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Abstract

A trajectory tracking strategy is presentedfor processesde-
scribedby a parabolicnonlineardistributedparametermodel.
A model-basedpredictivecontrolapproach,combinedwith an
internalmodelcontrolstructureanda stateestimationmethod
is extendedto this kind of process.On-linerequirementssuch
ascomputationaltime andconstraintsatisfactionareoutlined
anddiscussed.Thismethodis thenimplementedfor thecontrol
of adrying processandexperimentalresultsarediscussed.

1 Intr oduction

Most industrial control needsinvolve the designof a robust
controller capableof achieving a trajectory tracking in spite
of inevitable modeluncertaintiesandphysicalconstraints.In
the meantime,the developedprocessmodels have become
more and more complex and nonlinearin order to describe
changesin operatingconditions,parametervariations,complex
dynamicbehavior. Usedin food processingaswell asin dry-
ing processing,microscopicdescriptionof phenomenaleadsto
amodeldescribedbyasetof partialdifferentialequations.This
modelis usedfor thecontrolof thetemperaturehistoricduring
thedrying procedure.
The purposeof this paperis to presenta trajectorytracking
strategy for a classof nonlineardistributedparametersystems.
Only few practicalworksdirectlydealwith thecontrolof such
systems. Even if the existing onesare basedon interesting
structures,they deal neitherwith complex nonlinearitiesnor
with a setof partialdifferentialequations[6, 8]. Furthermore,
agreatchallengeis to beableto controlthis kind of processin
real-time.TheModel Predictive Control (MPC) approachhas
beensuccesfullyappliedin industryto processesdescribedby a
setof linearor nonlinearordinarydifferentialequations[1]. In
this paper, theMPC formulationis extendedfor thecontrolof
processdescribedby a nonlineardistributedparametersystem
subjectto constraintson the manipulatedvariable. Modifica-
tionsarenecessarydueto theon-linecontrolrequirements.

This paperis organisedas follow: in section2, the painting
film drying plant - modeledby a nonlineardistributedparam-
eter system-is presented.In section3, the MPC methodol-
ogy is briefly mentionedand the consideredcontrol problem
is stated. Then, on-line requirementssuchas computational
time, constraintsatisfaction, disturbedmeasurementsare ad-
dressed.A solution is presentedto reducethe computational
time neededfor the modelresolutionandto take into account
the constraints.Finally, experimentalresultson a real drying
processillustratethecapabilitiesof this approachin section4.

2 Drying process

A laboratoryplanthasbeendevelopedin orderto dry apainting
film samplecoatedon a car iron supportby infraredradiation
[2]. Theplant is describedFigure1 with the infraredpartand
with theinstrumentionpart.
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Figure1: Drying process.

The thin paintingfilm sampleis characterisedby its tempera-



tureassumedto beuniform 
������ andby its dry basishumidity� ��������� assumedto varyaccordingto thethickness� of thesam-
ple. Theseassumptionshavebeencheckedexperimentally[2].
Thedryingprocedureleadsto waterlossesthatproducesavari-
ationin thesamplegeometry. Consideringthesurfacesizeand
thelow thicknessof thesample,thewaterextractionleadsonly
to the linear reductionof thesamplethickness��� with respect
to themeanhumidity �� :

�������! �"$#!�$%'&)(*�� ������� (1)

where �� $"$# is the final constantdried thicknessof the sample
and:

�� �����+� %�! �"$#
, "$-/./01 � �2�3�����546� (2)

2.1 Energical balance

Thetemperature
��2��� is assumedto beuniform on thesample
andsupportset. Taking into accountof thedifferentlosses798
aswell astheabsorbedinfraredflow representedFigure2, the
energicalbalanceleadsto:
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Figure2: Thermalflows.
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> �O?@� ���� ��
A�$� � and >  
?C �  arerespectively thesurfacethermal
capacityof the painting film sampleand the surfacethermal
capacityof thesupport.
Dif ferent lossesdue to the natural convection and radiation
phenomenaon bothsurfacesareexpressedas:

7 K � P3#Q��
RD'
 ; � (4)79ST� U ; ��
WVXD'
WV; � (5)79YT� P3#Q��
RD'
 = � (6)7 V � Z  U[��
WVXD'
WV= � (7)

Thewaterloss 7 F dependson thedrying velocity \] ���� ��
A� :7 F �_^a`b�2
A�c\] ���� ��
A� (8)

Theabsorbedflow 7dNe=  dependson the manipulatedvariable,
i.e. theinfraredflow fd8hg6�2��� :79N�=  ��Z58hg6�i�� ��f98hg (9)

2.2 Massbalance

Sincethereis nomacroporousstructure,thewatermigratesinto
theupperradiatedsurfaceonly by diffusionphenomenon.Us-
ing theFick law, themassbalancecanbewrittenas:j for �EkmlR�on : ���� $"$#Qp :q �q � �

qq � p rs"$t!t3� � ��
A�
q �q � n (10)

with theeffectivediffusioncoefficient r "$t!t dependingon
thehumidity andthetemperature:

r "$t!t � � ��
A�@� r 1 �vuOwyx
z6{|�} �vuOw x
z6~�{�6� }��%c&M( � � S (11)

j at �'� :
, i.e. at the paintingfilm samplelower surface,

thereis no watertransfer:q �q � � : (12)j at �����  $"�# , theoutgoingflow is linkedto thedrying ve-
locity through:

DWr�"�tvt�� � ��
A� q �q � � \] �i�� ��
A�> (13)

2.3 Distrib uted parameter model

Fromthepreviousheatandmassbalances,thedrying process
canbe representedby the parabolicnonlineardistributedpa-
rametersystem�a�y�C�<� :

���y�C�<�

������������������������������� ������������������������������

�v��Q� � ��v� p rs"$t!t3� � ��
A� �Q��v� n for �sk�n : ���� $"�#QpJ�y�c� :���� � � �o����h���6� � � � {�� -�¡ �¢ x�£��¤ � } " ¢ � � -   -$"$-X¥ �sk¦p : ���� $"$#�n§�5�c� :
with thescalarinput:¨ �����@�_fd8hg6�2��� for �c� :
with theoutput:© �����@�ª�� �����«� K"$-/./0[¬ "$-�./01 � ���������<4��
with theboundaryconditions:�v��Q� � : for ��� : �9�«� :DWr "$t!t � � ��
­� �v��v� �G®¯ x�£��¤ � }� for ���_�  $"�# �y�c� :
with theinitial conditions:� ����� : �[� � 8 � ¥ �°k'p : �¡�! �"$#�n/�
�� : �[�R
 8

(14)



All parametervaluesandremainingexpressionscanbe found
in [7].

Remark 2.1 According to the spatial uniform property as-
sumptionon the temperature, the control problem is a dis-
tributedcontrol problem:indeed,themanipulatedvariable, i.e.
the infraredflow f 8hg �2��� , actsinstantaneouslyat theboundary�2���±�  $"$# � aswell asover thepaintingfilm sample.

3 Model Predictive Control strategy

3.1 MPC methodology

For a SISO (single-input, single-output)system, the MPC
objective is to determinea sequenceof ²�# future controls¨ �/³´&¶µ$�·�c¸Wµ§��P¹µº� : ��»h»h»J�¡² # D¼%!� by the minimization of
the cost function J over a finite horizon ² � at eachsampled
time ³ : ½

�R¾ Iy¿ � � ¢À
¾ I5¿ � K p

© g "$t �hÁ��dD © � �hÁ��§n S (15)

²�# and ²�� respectively denotethecontrolhorizonandthepre-
diction horizon. © g "$t is thereferenceto betrackedby thepro-
cessoutput © � . At eachsampledtime,only thefirst component
of theoptimalcontrolsequenceis appliedto theplant. At the
next samplinginstant,measurementsareupdatedandthe op-
timizationproblemis solvedagain. This methodologyis also
referredto asrecedingor moving horizoncontrol. Oneof the
reasonsof its succesfulapplicationin industrysince25 years
is its ability to explicitly handleconstraintsin theproblemfor-
mulation[9].

3.2 Control problemstatement

For real applications,the dried painting film sampleshould
satisfy quality requirements:neitherbubblesnor fissuresare
allowed. To ensurethe final productquality, paint producers
commonlyprovide a temperaturereferenceprofile during the
drying cycle. However, a humidity referencetrajectorycould
alsobearelevantprofile for thedryingproceduresinceit is the
mostrepresentativedata.
In this study, theobjective is to tracka humidity referencetra-
jectory in presenceof constraintson the manipulatedvariable¨ �2��� . A MPC strategy involving a distributedparametersys-
temis well-adaptedto satisfythesecontrolrequirements[4, 5].
The referencetrajectory, © g "$t , is the humidity reference.The
processoutputs,© � �hÁ�� ,overthepredictionhorizonareunknown
but they arepredictedfrom theprocessmodel.

3.2.1 Computational time requirement

Theprocessmodelplaysa crucialrole in termsof controlper-
formance. A greatpart of the computationaltime is devoted
to the modelresolution. The resolutionof this nonlineardis-
tributedparametermodelcanbe prohibitive in termsof time
especiallywith small sampledtime like here(1s). As a con-
sequence,the initial model ��� �c� � is divided into a nominal

nonlinearmodel ��� 1 � computedoff-line andatime-variantlin-
earizedmodel ��� ��Â � � that hasto be solvedon-line. �a� �ÃÂ � �
representsthevariationmodelaroundthenominalbehavior and
is obtainedby alinearizationof ��� �C� � overthegivenreference
trajectorylike in [4]. All themodels �a�y�C�<� , �a� 1 � and �a� �ÃÂ �Ã�
aredistributedparametermodels.For batchreactorlike here,��� 1 � can be solved off-line and ¨ 1 can be tuned arbitrary.
Theon-lineresolutionof thenonlinearsystem�a�y�C�<� is trans-
formedinto theon-lineresolutionof �a� �ÃÂ �Ã� consequentlyre-
ducingthecomputationaltime. Takinginto accountthesemod-
ifications,theinternalmodelcontrolstructurebecomesa time-
variant linearizedinternalmodelcontrol (TVLIMC) structure
depictedFigure3.
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Figure 3: Time Variant Linearized Internal Model Control
(TVLIMC) structure.

© 1 ��³�� is the ��� 1 � nominaloutputcomputedoff-line, Ô © ¯ �/³Ó� is
the �a� �ÃÂ �Ã� outputvariationcomputedon-lineduringtheopti-
mizationresolutionand © ¯ ��³Ó� is themodeloutput: © ¯ ��³Ó���© 1 ��³��y&MÔ © ¯ ��³�� .
Theobjective is now to find thecontrolvariation Ô ¨ ��³Ó� of the
manipulatedvariable ¨ ��³Ó� arounda chosentrajectory ¨ 1 ��³��
leadingto thebestpossibleoptimizationresult.

Remark 3.1 Dueto theTVLIMC structure andassumingthat
theerror ���JÁ��@� © � �hÁ��ÃD © ¯ �JÁ�� remainsconstantover thepre-
dictionhorizon,thetrackingproblemcanbereformulatedas:

© g "$t �JÁ��dDR� © � �JÁ��dD © ¯ �JÁ����G� © � �JÁ�� (16)© g "$t �hÁ��dD © � �hÁ��G� © � �JÁ��dD © ¯ �JÁ�� (17)

According to the TVLIMC structure,the trajectory tracking
can be expressedas the following constrainedoptimization



problem:

������������������������ �����������������������

] µ§ÕÉoÖÄ
½
��Ô¹×¨ �+� ¾ I5¿ � � ¢À

¾ Iy¿ � K p
© � �hÁ��dDØ� © 1 �hÁ��y&MÔ © ¯ �JÁ����§n S

Ô¹×¨ �Ep Ô ¨ �/³Ó�@»h»h»�Ô ¨ ��³Ù&M² # D*%!�§n �
Ô ¨ �hÁ��@�ÚÔ ¨ �/³�&Û² # DØ%v�¥ Á�k'Ü�³­&M² # ��»h»h»J��³Ý&M² � D*%OÞ
subjectto constraintson themanipulatedvariable ß¨ �hÁ��@� ¨ 1 �hÁ��5&MÔ ¨ �JÁ��@�5
<"c� thesamplingperiod¨3à[á â·ãM¨ �JÁ�� ã*¨3à[ä�åÔ ¨ à[á â ã Ä x ¾ } � Ä x ¾ � K }� . ã Ô ¨ à[ä�å
andsubjectto the �a� �ÃÂ �<� modelresolution.

(18)

3.2.2 Constraints handling

Theconstrainednonlinearoptimizationproblem(18) is trans-
formedinto an unconstrainednonlinearoptimizationproblem
by usinga hyperbolictransformationlaw for the constraints.
This law transformsa variablewith upperand lower bound
constraints(i.e magnitude,velocity andaccelerationrate)into
a new unconstrainedvariable. Then, any unconstrainedop-
timization algorithm can be applied for the resolution. The
Levenberg-Marquardt algorithm hasbeenchosenfor its effi-
ciency to solve this kind of problem.

3.2.3 State-estimator

Practicalproblemslike disturbedmeasurementsor unavailable
measurementsareinvestigated.Noisy anddisturbedmeasure-
mentscouldbeprejudicialto anefficient tracking. In orderto
overcomethis problem,a stateestimatoris thenintroducedin
the control strategy structure(Figure4). A feasabilitycondi-
tion is that thevariableto beestimated,noted © "$ � , is sensible
to the changesof the measuredvariable © � . In all cases,the
estimationdependson thequality of themodel.

Optimization
algorithm

+ +
− − −

+
State estimator

Process

Model

Å Ç .§È x ¿ } " x ¿ }Å Ê x ¿ }
Å�Ë x ¿ }

Ä x ¿ }

Ä x ¿ }

Å�¢ x ¿ }
Å .�-�æ x ¿ }

Figure 4: Modified Internal Model Control structurewith a
stateestimator

4 Experimental results

4.1 Operating conditions

The objective is to track a humidity referenceprofile for the
paintingfilm drying processdescribedFigure1. The control
variable is the infrared radiation fd8Jg6����� . The nominal input
is ¨ 1 �èç :6:O:�é » ] � S »ëê � K and the samplingperiod is 1 sec-
ond. The constraints(magnitudeand velocity) on the ma-
nipulatedvariable are: ¨ à[ä�å �ì%víb� :O:6:¹é » ] � S � ¨ à[á â �:îé » ] � S �¡Ô ¨ à[ä�å � &Ýç :O:ïé » ] � S »ëê � K �ðÔ ¨ à[á â �Doç :O:Ýé » ] � S »ëê � K . Theinitial conditionsare 
�8[�òñ6ó­ô ? and� 8 � : » õ�³�ö�»ë³�ö � K . The models �a� 1 � and �a� �ÃÂ �<� aresolved
by thefinite volumemethod(10 volumes).

4.2 Experiments

Thepredictionhorizoninfluenceis pointedout throughseveral
experiments.Thecontrolhorizon ² # is in thesefirst attempts
equalto 1 in orderto reducethecomputationaltime.
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The trackingof the humidity referencetrajectoryis correctly
achievedwhatever thepredictionhorizonvalue(Figure5). In
all cases,thespecifiedlimitationson theactuatorsaresatisfied
(Figure6).

The run with prediction horizon ² � � %ví6ê seemsto sat-
isfy the best compromisebetweenthe computationaleffort
and the tracking efficiency. Indeed,a long predictionhori-
zon ��²Ý�´� %!çOê!� leadsto poor trackingperformancesbecause
of the computationaltime requiredand the difficulty to find
an optimal solutionon time. With a shortpredictionhorizon
( ²Ý�Û����ê ), informationaboutthe future processbehavior is
insufficient to anticipatethechangesof thereferencetrajectory
behavior and to prevent constraintsviolation. Much effort is
spendonsimulationandtestsfor tuningthepredictionhorizon
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parameter. The predictionhorizonvaluedependsalsoon the
“quality” of the model. Moreover, the robustnessof the IMC
structureis confirmedby theseexperimentssincethetracking
is achievedin spiteof modelingerrorsanddisturbances(Figure
7). Themodeloutput © ¯ doesnottrackthereferencetrajectory© � but themodifiedreference© � .

� � ����
 ù��������
 ù� � ��� ù

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 100 200 300 400 500 600

Reference

M
ea

n
hu

m
id

ity
in

d.
b

ü ý þaÿý þ
�� �

Time ÷�ø2ùeú
Figure7: Model output © ¯ for ²Ý�Ù����êO�Q%ví6êO�Q%vç6êO»

The last point is concernedwith a practicalpoint. Firstly, the
humidity is not directly measuredbut is calculatedfrom the
measurementof thewatermasslossesby meansof a verysen-
sitive balance.This measurementis very noisyanddisturbed.
Secondly, thehumidity is difficult to measurein industrialim-
plementations.So the temperature,easymeasurable,is used

to estimatethehumidity (Figure8). Temperatureschangesin-
volve humidity changesand then the feasabilitycondition of
estimationin closed-loopis checked. At theendof theexper-
iment, a disturbanceappearsdue to the measurementuncer-
tainty andaffectsthecontrolperformance.With theestimated
humidity, the problemis overcome. The differencebetween
themeasurementsandtheestimatesis dueto themodelbut the
IMC structureis ableto copewith modeluncertainties(Figure
7).
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5 Conclusion

A trajectorytracking approachfor a parabolicnonlineardis-
tributedparametersystemhasbeenpresented.A model-based
predictivecontrolstrategy wasextendedto this kind of model.
Experimentalresultshaveshown theefficiency andtherobust-
nessof thisapproach.Thetuningof thepredictionhorizonhas
beendiscussed.A stateestimatorhasalsobeenusedto cope
with disturbanceson thenoisyhumiditymeasurement.
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6 Annexe

6.1 Drying velocity

The pressuredifferencebetweenthe sampleand the ambiant
air leadsto aninsideoutwatermigration.This is characterised
by thedryingvelocity \] �i�� ��
A� :
\] �i�� ��
A�[� ³ ¯ ] `& 7 � í
Û&Û
Ã; ^('vö K 1 p 7 � D � N
8JgQ7 `�- { æ �2
<;6�7 � D�)+*«�i�� �$7 `�- { æ �2
A� n (19)

wherethesaturatedvaporsaturation7 `�- { æ �2
A� is givenin mil-
libar by theexpression:

^,'vö�K 1 7 `�- { æ �2
A�[� ? 1 ��%WD 
<K
 �dD ? K�^('vö�K 1 

 K &? S6�$%WDØ% : �  .- x �0/¡� � � K } ��&? V �$% :   � x K � � � /¡� } DØ%v�y& ?�1 (20)

Theactivity ) * ���� � is thesolutionof:

)2*c���� ��� ��3­K�) S* ���� �y&43 S )+*C���� �y&43 Y (21)

with:

3­K � 5 ¿ K # DØ%� ¯ (22)

3 S � %XD S #� ¯ (23)

3oYì� %� ¯	6 5 ¿ (24)

6.2 Energical balance

Theabsorptioncoefficient Z 8hg �i�� � is givenby:

Z58hgO�i�� �@�±Z � ���� �e��%WD¹> � �y&ÛZ  ��%XD¹> � ���$%WD¦Z � �i�� ���¡&ZÃ�Ó���� �e��%XD'Zd e���$%XD'>i�6�e��%XD'Z<������ ��� (25)

with:

Z<�Ó���� �@�E%XDRp )+)�YO� �� �� 1 � Y &4)+)�S6� �� �� 1 � S &�)+) K �� �� 1 &�)+) 1 n %%XD'> � (26)

The latentheatcoefficient ^a`b��
A� andthe calorific thermalca-
pacity ? �Ó���� ��
­� areexpressedwith thetemperaturein Celsius
degrees:

^ ` �2
A�@�¼p ) F 
 F &4) V 
WV+&4) Y 
 Y &4) S 
 S &4)ÓK�
M&�) 1 n+7A%
: Y

(27)

? ������ ��
A�[��p '!
M&98[& �� Ü 6 � - 
 Y & 6 �;:

 S & 6 � � 
Û& 6 � Æ Þ�n<7A% : Y (28)


