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Abstract

We present and analyze a penalization method which extends the the method of [2] to the
case of a rigid body moving freely in an incompressible fluid. The fluid-solid system is viewed
as a single variable density flow. The interface is captured by a color function satisfying
a transport equation. The solid velocity is computed by averaging at every time the flow
velocity in the solid phase. This velocity is used to penalize the flow velocity at the fluid-solid
interface and to move the interface. Numerical illustrations are provided to illustrate our
convergence result. A discussion of our result in the light of existing existence results is also
given.

1 Introduction

In this paper we are concerned with the numerical analysis of a penalization method for the two-
way interaction of a rigid body with an incompressible fluid in three dimensions. The traditional
numerical approach to deal with fluid-structure problems is the so-called ALE (for Arbitrary La-
grangian Eulerian) method where fluids (resp solids) are described in an Eulerian (resp Lagrangian)
framework. Fluids are computed on a moving mesh fitting the solids and stress and velocity con-
tinuity are used to derive the appropriate boundary conditions on the fluid/solid interface [17].

Another way is to use a fixed mesh and rely on a Lagrange-Galerkin approach where the fluid
is solved using a characteristics-finite-element method in a space where the velocity field is rigid
in the solid, and the solid itself moved by a Lagrangian equation. In [19] the convergence of a
scheme following this approach is proved in the case where the densities of fluid and structure are
equal.

Alternate methods can be devised where the whole fluid-solid system is seen as a multiphase
flow and the fluid/solid interface is captured implicitly rather than explicitly. Likewise, the inter-

face continuity conditions are recovered in an implicit fashion. The rigid motion inside the solid



phase can be enforced through a Lagrange multiplier [11]. The method we consider here is of this
type but the rigid motion is approximately satisfied in the solid through penalization.

Penalization methods have already been considered in the past for this problem. In [6] the
authors considered a single solid ball and worked inside the frame moving with its center. Then
they penalized the mean velocity of the (virtual) fluid inside this ball. Their method is restricted
to one ball. In[20, 15] the penalization is applied to the deformation tensor inside the body. In [20]
this method is used to prove the existence of solutions for the fluid-solid interaction variational
problem in two dimensions. In [15] it is used together with a two-dimensional finite element
method in a variational framework. Here the penalization is applied to the flow velocity itself.
The method thus extends the one devised and analyzed in [2] in the case of a rigid solid with
prescribed motion.

In our method the determination of the body velocity is part of the problem. This velocity,
instead of the flow velocity, is used to move the solid phase. This has a crucial practical importance,
in particular for problems with large displacements and strong shear, since it ensures that the
solid remains rigid at the discrete level, although the rigidity constraint in the flow field is only
approximately satisfied. A vorticity formulation of the method and its validation on a number of
2D and 3D reference cases are given in [7]. An outline of the paper is as follows. In section 2 we
recall the weak formulation of the problem and we describe the penalization method. Section 3 is
devoted to the convergence proof. In section 4 we provide some numerical illustrations. Section 5
is devoted to some concluding remarks. The proofs of some technical results used in section 3 are

given in the appendix.
2 Weak formulation and penalized problem

Let € be an open bounded domain of R?, filled with a viscous incompressible and homogeneous
fluid of density py > 0 and viscosity ¢ > 0. Inside this domain, we consider the motion of an
immersed homogeneous rigid solid of density ps > 0 during a time interval [0,T], T > 0, chosen
so that the solid never comes in contact with 9. For ¢ € [0, T], we denote by Q(t) and Q4(t) the

non-empty fluid and solid open connected domains, with Q,(t)UQ¢(t) = Q2 and Q¢ () NQ(¢) = 0.

The center of mass of the solid is denoted by xz(t), its mass and inertia tensor by M and J(t).



Without loss of generality we assume that M = 1. Then
za(t) = / psrdr, J(t)= / ps(r’T —r @) dz
Qs () Qs (1)
where r(z,t) = 2 — (). The system is subject to a body density force g (usually gravity).
2.1 Weak formulation
The basic formulation of this fluid-solid coupling is the following : given initial conditions,
r5(0) =00, w,(0)=w?, wuw=1u’ Q,0)=Q° (1)

supplemented with

zg(0) = /QO zdz, Xs(z,0) =z, (2)

s

find t — Qs(¢) and (z,t) — (u(x,t),p(x,t)) solution for ¢ > 0 of

pr(us+ (u-V)u) - 2udiv(D(w)) + Vp = prg  on Qp(t), (3)

divu=0 on Q¢(t), (4)

i) =g+ /aQS(t)(E n)ds, (7)

J(t)w! (1) = —wy (t) x (J(t) wy(t)) Jr/Q " ps(r x g)dz + o0 rx (Xn)ds, (8)
Q(t) = Xs(t, QS)? (9)

a;is =25 (t) + wu(t) x 1(Xs(t), 1), (10)

where n denotes the unit outward normal on 0(t), and ¥ is the fluid stress tensor.
In this formulation the last two equations describe the rigid motion of 4(¢). In order to give a
weak formulation of this problem, let us introduce some function spaces. From now on, u will

denote the velocity field on the whole computational domain 2. We define
V={uc H}Q),divu =0}, H={uecL*Q), divu=0, u-n=0ondN}
and, with the notations of [20] extended to the three dimensional case,

Kt)={ueV, Du)=0in Q4(t)}

={uecV, IVy,w,) ER* xR, u =V, +w, xrin Q(t)}.



Next we define a density on the whole domain by setting p = psxa, () + PrXa, ), Where xa
denotes the characteristic function of set A, which takes value 1 inside A and 0 outside. Let
us note Q@ = 02x]0,T[. Then the weak formulation is the following [14]: given initial conditions
H° = xqo, p° = psH° + py (1 — H°) and u = u® € K(0), find (z,t) = (p(z,t), u(z,t), H(z,t)) such
that

we L0, T, H) N LX0,T,V), H,peC0,T;LI(Q)) Vg > 1,
u(t) € K(t) for a.e. t €]0,T[, with Q4(¢) ={z € Q, H(x,t) =1},
Ve € H'Y(Q) N L*(0,T; K(1)),

/ [pu D€+ (plu- VYu— 2uD(w)) : D(E) + py €] dr = / pu-€ da,
vy € CHQ), ¥(T) =0,

/ /H—+Hu dexdt+/H()1/)
// — + pu- Vz/;dasdt+/ 04(0) da =

Note that we could equivalently have defined p = psH + ps(1 — H), as p° is piecewise constant,

(11)

and transported by the same velocity field than H.
2.2 Penalized problem

For n > 0, we consider the following penalized problem:

given (pn(o) = po,un(O) = u%an(O) = XQS,): to find (pn>unapn>Hn)7 with
d
pny Hy € L]0, T[x), u, € L0, T;H)NL*(0,T;V), p, € L*(Q), a(pnun) € L*(0,T;V)

solution in the sense of distributions in ) of

A(pnu . . 1
i o 2 4 div(pyy © ug) — 2 div(D () + Vi, + Pty = un) = prg (12)
divu, =0 (13)
1
Uy = ﬁ/ pnunHy dz + (J,,_1 / Py (Ty X uy) Hy dx) X Ty (14)
nJQ Q
Pny +un.Vp, =0 (15)
H,, +ty . VH, =0 (16)

We set Q1(t) = {z € Q, Hy(z,t) = 1}. In equation (14) we divided the first term by M, =
Jo pnHyy dzz, which is not constant in time in general. On contrary we have [Q!(t)| = [, H, dz =

|Q9] since u, s is divergence free and H,, vanishes on 92 (we assumed no contact of the solid with



0€). The inertia tensor is defined as
Iy = / ann(r%HfT,}@rn) der = / pn(r%]lfrn@)rn)dx.
Q QI(t)
with 7y = & — 2gy =« — [, pyHyx da.
For a € R3\ {0}, T J,a = Jany Pulrn % al? dz > min(ps, pr) Janqy Imn % a|? dz (see estimate (18)).
This last quantity being strictly positive for an open nonempty integration set, J,, is nonsingular
(we recall that [Q7(¢)| = |Q°] > 0).

Before stating our convergence result, a few remarks are in order.

First one may wonder about the well-posedness of the above problem. However it will directly
result from the a priori estimates and convergence arguments given in the following that this
problem does have at least a weak solution. Indeed, these arguments could easily be used to show
the convergence of the solutions to a linearized version - or finite-dimension approximation - of
(12)-(16). Next we can observe that in this model we penalize the difference between u,, and the
projection of u, onto velocity fields rigid in the solid domain, namely u,, ; (see lemma 3.1 below).
The density is transported with the original velocity field so that estimates on the Navier-Stokes
equations are easier to obtain. The characteristic function is transported by the rigid velocity
so that the shape of Q7(¢) remains undeformed (this is exactly the Eulerian counterpart of (9-
10)). As observed in [7] this has a practical importance (in particular it means that the rigid
solid can be recovered exactly through simple algebra from its initial shape). As far as numerical
analysis is concerned, it also provides ”for free” regularity properties on the computed rigid body,
as soon as the initial body is smooth. The price to pay is that the level sets of p,, and H,, do not
coincide, i.e. in general we do not have p,H,, = p, as in the non penalized formulation. Note also
that in principle we should prescribe a boundary value for H, on 02 when w, , is inward. Since
our analysis is restricted to times when the solid body does not approach the boundary of the
computational box, we can take this boundary value to be zero, which amounts to solve (16) on
R™ and take its restriction to (2.

Let us now comment on the differences between the present method and the methods in
[20, 18, 22]. The method used in [20] to prove the existence of the fluid-body problem uses a
penalization acting on the deformation. It does not require to compute the rigid body velocity

Uy,s- However it does not guarantees a strictly rigid transport of the body, which is clearly a



drawback form a practical point of view. The projection method in [18, 22] can be seen as a
particular discretization of the present penalization method, with an explicit time-discretization
of the penalization term. In practice this result in a limitation of the penalization coefficient which
has some We will come back to this point in our numerical illustrations in section 4. Numerical
comparisons for a benchmark challenging 3D case are also given in [7].

In the following sections we will prove the convergence of at least a subsequence of (p,,, wy, py, Hy;)
to the weak solution defined above. Next section starts with some a priori estimates which will
provide weak convergence of subsequences. In section 3.3 we will have to use more sophisticated
tools adapted from [20] to get some strong convergence in w, which will allow us to pass to the

limit in nonlinear terms of (P,). More precisely we prove the following result.

Theorem 2.1. Under the regularity assumptions of section 2, let (py,un, py, Hy) a solution of

(P,). Then there exists a subsequence of (py, uy, Hy) and functions (p,u, H) such that
pn — p, H, — H strongly in C(0,T;LY(Q)) for all g > 1,

u, — u strongly in L*(Q) and weakly in L*(0,T; Hg(2)) N L>=(0,T; L*(Q))
and such that (p,u, H), is a solution of (11).

Before proceeding to the proof, let us point out a few remarks. For a sake of simplicity in the
notations we have stated our penalization method and theorem for a single rigid body. It will be
apparent from the proof below that it readily extends to the case of several bodies. Furthermore,
the time to which the convergence result is restricted, is essentially the time for which contact of
the rigid body do not touch the boundary of € (in the case of several bodies it would be the time
on which we can ensure that contact between bodies do not happen). As a result if we consider

periodic boundary conditions and a single body convergence holds for all times.
3 Proof of theorem 2.1

The following lemma states that w,, 5, as defined in (P,), is the projection of w,, onto velocity fields

which are rigid on Q7(t).

Lemma 3.1. Let £ be a rigid velocity field, i.e. such that §(x) = Ve +we x r(z) for some constant



vectors Ve € R® and we € R3. Then if u, s is defined by (1) there holds

/Qan,,(un —Uy,) - Ede = 0. (17)
Moreover, the result holds if & is a time dependent velocity field rigid in Q2(t) at time t.

Proof. Let the mean translation and angular velocities be defined as

1
Vu = —/ pnHyuy do Wy = Jn_l / pnHy, () X uy) dx
My Jo Q

then

/Qann(“n —Ups) Edr = /Qann [ug = (Vu +wu X 1y)] - [Ve +we x 1] da
= Ve / ppHpuy, de + we - / pHy(ry X uy) de —V,, - Vg/ pnH, dx
Q Q Q
- Vi <w5 X / pnHyTy dx) — Ve (wu X / pnHyTy, dx)
Q Q

— /Qann(wu X 1) - (we X ) d

= Ve (MyVi) +we - (Jywu) — Vi - (M Ve)

- V- <w§ X / pnHyry dx) — Ve <wu X / pnHyry, dx)
Q Q

- /QPan(wu X 1) - (we X 1) d.

As (wu X 1y) - (e X 17y) = (We Wy )77 — (1 - we) (7 - W), We have / pnHy(wy X 1) - (we X 1) dov =
Q
we -+ (Jy W)

Finally, by definition of r, / pnHyrydxr =0, and we get
Q

/QPan(“n —ups) - fdr = we- (Jywu) —we - (Jywa) = 0.

3.1 Estimates for transport and Navier-Stokes equations

In all the sequel, C' denotes a positive constant. At this stage, we consider a given time interval
[0,T]. The value to which 7" must be restricted will be given later in this section.
Standard estimates for transport equations (15) and (16) show that p, and H, are bounded

in L*°(0,T; L*°(92)). More precisely, for all time ¢ € [0, T,

Pmin = min(ps, pr) < py(z,t) < max(ps, py) H,(xz,t) € {0,1} ae. €. (18)



Thus, up to extracting a subsequence, we can assume that
py — pin L*(0,T, L (Q)) weak™*, (19)

and

H, — H in L=(0,T, L>(R)) weak*, (20)

where H and p satisfy the bounds (18). We set Q,(t) = {z € Q, H(x,t) = 1}. Concerning the
Navier-Stokes equations, using w, as a test function in the weak formulation of (12) and using

(15) we classically obtain:

1 [ O(pp|uy|? 1

7/ pnlun”) dzr + Qu/ |D(uy)|? do + ~ / pnHp(wy — uy s) - uyde = / Png - Up de.

2J)q Ot 0 nJa Q
From Lemma 3.1, since u, , is a rigid velocity field, we get

/Qann(un — Up,s) - Uy dz = /QPan(un — uy,s)° d.
Collecting terms we get, since from (18) \/H, = H,,
l1d 2 2 1 2
5 IV 0y F D) b VBt = . ) < I Brnllzanllallim @l ol
which upon time integration on [0,T] gives
2 2 2 2
VOOl + 20D gy + =1V n = )32
T
2
< ||\/ pWOUWOHL2(Q) + C/O ||\/ pn(s)un(s)HLQ(Q)dS-

Applying Gronwall Lemma, Poincaré inequality and bounds from (18) gives the following esti-

mates :
u,, bounded in L*(0,T, H}(9)), (21)
/Pty and u,; bounded in L>(0,T, L*(12)), (22)
1fH( ) le( ) bounded in L?(0,T, L?(Q)) (23)
—\/P Uy — Up,s) and — Uy — Uy,s) DOUNded In , 1, .
\/77 nttn\4n n \/77 n\%n n

Thus we can extract subsequences from p,, u,, and H,, still denoted by p;, u,, and H,, such that

u, — u in L*(0,T, Hy(Q2)) weak, (24)



VPoun — x and u, — u in L°(0,T, L*(Q)) weak*, (25)

Vo H g = /p, Hyun s = 0 and Hyu, — Hyuy s — 0 in L2(0, T, L*(Q2)) strong. (26)

The identification of x with ,/pu results from strong convergence results proved by Lions and

DiPerna on transport equations. [9] theorem I1.4, (24) and incompressibility imply
pn — pin C(0,T, L9(Q)) strong Vg € [1, +o00] (27)
with p solution of

pt+u-Vp=0 onQx|0,T],
P = po on 2 x {0}.

From this strong convergence we can pass to the limit in the product ,/p,u, : given v €

L9(0,T; L"(Q)) with ¢ > 2 and r > £, we write

/OT/Q(\/EUW — /pu)vdrdt = /OT/Q(un —u)y/pv dzdt + /()T/Q(\fT7 — /p)uyv dzdt.

From the injection of H' into L% in dimension less or equal to 3 the first integral converges toward
0. For the second integral we use the strong convergence (following (27)) of ,/p, in L® for a s such

that u,v is in L*" where s’ is the conjugate exponent of s. Thus we have
Py = y/pu in L0, T, L"(Q2)) weak, for all ¢ < 2,7 < 6. (28)
3.2 Setting T and passing to the limit in the rigid velocity

This rigid velocity is defined by
uThS(gjv t) = Un,(;(t) + Wn(t) X TTI(‘T7 t)’

with
1 ,
Uy c(t) = ﬁ/ pounHydz —and  w,(t) = J, ! / pn (1T X un)Hy do.
n JQ Q
First we note that M, = [, p,H, dz is bounded from below independently of 7 since p,, is bounded

from below and [, H, dx = |9] > 0 does not depend on 7 or ¢. From the bounds on p,, H, and

uy, it is straightforward to show that

un,c(t) bounded in L>(0,T).



Likewise, from the definition of J,, we observe that for a € R*\ {0}

a’'J,a > min(ps,pf)/ r, x a|*dz > 0.
Q. (1)

Moreover, the initial solid is regular and transported by a rigid velocity. We thus know that there
is a ball of radius R > 0 centered on the center of gravity =g, included into Q7(¢). Then the above

estimates implies

aTJ,,a > min(ps,pf)/

Iry x a|® dzx = min(ps,,of)/ |z x a|? dx = C(R)|al?
B(IGW,R)

B(0,R)
_1
2

with C(R) = 21;*;” > 0. Taking a = J,, 2b (J,, is symmetric) we get for all b € R\ {0},

1 1
b = |y 2P < o b]?
Jn ‘J”I | —C(R)| ‘ ’

which proves that each coefficient of J,~ ! is bounded independently of n and ¢t. From the bounds

on uy, H, and p, this implies that
wy(t) is bounded in L>(0,T).

In particular this implies that the solid velocity u, s is bounded in L* by some constant M
independent of 1 and time. We can now define the maximum time for which the convergence
result will be proved. If we denote by dy the initial distance between solid and the boundary 9f2
then choosing for instance T' = dy/2M ensures that the body will not touch the boundary for
t € [0, 7). In all the sequel we will assume this value of T'.

From the above estimates we can ensure that there exists ug(t) and w(t) in L*(0,T) such

that, up to the extraction of subsequences,
Up,s — Us = Uug +w X 7 in L(0,T, L (2)) weak*.

Now we point out that taking the gradient of the rigid velocity field w,, , gives

0 —wf’] w%
Vs = wg 0 —w%
2 1
wy, Wy 0

so that the Vu, ; (and all subsequent space derivatives) is also bounded in L>(0,7; L*°(£2)). In
particular

Uys — us in L2(0, T, WH>(Q)) weak*. (29)

10



We now wish to prove that us (or equivalently ug and w) has a similar structure as w, s,
that is, to pass to the limit in the expression defining w, . Using (29), the already mentioned

compactness results of [9], applied to the transport equation on H, now gives
H,, — H a.e. and in C(0,T, LP(Q)) strong Vp € [1,+o0[ (30)

with H verifying
H; +us.VH=0o0nR" x (0,T)
H = Hy on R" x {0}.

Note that this Cauchy problem has been set in R™ because us; does not vanish on 02, but H
vanishes outside 2. However we can prove by passing to the limit in (26) that Hu = Hus. Thus
div(uH) = div(usH) and H verifies a transport equation with velocity field w on Q (note that no
boundary conditions are needed on 9{ since u is zero on the boundary).

This convergence gives us the strong convergence of r, in C(0,7,L?(2)), Vp > 1, and from

(27),(30) and (24) we can easily pass to the limit in the expression of u, ¢ and w;, to get

/ puH dz
Q

ug(t) = /Hd and  w(t) = (/Q p(r*T—r@r)H d;v)l/ﬂp(r x u)H dx.
pH dx
Q

3.3 Strong convergence of u,

The remaining part of the proof is more technical since we aim to prove the strong convergence
of at least a subsequence of u, in order to be able to pass to the limit in the inertial term of
Navier-Stokes equations. Classically, this is obtained thanks to a Fourier transform in time which
provides an estimate on some fractional time derivative of w, which brings compactness [16, 23].
Here these technics can not be used since the solid is moving. We instead rely on tools developed
in [20].

Thereafter we will use, for o > 0 and r € [1/2, 1], the following notations

Qo o(t) = {z € Q,d(z,Q4(t)) < o},

e V0 ={ve %), divv=0, v-n=0o0n N},

o V' ={ve H(Q), divo =0, v =0 on 90},

o [, (t) = {v(t) € V', D(v(t)) = 0 in D'(Q4,+(t))} (which is a closed subset of V"),

11



e P7(t) the orthogonal projection in the sense of the H” norm of V" on K7 (t).

To prove the strong convergence of a subsequence of u, in L2(Q) we write

T 1 T T
/ / luy — ul? dzdt < / |p(u%—u2)\dxdt+/ / 12pu - (u — uy)| dedt | .
0o Ja Pmin \Jo Ja 0 Ja

From (25) the second integral on the right side converges to 0, thus

T T T
/ / |ty — u)? dadt < (/ / \pnu% — pu?| dadt +/ / [(py — p)u%\ dxdt) + 1,
0 Q 0 Q 0 Q

where [, — 0 when 7 — 0. Moreover, by (21) and (27) the second integral on the right hand side

1
Pmin

converges to 0, and

T T
1
[ [ ana < 2 (/ [ lown - Brtan) = pu- B ) o
0o Ja Pmin o Ja

+ /OT/anun-<un—P;<un>>|dmdt+ATA|pu-<P;<u>—u>|dxdt+ln>
1

A

IN

([lonuy - Py (uy) — pu - P;(U)HLl(Q)

main

+ ||anL°°(Q)HunHLQ(Q)”P;(un) - UnHL2(Q)

+ ollz=@llull2 @l P (w) — ull2q) + 1y

Finally, as p, is bounded in L>°(0,T, L*>°(Q2)) and using (21), we get

N

T
1 T T
[ [ =Pt < ——(lpyuy - Py(ug) ~ pu- P 0) 12y
0 Q Pmin
+ CHP;(U’U) - un||L2(Q)
+ CIP;(u) —ullz2q) + 1y (31)

This decomposition shows that the sought convergence essentially amounts to prove that (up to

the extraction of subsequences)

Jim {|F5 (w) = ul[£2(q) = 0 (32)
Him Tim |7 () — 120y = 0 (3)
(}E{b%ﬂll%%'ﬁ(%) —pu- Pr(u)|[riq) =0 (34)

To prove (32-34) we will make use of some Lemma that we state now.

Lemma 3.2. Let (f,) be a sequence of functions bounded in LP(0,T) for some p > 2 and con-

verging to 0 almost everywhere on [0, T]. Then (f,) converges strongly to 0 in L*(0,T).

12



Proof. Let ¢ > 0. From Egorov theorem ([5], p.75), the almost everywhere convergence implies

that there exists A. C [0,7] such that

{[O,T]\Asl <e

frn — 0 uniformly on A,
which means

N € N,Vn > N,Vt € A, |f.(D)]? < e.

Therefore
/ (fn(t))?dt < e|A.| < eT.
Ac

Since, from the bound in the LP norm

2/q 2/p
/ (fa(1))?dt < (/ 1th> (/ (fn(t))pdt> <e¥ic
[0,T]\Ac [0,T\Ae [0,7]

with%+%: %,we get

T
/ (fn(t))th < eT + e2/10
0

which proves the L? convergence. O

Lemma 3.3. Let u(t) € H'(Qy(t)) such that ujaq, ,)(t) = g(t) and (w(t), p(t)) € H'(Q\Qy o+ (t)) %

L2(Q\ Qs ,(t)) solution of the Stokes problem

—Aw(t) + Vp(t) =0 on Q\Qs,(2),
divw(t) =0 on O\Qs o (t),
w(t) = g(t) on 09 (1),
w(t) =0 on 9.

Then there exists g > 0 and C' > 0, such that for all 0 < oy, we have the following estimate:

2
lw®) 22 a1y < Cllul®lliz@,, @plIVell 2., @)
The proof of this result is postponed to the appendix.

Lemma 3.4. The limits H, u and ug defined in (30), (24) and (29) verify
Hu = Hus. (35)
Proof. First we claim that
Hyu, — Huin L7(0,T, L"(£2)) weak, with ¢ < 2 and r < 6 (36)

13



Indeed, let us introduce v € L9(0, T, L"(2)) with ¢ > 2 and r > £. We have

T T T
/ /(H,,u,,—Hu)-vdazdt:/ /H(un—u)-vdxdt—&—/ /(Hn—H)un-vdxdt
0o Ja 0o Jo o Ja

From the injection of H! into L° in dimension less or equal to 3 and (24) we get

w, — u in L*(0,T, L5(Q)) weak,
and, since H is bounded in L™ (Q)

T
1im/ /H(un—u)wdxdtzo.
n=0Jo Ja

Moreover from (30) we easily get

T
%13(1)/0 /Q(anH)unovdxdt:O.
We next show that

Hyu, s — Hug in LP(0,T, LP(Q2)) weak, Vp € [1, +o0].

Let v € LP(0,T, LP(Q2)) with p > 1. We write

T T T
/ /(Hnun,S — Huy) - vdzdt = / / H(up,s — us) - vdadt +/ / (Hp, — H)uy, s - vdxdt.
0o Jo o Ja 0o Ja

As H is bounded in L*®(Q), with (29) we get:

T
1im/ /H(ums—us)-vdxdt:O
o Ja

n—0

In addition, from (30) we get

T
lim/ /(anH)unysmd:Edt:O.
0o Jo

n—0
By (36) and (37) we thus deduce

H,

Finally we recall that

Hyu, — Hyu, s — 0 in L?(Q) strong,

ny — Hyuy s = Hu — Hug in L9(0,T, L™ (Q2)) weak, with ¢ < 2 and r < 6

(38)

(39)

and the desired result follows. The result is finally obtained by identifying the limits in (38) et

(39).
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Lemma 3.5.
Vo >0, 3no>0, Vnp<n, Vtel0,T], QIt)CQo(t) and Q(t) C QI (t). (40)
Proof. From (30) with p =1 we have
Ve >0, Tng>0, Vn<mn, Vtel0,T], /Q |Hy(z,t) — H(z,t)|dzx < e, (41)
which means
Ve>0, 3no>0, Vn<mn, Vte[0,T], [Q71)\ Q@) +|2%E)\QL@)|<e.  (42)

By contradiction we suppose that we can find o9 > 0 such as Vg > 0, there exists n < 1y and

€ [0,T] for which at least one of the inclusions of (40) is false. Assume the first inclusion is
false.This means that we can find ,(t) € Q7(¢) such as d(z,(t),2(t)) > oo. QI(t) is a rigid
deformation of Q7(0) so its boundary is C2. Thus, there exists a sufficiently small p independent
of n, such as for each point of Q7(¢) there exists a ball of radius p > 0 containing this point and
included in Q7(¢). Then there exists also a ball of radius p := min(p, 09/3) containing the point
and included in Q7(t). This latter ball is included in Q7(¢t) \ Q(¢). Indeed it contains a point at

distance more than oy from Q,(¢) and its diameter is less than 20(/3. We thus obtained that
Joo, Vo >0, In >0, 3t € [0,T], |Q7(t) \ Qs(t)| > 7p°

with p independent of 1 and ¢. This contradicts (42). A similar argument shows that the second

inclusion cannot hold either. O

A key point in the convergence is the following result.

Lemma 3.6.

lim (|25 () — ul2o.rom) = 0. ¥r € [1/2,1] (43)

The proof of this result is postponed to the appendix.
The next lemma, which is also proved in the appendix, is essentially a rephrasing of the previous
one with u, instead of u. The difference is that we do not have anymore u, — u, s = 0 ins Q7(¢),

but we do have an estimate on it, from (23), which allows to pass to the limit as 1 goes to 0.
Lemma 3.7.

lim lim || P} (u,) — uyllz2(0,7,vm) = 0, ¥r €]1/2,1] (44)

oc—0n—0
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Lemma 3.8.

lim lim [|pyuy - Py (uy) — pu - Py(w)|| Lo,y = 0, Vr €]1/2,1]. (45)

oc—0n—0

Proof. Let r €]1/2,1[ and ¢ > 0. From Lemma 3.5 there exists 19 > 0 such that Vn < 7o,
Q) C Qaoy3(t), VE€0,T].

Let n < ng. Arguing as in [20] we split [0,7] in Nr subintervals I = [(k — 1)7, k7], 7 = T/Nr,

k=1,..,Np. We choose Nr large enough (depending on o) such that
Qs.0/2(kT) C Qs 5(t) and Qg 5/3(t) C Qg 5/2(kT), YVt E I, Yk =1,..,Np. (46)

This is possible because Qs ,(t) is moving with a rigid velocity field, with L? regularity in time :
the flow X (¢, z) generated by this velocity field is thus continuous in time. Let x € Q, ,/2(k7).
There exits y € Qg (k7) such that |[y—z| < /2. But y = X (kT, 2) for some z € Q,(0) and therefore
ly — X(t,2)| < o/2for t € I, if 7 is small enough. Therefore |x — X(¢,z)| < . This proves the
first inclusion in (46). The second inclusion is proved by a similar continuity argument. On each

subinterval Iy, k = 1, .., N7, we consider the momentum equation
Ouy, . 1
Pn=ar + ot - V)uy — 2pdiv(D(uy)) + Vpy + EPan(un — Up,s) — png = 0.

Let us consider a test function ¢ vanishing outside I} and such that £(.,t) € IC},/Q(IW) for t € I.

Since £(.,t) is rigid on Qg ,/2(kT) D Q4 5/3(t) D QI(t), Lemma 3.1 yields

[t + (ot 1 = 2uD() : DIE) + -] dadt =0,

From bounds given by (18), (21) and (22) we derive the following estimates:

([ADWWD@MW < 1D lo 2o 1D 2re.c2n)
k
< Cléll2n,mi @) < C||f||L2(1k,zc},/2(kT))
<

Cllel ok, kr)s

16



/[ <pnun®un>:D<f>dxdt\ < Ipalm @l @l 1D ezt
k k
< Mol [ e Wl
k
1 3
< 0 [ Mgl IVl o lelngiordt
k
1 3
< Ol smcay [ 190l e €lngcarde
k
3
< C”v“nuz%[hp(g))||5HL4(1k,H3(Q))
<

ClléllLa(r,, 110 < C||§\|L4(1k,;<:;/2(k7)),

and

/1 /Q Png'fdxdt‘ < ||Pn|\L°°(1k,Lw(Q))||§\|L4(1k,/c;/2(m)) < C“§||L4(Ik,)C(17/2(kT))'
k

Collecting terms we get

[ [ o -e dmdt‘ < Clellzaroesrr)-
I JQ

As &(.,t) € IC},/Q(/W), &(,t) € K(lr/z(kT) C ICg/Z(kT) and we have

[(pnun, &)l = ‘<Pnunvpg/2(k7)£t>|

(P22 (kT) (pyun), &)l

(5P ok (), )1

Therefore

d
S Prathr) o) - € dnat] < OVl ary
which means that
d 0 . 4 1 *
%Pa/z(kT)(pn“n) bounded in Lz (Ik, (K; 5(k7))").
Moreover pyu,, is bounded in L?(Ij, L*(f2)),

PO/Q(kT)(pnun) is bounded in LQ(IkJCg/Q(kT)).

o

(48)

Since K 5 (kT) C (K}, 5 (k7))* compactly for 7 > 0, and (K7 o (k7))* C (K7 o(k7))* continuously

for r < 1, by the Aubin-Simon Lemma (see e.g. [4], p. 98) with (47) and (48), we obtain the

relative compactness of the sequence (Pg/g(kT)(Pnun)> in L2(Iy, (K% jo(kT))*) for all r €]1/2,1].

From (24) we deduce

o

},ii% Pg/z(lm')(pnun) = PO/Q(kT)pu in L2(Iy, (K 2(kT))") strong, Vr €]1/2,1].

17
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Since from (46), we have
Py (kT)PL(t) = Py (t) Vt € I Vr €]1/2,1], (50)
and we can write

/<pnun7P;(t)(un)>L2(Q)dt = {(ppun, P, 0/2 (kT) Py (t)un) L2 (0)dt

I,

0/2 (kT)(pyun), Py (t)uy) 12(q)dt

\;\

Ik

_ /Ik 0 o (k) (gt P (un)ir e it

The sequence (u,) is bounded in L%(0,T, V") for all r €]1/2,1], therefore (P} (t)u,) is bounded in
L*(0,T, K4 o) for all r €]1/2,1].

Therefore there exists a subsequence of P (t)u, still denoted P (t)u, such that
PI(t)u, — PL(t)uin L*(0,T, K /2) weak. (51)
Passing to the limit in 7 yields

i | {pyuy, () (ug)) 2oyt = / (PO (k) pu, Py (£)u) 2oyt
n—=0Jr, I

/ (o, B (k7 P2 (£)ut) 20yt

Iy,

| tou. Pyt

Iy
Summing over k = 1, .., Ny, we finally obtain
L flpyun - P (un) = pu- Py (u)l|z1(q) = 0,
which implies

lim lim || pyu, - Py (uy) — pu - Py (u)|z1(q) = 0.

o—0n—0

We can now conclude to the strong convergence of u,,.

Let € > 0. From Lemma 3.6,
dog > 0, Vo < oy, HP;(U) - UHLZ(Q) < €.

18



From Lemma 3.7,
Jog > 0, Vo < ag, Ino >0, ¥y <no, ||Py(uy) —uyllz2q) <&,
and by Lemma 3.8,
Jog > 0, Vo < ag, I >0, V0 < no, ||pyunPy(uy) — puP;(u)|p1q) < e
We therefore get from (31) (up to the extraction of a subsequence)
T
Ing > 0, Vn < 1o, /0 /Q luy — u|? dedt < Ce
which means that (still up to a subsequence)
u, — u in L*(Q) strong. (52)
Classically, we also obtain from (19)

Pty — pu in L*(Q) weak. (53)
3.4 Passing to the limit
Let us now prove that as n goes to zero, a subsequence of (u,, p,) converges toward (u, p) solution

of the weak formulation (11). Indeed : We have proved that p, — p in L>(0,T, L>°(£2)) weak * .

Therefore
p € L™(Q).

We have proved that u, — u in L*(0,T,V) weak, that ,/pyuy is bounded in L*>(0,T, L*(Q2)) and
p, bounded from above and below in L>° (0,7, L>°(£2)). This implies that u,, bounded in L*°(0, T, L?(£2)),

thus its weak limit belongs to L°°(0,T, L*(Q)) N L*(0,T,V):
u € L=(0,T,L*(Q)) N L*(0,T,V).

From Lemma 3.4, we have Hu = Hus = H(ug + w X r) where H is the characteristic function of
Q4(t). Thus

u(t) € K(t).

Using compactness results of DiPerna-Lions we already obtained that p and H are solutions of

transport equations with u and us as velocities. For H this means that for all ¢ € C1(Q) with
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H— + Hug - Vip dadt + | H(0)dz = 0.
/), /

As from Lemma 3.4, Hus = Hu, H is also solution of

/ + Hu - Vi dxdt + / H°(0)dx = 0.
Q Q

In other terms H, like p satisfies a transport equation with velocity wu.
Let us finally check that u satisfies the momentum equation.

Let 0 > 0. If &, € HY(Q) N L2(0,T;KL(t)), from (12) and (15) we get

O(pnu . .
/Q {(pantn) + div(pyuy ® uy) = 2pdiv(D(uy)) + Vp, + ann( — Up,s) = ppg| - & dz = 0.

From Lemma 3.5, there exists ng such that 1 < 7o implies:

/ nPn(Uy — Uy s) - & dr = 0.

By integration by parts

/ —2pdiv(D(uy)) - &o dx = / 2uD(uy) : D(&5) dx
Q Q

/ div(pyuy @ uy) - & de = / —(ppuy @ uy) : D(&) dz
Q Q

a(Pn“n) d/ / 0,
/n ot o BT = g ) et Sodu = | pytty - 5 d

As a result

0 d
/Q {pn“n gt + (pntiy @ uy — 2uD(uy)) : Do) + pyg - fa} dx = o /Q Py - &5 d.

We have already established that u,, — w in L?(0,T, H}(Q)) weak, u,, — u in L*(0,T, L?*(f)) strong,
pnuy — pu in L?(0,T, L*(Q2)) weak, and p, — p in L*(0,T, L*()) strong. Letting n goes to zero,

we thus obtain

/ {pu % + (pu®@u—2uD(u)) : D(&) + pg - 5‘,} dx = %/ pu - &y du.
Q Q

which corresponds to the weak formulation (11). This holds for any &, € HY(Q)NL?(0,T; KL(t)),
for arbitrary o > 0, and, since the time interval has been chosen to guarantee that there is no
contact with the boundary, by Proposition 4.3 of [20], for all £ € H'(Q) N L?(0,T; K(t)). This

ends the proof of theorem 2.1.
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4 Numerical simulations

We give here a few numerical illustrations of the penalization method in 2D. We only sketch the
numerical discretization and we refer to [3] for a more detailed description and further numerical
results.

Numerical 2D and 3D validations against experimental and other numerical results for a dis-
cretization of the present penalization method in a vorticity formulation of the Navier-Stokes
equations are given in [7].

We choose a time-step At and denote by a superscript n discretization of all quantities at time

t, = nAt. For each time integration, we split the penalization model (12)-(16) as follows

e We solve the following variable density flow problem and obtain:
~_ At At
u = u” _ At(u”.V)u" 4 TMAU _ 7vpn+1 + Atg
p P

with

p"=psH" +py (1-H")

e We compute the rigid velocity the rigid velocity corresponding to :

/p”ﬂH”dx

us =ug +wxr", ug=t—o w:Jflfp”(r”xﬂ)H”d:E
/p"H”d:z: @
Q

e We penalize the flow with this rigid velocity inside the solid body:

~ ~ At rrn
+1 7H
um — 1 u+ Ug
H™ (us un+1) un+l n

- — 54
At n 1+ StHn (54)

e We finally advect the solid with the rigid velocity:

H" = " — Atu, - VH"

The variable-density flow equations are solved by a projection method using a MAC staggered
grid: p and H share the same nodes, while the horizontal and vertical components of velocity are
located respectively between a pressure node and its right or upper neighbor. This arrangement
of the degrees of freedom ensures an algebraic divergence free vector field during the projection

step, and prevents parasitic pressure modes. The advection equation is discretized by a fifth order
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WENO scheme, using the real velocity for the density and the rigid velocity field for H, ensuring
a constant shape of the rigid body.

Note that we have used an implicit time discretization of the velocity penalization, which allows
to use a very small penalization parameter . Using an explicit method would require this value
no to be smaller than At. It can indeed be checked that a explicit method with n = At essentially
amounts to the projection method [18]. We will see below that using smaller values of 7 together
with an implicit scheme has a significant effect on the accuracy of the method.

In order to numerically validate the penalization method, we consider the case of the sedimen-
tation of a rigid cylinder in two dimensions (see [11], [7]). The domain = [0,2] x [0, 6] is filled
with an incompressible viscous fluid initially at rest, of density py = 1 and viscosity puy = 0.01.
The rigid cylinder of radius R = 0.125 and density ps = 1.5 is initially centered in (1,4), and we
apply the gravity force g = —980. In this experiment, the Reynolds number based on the cylinder
diameter varies from 0 to about 250.

In order to verify how the rigid constraint is satisfied in the solid, we monitor at time ¢t = 0.1 the
L?-norm of the discrete deformation tensor defined by:

D@72, = D Hij (DR (uij) + 2D (uij) + D3o(uij)) (Ax)?
]

We fix Az = 1/256 and At = 10~%, and compute this norm for values of 1 from 104 to 10712, at
t=0.1.

The results presented in table 1 indicate a convergence of the penalization method, as far as the
deformation is concerned, with first order in 7. Note that in our decomposition of the penalization
model, we have chosen to verify the divergence free constraint in the stage that precedes the
computation of the rigid velocity. As a result, the solution at the end of a complete time step

exhibits a boundary layer in the divergence of the velocity, proportional to % II(

us—u)n)|r2(00s)-
If we had chosen to apply the pressure correction after the equation (54) the divergence of the
velocity would be algebraically zero at the end of the time step but the deformation inside the
body would be significantly higher.

In figure 1 we show the profiles of the vertical velocity for several values of 7, corresponding to a

cross section at the center of the cylinder. We can observe that below 7 = 10~® one may consider

that we obtained converged velocity results. The projection method of [18, 22] essentially consists
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n | 1Dz ) | @ for O(n®)

104 4.30838 -

1076 | 3.84749 x 102 1.0247
10~8 | 3.45379 x 104 1.0234
10710 | 3.81643 x 1076 0.9783

10712 | 3.79832 x 1078 1.001

Table 1: Sedimentation of a two dimensional cylinder. Errors on || D(u)|2(q, )y and convergence
orders at t = 0.1 for Az = 1/256 and At = 107%.
of replacing the step (54) by wu,+1 = us. This corresponds to the following explicit discretization

of the penalization term:

n+1ia 1

- “H™u,—7u
At n (us =)

with At = n. We show the results obtained with these parameters and this discretization of the
penalization term. As far as precision is concerned, one can notice the benefit of using larger
penalization parameters combined with an implicit time discretization of the penalization term.
This confirms the results reported in [7].

6

eta=1e-2 mm—
eta=1e-4
eta=1e-8 1rinin |
eta=1e-12 mmmn
explicit, dt=1e-4

Figure 1: Sedimentation of a two-dimensional cylinder, for Az = 1/256 and At = 10~%. Vertical
velocity in an horizontal cross-section through the center of the cylinder at ¢ = 0.1 for several
values of the penalization parameter.
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5 Conclusion

We have presented and analyzed a penalization method that extends the method of [2] to the
case of a rigid body moving freely in an incompressible fluid. The proof is based on compactness
arguments. Numerical illustrations have been provided to illustrate our convergence result. The
benefit of using very large penalization parameters combined with an implicit time discretization
of the penalization term, compared to the projection method [22] which corresponds to a particular
explicit time discretization for the penalized equation, has been demonstrated.

While this was not our primary goal, an outcome of our convergence study is an existence
result for a weak formulation of the coupling between a rigid solid and a fluid. Let us shortly
discuss how this result compares with existing ones [12, 8, 6, 20]. In [12] local in time existence
and uniqueness of strong solutions was proved. The Eulerian approach was developed in [8] where
global in time existence of weak solutions was proved in dimension 2, without collisions. In
the three-dimensional case, to our knowledge only local in time existence of weak solutions was
obtained, since L? regularity of the time derivative of velocity was required (and therefore global
existence would imply global existence of strong solutions). In [6, 13] the existence of global weak
solution in three dimensions for one ball shaped solid, with possible collision with the boundary,
was proved. In [20] the existence of global weak solutions for several rigid bodies with collisions
was proved in dimension 2. Our results prove the existence of global in time weak solutions in three
dimensions, before collision. By contrast with [6, 13], this result can easily be generalized to the
case of several bodies by introducing indicator functions, rigid velocities and penalization terms
corresponding to each body. To our knowledge, the existence of global in time weak solutions for

several bodies with collisions is an open problem in three dimensions.
6 Appendix

This section si devoted to the proof of some technical lemmas that were used in section 3.
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Proof of Lemma 3.3 Let ¢(t) € L2(Q\ Qs »(¢)), and (v(t), q(t)) € HY(Q\Qs 5 (1)) x L2(Q\ Q5.0 (1))

solution of the Stokes problem

—Ao(t) + Vlt) = 6(t) on DTos (),
divo(t) =0 on Q\Q; (1),
v(t) =0 on 9 (N Q0 (1)) -

Since we assumed a C? regularity on Q\Q0 this regularity is conserved through rigid motion and,
for o small enough (say o < o¢ for some gy > 0) to Q\Qs ,(¢). The regularity results of Agmon-

Douglis-Nirenberg on the linear Stokes problem (see [23], prop. 2.3. p. 35) give
(v(t), q(t)) € H*( N\ Qs (1)) x H' (N4 (1))
and there exists C' > 0 such that

v g2 a7y T 14O a7 @) < CloO L2 onars))-

Note that, with our definition of T', the constant C', which depends on the geometry of the domain
boundary, can be taken independent of ¢ € [0,7] and o, provided oy is taken small enough. We

can then write

[ wwewi = -
O\Qs,0 ()

S~

w(t) - Av(t) de + / w(t) - Vq(t) dx

Q\Qs,a(t)

Q\QS,U (t)

Ovu(t)
w(t) - ——=ds Vuw(t) - Vo(t) dz
0 s [ vu(0)-vet)

Il
|
S

(2\2s,5)(t)

w(t)q(t) - nds — /Q\Q(f) divw(t)q(t) dx

_|_
S~

A(\Qs,0) (#)

= —/ w(t) - 9u(t) ds —I—/ du(t) ~v(t)ds
09 4 (1) In T In

—/ Aw(t) - v(t)de + / w(t)q(t) - nds
N\ o (1) Q5,5 (t)

. / wit) 22 g 4 / o(t) - Vp(t) do
09,0 (1) on A2 (1)

—I—/ w(t)q(t) - nds
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The integral of v - Vp vanishes since v is divergence-free and vanishes on 9 (2\Q; ,(¢)). Then

using classical trace theorems in Sobolev spaces we get

| o () |
/| o VO 0 = / NRCR / RRCICRT

lg(t)ll 200, . ) (V) 200, 1)) + laE) | 200, 1))

IN

IN

Cllg®)llL2(09. . ) (||’U(t)||H2(Q\ﬁ(t)) + ||Q(t)||H1(Q\@(t))>

IA

Cllg(t) lz2(00. . (1)) (t) ||L2(Q\m(t))

IN

1 1
Cllu(?) ||[2,2(QS,0(1§)) [Vu(t) ||22(Qs,a(t)) [ (¢) HLZ(Q\m(t))'

This proves the assertion.

Proof of Lemma 3.6

Step 1: We first show how to construct for a.e. ¢ €]0,T[ a function v,(.,t) € K7 (¢) such that

lim |lvg(.,t) —u(.,t)|[yr =0 a.e. on ]0,T].

o—0

Let o > 0 and v,(.,t) such that

—Avg (., t) + Vp(.,t) = —Au(.,t) on Q\Qs,(t),
)=0

divus(.,t) = on Q\Q; (1),
Vo (., t) = us(., 1) on 08 ,(t),
Vo (., 1) =0 on 01,

where

1
uS:/pqum—i—(J_l/p(rxu)de) X T
M Jq Q

By lemma 3.4, u(.,t) = us(.,t) on Q(¢). Extending v,(.,t) by us(.,t) in Qs »(t), we have v, (., t) €
KL (t). We set eg(.,t) = vo(.,t) — u(.,t). It satisfies

—Aey (., 1)+ Vp(.,t) =0 on Q\Qs (1),
0

dives(.,t) = on O\ Qs , (),
eo(t) =us(, t) —u(.,t) on 9, (¢),
es(.,t) =0 on Of.

We extend e, (.,t) by us(.,t) —u(.,t) in 5 +(t), so that es(.,t) = 0 in Q4 (¢).
We claim that

;igb llea (., t)ll2() = 0 a.e. on ]0,T7. (55)
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In Q4(t) es(.,t) = 0, thus

2 2 2
“eff('vt)”L?(Q) = ||€U(-7t)||L2(QS,0(t)\Qi(t)) + ||e(7('7t)HL2(Q\m(t))'

Since Q ,(¢)\Qs(¢) has width 20, from the proof of lemma 5.10 of [10] we have a.e. on ]0, T,

IN

2 2 2
llea (s DIz, , @z ) C (lleo (s D32 00, o) + 190 (s O3 2(c,  onermion )

IN

c (”60("t)”L?(QS(t))Hvet’f('at)”LQ(Qs(t)) JF‘72||V€o(-at)”ixas,a(t)\m(t)))

2
Co?||Veo (o D)l 72, nazmy)

Next, as ey (., t) = us(., t)—u(., t) in Qy ,(t) and u(., t) and us(., t) are in HJ (£2), we get | Ve, (., W20, onazewy) <

Ve ()l 2, Lty < Ve (D)l 2y < €, where C is independent of o. This gives

lea (Ol L2, Ly = llea (Ol L2q, oz < Co-
By Lemma 3.3 we thus get

||€U("t)”iz(Q\m(t))SCHeU('vt)”L?(QSTC,(t))HveU("t)HLQ(QS,U(t)) <Co.
Collecting the above estimates, we conclude that
lim fleo (. £)72(q) = 0.
In order to prove that this convergence also holds in V" we first note that
lea (- t)|[ 1) < C a.e. on ]0,T] (56)

as is readily seen from estimates on the Stokes problem verified by e,. By interpolation (see e.g.

[1], p. 135), we obtain

lles (- 2)]

vr < llea (- 8)llzz(ay lew ()l (o) (57)
and due to (55) and (56),

;iﬂ% lles (., t) ||y =0 Vr € [1/2,1] a.e. on |0, T (58)
Step 2: By definition of P7,

1Ppul,t) = ult)llve < [lvg(t) —ul, 8)llvr
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thus the pointwise convergence on v, we just obtained implies

lin}J 1Pru(.,t) — u(., t)|[y- = 0 a.e. on ]0,T]. (59)
o—
Step 3: f, it — ||Pru(.,t) — u(.,t)||y- is measurable on [0,7] and since 0 € K7,

2 T r 2 T 2
T / 1Pru(et) —ust)lhdt < / s 0)]| ot

L¥ o1

T 2(1—r) 5
<0 Tl )
< C||u||Loor(07T7L2(Q))”uHL?(O,T,Hé(Q))
< C.

To summarize f, verifies
lin%) fo(t) =0 a.e. on [0,T],
o—

fo is measurable on [0, T],

”f"”L%(o,T) < C withr < 1.

Therefore, thanks to lemma 3.2, lin%) | foll z2(0,7) = 0, Which means
o— ’

lim | Pyw — ullp20,7,vm) = 0.

Proof of Lemma 3.7

Step 1: We construct for a.e. fixed ¢ € [0,7T] a function v, (.,t) € K/ (¢) such that

;ig}) rl;lg%) lvne (1) — uy (., )|y = 0 a.e. on |0, T7.

Let 0 > 0 and v,,(.,t) solution of the following Stokes problem outside Q7 _(#):

—Avy (1) + V(1) = —Au, (1) on Q\QL, (1),
)

div v, (., 1) = on Q\QY (),
Upo (1, 1) = up s(., ) on 8973770(75),
Upo (., 1) =0 on 0.

Extending vy, (., t) by uy s(.,t) in Q7 /(t), we have vy, (.,t) € Ky (). We then introduce e, (., 1) =

Upo (-, 1) — up (., t). It verifies

+Vp(,t) =0  on Q\QZ,(t),
) =0 on Q\QY ,(¢),
= Ups(- 1) —uy(,t) on I (t),
eno(,t) =0 on 01},
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We claim that

lim lim |leyo (., t)||22(0) = 0 a.e. on ]0,T7. (60)

o—0n—0

From lemma 3.5, for a given o > 0, there exists 19 > 0 such that Vn < ng,
QI(t) C Q5 (t) and Q,(t) C QL (1).
Let n < no. We write
2 2 2 2

||e770'("t)||L2(Q) = Heno(vt)ny(gg(t)) + ||€no(~:t)||Lz(sto(t)\Q7g(t)) + Heno(wt)”Lz(Q\@(t)y (61)

From estimate (23), there holds
4 2
||en0(-at)HL2(Q"(t))dt < Cn. (62)
O s

Since Q2 ,(t)\QZ(t) has width less than 20, from the proof of lemma 5.10 of [10] we have a.e. on

10,771,

2 2 2 2
lens (O acananaiay < C (lens (s azy + o2 1Ven (D2, e ) -

(63)

And using a trace theorem, we get

A

2
lens DNz, onazen < € (lenrCOlliaaan 19en (O aney

+02 Hveﬂo('a t) ”iz(ﬂsyo(t)\@(t)))

IN

c (”eno(-a t) ||L2(Qj;l(t)) [Veno(.,t) HL2(QS’U(t))

—|—O’2Hveno('at)“iQ(Qs,a(t))) ' (64)

Adding ||eno (., t)Hi?(Q"(t)) to this inequality gives

||encf(-at)||i2(gs,a(t)) <C (Hena('vt)||2m(gg(t)) + ”6770('7t)”L?(QQ(t))”venU('at)”]ﬂ(Qs’a(t))

+02||Ve,,g(~7t)||2L2(Qs,a(t)))‘ (65)

For the last term in (61) we use Lemma 3.3:

2
”ena(-a t) HLZ(Q\W(Q) < CH€770(~7 t)||L2(Qs,U(t)) Hveno(-a t) ||L2(Qsﬁ(t))' (66)
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Since €0 (., t) = sy, s(., 1) —uy (., ) in Qg 5 () and u,), u,, s are bounded in L?(0,T; H} (£2)), we have

T
/0 IV ens (172, e dt < C- (67)
With (62) and (67) we are now in position to estimate the integral over [0,7] of (64-66). By

Cauchy-Schwarz inequality:

T
2 i 2
/0 ”eno('at)”Lz(Qs’a(t)\ng(t))dt <C(nz +o07),

2

T T
2 2 1 1
/0 lena (s Ol 2onas ooy dt < € (/O ||en0("t)”LQ(Qs,a(t))dt) <C(n+n? +0%)7.

Therefore, for a fixed value of ¢ we can pass to the limit in 7, and then pass to the limit in o, to

obtain
T 2
313}) 71]13}3 ) ||67]U('vt)||L2(Q)dt =0. (68)
This strong convergence can be turned into an almost everywhere in ¢ convergence up to the
extraction of a subsequence. The rest of the proof is adapted in a straightforward way from that

of Lemma 3.6.
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