, (,t) is primitive. By lemma [[§, using the linearity in F:
Alz N\ t) = @\ H)R1+10 @@\ t)+zt+at’' @t",
Alxt) = 2t@1+1@at+zet+at’ @t
Al (2,) = Alwt—a 1)
= (t—2z\t)R1+1® (xt —z \,1).

Second step. Let us show that for all z € Prim(H), t1,...,tn € T, qui1e (x,t1,...,t,) €
Prim(H) by induction on n. This is obvious for n = 0, as ¢; &, () = x. Suppose the result at
rank n — 1. Then:

Qn-i-l\.y (JE,tl,...,tn) = (q2\®§t (qnvl))\.N ($7t17“‘>tn)
= Q@2 (qn\ (l‘,tl, e ,tn_l),tn) S Pm’m(H),
ePrim(H)

15



by the first step. As the tree . is primitive, we deduce that, for all forest F' = t1...t, € F,
Gn+1 % (.,tl, R ,tn) S Psz(H)

Third step. Let us show that for all x,y € M, v(¢2, (z,y)) = y(z)y. We can limit ourselves
to xz,y € F — {1}. Then ¢2'e, (x,y) = zy — x \, y. Moreover, by definition of \, x \, y is a
forest whose first tree is not equal to .. Hence, y(g2'®, (z,9)) = v(zy) — 0 = v(x)y.

Last step. Let us show by induction on n that v(gp+1e («,t1,...,tn)) = t1...tn. As
g1'e, (.) = ., this is obvious if n = 0. Let us suppose the result at rank n — 1. By the third step:

’Y(Qn-i-l\.x (° Gyt ... 7tn)) = ’Y(Q2\.>‘ (q"\.‘ (' b1y 7tn_1)7 tn))
= ’Y(qn\.x (.,tl,...,tn_l))tn
= t...t,.

Consequently, © = gp+1® (+,t1,...,t,) € Prim(H), and satisfies y(z) = t; ...t,, which proves
proposition [[9. O

Examples. Let t1,to,t3 € T.

Nrimeo ) = ot =2\ t1,
’}/I}lrim(H)(tltg) = Jtite — (¢ o t1)ta — (ot1) N\ ta+ (« N\ 1) \ to,
Nprimoo (Bit2ts) = titats — (N t)tats — (vt1) N\otats + (« \ot1) \otats — (tit2) \t3

(o N tate) Ntz + ((«t1) \ot2) otz — ((« N\ t1) \ t2) \\ t3.

3.3 Elements of the dual basis

Lemma 20 For all z,y e H, Az /' y) =z / yPD @y® +20 020 /y—zoy. In
other terms, (H, /', A) is an infinitesimal Hopf algebra.

Proof. We restrict to z = F € F — {1}, y = G € F — {1}. The non-empty and non-total
left-admissible cuts of the tree F' ~ G are:

- The cut on the edges relating F' to G. For this cut ¢, P(F /' G) = F and R°(F /' G) = G.

- Cuts acting only on edges of F' or on edges relating F' to G, at the exception of the preceding
case. For such a cut, there exists a unique non-empty, non-total left-admissible cut ¢’ of
F, such that P°(F /' G) = P¢(F) and R*(F / G) = R°(F) / G.

- Cuts acting on edges of G. Then necessarily F' C P¢(F /" G). For such a cut, there exists
a unique non-empty, non-total left-admissible cut ¢’ of ¢, such that P¢(F /' G) = F
PY(G) and R(F / G) = R°(G).

Summing these cuts, we obtain, denoting A(F) = F® 1+ 1® F + F' ® F” and A(G) =
GR1I+19G+G oG"

AF /G) = (F/G)®14+10(F /G)+FG+F oF' /)G+F /G oG
= (F®el) /AG)+AF) /(1®G) - F®G.
So (H, /', A) is an infinitesimal bialgebra. As it is graded and connected, it has an antipode. O
Proposition 21 Let F =ty...t, € F. Then fr=f:, /... ft,-

Proof. First step. We show the following result: for all F € ¥, t € T, fr / fi = fir. We
proceed by induction on the weight n of F. If n = 0, then F' = 1 and the result is obvious.
We now suppose that the result is true at all rank < n. Let be G € F, and let us prove that
(fr /" ft,G) = 0tr . Three cases are possible.

16



1. G=1 Then (fr / f;,G) = (fr /" ft;1) =e(fr /" fi) = 0= drc-.

2. G = G1Ga, G; # 1. Then, by lemma P(:

(fr / f,G) = (A(fr / f1),G2® Gy)
- Z (R ® fr / ft,G2 @ Gh)

FLF—F
+Hfr / i®l+fr /" 1® f1,G2 ®Gr) — (fr ® f1,G2 ® G1)

= Y Un®fn / fG@G)+ (1 fr / f1,G2®Gh)
F\F>=F,
weight(F1)<n

+fr /" fi®1,G2®Gr) + (fr @ f1,G2 @ G1) — (fr ® fi1,G2 ® G1)
- Z (sz ® ftFl,GQ ® G1>

FiFo=F,
weight(F1)<n

= Z OFy,Ga Oty ,Gh

FiFo=F,
weight(F1)<n

= 0FaG-

3. G = BT(G1). Note that fr  f; is a linear span of forests H; ,/ Hs, with Hy, Hy # 1.
By definition of 7, the first tree of such a forest is not .. Hence, v(fr / f;) = 0 and:

(fFr® fi,G) = (v(fr® f1),G1) =0 = br,qs

as tF' ¢ T because F # 1.

Second step. We now prove proposition PI] by induction on n. It is obvious for n = 1.
Suppose the result at rank n — 1. By the first step:

ftl...tn = ftz...tn / ft1 = (ftn S/ ftz) /! ft1 = ftn S/ ftz / ft17

using the induction hypothesis for the second equality. O
Remarks.
1. As an immediate corollary, because " is associative, for all forests Fi,...,F, € F,

fFl...Fk :ka / / fFl’

2. In term of operads, proposition R1] can be rewritten in the following way:
Corollary 22 Let Fy,...,F, € F. Then fr, r, =2 (fr,,..., fr).

Remark. Hence, the dual basis (fr)per can be inductively computed, using proposition 21
of [[], together with propositions [ and BT of the present text:

fl = 17
Tty = ftnl/”’/‘ftu
fB+(t1...tn) = VHDTim(H)(ftl...tn)-
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For example:

fi =1 f. =
f =1 fI = -1+
fooo = fi = -l+v
fi. = 141 fy = -V 4.1
fi S S R f _ ]

+
—K/—\)+\V

foor = —1 + Y for. = —1
f,v:—Y—l—\) f.I=£

fr.. = —1 +I- fir = i—Y—I.—I— V.
fy, = =V = R ST
fg = -Vl fd::J—W—i%V
fk/ = Y v,y fY - Vo ova

4 Primitive suboperads

4.1 Compatibilities between products and coproducts

We define another coproduct A » on H in the following way: for all x,y,z € H,
<A/(3§‘),y ® Z> = <:L'7Z / y>

Lemma 23 For all forest F € F, A »(F) = Z F ® F.

Fy,F>eF
FiFo=F

Proof. Let F,G,H € F. Then:

(A/(F)afG®fH> = <F7fH/fG>
(F, fam)
= drGH

= ). (RO fc® fu).

Py, F>eF
F1F>=F

As (fr)rer is a basis of H and (—, —) is non degenerate, this proves the result. d
Remark. As a consequence, the elements of T are primitive for this coproduct.
We now have defined three products, namely m, ', and \, and two coproducts, namely A

and A , on M, obtained from A and A » by substracting their primitive parts. The following
properties sum up the different compatibilities.
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Proposition 24 For all x,y € M:

~ Alzy) = (z® 1)A(y2 + (xz(l RY)+ Y, (4)
Alz /y) = @®1) /Aly)+A@) /(1oy)+zdy, (5)
] A/(:Ey) = (x®1)A/(~y)—|—A/(x)(1 RY)+zry, (6)
Ao /) = (w@1)/ D), 7
A (zNy) = (@e1) N\ A A(y). (8)

Proof. It remains to consider the compatibility between  or \, and A . Let F,G €
F — {1}. We put G = t;...t,, where the t;’s are trees. Then F' /' G = (F / t;)ts...t,, and
F "t is a tree. Hence:

n—1

A/(F/G) = Z(F/tl)t2---ti®ti+l---tn
=1

n—1
= Y F /(tata. . .t;) @tip1 ...ty
=1

= (F®1l) /A (G).

The proof is similar for F' \, G. So all these compatibilities are satisfied. ([l

Remark. There is no similar compatibility between A and \,. In particular, lemma [ is
not available for ¢ ¢ T.

This justifies the following definitions:

Definition 25

1. AP ,-bialgebra of type 1 is a family (A,m, 7, A), such that:
(a) (A,m, ) is a P r-algebra.
(b) (A4, A) is a coassociative, non counitary coalgebra.
(c) Compatibilities (f]) and () are satisfied.

2. AP ,-bialgebra of type 2 is a family (A, m, /", A/), such that:
(a) (A,m, ) is a P r-algebra.
(b) (4,A ) is a coassociative, non counitary coalgebra.
(c) Compatibilities (f]) and ([]) are satisfied.

3. A P\ -bialgebra is a family (A4,m, "\, A/), such that:

(a) (A,m,Y) is a P\ -algebra.
(b) (4, A ) is a coassociative, non counitary coalgebra.
(c) Compatibilities (f]) and (f) are satisfied.

Example. The augmentation ideal M of the infinitesimal Hopf algebra of trees H is both
a IP -infinitesimal bialgebra of type 1 and 2, and also a P« -infinitesimal bialgebra.

If A is a bialgebra of such a type, we denote by Prim(A) the kernel of the coproduct. We
deduce the definition of the following suboperads:
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Definition 26 Let n € N. We put:

( For all A, P ,-infinitesimal bialgebra of type 1,

IP’RJIM(}) (n) = {peP(n)/ and for ay,...,a, € Prim(A), ,
p.(a1,...,a,) € Prim(A).

For all A, P ,-infinitesimal bialgebra of type 2,
IP’RJIM(;) (n) = <{peP(n)/ and for ay,...,a, € Prim »(A), ,
p.(a1,...,a,) € Prim »(A).

For all A, P\ -infinitesimal bialgebra,
PRIM\ (n) = qpe€P\(n)/ andforay,...,a, € Prim ~(A),
p.(a1,...,a,) € Prim »(A).

We identify P »(n) and P\ (n) with the homogeneous component of weight n of M. We put
Prim(M) = Ker(A) and Prim (M) = Ker(A ). We obtain:

Proposition 27 1. For alln € N:

PRIMY (n) = {p € P +(n) / p#" (-.....,.) € Prim(M)} = B »(n) N Prim(M).

2. For all n € N:

PRIM?) (n) = {p € P +(n) / p#" (-....,.) € Prim (M)} =P »(n) N Prim »(M).

3. For alln € N:
PRIM~ (n) = {p € P\ (n) /p® (+,...,.) € Prim (M)} = P\ (n) N Prim »(M).
Proof. As M is a P ~-infinitesimal bialgebra, by definition:
PRIM'}) (n) C {p € P (n) / p#" (-......) € Prim(M)}.

Moreover, {p € P (n) /ps (.,...,.) € Prim(M)} =P »(n)NPrim(M), as, forallp € P »(n),
pA (ey...,0) =pE M.

We now show that {p € P ~(n) /pa (.,...,.) € Prim(M)} C IP’RJIM(/I)(n). We take p €
P ~(n), such that p# (.,...,.) € Prim(M). Let D = {1,...,n} and let A be the free P -
algebra generated by D (with a unit). It can be described as the associative algebra H? generated
by the set of planar rooted trees decorated by D, and can be given a structure of P ~infinitesimal
bialgebra. As M is freely generated by . as a P r-algebra, there exists a unique morphism of
P »-algebras from M to MP_ augmentation ideal of HP:

M — MP
5'{ — ot .t

As. € Prim(M) and .1 +...4+., € Prim(A), { is a P ~infinitesimal bialgebra morphism from
M to MP. So, E(ps (.,...,.)) € Prim(A).

Let F' € A be a forest, and s; >p; ... >p; g its vertices. For all ¢ € {1,...,k}, we put
d; the decoration of s;. The decoration word associated to F' is the word di ...d,. It belongs
to M(D), the free monoid generated by the elements of D. For all w € M (D), Let A, be the
subspace of A generated by forests whose decoration word is w. This defines a M (D)-gradation
of A, as a P ,-infinitesimal bialgebra of type 1.
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7Tl,...,nog(p)7‘ (’7"'7')) € Pmm(A),

= @A (E(),.,€(-)))
R - ISR
- p/'Z ('17 ) n)

Sops (e1,...,+n) € Prim(A).
Let B be a P r-infinitesimal bialgebra and let ai,...,a, € Prim(B). As MP s freely
generated by the .;’s, there exists a unique morphism of PP --algebras:

] A — B
X i T Q.
As the ., and the a;’s are primitive, x is a P-infinitesimal bialgebra morphism. So:

EPA (e1yeeiyen) =p(E(er), .., E(0)) = plar, ... an) € X(prim(MP)) C Prim(A).

Hence, p € ]P’RJIM(/I) (n). The proof is similar for IP’R]H\\/JI(;) and PRIMX . O

4.2 Suboperad PRIM'Y

Lemma 28 We define inductively the following elements of P »:

q1 = ®
{ Gnt1 = (o« = 1)F (@ns+) = ne — BT (qn), forn>1.

Then, for all n > 1, q, belongs to ]P’]RHM(/I). Moreover, for all z1,...,x, € Prim(M):

V(g A (21, .., 20)) = V(@1)T2 ... Ty
Remark. These ¢,’s are the same as the g,’s defined in section B2

Proof. Let usremark that f; = ..—1 € Prim(M). By proposition P7, .. —1 € PRHM(/I)(Z).

As ]P’RHM(/l) is a suboperad of P -, it follows that all the g,’s belongs to ]P’R]IM(/D (n).

Let x1,...,z, € Prim(M). Let us show that v(¢, & (x1,...,2,)) = v(z1)z2 ... 2, by induc-
tion on n. If n = 1, this is immediate. For n = 2, go 8" (r122) = x120—21 " 2. Moreover, z1 /
x9 is a linear span of forests whose first tree isnot .. So y(ga 8" (z1,22)) = y(z122) —0 = y(21)22.

Suppose now the result true at rank n — 1. Then:

oS (1, 2n) = @ (@ s (T1,...,Tn-1),Zn),
€Prim(M)
Vg s (21, 20)) = V(@S (s (@1, Tp-1), Tn))
= V(14 (x1,...,Tpn-1))Tn

= v(x1)z2... TpH"

Theorem 29 The non-X-operad IP’R]H\\/JI(/I) is freely generated by ! — ...
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Proof. Let us first show that the family (gy)n>1 generates IP’R]H\\/JI(/I). Let P be the suboperad

of ]P’}R]IM(/l) generated by the gy,’s. Let us prove by induction on k that PRHM(})U{}) =P(k). If

E=1,P1)= ]P’RHM(/l)(l) = K.. Suppose the result at all ranks < k—1. By the rigidity theorem
for infinitesimal bialgebra of [I0], a basis of H is (ft, - .. ft,)t1.. tncF, S0 a basis of Prim(M) is:

<7137}im(7-[)(ft1 "'ftn))

So, a basis of PRHM(/I)(k‘) is (7137}im(7-[)(ft1 o fe)

. tn€F

ot €F . By lemma R§:

weight(ty...tn)=k—1

fY;iim(H)(ftl v ftn) = @ S (o5 frrs o fra)-
By the induction hypothesis, the f;,’s belongs to P. So:

fY;iim(H)(ftl v ft) = B (o fuy - fr) € P(n).

So ]P’R]IM(}) —P.

Moreover, if we denote by P’ the suboperad of ]P’]RHM(/D generated by g2, then, immediately,

C P. Finally, induction on n, g, € n) for alln > 1 an CP. S0P =P= 18
P’ C P. Finally, by inducti P'(n) for all n > 1 and P C P. So P/ =P = PRIM'}) |
generated by go.

Let P, be the non-¥-operad freely generated by go. There is a non-¥-operad epimorphism:

1
v.] P — PRIMO)
@2 — Q2.

The dimension of Pg,(n) is the number of planar binary rooted trees with n leaves, that is
2n — 2)!
w On the other side, the dimension of ]P’}R]IM(/D (n)

n—1)n!"
is the number of planar rooted trees with n vertices, that is to say ¢,. So W is an isomorphism. []

to say the Catalan number ¢, =

In other terms, in the language of [{]:

Theorem 30 The triple of operads (ASS,P%,FREEQ), where ]P’a is the symmetrisation of
P » and FREE; is the free operad generated by an element in FREEy(2), is a good triple of
operads.

Remark. Note that if A is a PP ~-bialgebra of type 1, then (A,m, A) is a non unitary
infinitesimal bialgebra. Hence, if (K @& A,m,A) has an antipode S, then —S is an eulerian
idempotent for A.

4.3 Another basis of Prim(H)

Recall that Ty is freely generated (as a non-3-operad) by Y. In particular, if t1,to € Ty, we
denote:

t1 Vig = Y o (tl,tg).

Every element ¢t € Ty — {1} can be uniquely written as t =t/ v ¢".

There exists a morphism of operads:

T, — P
O b 4
Y — .. — 1.
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By theorem P9, © is injective and its image is IP’RHM;Q. So, we obtain a basis of IP’R]H\\/JI(}) indexed
by T4, given by p; = ©(t). It is also a basis of Prim(M), which can be inductively computed
by:

D =
{ Pove, = (“ - I)/az (ptlvth) = Pt; Pty — Pty /ptg'
4.4 From the basis (f;)icT to the basis (pt)ier,

We define inductively the application x : T, — T in the following way:

T, — T
K: I — .,

ti1Vity — H(tg) AN H,(tl).

Examples.

| A N A

It is easy to show that k is bijective, with inverse given by:

T — T,
K .o— 1,
BY(s1...8m) — Kk H(BY(sa2...5m)) VK 1(s1).

Let us recall the partial order <, defined in [, on the set F of planar forests, making it
isomorphic to the Tamari poset.

Definition 31 Let ' € F.

1. An admissible transformation on F' is a local transformation of F' of one of the following
types (the part of F' which is not in the frame remains unchanged):

First kind:

Second kind:

2. Let F and G € F. We shall say that F' < G if there exists a finite sequence Fy, ..., F} of
elements of F such that:

(a) For alli € {0,...,k — 1}, Fj;+1 is obtained from F; by an admissible transformation.
(b) Fo =F.
(C) Fk =G.

The aim of this section is to prove the following result:
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Theorem 32 Lett € Ty. Then py = Z fs-

s€T
s<k(t)

Proof. By induction on the number n of leaves of t. If n =1, thent =1 and p, =. = f,.
Suppose the result at all ranks < n — 1. As p; is primitive, we can put:

= Z as fs.

seT

Write t = t; V to. By the induction hypothesis:

Z fsl andpt2: Z f82'

s1€T s2€T
s1<k(t1) s2<kK(t2)

Ast=1t1Vity, pr = (eo — 1) & Pty Pty) = Pty Pty — Pty /" Dty- S0, for all s € T, as s is primitive
for A

Pt )

PuPty — Pty / Dtyy S)
Pt @ Py, As) — A »(s))
Pty @ Diy 5 A(S))

= Z Z f52®f51,A(3)>~

s1€T so€eT
S1 Sn(tl) SQSH(tQ)

(
(
(
(

So as is the number of left-admissible cuts ¢ of s, such that P¢(s) < k(t2) and R(s) < k(t1).

Suppose that as # 0. Then, there exists a left-admissible cut ¢ of s, such that P°(s) < k(t2)
and R°(s) < k(t1). As s is a tree, s < k(ta) \, k(t1) = k(t). Moreover, by considering the
degree of P¢(s), this cut ¢ is unique, so as; = 1. Reciproquely, if s < k(¢), if ¢ is the unique left
admissible cut such that weight(P¢(s)) = weight(t2), then P¢(s) < k(t2) and R°(s) < k(t1). So
as # 0. Hence, (s < k(t)) = (as # 0) => (as = 1) = (s < k(t)). This proves theorem B3. O

Let p be the Mobius function of the poset F ([[3, [[J]). By the Mobius inversion formula:

Corollary 33 Let s € T. Then f; = Z w(k(t), s)pe.
teTy, k(t)<s

4.5 Suboperad PRIM?

For all n € N, we put ¢,+1 = B1(."). In other terms, ¢, is the corolla tree with n+ 1 vertices,
or equivalently with n leaves.

Examples. ¢c; =.,co=1,c5= V., cx= V, 5 =" ..

Lemma 34 The set T is a basis of the operad ]P’R]IM(;). As an operad, ]P’R]IM(;) is generated
by the ¢, ’s, n > 2. Moreover, for all k,l > 2,

Ck/az(clv .,...,.):Cl/QZ(.,...,.,Ck)-
——— ~———
k — 1 times I —1 times
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Proof. The operad IP’RJIM(;) is identified with Prim »(M) by proposition 3. So Prim ~(M)

is equal to Vect(T). Let P be the suboperad of ]P’}R]IM(? generated by the corollas. Let t € T,
of weight n. Let us prove that ¢t € P by induction on n. If n =1, thent =. € P. If n > 2, we
can suppose that ¢t = BT (¢ ...tg), with ¢1,...,t; € P. Then, by theorem [[]:

o1 B (bt ) = (b, ) e =t ty) /e =B (t.. . t) =t
So t € P. hence, P = PRIM'%.

Let k,1 > 2. Then, by theorem [L1]
kB (Clyoyeenye) = (.k_l/Qz (Clyoseenye)) /o

= Bt

On the other hand:

cl)z’(.,...,.,ck) = (l_1,®7‘(.,. ,.))/Ck
= (Y a
_ ( l—l) / B-i—(ck—l)
= BY(((.""H 70

Sockp’(cl,.,...,.):cl,e’(.,...,.,ck). ]

Definition 35 The operad T is the non-X-operad generated by elements ¢, € T(n), for
n > 2, and the following relations: for all k,1 > 2,

ckole, I,....])=co(I,....,I,cg).
——

——
k — 1 times [ — 1 times
In other terms, a T-algebra A has a family of n-multilinear products [.,...,.] : A" — A for

all n > 2, with the associativity condition:
[[a17 s 7al]7al+17 s 7al+k] = [a17 ceey a1, [al7 R 7al+k]]'

In particular, [.,.] is associative.

Theorem 36 The operads T and ]P’]RHM(? are isomorphic.

Proof. By lemma B4, there is an epimorphism of operads:

Cn — Cp.

{ T — PRIM?

In order to prove this is an isomorphism, it is enough to prove that dim(T(n)) < dim(IP’RHM(j) (n))

for all n > 2. By lemma B4, dz’m(IP’RHM(j) (n)) is the n-th Catalan number. Because of the defin-

ing relations, T(n) is generated as a vector space by elements of the form ¢;o (I, ba,...,b;), with
b; € T(n;), such that n; + ...+ n; =n — 1. Hence, we define inductively the following subsets
the free non-Y-operad generated by the ¢,’s, n > 2:

{I} ifn=1,
X(n) = U U aod,X(i),....X (i) if n > 2.

=2 iz—i—...—i—il:n—l
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Then the images of the elements of X (n) linearly generate T(n), so dim(T(n)) < card(X(n))
for all n. We now put a, = card(X(n)) and prove that a, is the n-th Catalan number. We
denote by A(h) their generating formal series. Then:

an:Z Z a, . ..a; if n > 2.

=2 io+..+4=n—1

In terms of generating series:

_, Al
So A(h)? — A(h) +h=0. As A(h) = 1:
1—+1-—4h
Ay =+
So a,, is the n-th Catalan number for all n > 1. O

In other terms:

Theorem 37 The triple of operads (ASS,PE,TE) is a good triple of operads.

Remark. Note that if A is a P ~-bialgebra of type 2, then (A,m, A ) is a non unitary
infinitesimal bialgebra. Hence, if (K & A, m, A ») has an antipode S -, then —S » is an eulerian
idempotent for A.

4.6 Suboperad PRIM\

Lemma 38 The set T is a basis of the operad PRIMX . As an operad, PRIMX\  is generated
by 1.

Proof. Let P be the suboperad of PRIMy  generated by 1. Let ¢ € T, of weight n. Let
us prove that ¢ € P by induction on n. If n = 1 or 2, this is obvious. If n > 2, suppose that
t = BT (ty...t;). By the induction hypothesis, t; and BT (ts...t;) belong to P. Then:

t=t1 \.BT(ta...tx) = 1, (t1, BT (ta.. . tp)).
SotelP. 0

Theorem 39 The non-YX-operad PRIMN s freely generated by 1.

Proof. Similar as the proof of theorem RJ. 0

In other terms:

Theorem 40 The triple of operads (Ass,]P’2 ,F2), where Fy is the free operad generated by
an element in Fo(2), is a good triple of operads.

Remark. Note that if A is a P\ -bialgebra, then (A4,m, A) is a non unitary infinitesimal
bialgebra. Hence, if (K @ A, m,A) has an antipode S, then —S is an eulerian idempotent for A.
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5 A rigidity theorem for P --algebras

5.1 Double P --infinitesimal bialgebras

Definition 41 4 double P --infinitesimal bialgebra is a family (A,m, A A ) where
m, /" A®A— A, AA -1 A— A® A, with the following compatibilities:

1. (A,m, /") is a (non unitary) P --algebra.

2. For all z € A: ~ ~ N
(AeldodE) = (o d)ohw),
(A, @Id)oA ,(z) = (Id®A )oA (x),
(A®Id)oA s(z) = (Id®A »)oA(x).

In other terms, (A, AP, Ac}p) is a P ~-coalgebra.
3. (A,m, /,A)is a P ~-bialgebra of type 1.
4. (A,m, /, A/) is a [P ~-bialgebra of type 2.

Remark. If (A,m, A A ) is a graded double P _~-infinitesimal bialgebra, with finite-
dimensional homogeneous components, then its graded dual (A*, A*°P, A*/’Op ,mCOP | 7HCOPY) glg0
is.

Theorem 42 (M,m, /, A, A/) is a double P-infinitesimal bialgebra.

Proof. We already now that (M,m, /) is a P --algebra. Moreover, (M,ACOP,AC/OP) is
isomorphic to (M*,m*, /*) via the pairing (—, —), so it is a P ~-coalgebra. It is already known
that (M, m,A) and (M, 7, A) are infinitesimal bialgebras. As (M, 7, A) is isomorphic to
(MO m°P, AC/O‘D ) via the pairing (—, —), it is also an infinitesimal bialgebra. So all the needed
compatibilities are satisfied. O

Remarks.

1. Via the pairing (—, —), M is isomorphic to its graded dual as an double P ~-infinitesimal
bialgebra. As a consequence, as M is the free P r-algebra generated by ., then M®P is
also the cofree IP »-coalgebra cogenerated by ..

2. All these results can be easily extended to infinitesimal Hopf algebras of decorated planar
rooted trees, in other terms to every free P ~-algebras.

Lemma 43 In the double infinitesimal P -algebra M, Ker(A)N Ker(A/) = Vect(.).

Proof. D. Obviogs. 3 3
C. Let x € Ker(A)N Ker(A ). Then A »(z) =0, so x is a linear span of trees. We can

write:
Tr = Z ast.
teT
Consider the terms in M ®. of A(z). We get Z atB™ (t)®. = 0, where B~ (t) is the forest
teT—{.}
obtained by deleting the root of t. So, if t # ., then a; = 0. So = € vect(.). O

Remark. This lemma can be extended to any free P ~-algebra: if V' is a vector space,
then the free P ~-algebra Fp . (V') generated by V' is given a structure of double PP ~-infinitesimal
bialgebra by A(v) = A/(v) = 0 for all v € V. In this case, Ker(A) N KeT(A/) =V for
Fe (V).
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5.2 Connected double P -infinitesimal bialgebras

Notations. Let A be a double P ~-infinitesimal bialgebra. The iterated coproducts will be
denoted in the following way: for all n € N,

< A — A®(C+1)
AT { a — aV®.. . ®d",

An A — A®(n+1)
s a — a(/l)®...®a(/"+1).

Definition 44 Let A be a double P ~infinitesimal bialgebra. It will be said connected if,
for any a € A, every iterated coproduct A — A®™*1) vanishes on a for a great enough n.

Theorem 45 Let A be a connected double P ,-infinitesimal bialgebra. Then A is isomorphic
to the free P »-algebra generated by Prim(A) = Ker(A)NKer(A ) as a double P --infinitesimal
bialgebra.

Proof. First step. We shall use the results on infinitesimal Hopf algebras of [H]. We show
that A = Prim(A) + AA+ A / A. As (A, /,A) is a connected non unitary infinitesimal
bialgebra, it (or more precisely its unitarisation) has an antipode S -, defined by:

A — A

S0y @ — S oL 7l
=0

As (4,A) is connected, this makes sense. Moreover, —S » is the projector on K er(A) in the
direct sum A = Ker(A) @ A 7 A.

In the same order of idea, as (A4, m, A ) is a connected infinitesimal bialgebra, we can define
its antipode S/ by:

A — A
57 a — 3 (—1)”1@(/1) . ..a(/iﬂ),
i=0

and —S/" is the projector on Ker(AZ) in the direct sum A = Ker(A /) @ A.A. .

Let a € A, b € Ker(A ). Then A »(a /' b) = (a®1)A »(b) =0. So A /" Ker(A /) is a
subset of Ker(A »). Moreover, if A ~(a) =0, then (Id® A ) o A(a) = (A® Id) o A »(a) = 0.
So A(a) € A® Ker(A »). As a consequence, if n > 1:

A™a) = (A" ' @ Id) o A(a) € A¥" @ Ker(A ).

Hence, foralln € N, A"(Ker(ﬁ/)) € A®"®Ker(ﬁ/). Finally, we deduce that S/(Ker(ﬁ/)) C
Ker(A »). ) ) )
Let a € A. Then S/ (a) € Ker(A ) and S 0 S7(a) € Ker(A)N Ker(A ») = Prim(A) by
the preceding point. Moreover:
S7(a) = —a+ AA,
S, 08 (a) = =S (a)+A /A,
S,087(a) = a+AA+A /A

This proves the first step.

Second step. As A is connected, it classically inherits a filtration of P »-algebra given by the
kernels of the iterated coproducts. We denote by deg, the associated degree. In particular, for
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all z € A, degy(x) < 1if, and only if, x € Prim(A). Let B be the P ~-subalgebra of A generated
by Prim(A). Let a € A, let us show that a € B by induction on n = degp(a). If n < 1, then
a € Prim(A) C B. Suppose the result true at all ranks < n — 1. Then, by the first step, we can

write:
a = b—l—Zaibi +Zdej,
( J

with b € Prim(A), a;, b;, ¢;, dj € A. Because of the filtration, we can suppose that deg,(a;),
degy(b;), degy(c;), degy(dj) < n. By the induction hypothesis, they belong to B, so a € B.

Last step. So, there is an epimorphism of PP ~-algebras:

. Fp/(Prim(A)) — A
¢'{ a € Prim(A) — a,

where Ip . (Prim(A)) is the free P --algebra generated by Prim(A). As the elements of Prim(A)
are primitive both in A and Fp . (Prim(A)), this is a morphism of double PP -infinitesimal bial-
gebras. Suppose that it is not monic. Take then x € Ker(¢), non-zero, of minimal degree. Then
it is primitive, so belongs to Prim(A) (lemma [I3). Hence, ¢(a) = a = 0: this is a contradiction.
So ¢ is a bijection. O

In other terms:

Corollary 46 The triple of operads ((]P’E)OP,PE,VE(CT) is a good triple. Here, VECT
denotes the operad of vector spaces:

KI if k=1,

VE(C']T(k:):{ 0 i kAL

where I is the unit of VECT.

We also showed that S 05 is the projection on Prim(A) in the direct sum A = Prim(A)®
(ALA+A 7 A). So S 087 is the eulerian idempotent.
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