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Abstract

This work deals with trace theorems for a class of ramified bidimensional domains €2 with
a self-similar fractal boundary I'*°. The fractal boundary I"*° is supplied with a probability
measure p called the self-similar measure. Emphasis is put on the case when the domain is
not a € — & domain as defined by Jones and the fractal set is not totally disconnected. In
this case, the classical trace results cannot be used. Here, the Lipschitz spaces with jumps
recently introduced by Jonsson play a crucial role. Indeed, it is proved in particular that

if the Hausdorff dimension d of I"*® is not smaller than one, then the space of the traces of

functions in W™+14(Q), m € N, 1 < ¢ < oo is JLip(m + 1 — Q%d, q,q; m; I'*°). The proof is

elementary; a main step is a strengthened trace inequality in the norm Lﬁ(I‘oo).

1 Introduction

This work deals with some properties of the Sobolev spaces W™54(Q), m € N, for a class of
ramified domains 2 of R? with a self-similar fractal boundary called I'> below, see for example
Figures 1 and 3. The domain (2 essentially depends on a parameter a, 0 < a < a*. As explained
below, the restriction a < a* allows for the construction of {2 as a union of non-overlapping
sub-domains, see (10) below.

Such a geometry can be seen as a bidimensional idealization of the bronchial tree, for example.
Indeed, the present work is a continuation of [1] and of [2], which were part of a wider project
aimed at simulating the diffusion of medical sprays in lungs. Since the exchanges between
the lungs and the circulatory system take place only in the last generations of the bronchial
tree (the smallest structures), reasonable models for the diffusion of, e.g., oxygen may involve
a non-homogeneous Neumann or Robin condition on the boundary I'*°. Similarly, the lungs
are mechanically coupled to the diaphragm, which also implies non-homogeneous boundary
conditions on I'*°, if one is interested in a coupled fluid-structure model. It is therefore necessary
to study traces of functions on I'*°; here, we will focus on functions belonging to W™+14((),
formeNand 1 < ¢ < oo.

Function spaces defined in irregular domains have been widely studied in the literature:

e Jones [8] (and Vodopjanov et al [25] in the case n = 2, see also [17, 11]) have studied
the open bounded subsets {2 of R™ such that there exists a continuous extension operator
from W4P(Q) in W4P(R™), for all nonnegative integers £ and real numbers p, 1 < p < oo.
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Jones has proved that if 2 is a € — § domain for some parameters €, > 0, see [8, 11]
for the definition, then the above extension property is true. Moreover, in dimension
two, if the extension property stated above is true, then € is a ¢ — § domain for some
parameters €, > 0. In dimension two, the definition of such domains is equivalent to that
of quasi-disks, see [17].

Jonsson and Wallin [11] have considered closed subsets F' of R™ supplied with a Borel
measure p such that there exists a positive real number d and two positive constants c;
and c9 with

c1r? < u(B(x,1)) < cpr,

for all z € F and r < 1 (here B(x,r) is the ball in F' with center x and radius r, with
respect to the Euclidean distance in R™); in [11], these sets are called d-sets.
Concerning the set I'*° studied in the present paper, we will recall in §3.2 below the notion
of self-similar measure p defined in the triplet (I'*°, Fy, F3), see [13]. With the Borel regular
probability measure p, I'*° is a d-set where d is the Hausdorff dimension of I'*.
In [11], Sobolev and Besov spaces are defined on the d-sets, and extension and trace results
for Besov and Sobolev spaces are proved using as a main ingredient Whitney extension
theory. In particular, see [11] page 182, there exists a continuous trace operator from
WLP(R™) onto BYP,_4(F), if max(1,n —d) < p < oo, where, for 0 <'s <1,

P

BIA(F) = {f ey | e %dﬂ(@du@) < oo},

see the definition in [11] page 103. A more general trace theorem is available, see Theorem
1, page 141 in [11].

The approach of Triebel [24] is somewhat different. In [24] chapter IV, paragraph 18, it
is proved that the space of the traces of functions in BY?, (R™) is L (F) for 0 < d < n,

P
d/n < p < ooand 0 < ¢ <min(l,p); Besov spaces on F' are then defined as the space of
the traces of Besov spaces on R™ and embeddings properties are studied.

There is also a growing interest in analysis on self-similar fractal sets, see for instance
Kigami [13], Strichartz [22, 23], Mosco[20, 19] and references therein. These works aim at
intrinsically defining function spaces using Dirichlet forms and a different metric from the
Euclidean one. The results in this direction are often subject to the important assumption
that the set is post-critically finite (or p.c.f.), see [13], page 23 for the definition. In a
different direction, Jonsson has studied Lipschitz functions spaces on self-similar fractal
sets under a technical condition which yields a Markov inequality at any order, see the
pioneering works [9, 10]. This theory does not require the fractal set to be post-critically
finite. In [10], Lipschitz functions spaces allowing jumps at some special points in the
self-similar fractal set have been introduced, along with Haar wavelets of arbitrary order.
The previously mentioned function spaces can be characterized using the coefficients of
the expansion in some high order Haar wavelet bases. The theory in [10] is the cornerstone
of the present paper. It will be briefly reviewed in §4.

The question of extensions or traces naturally arises in boundary value or transmission
problems in domains with fractal boundaries. Results in this direction have been given in
[21, 15, 14] for the Koch flake. Here also, the assumption that the fractal set is p.c.f. is
generally made.



Our goal here is to study the traces of functions of W™+14(Q) on the fractal boundary I'*°.
Note that this is different from considering the traces of functions of W™ *+1:4(R?) on I'*°.

If a < a*, then Q is a e — 0 domain. In this case, the results of Jones [8] and those of Jonsson and
Wallin [11] can be combined to obtain trace results. This has been done in [2]: if max(1,2—d) <
q < 00, the space of the traces of functions in W4(Q) is Bf’_q(Q_ 4)/q(T>), where d is the Hausdorf
dimension of I'*°.

When a = a*, the situation is more complicated because
e () is not a € — § domain,
e [’ may not be totally disconnected. It may even be non post-critically finite.

In [2] we mainly focused on the case a = a*, and especially on the geometry presented in § 2.2.2
below, see Figure 3. We studied some properties of the traces of functions in H'(Q), without
completely characterizing the trace space though. The results proved in [2] are :

e if a < a* then the trace of a function in H'(Q) belongs to L% (I'™), for all real numbers p
such that 1 < p < oc.

e in the case a = a*, we gave an example of a function in H!(Q) whose trace on I'*® has not
a bounded mean oscillation with respect to u, (thus does not belong to Ly (I'™)).

e for the geometry displayed in Figure 3 in the critical case a = a*, the trace of a function in
H'(€) belongs to the Besov space B2(I'®, 1) for all real numbers s such that 0 < s < d/4,
where d is the Hausdorff dimension of I'°, and there exists a function in H'!(Q) whose
trace does not belong to BZ?(I'™°, ) for all s > d/4. Note the important contrast with
the case a < a* for which the trace of a function in H(Q) belongs to B2*(I'>, ) for
0<s<d/2

In the present paper, we aim at charaterizing the traces of functions in W™*%4(Q) by using the
results contained in [9] and mostly [10].

The article is organized as follows: the geometry is presented in Section 2. In Section 3, we
recall some of the results of [1] on the space W14((2), concerning Poincaré inequality and the
construction of the trace operator. The theory proposed in [10] is reviewed in § 4 where we
mainly focus on the spaces JLip(s,q,q;m;I'*®), m < s <m+1,1<q < oo, that we will use
later on. For simplicity, we first investigate the traces of functions in W 19(£2): the main result of
the paper is Theorem 9 stated and proved in Section 5. The proof uses elementary ingredients,
mainly the strengthened trace inequality stated in Theorem 11. The traces of functions in
WmtLa(Q) for a positive integer m are characterized in Section 6.

The results presented here can be generalized to functions in W#4(Q) for s non integer or in
Besov spaces: this topic is currently under investigation.

2 The Geometry

We first describe the general geometrical setting, then we give two relevant examples.



2.1 General Setting
2.1.1 The similitudes I} and F5 and the self-similar set I'®

Consider four real numbers a, o, 3,6 such that 0 < a < 1/v/2, « >0, 3> 0and 0 <0 < /2.
Let F;, i = 1,2 be the two similitudes in R? given by

T - 21 co80 — xo9sinf
F1<1:2> < 08 )+a<x1sin0+x20030>’

w( © _ « ta x1c080 4+ xo8inf
2\ 2 o 3 —x18in6 + x9cos6 |-
The two similitudes have the same dilation ratio a and opposite angles +6. One can obtain Fy
by composing F; with the symmetry with respect to the axis {z; = 0}.
We call I'*° the self-similar set associated to the similitudes F; and Fb, i.e. the unique compact

subset of R? such that
' = F1(T*°) U F»(T"*°).

For n > 1, we call A,, the set containing all the 2" mappings from {1,...,n} to {1,2}. We
define
Mg =Fyqy0--0F,y foroe A, (2)

The definition of I'*® implies that for all n > 0,
=) M I>).
UEAn

We state without proof the following proposition, which says that, up to an affine map, the
shape of I'*° does not depend on « and (3.

Proposition 1 Let Fy and Fy be defined by (1) where the parameters a,0,«, 3 satisfy the as-
sumptions above. Let the similitudes G1 and Go be defined by

G1=<_57>+F1, 02:<g>+F2,

where a+ v > 0 and B+ 0 > 0. The self-similar set associated to G and G is

0 : _
0b — By N <1+ 5as1‘n9+7(1 acos@))roo’
Basin® + a(l —acosb) fasind + a(l —acosd)

where I'° is the self-similar set associated to the similitudes Fy and Fs.

dasinf + (1 —acos@))

Note that the assumptions in Proposition 1 imply that the parameter | 1 + -
Basinf 4+ a(1 — acos )

is positive.
The following theorem was stated by Mandelbrodt et al, [16]:

Theorem 1 For any 0, 0 < 0 < 71/2, there exists a unique positive number a* < 1/v/2, (which
depends on 0 but not on («, 3) from Proposition 1) such that

0<a<a* = FI®)NFkKRI®)=0 = I'*° is totally disconnected,
a=a" = F(T®)NFKIT*®)£0D = I'*° is connected, (from Th. 1.6.2 in [13]).
3)



If 8 > 0, then the critical parameter a* is the unique positive root of the polynomial equation:

k—1

4 1
ZX”r2 cos i = 2 (4)

i=0
where K is the smallest integer such that K0 > 7/2. If 0 = 0 then a* = 1/2.

Remark 1 From (4), it can be seen that 6 — a*(0) is a continuous and increasing function

from [0,7/2) onto [1/2,1/\/2).

Hereafter, for a given 0, 0 < 0 < /2, we will only consider a such that 0 < a < a*.

2.1.2 The simplest possible construction with F; and F;

Call P; = (—1,0) and P, = (1,0) and 'Y the line segment 'Y = [P}, P,]. We impose that Fy(P),
and F5(P,) have positive coordinates, i.e. that

acosf <a and asinf < f. (5)

We also impose that the open domain Y0 inside the closed polygonal line joining the points P,
Py, F5(P,), Fy(Py), F1(P,), F1(Py), Py in this order is convex. With (5), this is true if and only
if

(a—1)sinf + Bcosf > 0. (6)

Under assumptions (5) and (6), the domain Y0 is either hexagonal or trapezoidal in the degen-
erate cases (in particular if # = 0), contained in the half-plane x5 > 0 and symmetric w.r.t. the
vertical axis z1 = 0.

We first describe the simplest possible ramified domain containing the images of P; and P, by
all the mappings F;, o--- o F; , i; = 1,2. This domain will be noted Q. The construction is

as follows: it it possible to glue together Y0, Fy (%) and Fy (%) and obtain a new polygonal
domain, also symmetric with respect to the axis {z1 = 0}. The assumptions (5) and (6) imply
that YO N F (YY) = 0 and Y’ N F»(Y?) = (. We also define the ramified open domain 2, see
Figures 1 and 3:

Q = Interior (170 U ( U u MU(}N/O))> . (7)

n=1occA,

Note that Qs symmetric with respect to the axis 21 = 0, and that for a < 1/v/2, the measure
of €1 is finite.

With a* defined as above, we shall make the following assumption on « and 3:
Assumption 1 For 0 < 6 < 7/2, the parameters o and [ satisfy (6) and (5) for a = a*, and
are such that

1. for all a, 0 < a < a*, the sets Y0, ./\/la(?o), o € Ay, n > 0 are disjoint,

2. for all a, 0 < a < a*, F1(Q) N F»(Q) =0,

3. for a = a*, F1(Q) N Fy(Q) # 0.

In the case when 6 = 0, Assumption 1 is satisfied by any o > a* = 1/2 and > 0. The following
theorem asserts that for any 0, 0 < 6 < 7/2, there exist (o, 3) satisfying Assumption 1.



Theorem 2 If 0 E_(O,Tr/2), then for all o> a*cos®, there exists B > 0 such that > a*sinf
and (o — 1)sin@ + Bcos > 0 and for all 5 > 3, (o, B) satisfies Assumption 1.

Proof. The proof of this result is based on elementary but tricky geometric considerations. We
sketch it in Appendix A. m

The following theorem gives different and explicit sufficient conditions for Assumption 1 to hold
in the case when 7/6 < 6 < 7/3.

Theorem 3 1. If 0 € [n/6,7/4], then the pairs («, B) satisfying (5) for a = a* and
Bcosf > max(l — «,«)sinf (8)
satisfy Assumption 1.
2. If 0 € [v/4,7/3], then the pairs (o, 3) satisfying (5) for a =a*, (6) and

2cosf (fsinf —acosf) > —cos26, )
(1 —a)cos30 + [sin3d > 0

satisfy Assumption 1.
Proof. See Appendix A. =

Remark 2 We have observed numerically that for any 0, 0 < 0 < 7 /6, the pairs (o, 3) satisfying
(5) for a = a* and (8) do satisfy Assumption 1, but we did not obtain a reasonably short proof.

Remark 3 Note that for @ = w/4, conditions (9) and (8) are equivalent.

For a given 0, let (a, 3) satisfy Assumption 1; for 0 < a < a*, the Moran condition (open set
condition) see [18, 13] is satisfied (the Moran condition is that there exists a nonempty bounded
open subset O of R? such that F1(O) N F5(0) = 0 and F1(0) U F5(O) C O). Indeed, one can
take O = (). From this, the Hausdorff dimension of I'* is

dimpy (') = d = —log 2/ loga,
see [18, 13]. The assumption a < 1/v/2 implies that d < 2.

2.1.3 More general constructions

Let (a, ) satisfy Assumption 1. We assume that for all a, 0 < a < a*, (where a* has been
introduced above), the polygonal cell Y satisfies the following assumptions:

1. YV is contained in the half-plane x5 > 0.
2. 0Y'n {xg = 0} =10 = [Pl,PQ].
3. F1(I'Y%) and Fy(I'%) are contained in some sides of 9Y°.

4. the sets YO, M, (Y?), 0 € A,, n > 0 are disjoint.
With these assumptions, we can construct the ramified open domain
Q2 = Interior (WU ( U U MAW))) , (10)
n=1occA,
see Figure 2 for an example. The self-similar fractal set I'*° is a subset of 9€2. We split the
boundary of 2 into T, T? = [~1,1] x {0} and X = 9Q\(T° U ).

Remark 4 A further generalization is possible: all the assumptions above are maintained except
that OY O\ (T U Fy(I'%) U F5(TY)) may be made of curved lines. All what follows is valid in this
case. For simplicity, we will still assume that Y° is polygonal.



2.1.4 Additional notations

For what follows, it is important to define the polygonal open domain YV obtained by stopping
the above construction at step N + 1,

Y = Interior <Wu ( U U MU(W)» . (11)

n=1occAn

We introduce the open domains Q7 = M, (Q) and QY = Uyea, Q27 = Q\YV-1 for N > 0.
When needed, we will agree to say that Q° = Q. We define the sets ' = M, (I'°) and
'V = Uyea, . The one-dimensional Lebesgue measure of T'? for o € Ay and of TV are

9] = a™ 1% and |V = (20)V|1Y).

2.2 Two Examples
2.2.1 Example 1
Let F} and F, be the affine maps in R?

Fi(z) = (—a +ax1, B + axz), Fy(z) = (a + axy, f + axa), (12)

s0 0 =0, and (5) becomes a < a and 8 > 0. The domain Y? is trapezoidal:

YO0 = Interior( convex hull(Py, Pa, Fy(Ps), Fl(Pl))>.

The sets Y0, M,(Y?), o € A,, n > 0 do not overlap if a < a* = 1/2. The domain Q described
in § 2.1.2 is shown in Figure 1 for « =3/2, =3 and a = a* =1/2.

If a < 1/2, the Hausdorff dimension of I'*° is smaller than 1; the set I'*° is a Cantor set, totally
disconnected, (i.e. F;(I'*)NEF>(I'*) is empty), and contained in a straight line; it can be proved
that Q is a e — 6 domain as defined by Jones [8], see also [11] and [17].

In the critical case when a = a* = 1/2, I'* is the straight line segment [—2a, 2a] x {23}, so it is
connected and its Hausdorff dimension is one. It is post-critically finite because F';(I'*°)NFy(I'*°)
is a singleton. The open set € is not a € — § domain. Indeed, take the point X = (0,3/2) and
call A, = (Fy o F})(X), By, = (Fyo F") (X), we have that

o lim, ., A, = lim,, .o B, = (0,20), therefore lim,,_,, dist(A,, B,) =0,
° AneﬁandBnESNZ,
e the length of any curve joining A, and B, that is contained in SNZ, is greater than 20.

As explained in § 2.1.3, one can construct a different domain 2 whose boundary contains I"*®
by choosing for example Y° as a T-shaped domain, see Figure 2.

2.2.2 Example 2
We make the choice § = 7/4, « =1 —a/v/2, 3 =1+ a/V/2, so the similitudes F;, i = 1,2 read

(1 (1= %) + 5 (o + (1))

FZ(I‘) - 1 a a\/5 1)i+1
+\ﬁ+ﬁ $2+(—) .Tl)



Figure 3: 0 =7/4, a=a"*, a=1 :a*/\/§, B =1+a*/v/2. Left, the construction (more exactly
Y3). Right, the ramified domain €.



The critical parameter a* is the unique positive solution of X3 +v2X?% —1/2/2 =0, i.e. a <
a* ~ 0.593465. The construction described in § 2.1.2 with the critical value a = a™ leads to the
domain {2 shown in Figure 3.

If @ > 1/2, the Hausdorff dimension of I'*° is larger than one. For instance, if a = a*, then
dim g (I'*°) ~ 1.3284371.

In the case when a < a*, it can be proved that Fy(I'*°) N F5(I'*°) is empty and that Qis a e —§
domain, see [2].

In the critical case when a = a*, it can be proved, see [2], that F}(I'*) N F5(I'*°) C I'*™° is a non
countable set, whose Hausdorff dimension is half the Hausdorff dimension of I'**. The set I'*
is not post-critically finite. It was also proved in [2] that €2 is not a € — § domain.

2.3 The self-similar measure u

For defining traces on I'*°, we recall the classical result on self-similar measures, see [5, 7] and
[13] page 26:

Theorem 4 There exists a unique Borel regular probability measure p on I'*° such that for any

Borel set A C T'™,

1

u(A) = g (T (A) + 5 (F5 ' (A)) (13)

The measure p is called the self-similar measure defined in the self-similar triplet (I'*°, Fy, F3).

Proposition 2 The measure p is a d-measure on I'°, with d = —log2/log a, according to the
definition in [11], page 28: there exists two positive constants c1 and co such that

crt < w(B(xz,r)) < cor?,

foranyr 0 <r <1 and x € I'*°, where B(x,r) is the Euclidean ball in I'*° centered at x and
with radius r. In other words the closed set I'™° is a d-set, see [11], page 28.

Proof. The proof stems from the Moran condition in § 2.1.2. It is due to Moran [18] and has
been extended by Kigami, see [13], §1.5, especially Proposition 1.5.8 and Theorem 1.5.7. [ ]

Remark 5 In the first example, § 2.2.1, with a = 1/2, the measure 1 is such that 6u is the
one-dimensional Lebesgue measure on the straight line I'°.

We define L, p € [1,+00) as the space of the measurable functions v on I'*® such that

Jre [v[Pdp < oo, endowed with the norm [[v|n = (froo |VIPdp) Y7 We also introduce Ly,
the space of essentially bounded functions with respect to the measure p. A Hilbertian basis of
Li can be constructed with e.g. Haar wavelets.

3 The space W4(Q)

Hereafter, the parameters (a, 3) satisfy Assumption 1. Except when explicitly mentioned, we
will not distinguish between the simplest geometries presented in § 2.1.2 and the more general
ones introduced in § 2.1.3. The former can be seen as a special case of the latter. Therefore, we
will use the notation 2 for all the domains constructed in § 2.

For a real number ¢ > 1, let W19(Q) be the space of functions in L9(Q) with first order
partial derivatives in L(£2). We also define V() = {v € WH4(Q);v|po =0} and V,(Y") =
{v e Wha(Y™);v|re = 0},



If a < 1/2 then d < 1. In this case, I'*® is totally disconnected, see 6], Lemma 4.1 page 54.
This implies that F;(I'°) N F5(I'>°) = (), see [13], theorem 1.6.2 page 33. Therefore, a < a*
and we can apply the result stated in the introduction: if ¢ > max(1,2 — d), then the space of
the traces on I'™® of the functions v € W19(Q) (see § 3 below for the definition) is Bi]fﬂ (T'>)

q
(see the introduction for the definition) and we will see in Theorem 8 below that in this case,
B, ,(I%) = JLip(1 - 22%,¢,¢;0; ).

The cqase a < 1/2 being understood, hereafter, we focus on a such that 1/2 < a < a*, so the
Hausdorff dimension d of I'*° is not smaller than 1.

The results stated below are important for the study of elliptic boundary value problems in €.
Section 3.1 contains some Poincaré inequalities and §3.2 deals with the construction of a trace
operator on I'**. We refer to [1] for the proofs.

We will sometimes use the notation < to indicate that there may arise constants in the estimates,
which are independent of the index n in Q™ (recall that Q™ is the union of all M,(Q), o € A,)
or I' ( '™ is the union of all M, (I'?), 0 € A4,), Y™ = YOUU1<p<n Usea, My (Y?), or the index
o in Q7 = M,(Q) or T7 = M, (T?).

3.1 Poincaré inequality and consequences

Theorem 5 There exists a constant C > 0, such that
Vo eVy(Q),  vlTuq) < ClIVUlLaq

Corollary 1 There ezists a positive constant C such that for all v € Wh4(Q),
o140y < € (IF0l40(q + Nolrolduro) ) -

Corollary 2 There exists a positive constant C' such that for all integer n > 0 and for all
o€ A,, for allv e WHi(Q7),

[0y < C (@™ 1901 0(qm + @ ol oy )
and for all v € WH(Q")
1ol 0(my < € (@™ 1900180 gy + @ loln [y ) -

We need to estimate ||v when v € WH4(Q):

Izagam)

Lemma 1 There exists a positive constant C such that for all v € W14(Q), for all n > 0,
lollgo(ny < € (202" (IF0]1E0(q) + Iolro | Furoy) - (14)

Since 2a% < 1, (14) implies the Rellich type theorem:

Theorem 6 (Compactness) The imbedding of W4(Q) in LI(Q) is compact.

The following lemma will be useful for defining a trace operator on I'*°:

Lemma 2 There exists a positive constant C such that Yv € W1H9(Q), for all integers p > 0,

> [ (vl < Ceap (190l gy + ol (15)

o€A,

10



Remark 6 Note that |I?| = (2a)P|T°|, so (15) is equivalent to

1
o 2 [ 1) S IVl + ol
o€A,
Corollary 3 There exists a constant C > 0 such that for allv € W1H9(Q) and all integers p > 0,
> [ (vl = {oleo))? < OVl
c€A, 7

where (v|po) is the mean value of v|po on T'°.

Remark 7 Similar results in a different geometry were proved by Berger [3] with different meth-
ods.
3.2 A trace operator on '™

We construct a sequence (£™),, of approximations of the trace operator: consider the sequence
of linear operators ¢ : Wh4(Q) — Lf,

rw)y =3 <|F10‘ /ngda:> Ly, (roe, (16)

UGAn

where |I'?] is the one-dimensional Lebesgue measure of I'?, see [1].
Proposition 3 The sequence (£"), converges in L(W14(Q), LY,) to an operator that we call £°°.

Proof. See [1]. |

4 Lipschitz Functions with Jumps on '™

In [10], A. Jonsson has introduced Haar wavelets of arbitrary order on self-similar fractal sets and
has used these wavelets for constructiong a family of Lipschitz spaces. These function spaces are
named JLip(a, p,q;m; K), where K is the fractal set, o is a nonnegative real number, p, g are
two real numbers not smaller than 1 and m is an integer (m is the order of the Haar wavelets used
for constructing the space). Here J stands for jumps, since the considered functions may jump at
some points of K. If the fractal set K is totally disconnected, then these spaces coincide with the
Lipschitz spaces Lip(a, p, q; m; K) also introduced in [10]. The latter are a generalization of the
more classical spaces Lip(a, p, ¢; K) introduced in [11] since Lip(«a, p, q; [o]; K) = Lip(a, p, ¢; K).
Note that Lip(a, p, q;[a]; K) = BYY(K), see[12].

Since this is sufficient for what follows, we will focus on the case when K =I"* and p = ¢.

4.1 Definition of JLip(«,q,q;0;T>) for 0 < o < 1.

We review the theory proposed in [10] in the special case when 0 < o < 1 and m = 0. Here,
since we focus on the case m = 0, we do not need to suppose that I'>° is not contained in a
straight line, as it was done in [10] in order to obtain that the fractal set has a Markov property.
For f € L}, a positive integer n and o € A,,, we define P, f as the projection of f on constants:

P, f=2" / fdpu.
M (')

11



We also define Py f as the projection of f on constants:
R f = fdp.
FOO
For an integer v, we define the set J,:

J,={peN, st. Vo € Ay, 27 < diam(M, (T™)) < 27"}, (17)

agreeing that M, = Id if p =0, 0 € A,,.
Let vg be the integer (possibly negative) such that 0 € J,,.
Consider a real number «, 0 < o < 1. For f € Li and an integer v > vy, we define A, (f):

1/q

A= | [ nfrae ST [ R |

PEJyy,p>00€A,
1/q

AN =2"1> ) /Mg(roo)\f—Paﬂqdu ,if v > .

peJy, €Ay

Definition 1 The function f belongs to JLip(c,q,q;0;T°°) if the norm

1

1f 11y Lip(a,q.q0:0) = (Hf\l%z + ) A‘i(f)) (19)

v=ug
is finite.

Following [10], it is possible to characterize JLip(«, g, ¢; 0;1'°°) by using expansions in the stan-
dard Haar wavelet basis on I'*°. Consider the Haar mother wavelet g° on I'*°,

9" = 1p (o) — Liy(reey, (20)
and forn € N, n >0, 0 € A,, let g7 be given by
9| mo ey = 272g% e MY, and g7 o, 0y = 0. (21)
It is proved in [9] §5 that a function f € L}, can be expanded on the Haar basis as follows:
f = POf + 6090 + Z Z Bn,aga'
n>1o0€An

Let by be a real number and (b, ¢ )n>1,0e4, be asequence of real numbers, we define ||(bo, bp,o) ||z

q

T e e N N N T

[[(bo, b)) lpzs = o pEIvo:p>00EAy - (22)
S S S
v=r9+1 peJy o€Ay

Theorem 7 (Jonsson) A function f € L}, belongs to JLip(a,q,q;0;T>) if and only if the
coefficients of its expansion in the Haar wavelets basis satisfy |Pof| + ||(Bo, Bn.o)llyze is finite;
this defines a norm in JLip(«, q,q;0;T°°) equivalent to the one in (19).

12



Proof. This is a particular case of Theorem 1 in [10]. ]
If the fractal set I'*° is totally disconnected, then the jumps which are allowed in the space
JLip(a, q,q;0;T°°) disappear:

Theorem 8 (Jonsson) If F1(I'™°) N F»(I'>°) is empty, then
JLip(a,q,q;0; %) = Lip(a, ¢, q;0; 1) = BEI(I'™),
where the Lipschitz space Lip(a, q,q;0;T°°) and the Besov space BLY(I'™°) are defined in [11].

Proof. This is a particular case of Theorem 2 in [10], see also [9] for a partial proof. ]
Let us assume that diam(I'*°) > 0. Since in our case the ratii of the similitudes F} and F5 both
take the value a, we see that diam(M,(I'*°)) = a"diam(I'*®) if ¢ € A,, and n > 0. Therefore,
for n > 0, n € J, if and only if

277 < g"diam(I'™) < 271,

which can be written
loga log(diam(I'*°))

—v < — 1 2
V*nlog2+ log 2 <-v+l (23)
or
loga  log (diam(I'*)) log (diam(I"*°))
—y = = |—-n/d . 24
[n log 2 log 2 njd+ log 2 (24)

where d = —log 2/ log a is the Hausdorff dimension of I'>® and [-] stands for the integer part.
Let by be a real number and (by, 5 )n>1,0c.4, be asequence of real numbers; we define ||(bg, by, ) Hgg,q:

1
00 7
H(bo,bma)”gg,q = <|bO‘Q+ZQqan/d2n(l/21/Q)q Z |bn70|q> )

n=1 o€A,
1
o0 q
= <|bo‘q _|_Zafqan2n(1/2*1/q)q Z |bna|q> )
n=1 o€An

Assuming that diam(T'°°) # 0, there exist two positive constants ¢; and co such that
c1ll(bo, bno)llpgs < 11(00; bn.o)llgas < c2l(bo, bn.o)llpg e,

for any sequence (b, o )n>1.0eA4, Such that [bo|?+ 350, 2n(1/2=1/a)a > ved, |bno|? < oo. We have
the corollary of Theorem 7:

Corollary 4 A function f € L, belongs to JLip(a, q,q;0;T°°) if and only if the coefficients of
its expansion in the Haar wavelets basis satisfy |Pof| + ||(Bo, Bn,o)llee is finite; the norm of f
in JLip(«, q,q;0; ) is equivalent to this sum. Another equivalent norm is

Q=

7, — Pyf|4d —oqn — P, f|%du | .
<HfHLM+/FOO\f Py f| /~L+;a Z/Mc,mo)'f P, f] M) (26)

UE.An
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Remark 8 In the special case when o =1 — (2 —d)/q,

1B, b0 lza = (‘bo‘q+222a na=2 $ U\q) 7

O'G.An

S

and the norm in (26) reads

<\|f\|‘,§z+ /F If - Pof|qdu+2 (229" Y / \f—Paflqdu>

oc€A,

1

q

These observations will be useful in the proof of Theorem 9 below.

4.2 Definition of JLip(«a, q,q; m; ') for a positive integer m and m < o < m+1.

Following [10], we suppose that I'*° is not contained in a straight line (this rules out the geometry
presented in § 2.2.1 above). This assumption implies that ['* preserves Markov’s inequality, see
[10].

Call 8§y the subspace of Li made of polynomials of order not larger than m; thanks to Markov’s
inequality, its dimension is My = (m +2)(m +1)/2; let (¢%)1<i<n, be a basis of Sy orthonormal
with respect to (-, ) . For f € L1 we define by P(m) f the projection of f onto P, defined as
follows: let (¢])1<j<MO be an orthonormal basis of Sy and P f > 9 Jreo foidu.

Similarly, for f € LL(MU(FOO)), we define by Pé f the projection of f onto P,,:
P = (B™(f o My)) o M.

The following definition of the space JLip(a,q,q;m;'*°) has to be compared to (26):

Definition 2 Let m be a positive integer and o be a real number such that m < a < m + 1.
The function f € L}, belongs to JLip(,q,q;m;T>) if the norm

||f”JLip(oz,q,q;m;F°°) = <Hf”%z +/F ‘f P f|qd:u + Zafaqn Z / |f P f|qd:u>

oc€An
(27)

1
q

1s finite.

Haar wavelets of order m can be used for an equivalent definition of JLip(a, q,q;m;T°°): call
&1 the space of the functions f defined on I'*° such that f coincides with a polynomial of degree
m on F;(T')\ (F1(I'*°) N F»(I'*)), i = 1,2. The dimension of S; is 2My. The orthogonal
complement S; © Sy of Sy in 81 has dimension My. Choose an orthonormal basis (g%%)1<;<,
of 81 © 8. Finally, for n > 1 and o € A, define

ga,z — 2n/290,i o M;l.

The family (¢¢, g*¢, ¢%%), 1 <i < My, 0 € A,, n > 1 is an orthonormal and complete family of
Li. It is proved in [10] that a function f € L}, can be expanded as follows

f Z)‘ng +ZﬁOngZ+ZZZﬁnazg (28)

i=1 n>1o0€A,

14



Proposition 4 (Jonsson, [10], Th. 1) A function f € L}, belongs to JLip(c, q,q;m;T°°) if and
only if

Mgy oo 3
<Z‘)\ ‘q+Z|ﬁoz|q+ZZa qangn(1/2—1/q)q Z B0l ) < o0, (29)

i=1 n=1 oEA,
where Ni, Boi, Pno,i are the coefficients in (28). The norm in (29) is equivalent to that in (27).

5 Traces of functions belonging to W14((Q)

We consider the case when 1/2 < a < a*; we are going to give a trace theorem with a direct
proof (which differs from the previous argument when a < a*).
The main theorem is as follows:

Theorem 9 If1/2 < a < a*, then for all q, 1 < ¢ < o0,
00 1 . 2-d 0o
e (Whi(Q)) = JLip(1 — 7 0EHT™). (30)

Proof. Theorem 9 is a straightforward consequence of Proposition 5 and Theorem 10 below. =

Remark 9 Note the contrast with the fact that functions in W1H9(R?) have their traces in
Lip(1 — (2 —4d)/q,q,¢;0; 1), see [11] page 182 and [9, 10].

Proposition 5 For all real number ¢ > 1, there exists a constant C such that for all v €

JLip(1 — Q%d, q,q;0;1°°), there exists © € Vy(2) with the following properties: £°°(0) = v, and

~ 114 ~ ~1q q
60y [ 19917 < Ol oy ey 1)

Proof. First, let us consider the case when v is a Haar wavelet on I'*°. We start with the
mother wavelet g°. One can construct a function §° such that §° € Vy(2) for all 1 < ¢ < oo and

§0|F1(Q) =-1 and P(—z1,20) = =321, 22), Vo= (21,72) € Q. (32)

It is an easy matter to check that £>°(3") = ¢° and that [, |Vg°|? = [}, [Vg°|e.
For a positive integer n and o € A, let us define the function g7, g% € V,(Q2) for all 1 < ¢ < oo,
by:

Flor =220 ML, (33)
§U|Q\Qa = 0 (34)

From the definition of g7, we see that £°°(g°) = g°. The change of variable x = My yields

/ Vgl = / Vg |t = 23 a0 / Vg = 2ndq-am / Vg7, (35)
Q Qo Q

Moreover, the support of Vg7 is contained in Y7, which implies that for all positive integer n
and n/, for all 0 € A,, n € Ay,

e the supports of V§° and V§° are disjoint.

o if (n,0) # (n',n) then the supports of Vg7 and V" are disjoint.
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We also introduce a function x, x € V,(f2) for all 1 < ¢ < oo, such that x|g: = 1 and that
x(z1,22) = x(—x1,x2). It is clear that £°°(x) = 1. Moreover, it can be seen that

/VX'ng _o |
[9]

(36)
/ Vx- Vg = 0 for all integer n > 0 and all o € A,,.
Q

Consider now v € JLip(1 — %, q,q;0;T°°). We can expand v on the Haar basis:

v= FPyv+ ﬁogo + Z Z ﬂn,aga7

n>1o0cA,

where By = [peo v9°dp and Bne = [ vg7dp. We know from Theorem 1 and Corollary 4 (see
Remark 8) that

|ﬂo\Q+Z2%a2 DN | Bn]? < o0 (37)
O'G.An
Let us define the function v : Q — R, by

b= (Pov)x + Bod’+ D D Bnod’ (38)
n>1o0€A,

where we agree to identify the function Pyv with its real value. From a classical inequality, we

obtain that
/Q‘Vf}’qs |Pov|q/Q|Vx]q+/ BOVQ +Z Z Bnov.éa

n>1ocAy,

From (35) and the observation on the supports of the functions Vg7, this yields that

Lrwait s porr [ o+ (180 + Y 3 24 ms0 ) [ e

n>1o0€An

which is finite from (37), and the right hand sides of the two above estimates coincide. Therefore,
7 € V,4(), and it is an easy matter to see that £°°(9) = v using the continuity of /> in W14((Q),
see Proposition 3. Finally, (31) is a consequence of Theorem 1 and Corollary 4, (see Remark 8).
|

Theorem 10 Assume that 1/2 < a < a*. Forallq, 1 < q < oo andv € WhH4(Q), £°°(v) belongs
to JLip(1 — %, q,q;0;1'°°) and there exists a constant ¢ such that

HEOO(U)||JLip(1f%,q,q;0;F°°) < dvlwiag), Vve wha(Q). (39)

The proof of Theorem 10 is postponed to the end of § 5. It makes use of the strengthened trace
inequality stated in Theorem 11 below. The following lemma (see, e.g., [4], p. 126) will play an
important role in the proof of Theorem 11.

Lemma 3 (Peetre—Tartar) Let V, Vi, Vo, W be Banach spaces, and let A; € L(V,V;) be con-
tinuous linear maps for i = 1,2, the map Ay being compact. Suppose there exists cg > 0 such
that

lwllv < co(llArvllvi + | A2vllv ), for any v € V-
In addition, let L € L(V,W) be a continuous linear map such that L‘ker a4, =0 Then there
exists C' > 0 such that
| Lv|lw < C||A20]|vs, for any v e V.
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Theorem 11 Assume that a > 1/2.

1. For all real number p such that
(2a3)7 1t < p <1, (40)

there exists a constant C' such that for all v € V4(£2),

[e%S)
@), < (HWHMO Zp—”@a%”@—nz||wuiqwg(w))). (41)
n=1

O'G.An

2. For p satisfying (40), there exists a constant C such that, for all v € W14(Q),

oo
162(0) = Po (=(0) |13 < (nwum(yo Zp"@cﬂ)”@“Zuwniqwd(yop)'
n=1 oc€A,
(42)

Proof.

The proofs in the cases when a = 1/2 and a > 1/2 slightly differ. Hereafter, we thoroughly
discuss the case a > 1/2. For the ease of the reader, the case a = 1/2 will be discussed in
Appendix B. In both cases, the proof of Theorem 11 is done in three steps.

The case when a > 1/2

Step 1 The first step consists of proving (41) for the constructions described in § 2.1.2:

we take P = (—1,0), P» = (1,0), and define P; = (0,3 + asinf). We partition Y0 into
five nonoverlapping triangles: YO0 = U 1E, where Tvl = (P, P, P3), T = (Py, Ps, F1(P1)),
T3 = (Fl(Pl) Fl(PQ) Pg) T4 = (PQ,FQ(PQ) P3) and T5 (FQ(PQ),FQ(Pl),Pg), see Figure 4.
Let us introduce the two real numbers

rmn = (a—14acos)(f+asinf)+ (8 —asinb), (43)
ro = 2asinf(a—acosh)+ [+ asinb.

The assumptions (5) and (6) imply that 71 > 0 and that 72 > 8 + asinf. We introduce the
points Py = (—1,r1), P (0 r9) and P6 = (1, rl) and the triangles T1 Tl, T2 (P17P37P4)
7/—\’3 = (ﬁ4,ﬁ5/,\P3), 7/—\’4 = (PQ,P@,P3) and T5 (P@,P5,P3), see Flgure 4.

The points P;, ¢ = 4,5,6 have been chosen in such a way that

e The triangles CFZ and CIA} have the same measure, 1 = 1,...5.

° ]34 and P; have the same abcissa —1, ]35 and P3 have the same abcissa 0, and ]36 and P
have the same abcissa 1.

The triangles CIA} 1 =1,...,5 form a nonoverlapping partition of a new polygonal domain }A/o with
a vertical fracture namely [Ps, ﬁ5], see Figure 4.

Therefore it is possible to construct a continuous and piecewise affine map H from }70 onto }/}0, in
such a way that H,+ 7 is an affine map from fz onto ﬁ It is clear that H is measure preserving.

Let G and G5 be the maps in R? defined by

Gi(wy,mp) = (5%, 032 4 2olig) 4 2020,),
Go(x1,12) = ($1+1, ndrs T22”$1 + 2a%z;) .
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Figure 4: Left: the cell YO, Right: the fractured open set Y0, The Jacobian matrix of H on
the left (resp. of H~" on the right) jumps across the broken lines. In this figure, we have not
respected the proportions (the areas of T; and T should coincide).

Note that for i = 1,2, the abcissa of G;(x1, x2) only depends on x7. This implies that fori = 1,2,
G; maps part of 9Y" to vertical lines. Moreover, G1(Py) = G2(Py) is a point on the axis 1 = 0.
We define e

M, = Ga(l) 0--+0 Ga(n) for o € .An,

the sets
o~ _~ _ N — _~ _ ~ _~ _ o0 — —~ _
YN = Interior (Yo vl U MU(Y0)> , Q= Interior (Yo vl U MU(Y0)> :
n=1locAy, n=1c€A,
see Figure 5, and the one to one mapping
YN YN,
XN

z — MgoH ‘oM, (z) ifze My (Y.

Note that " is a piecewise affine map and that the Jacobian of xV is almost everywhere 1.
Moreover, take o € A, with n < N, (z1,22) € M\U(Yo) and h € R such that (z1,22+ h) €
M\U(YO). We aim at bounding |x™¥ (z1, 22 +h) — XN (z1, z2)|: call (21, 29) = M\;l(azl,xg). It can
be easily seen that X/l\;l(xl, w9 + h) = (21,22 + (2a%)""h). Therefore,

XN (21,2 + h) — XN (21, 22)] = My o H 21, 22 + (2a%) "h) — My 0 H (21, 20))|
< Cya™(2a®)™"|h| = Cy(2a)""|h|,

where the constant C'y is the norm of H~!', and where we have used the fact that M, is a
similitude with dilation ratio a™. But 2a > 1. Passing to the limit as h tends to 0, we see that

H ||<>o < Cp. (44)

Note that YV is contained in the rectangle [—1,1] x [0,£], where £ = ro Y ((20°)" = 22,

Moreover YN has IV =2 + Zivzo 2" vertical boundaries, (among which 25:0 2" vertical frac-
tures) see Figure 5. We order increasingly the abscissa (a;);—; ;v of these vertical segments,

and we have o;; 1 —a; = 27N, i =1,..., IV —1. Notice also that YN can be seen as the epigraph
of a function ®V : (=1,1) — Ry, and that ®N is discontinuous at oy, i = 2,..., IV — 1, and
linear in the intervals (a;, a;41), @ = 1,...,I" — 1. Another important and natural property is
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Figure 5: The open set Q in the case when § = w/4, a = a* ~ 0.593465, a = 1 — acosf and
B =1+ asinf.

that the sequence (®™)y is nondecreasing with respect to N.

Call T the self-similar set associated to G and Go, (F * is part of the boundary of Q), and
it the self-similar measure associated to (I‘O"7 G1,G2). As above, it is possible to define a trace
operator (> from Wlﬁq(ﬁ) to Lq(foo).

Consider a function v € C°°(Q) such that v|po = 0. Since XV is piecewise affine and continuous,
and since \FN+1| = 2N for all 0 € Any1,

1 1 N
Lo b= Y [ el
‘I‘N-i—l‘ TN+1 2N+1 Tol| JTe IN+1 |T'o| JTe

O’GA UGAN+1

On the other hand,

1
> ]

1 IN—1 oy

= \onN‘ng Z/a |’UOXN(3;‘,¢’N(QU))‘(] da.

0EAN+1 2N+l i=0 i
Therefore,
IN 1 i1 In—1 Qg1 @N(:B) d
q_ Nz, &N (2 do — / / d N ) de
‘ N—H‘ /FN+1 [v|? = 2 /az |U(X (x, | T = Zz(; 5 ; dt(U(X (z,1)))

q

IN7L o | N p®i()
Z Z/ i(U(XN(%t))) dt| dzx.
—0 /P () dt

19

q

dx



Thus,

: / o]
7 v
fNJrl‘ TN+1
In-1

N— iyl N a1 N ' DI () d q
< Z/ S pi D / Z WM (@, 0)))dt)| | da
=0 =0 ®771(z)
In—1 @iyl N @j(x) d q
s [ e @) dr] da
=0 Yo =0 @11 (x) di
In—1 it N ) ) - ) @j(x) d N q
<> D (@ (z) — 7N (@))” / (00 (@, 0))] dt | de
i=0 Y j=0 Qi~1(z)
IN_l Q41 N . . qﬂ(I) d q
N > p@a?yleh [ a(v(xN (z,t))| dt | dx
i=0 Yo =0 771 (z)
where we have used several Holder’s inequalities. This yields that
2
=l L
FNJFl‘ TN+1
In—1 . I () N
Z/ i(2a )M—l)/ 90 Va2 )| dt | de
_ o — ®i—1(z) 0rq ot
~ In—-1 it ) ) ®I(x) N
> / Zmza?)ﬂ“) ) P ()| |
. =0 (bj—l(x) €T9
Using (44),
: / g e J(q 1) ¥(e) Tat ) d
oRa— v Vo(x t .
o] v > A Zp | %)! v 0)|" dt | dz

Performing the inverse change of variables, one obtains that

1 1)
W/I:N+l\v|q<0</ |Vv]q+Zp (2a%)™a~ Z/GYO \VU|‘1>,

€A,

where the constant C can be chosen independently of N.

Finally, since ] N+1‘ Jzne [0]7 tends to [z 10 (v)|2dfi as N — oo, we find that

/~m \ZOO(U)quﬁ<c</ \VU|Q+ZP (2a2)"a=1) Z/ o |vuyq), (45)

oEA,

which is the desired result. We conclude by using the density of {v € C*(Q); v|ro = 0} in
Vy(9).
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Step 2 We aim at proving (42) for Q by using Lemma 3.
Let V5 be the Banach space

Vo = {v : 0 — R?, v measurable ||U”Lq ) + Z (2¢%)Ma) Z v ”Lq (7)) oo} ,
n= oc€A,

and let V' be the Banach space
V= {v c LY

loc

(), vlgo € LIT?), Vo e Vo),

endowed with the norm

mw—ﬂ/vm

Remark 10 It can be proved that

1/q
—I-HVvHLq(YO —I—Zp (2a2)n(a—1) Z Vv HLqM &) ) .

UE.An

V= {veLq(ﬁ), vuevg}.

It is clear from (40) that W19(€Q) is a subspace of V. N
Furthermore, we will prove at the end of the paragraph that W14(Q) is dense in V.

As a consequence of (41), one can extend the operator £>° to a continuous linear operator from
VitoW = L% = L9(T*°,dp), that we still denote £°°.

Let ﬁo be the projection on constants: ]5011 = ffoo vdp. It is straigthforward to see that the
operator L : v — £%(v) — Py (zoo(v)) is also a continuous linear operator from V to W = L%.
Define V) as the space of the constant functions on Q. We introduce the linear operators
AV =R, Alv:/~v, and Ay : VsV, Asv = Vo
o

We can apply Lemma 3 since L!ker A = 0. Therefore, there exists a constant C' > 0 such that

16 (v)— Py ([700(1))> ||qL% (HVUH ) —|—Zp—n (242)aD) Z IV U”q L (7) )) ’ Yo eV,

O'G.An
_ B (46)
which implies (42) in the case when Q = Q, since WH4(Q) C V.

Proof of the density of W14(Q) in V. We introduce a smooth real valued function ¢ defined
on Y0 such that _
0 < ¢<1, inY"
¢ = 1, on fo,
¢ = 0, on 30,
where
30 = {z € 0Y" such that x5 > b}.

For n > 0 and o € A,,, we also introduce the function ¢, defined on MVU (}70) by ¢, = qbo(MvU)_l.
For a function v in V', we define v,, by:

/Un|}7’n*1 = v|}7n717
Un|]\,(vd(§'o) = ¢UU|/’\A‘“U(?O) + (1 — ¢U), <U>a7 Yo € _An’
Vnlg, = (v),, for n=0okF, ceA, i=12,
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where
1

= — v and X7 = My(X0).
5] Jr

(v},

It is easy to see that u, € W14(£2). Morover, lim,, o ||[u — uy, |y = 0; indeed,

0 in 17”’1,
Vu—Vup, =< ¢sVu+ (u— (u)y) Vo in M, (Y?), Vo € Ay,
Vu in Q\Y™.

But ||V¢s|lco = a7"||V¢||so. Therefore

prp(2a2)p(qf1) Z /~ |Vl
M (Y0)

o=l < eq | 7" reds
oV Vel 3 /N Cau— (),
O’GAn MG(YO)
<eo [ S pra2pa 3O /~ Vult + Cop (2020 V) /~ A
p=>n oc€A, Mo (Y?) Mo (Y0)

using the Poincaré-Wiertinger inequality in M (}70):

/M fu — (W)Y < Cypa /M Vul",
M(Y0) M(Y0)

and where the constants ¢, and C; do not depend on n. From this and Lebesgue theorem, we
see that lim,_. [|[u — u, ||y = 0.

Step 3 We now aim at proving (41) and (42) in the general case, i.e. for Y satisfying the
assumptions made in § 2.1.3. For that, we are going to construct a self-similar piecewise linear
map from the domain 2 to . It is easy to see that there exist

1. a partition 7 of Y into p non-overlapping triangles, such that I'?, F;(I'Y), F»(I'°) are the
whole side of a triangle in the partition.

2. a partition 7 of Y? into p non-overlapping triangles, such that I'?, F} (I'?), F5(I'°) are the
whole side of a triangle in the partition.

3. a continuous, one to one and piecewise linear function 1 from Y'° onto Y°, such that

its restriction to the triangles in 7 is linear,
e ¢ maps each triangle in 7 to a triangle in T ,
the restriction of ¥ to I'? is the identity,
fori=1,2,

F(w (@) =y (F(z)), YoeIl

An example of such a construction is shown in Figure 6.
This construction allows for the definition of the continuous linear operator

U Wh(Q) — Wha(Q),
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Yo Yo

Figure 6: The domains Y° and Y0 are partitioned into eight triangles

U(u) =u, u defined b ilyo = ulyo oy, vi
- " g e = wman o Moot Tl o (M) g€ An, n> 1
(47)
Using the same argument as in the proof of Theorem 4 in [2], we have that
1= @)l[Lg SN @)Le, Vo € Ve(9). (48)
From (48) and (45), we see that
@Iy < [ 9@ +Zp ey 3 [ e e v,@). @)
oc€An (YO)

The inverse change of variables yields (41). o
Similarly, the proof of (42) follows from the observation that Py(¢*°(v)) = Py(¢*°(¥(v))) and
from (46).

The case a = 1/2. See Appendix B. =
Proof of Theorem 10 Call f = ¢*°(v). Recall that

1 a2 g oy = 1135+ [ 1= Poflqdu+z e 3 [ o [ Pl

oc€EAn
(50)
We have to prove that the right side of (50) is finite. A change of variables leads to

S Y [ (- R

n=1 UG.A'n, U(FOO)
=) (227" ) 27 "/ |f o My — Po(f o My)|%dpu.
n=1 oEA,
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This and Theorem 11 imply that

Z )" Y [ 5= Pl

oc€EAn Mo (1)
o0 o¢]
Sza”@_q) Z [V(vo Mo)”qu(YO) + Zp—p(2a2)p(q—1) Z [V (vo MU)”qL‘I(Mn(YO))
n=1 oC€An p=1 neEAp

2

=Y a0 37 e ||wumwayo>+2p CER D DN | L v

n=1 oC€An neAp
where p is such that (2a¢?)?! < p < 1. Thus,

[ee] 00 4
S T [ nn 3t (0 ) 5
n=1 i=1 n=1

cEA, HEA;

From p(2a?)'=% > 1, we deduce that 22:1 p"(2a2)"1-9) < pi(2a%)"1=9) . Thus,

St ) S [P Y S 1900
n=1

€A, =1 pueA;
and the desired result follows easily. m

6 Traces of functions belonging to W"14(Q) for a positive inte-
ger m

We now assume that a > 1/2 and that I'*° is not contained in a straight line. We use the
notations defined in § 4.2. To keep the length of the paper reasonable, some proofs will be
omitted or just sketched. For any real number ¢ > 1 and any nonnegative integer m, the space

Wm+La(Q) is the space of the functions in L?(Q) such that all their partial derivatives of order
less than or equal to m + 1 (in the sense of distribution) belong to L7(€2).

Proposition 6 For all real number ¢ > 1, there exists a constant C' such that for all f €
JLip(m + 1 — 2ffi,q,q;m;lj"o), there exists f € W™HL9(Q) with the properties flyo = 0,

>°(f) = f and

LI, e / L (e (51)

J@,q;m; )’

Proof. The proof resembles very much that of Proposition 5. It mainly consists of constructing
functions §%¢ € WmHL4(Q), i = 1,... My such that

i §07i|Y0 =0,
. §07i|MU(Q) belongs to P, for all o € A,

o ((301) = g0
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For a positive integer n and o € A, let us define the function g% by:

ga’,i‘gd _ 2n/2 gO,i o M;l, (52)
3 loge = 0. (53)

From the definition of g%, we see that £°°(§°%) = g°*. For a fixed i € {1,..., My},
e the supports of D™1§%% and D™ +1G%% are disjoint,
e if (n,0) # (n/,n) then the supports of D™¥1G%" and D™+1§"% are disjoint.
Consider also M functions ¢; € W™t14(Q) such that
e ¢'[yo =0,
o 12(¢') = ¢'.

For a funtion f € JLip(m + 1 — (2 —d)/q,q,q;m;I'>°) given by the expansion (28), it can be
shown as in the proof of Proposition 5 that the function f given by

f= ZA@%ZﬂmngZZ > Broid™

i=1l n>10€A,

has the desired properties. m
We have the analogue of Theorem 11:

Theorem 12 For all q, 1 < g < oo and all real number p satisfying (40), there exists a constant
C such that, for all v € W14(Q),

HDm“vlqu(yo>
00 (m) (oo
16 (v) = Bo™ (€2 (@) Il +Zp—n(m+1)(2a) Um0 N D™ )|, vy
n=1 UeAn

Proof. We skip the proof, because it is long and resembles that of Theorem 11. =
Theorem 12 makes it possible to prove the analogue of Theorem 10:

Theorem 13 For all ¢, 1 < q¢ < oo and v € W™HL4(Q), (°°(v) belongs to JLip(m + 1 —
Z%d, q,q;m; ') and there exists a constant ¢ such that

1620 i 138 g gy S €lellmssagay, Yo € W0, (55)

Proof. The proof is very similar to that of Theorem 10. m
From Proposition 6 and Theorem 13, we obtain that for all ¢, 1 < ¢ < oo,

2-d
02 (WmHh(Q)) = J Lip(m + 1 — — ¢ q;m; 0°). (56)
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Appendix

A Sketched proofs of Theorems 2 and 3

A.1 Preliminary lemmas
Lemma 4 For 0 <6 < 7/2, assume that («, 3) satisfy (5) for a = a* and (6). Then, for all a,
0 <a < a* the conver hull of (370 U ( U U M, ( ))) coincides with the convex hull of

n=1loecA,

Puru (Y (MalP) Mo(P2)) )

oc€EAN 1

Proof. First step Call x" the convex hull of You < u u M, (YO)

n=1occA,

We first observe that the points Fi(Py), Fi(Ps), Fo(Py), and F(P,) are strictly contained in

x!: this can be checked by simple geometric arguments: for example, one sees that the angle

between the line segments [Py, Fo(P,)] and Fy([Pa, Fo(P,)]) is m — 6 < m, from which we deduce
that Fy(P,) is strictly contained in x!'. From this, we deduce that the points Fy(Py), Fi(P»),
Fy(Py), and Fy(Py) are strictly contained in xV for all N > 1, because x' c V.

Second step We prove Lemma 4 by induction. We have just seen that the claim is true for
N = 1. Assume that the claim is true up to V. We have

YV = convex hull (% U F1(XN) U F2(XN)> .

From the induction hypothesis, we deduce

YV = convex hull ({PO,Pl,Fl(P1),F1(P2),F2(P1)aF2(P2)} U ( U {MU(P1)7M0(P2)}>> :

UEAN+2

But we know that Fy(Py), Fi(P), F»(Py), and Fy(P,) are strictly contained in yV*!: therefore,

ANn42

YV ! = convex hull <{P0,P1} U U {My(Pr), /\/lU(Pg)}) :
[

By passing to the limit as N — oo, we obtain that:

Lemma 5 Assume that (o, ) satisfy (5) for a = a* and (6). Then, for all a, 0 < a < a*, the
convez hull of Q is the convex hull of {P1, P} UT.

A.2 Proof of Theorem 2

With an argument similar to those used in [16] and elementary calculus, one can prove:

Lemma 6 For 0, 0 < 6 < /2, call (Fy o F1)*® the fized point of Fy o Fy and ( the smallest
integer such that (0 > w. The point Ff(Fg o F1)® is a point in T'°° with minimal ordinate. Its
ordinate Z takes the value

-5 COSH+ 1 3 _a(l—acos@) ZC: i1 g 2§ i1 9 (57)
= as ot |\ fa-——F i:1a cos i ai:1a cosif | .
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Lemma 7 For 6, 0< 0 < 7/2, for any o > af cos @, there exists B > 0 such that 3 > a*sin6
and (. —1)sinf@+ Bcos® > 0 and for any 5 > 3, I'° is contained in the half-plane {x : x9 > 0}
foralla, 0 <a < a®*.

Proof. From (57), we see that Z is affine with respect to 5. Thus, Lemma 7 will be proved if
show that for a positive constant ¢ depending on € but not on a, 0 < a < a*,

-2
1+ 7 _aa2 (g a' 1 cosif — a? jg; a1 cos i6> >c,
or in an equivalent manner
1 J i . o i+2 .
T (iz(;a COSZG_ZZ;G cosz@) > c. (58)

Since a* is the positive solution of (4), 0 < a < a* implies that — Ef:_ol a*?cosif) > —1/2.
Since ¢ > k + 1, and since a* < 1/v/2, we see that a sufficient condition for (58) is

¢ (-2
1 =
3 + E 1 a'cosif —a g a'cosif > c, (59)
1= 1=K

for a different constant c. We make out two cases:

a) the case when (2x —1) < 7 which implies ( = 2k and 0 < 7/3; b) the case when (2k—1)§ > 7
which implies ¢ = 2k — 1; for technical reasons, we split the case b) into two subcases: bl) K = 2
and ¢ = 3, which occurs for 7/3 < 0 < 7/2; b2) kK > 3 s0 0 < 7/4.

a) (2s —1)0 < 7. In this case, 0 < 0 < 7/3 and ¢ = 2k. We have

¢ (-2 k—1

1 . ,

§+Ela’cosi0—a22 a”cosi&zTo—F‘Elﬂ—i-S,
1= 1=K 1=

where S = —a? Zf;: atcosif) > 0, T; = a’ cosif+a?*~""Lcos((26—i—1)0),i =1,...,k—1, and
To = 1/2 4 a* 1 cos((2k — 1)0) + a®F cos(2k0). One sees that for i = 1,...,k — 1, —cos((2k —
i—1)f) < cosifl, so T; > 0. On the other hand Ty > 1/2 — a®*~! — a?* > 1/2 — (a*)? — (a*)*
and since a*(0) < a*(7/3) ~ 0.62, 1/2 — (a*)? — (a*)* > ¢ > 0.

bl) k =2 and ¢ = 3. In this case, 7/3 < 6 < 7/2 and the left hand side of (59) takes the
simple form 1/2(1 + 2a cos 6 + 2a? cos 20 + 2a3 cos 39). We have

1+ 2acos @ + 2a? cos 20 + 2a3 cos 30 = 1 + 2a cos 0 + 2a? cos 20 + 2a>(cos A cos 20 — sin 6 sin 26)
> 1+ 2acos 6 4 2a” cos 20 + (1 — 2a?) cos 20 — 2a* sin fsin 26,

where the latter estimate comes from the fact that a < a*, 2(a*)®cos® = 1 — 2(a*)? and
cos 260 < 0. Thus,

14 2acos 0 + 2a® cos 20 + 2a> cos 30 > 1 + 2a cos 0 + cos 20 — 2a> sin 6 sin 20
= cosf (2 cos 0 + 2a — 4a® sin® 9)
= cos 0 (2cos b + 2a(1 — 2a%) 4 4a3 cos? 0) > c>0,

because a < a* < 1/\/§
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b2) ( =2k —1 and x> 3. In this case, 0 < 0 < 7/4
1 ¢ A ¢—2 ‘ rk—1
5+Z;azcosi0—a22azcosi6:TO+Z;TZ'+S,
= i=K i=

where S = a" ! cos((k — 1)) — a? Zf;f atcosif) > 0, T; = a’ cosif) + a®* "2 cos((2x — i — 2)8),
i=1,...,6—2 and Ty = 1/2 + a** 2 cos((2x — 2)0) + a* ! cos((2k — 1)#). One sees that
for i = 1,...,k — 2, —cos((2k — i — 2)f) < cosif, so T; > 0. On the other hand T >

1/2 —a?72 —a?~1>1/2 — (a*)* — (¢*)® and the latter is greater than ¢ > 0. m

Lemma 8 For 6, 0 <0 < /2, for any o > a*cos B, there exists B > 0 such that > asinf
and (o — 1)sin@ + Bcosd > 0 and for any 5 > 3, 2 is contained in the half-plane {x : z2 > 0}
foralla, 0 < a < a*.

Proof. This is a consequence of Lemmas 7 and 5. =

Proof of Theorem 2 Take a < a*: from Lemma 8, Q lies in the half-plane {z : zo > 0}; by
similarity, Fl(SNZ) is contained in the open half-plane above the straight line joining F} (P;) and
F1(P,). Therefore Fi(Q) NY° = . Similarly, F5(Q)NY? = 0.

Moreover for a < a*, F;(I'*°) is contained in the half-plane {x : z1 < 0} otherwise, by symmetry,
F1(I°) N Fp(I'*°) would not be empty. By continuity, F(I'*°) is contained in the half-plane
{x : 21 <0} for a = a*. This implies by Lemma 5 and self-similarity that F(£2) is contained in
the open half-space {x : 71 < 0} for a < a”. Similarly, F>(Q2) is contained in the open half-space
{z : 21 > 0} for a < a*. Therefore Fy(2) N F»() = 0 for a < a*.

Collecting the above results and using self-similarity, it is easy to check that («, ) satisfies
Assumption 1. =

A.3 Proof of Theorem 3

We define some useful notations: we note L the axis {z : 1 = 0}. By symmetry, the intersections
of the lines L, Fy(L) and Fy(L) is a point called A, see Figure 7. We call L] (resp. L)) the
symmetric of L with respect to Fi(L) (resp. F(L)). We call Sy (resp. S2) the sector limited by
the lines L and L} (resp L and L}): the vertex of S is A4, S} is symmetric with respect to F (L)
and the aperture of Sy is 26. We introduce S = S U S5 the sector of vertex A, of aperture 46
which is symmetric w.r.t. L, see Figure 7.

A.3.1 The case 7/6 <0 <m7/4
If 71/6 < 6 < m/4, a* is the unique positive solution of the equation
—1+2X%+2cos0X3 +2cos20X* = 0. (60)

Lemma 9 If Fy and Fy are given by (1) with « = acos® and § = asinf, 1/6 < 0 < /4, then
forall a, 0 < a < a*, I'*® is contained in the half-plane {x : x5 > 0}.

Proof. (sketched) Here, A = (0, —acs'ﬁl%g). Since I'*® is symmetric with respect to L, F;(I'*)
is symmetric with respect to Fy(L). Similarly F5(I'*°) is symmetric with respect to Fa(L). For
a < a*, F1(I'*) lies strictly on side of the axis L (because Fy(I'*°) N F5(I'*°) = )). By symmetry
with respect to Fy (L), F;(I'*°) is contained in the sector Sj. Similarly, F»(I'>°) is contained in
the sector S5. Therefore '™ C S = 57 U Ss.

If 0 = /4, S is the half-plane {z : z9 > 0} and the proof is finished.
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If 7/6 < 6 < /4, by similarity, F(I'*°) is contained in S; N F1(S). Easy, but long calculations
using (60) show that S; N F1(S) is contained in the half-plane {x : o > 0}, see Figure 7. We do
not write them explicitly. Similarly F5(I'*°) is contained in S; N F»(S), which is also contained
in {z : zo > 0}. This concludes the proof.

Figure 7: The case § = /5, (o, ) = (acos 6, asinf) with a = a* ~ 0.56658.

Remark 11 We have checked numerically that Lemma 9 holds for 0 < 6 < 7/6, but we have
not found a short proof of this. It seems that one needs to iterate the argument above k — 1
times, where K was introduced in (4), which leads to intricate algebra.

Lemma 10 If Fy and F» are given by (1) with (o, 8) satisfying (5) for a = a* and Scosf —
asin® > 0, then for all a, 0 < a < a*, I'*® is contained in the half-plane {x : x5 > 0}.

Proof. This is an immediate consequence of Proposition 1 and of Lemma 9. =
The proof of Theorem 3 in the case 7/6 < 0 < 7 /4 follows exactly as that of Theorem 2. m

A.3.2 The case 7/4 <60 <m7/3

Lemma 11 Assume that (a,3) satisfy (5) for a = a*, (6) and (9). Then T®NY" = () for
a<a*.

Proof. (sketched) Since I'** C F1(S) U F2(S) if a < a*, the desired result will be proved if we
show that Y0 N F{(S) = ) because by symmetry this implies that Y0 1 F1(S) U F5(S) = 0.

The sector F;(S) is delimited by the two lines Fy (L)) and Fy(L}).

The line Fy(L}) is parallel to the vector (sinf,cosf) and contains Fj(A). Since A = (0,5 —
acosf/sinf) € YO from (9), we also have Fi(A) € F1(Y?) thus Fy(A) ¢ YO. It can thus be
seen that Yp is strictly on one side of Fy(L}).

Thus to see that Y0 N F1(S) = 0, we just need to prove that all the vertices of Yy are strictly
contained on one side of F;(L}). The equation of Fy(L}) is

cos30(x1 + a — a(acosf — Fsinf)) + sin 36 (azg —fB—a (—,ie +asin9+ﬂc089)) = 0.
sin
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The desired result will be obtained if injecting P; = (—1,0) and F;(P;) = (—a—acosf, f—asinf)
in the equation of Fy(L}) yields two negative numbers for all a, 0 < a < a*: this reads

(v —1)cos 30 — Bsin360 + 2acos f(acos — Fsinh) < 0,
2(—fFsinf + acosf)cosf —cos20 < 0.

and these conditions are implied by (9). This concludes the proof. m

The proof of Theorem 3 for 7/4 < 6 < m/3 then follows as that of Theorem 2, by proving that
Y0 Fi(Q) = 0. This comes from the fact that the convex hull of F(€2) is the convex hull of
Fi(P1), Fi(Py) and Fy(I'"™®) by Lemma 5, which, from Lemma 11, is separated from Y° by the
straight line joining Fy(P;) and Fi(FP2). m

B Some details in the proof of Theorem 11 for a = 1/2

The proof of Theorem 11 is similar to that given in the case a > 1 /2, except that the set Q and
Q are defined in a slightly different manner. For the set Q we choose it as in § 2.2.1 with § =0
(see Figure 1), so the similitudes are the affine maps given by (12) with a = 1/2. The polygonal
cell Y? is the convex hull of the points Py = (—1,0), P, = (1,0), F»(P), and Fy(P)).

Step 1 We limit ourselves to describing the set Q. It is possible to define a piecewise affine
one to one and measure preserving map H from Y onto the fractured set

Y0 = Interior (((—1,1) x (0,h))\ ({0} x (i, h))),
where h = (a + ) and I’ is a real number smaller than h. The map H is such that
e the restriction of H to I'’ is the identity,

e for i = 1,2, H induces a one to one map from F;(I'%) onto [~1,0] x {h} and from F»(T?)
onto [0,1] x {h}.

The domains Y° and Y° are shown in Figure 8.
In Figure 8, we also show a partition of Y into triangles corresponding to a possible map H
with H linear on the triangles. The images of the triangles by H are triangles which form

a partition of Y?. The points on the figure are I = (1 + %(a -3, g), J = (0, %), K =
(1+Z<a—%>,%) L=(a=40).0'=(15). 7= (0.0 +ka 1)) K = (Lh %),
M = (0 h — (a— 5)) In this construction, b’ is b = h — %(a— =83+

Let us introduce Q0 = ((—1,1) x (0,h]) \ ({0} x [/, h]). Let G1 and G5 be the maps in R2
defined by
1 i) 1 i)
Gi(w1,22) = 5(961 —1),h+ 5 ) Ga(w1,22) = 5(331 +1),h+ 5 )
We define .
My = Ga(l) 0--+0 Ga(n) foro € A,,
the sets
-~ o~ N — ~, ~ ——_ o — —~,
YN — Interior (QO U U U MU(QO)> , Q= Interior (QO U U U MU(QO)> ,
n=10€A, n=1locA,
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Figure 8: The domains Y0 (left) and YO (right). The restriction of the map H to the triangles
covering Y0 is linear.

see Figure 9, and the one to one mapping

N . }/}N - ?Nu
X r — MyoH oM Nz) if x € My (YY).

The set € is obtained by removing an infinite number of vertical segments from the rectangle
(—1,1)x (0, 2h). Tt is constructed by assembling translated/dilated copies of the set Q¥ displayed
on the left of Figure 9. Note that " is a piecewise affine function and that the Jacobian of x

A

Figure 9: Left: the set Q0. Right: the open set Q (only the longest fractures are displayed)

is almost everywhere 1. Similarly, we can construct a one to one map x> from Q to ﬁ, which
preserves the measure.
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