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TWO ASYMPTOTIC MODELS FOR ARRAYS OF
UNDERGROUND WASTE CONTAINERS
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ABstrACT. We study the homogenization of two models of an under-
ground nuclear waste repository. The nuclear waste cells are periodically
stored in the middle of a geological layer and are the only source terms in
a parabolic evolution problem. The diffusion constants have a very large
contrast between the fuel repository and the soil. It is thus a combined
problem of homogenization and singular perturbation. For two different
asymptotic contrasts we give the homogenized limit problem which is
rigorously justified by using two-scale convergence. Eventually we per-
form 2-d numerical computations to show the effectiveness of using the
limit model instead of the original one.
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1. INTRODUCTION

In this paper, we consider a simplified model used to describe the diffusion process
of radioactive elements from a repository into surrounding geological layers. It is
a parabolic evolution problem with very contrasted coefficients along a thin strip.
Namely, we study the following model

(1)

pe () 85;5 —div (Ac(2)Vue) + we (2)ue = fe(t,z) in Q for a.e. t >0,
us. = 0on 9N for a.e. t >0,
us(t=0) = 0inQ,

where €2 is a smooth open set of R?, with d = 2 or 3, which intersects the horizontal

hyperplane passing through the origin, i.e., QU {zq = 0} # 0 (for any = € R? we

write = (2/,24) with 2/ € R?"!). The unknown is u.(t,x) € L(RT; H}()).

The repository, where the inhomogeneities and the source term f. are located, is

an horizontal strip of thickness £ and midplane {z; = 0}. Furthermore, the small

parameter € is the periodicity of the repository heterogeneities too. Outside the
1
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FIGURE 1. Sketch of the medium.

repository, the diffusion tensor A, and the scalar porosities w. and p. are functions
of the macroscopic or “slow” variable x only. More precisely, we assume that there
exist functions ug,wp and po in L°(£2) such that

@) { for any « = (2/,z4) € Q with |z4] >€/2, f(t,x)=0,Vt>0
and A.(z) (resp. we(x), pe(x)) = po(x) (resp. wo(z), po(x)).

Inside the repository, we assume that all coefficients, as well as the source term, are
periodic in the first (d — 1) variables. We furthermore consider a highly contrasted
diffusion tensor compared to po. Namely, we assume
(3)
for any x = (2/,14) € Q with |z4| <e/2, fo(t,z)=¢"1f; (t, f) L, VE>0
and A.(z) =%y (L), we(w) = wi (£) and pe(z) = p1 (£),

with periodic functions u; € L;f,d(Y)dXd, wi, p1 € LE 4(Y) and fi € L2(RT; L (V).
We assume that wo, pp > ¢ > 0 (resp. w1, p1 > ¢ > 0) where the constant c is inde-
pendent of € and that both diffusion tensors pg and pp are uniformly elliptic and

bounded, that is, there exists two positive constants 3 > a > 0 such that, for all
£ ERY,

(4) alé? < k- < Bl i=0,1.

The exponent a in (3) is either —1 or 2. The periodicity cell is the unit cube
Y = (—1/2,+1/2)%, and by L3 4(Y) we denote the following space

FaYV)={f € L=RY), st. Vy = (y,ya) € R?
and Vp € Z47 f(y/ +p,ya) = F(V,ya) } -

Note that the scaling of the source term is such that its integral over the repository
is of order one. We denote by x. the characteristic function of the repository, that
is, xe () = x (%¢) where x is the indicator function of the interval (—1/2,+1/2).
We denote by T' > 0 the finite time-scale for which the model under consideration
is valid. We also use the notations ' = QN {zg = 0}, QT = QN {z; > 0},
Q" =0n{zs <0}, and Y’ = (-1/2,+1/2)¢"L.
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The motivation for this work is the study on the long time behavior of an under-
ground waste repository in the presence of leakage. A sketch of the medium under
consideration is presented in Figure 1. The spent fuel cells are stored in the center of
the middle geological layer. Inside each module, 10 to 15 spent fuel cells are stored
horizontally (normally to the section represented). A description of the geometry
is presented in Section 6.1. This model problem, introduced as a benchmark case
for the COUPLEX exercise [8], has been previously studied by Bourgeat et al. in
[4], 19], [5], [6], [7]. The novelty here is that we allow a strong contrast between the
fuel repository and the soil. The first case is that of a very small permeability of
the engineered structure, a = 2, where the repository is designed as a sealed con-
tainment area. The second case, is that of a large permeability, a = —1, where the
repository structure is the weak point of the apparatus, the surrounding soil being
a better natural barrier. This last case is what happens with a concrete structure
is a clay layer. The source term represents a leakage (which would happen in these
worst case scenario in every module).

The first part of the paper, sections 3 to 5, is devoted to the asymptotic study of
two models (¢ = —1 and a = 2) in the limit as e tends to zero. After establishing
a priori estimates and recalling the notion of two scale convergence for boundary
layers [3] in Section 3, we derive the homogenized limits for the case a = 2 in Section
4 and for the case a = —1 in Section 5. A related result appeared in [14] with a
different application to transmission through thin membrane.

The second part of the paper is dedicated to the application of this study in the
nuclear repository context. The model used by the so-called MoMaS group?, in
charge of the mathematical aspects of the long term underground waste repository
behavior predictions, is slightly more complex than the one studied in the first part,
and is exposed first. Because the coeflicients are measured physical quantities, the
relevant small parameter ¢ has to be identified, and evaluated. With that in mind,
we conduct a dimensional analysis of the available data, and express the MoMaS
group model in this setting. The two cases we have considered correspond to limit
situations, with very strong or very weak diffusion. The corresponding numerical
results are presented in Section 6.

2. MAIN RESULTS

The first result addresses the case when a = 2, i.e. of very weak diffusion in the
repository zone. In such a case, we need an additional technical assumption on the
smoothness of the coefficients in the vicinity of the repository boundaries, namely

(5)  3Jaxd €(0,1/2) and r > 0 such that p;(y) € C’;;’T (Y N {|za| > J:g})dXd.

Our result describes the limit behavior of u. both outside the fuel repository and
inside.

1The research group MoMaS (Mathematical Modeling and Numerical Simulation for Nuclear
Waste Management Problems) is part of the PACE Research Federation. MoMaS’s sponsors
are: ANDRA National Radioactive Waste Management Agency, BRGM Bureau des recherches
géologiques et miniéres, CEA Atomic Energy Commission, CNRS National Center for Scientific
Research, EDF Electricité de France, IRSN Institute for Radiological Protection and Nuclear
Safety.
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Theorem 1. Under assumptions (2,3,4,5), when a = 2, the solution u. of (1) is
such that (1 — x.) ue converges strongly in L? ((O, T); L? (Q)) to u, given by u == u™
inQF andu :=u~ inQ~, and (1 — xc) Vue converges weakly in L? ((0, T); L? (Q)d)

to &, with € = Vu® in QF, where u™ is the unique solution of

o + + n OF
po () —— — div (po(z)Vu™) + wo () u™ =0 in QF,
0

ot
(6) ut = on 00 N INTE,

Fug (2) Vut -eg = st on
ut(t=0)=0 1inQ.

The effective source terms sT and s~ are given by
(7) sE(t) = j:/ w1 (v, £1/2) Vg (t,y', £1/2) - eq dy/,
Y/

where us is the limit of eue in the sense of two-scale boundary layers convergence
(see Proposition 5). The limit ua(t,y) is the unique solution in L* ((0,T); HX(Y))
of the following problem

(8)
0 ) .
pr() G — divy () Vyu) + iy = filty) in (0.T) x Y,
uz(t,y) = 0on (0,7) x {|ya| = 1/2},
(Y1,--yYa—1) — wuz2(t,y) Y'-periodic,
UQ(t = O) = 0.

Asymptotically, the effect of the strip is therefore to transform the source term
f1 into two effective time-dependent boundary conditions s or s~ for the normal
derivatives given by (7). Note that system (8) is independent of system (6). Such
a limit problem is the inspiration for an approximate numerical method presented
in Section 6. Theorem 1 is related to a recent result in [14], for nonlinear reaction-
diffusion systems. However the scaling, as well as the analysis, are quite different.

We now address the second case when a = —1.

Theorem 2. Under assumptions (2,3,4), when a = —1, the solution u. of (1) is
such that it converges strongly in L? ((0, T); L* (Q)) to u and Vue converges weakly
in L2 ((0, T); L? (Q)d) to Vu, where u € H'(Q) is the unique solution of the coupled
system
ou ‘ ) _
Pogy ~ div (o Vu) + wou =0 in QT UQ
(9) w(t=0) =0inQTUQ,
u =0 on 0N,
u =u_q onQ =0n{xg =0}
and u_y is the solution in H'(Q') of

(10) —divys (4" Voruy (t,2)) + [0V - n] = 7,
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where [j] stands for the jump of a quantity j between QF and Q. The effective
coefficients p* and f are given by

(11) Fit) = /Y f1(t) dy,

and

(12) = / () (Lo + P(y)) dy.
Y

For each i = 1,...,d, P(-)e; is given by P(-)e; = V; where p; € Hy 4,(Y) is
Y’ -periodic in its (d—1) first variables and is the unique solution, up to an additive
constant, of

div (u1 (Vi + Vypi)) = 0in,
(13) p(Vyi +Vypi)-ea = 0onY' x{+1/2},
w1 (Vys +Vypi)-ea = 0onY’ x{-1/2}.

Of course, the two partial differential equations (9) and (10) are strongly coupled.
Asymptotically, the effect of the strip is therefore to transform the source term
f1 into an effective time-dependent tangential diffusion along the interface given
by (10). The homogenized problem (9)-(10) is the inspiration for an approximate
numerical method in Section 6. For a homogeneous thin strip, Theorem 2 was
already obtained in [12].

3. A PRIORI ESTIMATES AND TWO-SCALE BOUNDARY LAYER CONVERGENCE

A prerequisite for the proofs of Theorems 1 and 2 is to check that the solution wu.
of (1) is uniformly bounded in appropriate norms. The necessary a priori estimates
are established in the following Proposition.

Proposition 3. Assume the coefficients A.,we, pe satisfy assumptions (2, 3, 4).
(i) If, instead of assumption (3), we suppose that f- (t,x) = . (%d) f (t, f) with
fr € L2(R* L 4(Y x (-1/2,1/2))), and b € R, we have

uell oo 0,7y 220y + 1L = Xe) Vel L2 (0,7);22(52))

(14) +e% ||XEVU/5||L2((O’T);L2(Q)d) < Ce3tmin (1,57%) ,

(i1) Alternatively, instead of assumption (3) assume that f=(t,z) = s. (t,2") 6z 1==/2} (%)
where s € C (R+ X Rd_l) is bounded above and below independently of €. Then

we have

(15)

el oo (0,722 2y T (1 = XE)VUE”L?((O,T);L?(Q)UZ)+€§ ”XEVUSHL2((O,T);L2(Q)‘1) <C
Corollary 4. Assume the coefficients Ac,we, pe satisfy assumptions (2, 8 and 4).

If a = —1, then we have

(16) llwell oo 0,7y 12(0)) + 11 = X&) Vel oo (0,7): 1200 1) < C

and

(17) ||Xaus||L2((o,T);L2(Q)) + ”XEVUEHL2((0,T);L2(Q)4) <Cve
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If a = 2, then w, = gu, satisfies
(18)
el o o.ry:20) I = Xe) Vel 2 ((o,1yic2(yr) T IXe Vitell a0, ry22 (@) < CVE

which, in particular, implies that
(19) Ixewell o (0. 7y5220)) € IXe Vel 2 0,7y, 22(0y0) < CVE.

Proof of Corollary 4. Estimates (16), (18) and (19) are obvious consequences of
Proposition 3. Inequality (17) is easily deduced from (14) and (22). O

Proof of Proposition 3. Testing (1) against u. we obtain, after integration by parts
with respect to the space variable z,

1d 9 AP
Sd ; peuzdr + /Q(l — Xe)pto () Vue - Vuedx + /Qw (g) uide
T
(20) Jr&?a/ Xe i1 (7) Vu, - Vuedr = /xsfsuedx.
Q € Q

Let us first address the case (i): there is a constant M such that | fz ||« g+ x0) et <
M < oo for any . Then (20) yields, because of the positivity of p., w. and the
coercivity of pug and pq, that

1 2 1 1
PE U L2 XepéE Ue XePE Ue

< Centh ’
L2(Q)

d

% ’ < C”XefeHL?(Q) ‘ L2(Q)7
which in turns shows that [luc(t,-)[|;2(q) < Ctezt, the constant C, depending a
priori on ming |pc|, and M being chosen independently of . Integrating (20) with

respect to time, and using Cauchy-Schwarz inequality again we obtain,
2 2
(21) (1 — Xs)VUsHL2((0,T);L2(Q)d) +e* HXsVUe||L2((0,T);L2(Q)d) < Celt?,

This implies (14). On the other hand, thanks to the Dirichlet boundary condition
satisfied by u. in (1), we have, for all ¢ > 0, the following Poincaré inequality

2 2
(22) ||X€u€||L2(Q) < dg ”XSVUEHL?(Q)d )

where dg depends on €2 only. This can be proved, for example, by integrating wu.
along a vertical or horizontal path connecting x and the boundary of the domain
within the repository. Consequently, we have, for all ¢ > 0, and all A > 0,

—a d 0 QA
/QXE.faUgdx < ¢ &HX&fE”QL%Q) +e %HXEUEH%/Q(Q)’
_. do 9 -
* < “A )V, - Vuedz.
( ) s € da HXefe||L2(Q)+E /ngm(g)Vue Vusdz

For A = 1, this last inequality combined with (20) yields

1d do _, 2
5% ngugdl' < Es ||XafEHL2(Q)
(24) S Cgfa+1+2b7
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which shows that [[uz(t,-)[| 2, < Ce2073% For A = 1/2, using (23) in (20) we
obtain that for all ¢ > 0,

1d
f—/ peudr + / (1 — xe)po () Vue - Vudx

2

which in turn implies that

1
—|—f€a/ Xefi1 (f) Vu. - Vuedr < Ce ot1+20
Q 13

2 a 2 —a
(1 = Xe) Vel 220 220y + €% 1Xe Vel L2 0.1y 12 0y < Ce™H 20

Estimate (14) is proved, and the proof of the first part of Proposition 3 is finished.

Let us now turn to case (ii), and suppose that f. = s (t,2") 0z |=c/2} With
s. € C(RT x R¥1), and ||sc||p~ < M where the constant M is independent
of €. Then

M2
(25)/ fe(t,2)uede < M lue| dr’ < — + C’T/ luc|? da’
Q {zq==e/2} T {zq=te/2}
M2
(26) < — + / (1 = xe)po(x)Vue - Vudz
Q

for a sufficiently small constant 7 > 0. Therefore we obtain

1d M?

5& Qpe(x)uidx S T,
and arguing as above, we obtain (15). O

Following the strategy introduced in [3], we shall derive the asymptotic limit of
problem (1) using two-scale convergence for boundary layers. This notion of con-
vergence generalizes the usual two-scale convergence [2], [13] to the case when the
test functions periodically oscillate in the first (d — 1) space directions and simply
decay at infinity in the last direction. The following proposition summarizes the
definition and properties of two-scale convergence in the sense of boundary layers.
We denote by G the band Y’ x R. A generic point y € G is denoted by y = (', ya)
with ¢/ € Y’ and yq4 € R. We introduce the space Li(G) of square integrable
functions on GG which are periodic in the first d — 1 variables, i.e.

L%(G) = {p € L*(G) s.t. y' — o(y', ya) is Y'-periodic} .

Similarly, we define H;#(G) the Sobolev space of functions in H!(G) which are Y-
periodic, and C (G) and C3°(G) the space of infinitely differentiable functions

~with compact support in the first case— on G. We denote by C () the space of
continuous functions on the closure of €, a compact set in R?1.

Proposition 5. (1) Let v. be a sequence in L*(Q) such that
HUEHL2(Q) < Cye.

There exists a subsequence, still denoted by €, and a limit vy(z',y) € L? (Q’; L% (G))

such that v. two-scale converges weakly in the sense of boundary layers to vy i.e.

.1 T 1
lim Qvg(:v)w (:c',g> dr = |Y/|/'/GUO (2',y) ¢ (@', y) da'dy
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for all test functions ¢ (2',y) € C (W; Li(G))

(2) Let ve be a sequence which two-scale converges weakly in the sense of boundary
layers to vy, and furthermore satisfies

1
1‘ - = — ’ .
E]ir(l) \E ||Ug||L2(Q) ‘ /|% ||U0||L2(Q xQG)

Then, v, is said to two-scale converge strongly in the sense of boundary layers to vy,
which means that, for any sequence we in L?(2) which two-scale converges weakly
in the sense of boundary layers to wo(z',y) € L*(Y x G) one has

1 1
lim = [ ve(z)w.(z)p (ﬂc’, E) dr = — / / vo (@, y)wo(@', y)p (27, y) da'dy,
e=0¢e Jo € |Y’\§ rJa

for all smooth functions ¢ (2',y) € C (V; Cy,o(G)) .

Note that two-scale boundary layer convergence (called 2SBL in the sequel) can be
also used to characterize the precise behavior of a non-vanishing function, restricted
to a small domain, as it is shown by the following simple lemma.

Lemma 6. Let v. be a bounded sequence in H}(Q) converging weakly to a limit v.
Assume that we. = x-v. admits a limit w in the sense of boundary layers conver-
gence. Then w = xw and for almost every ' € (¥,

v(gc’,O):/Yw(x’,y)dy.

Proof. Recall that x. = x(%) is the characteristic function of the repository zone.
The fact that w = yw is obvious. Note that the assumption on w. having a two-
scale limit in the sense of boundary layers is plausible since, if v. is a constant
sequence v € L*(f2), then w. satisfies the a priori estimate ||w.|[z2(q) < Cv/e
which is required for the two-scale convergence in the sense of boundary layers. We
have

L[ et Opla)ds [ el 0)pla’ 00
Q ’

= %/S?sts(x/,())@(x/’o)dx o /,vs(xl,o)ip(fﬂl,O)dlL’/
* /st(x’,o)éxg (o(a’,0) = p(z)) d.

The first term is exactly zero. For the second one, note that

Lot o) <L [

0
so(x',w] 0t < [Vl ey -

3 —e/2 al'd
therefore,
1
[ 0@ 02 (00 = @) da| < [Velgaeye [ onlel0)ds’
<

Ce ||V<PHL°°(Q) ”vaHL?(Q)d )
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where this last term is of order O(e) since the sequence v. is bounded in H}(Q).

Similarly,
1
IAE Ll
CVE|IV || L2y -

As a consequence,

/ L vy l@)da - / ola, 0)p(a’, 0)da’
Q ’

Xe (ve(2,0) — ve ()| dw

IA

—vg 7', sq)|dsq dx

(9£Ed

IN

< | Sxena 0p@ds - [ o 0pla' 0’| +O(VE)
S [ve(2,0) = v(a’,0)] [(2’,0)| dz’ + O(Ve)
< C(@) llv=(-,0) — u(, 0)HL2(Q’) + O(Ve).

The trace of v. on 2’ converge strongly in L?(£)') to the trace of v, thus we have
proved that

[ [ ot et dsay = tim [ Dy (@)oo ds
rJa E—

Q

1
= lim [ —x.(2)ve(z)p(z)dx
e—0 Q€

_ / o(@!, 0)p(a, 0) da’

which implies the desired result, namely that u(z’, 0) is the average on Y of w(a’, y).
O

The two scale convergence for boundary layers was introduced for time independent
problems. It naturally extends to time dependent problems.

Proposition 7. (i) Suppose that a = —1. There exists a function u_1(t,z’) €
L% ((0,7); H' (') and a function w(t,a',y) € L? ((O,T) X Q’;HZIOC’#(G)) such
that, up to a subsequence,

2SBL

(27) Xete ——  X(ya)u—1(t, 1‘)
2SBL
(28) Xevus —— X(yd) (vw’ufl(t :,C/) + vyw(t7 xlv y)) .

(ii) Suppose that a = 2. There exists a function ua(t, z,y) € L* (( T)x YV HL . #(G))
such that, up to a subsequence,

2SBL
(29) eu. —— us(t, 2, y)
2SBL
(30) e2Vu, —— X(ya)Vyusz(t, 2, y)

Furthermore,

(31) (1 — x(ya))ua(t,2’,y) =0 for a.e. y € G.
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Note. We use the notation

0 0
Vx/— <%,7%“70>

Similarly, for a d dimensional vector ¥ we shall write

U = (Uy,...,Tq_1,0).

Proof. Suppose a = 2. The bound (18) shows that w. = eu. satisfies
Hw6||L2((0,T);L2(Q)) te ||Vw5||L2((07T);L2(Q)d) < Ove.

Consequently, w, (resp. eVw,) admits a limit us (resp. (2) in the sense of boundary
layer two scale limits. It is a classical result [2], [3] that eVw, two scale converges in
the sense of boundary layers to (; = V,uz. We shall now prove (31). The bounds
(18) show that the sequence w, satisfies

(1 - Xs)wa||L2(0,T;L2(Q)) +[[(1 = Xa)vwsnm(o,T;Lz(Q)d) < Cye.

Therefore, up to a subsequence, (1 — x:)Vw, converges in the sense of bound-
ary layers to & (t,2’,y). Since x. converges strongly in the sense of two-scale
boundary layers convergence to x, we have & (¢, 2',y) = (1 — x(ya))&2(t, 2',y). Let

d
U(z',y) € CX (Q/;C;E:C(G)) be a smooth test function such that ¥(a',y)(1 —
X(ya)) = ¥ (', y), and ¢(t) € C[0,T]. By an integration by parts we see that

.17 , T
511_13%5 ; @(t)/{z(l—xe)Vwe-\IJ(x,g) dt dx

~ o L ) [ wedi \If(’f)dtd’d
= glil(lj = ) (%) Q’u}E vy xT, - T ay
1 /T
— lim — <p(t)/ wediv, ¥ (x’7 f) dt dx’ dy.
0 Q €

This implies that

e—0 ¢

1T T
lim — ga(t)/ wediv, ¥ (m', 7) dtdx =0,
0 Q €

that is, (1 — x)ua(t,2’,y) does not depend on y and is therefore 0, since y —
U2('7 7y) € L?&(G)

Let us now turn to the case a = —1. The bound (17) shows that y.u. and x.Vu.
admit two scale limits in the sense of boundary layers convergence. Denoting by

w_q and ¢_; these limits, we have for all ¢¥(z',y) € C° <Q’; C@(G)), U(x',y) €

, d
o (Q ;cg;(a)) and (1) € C[0, T,

1 (T T
lim ~ gptdt/xau5¢ 2, =) dx =
|0t | v ()

e—0 ¢

1 T
lim — @(t)dt/ XeVue - ¥ (x’, E) dr =
0 Q €

dt / w2 ) (') da'dy,
Q' xG

e—0 ¢

/OTw(
/OTw(

t)dt/ Ca(t,2',y) -V (2, y) da'dy.
Q' xG
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We select a test function ¥ = (Uy,...,¥,) such that ¥(z',y)x(va) = V(2',y),
integrating by parts and passing to the limit we obtain a condition on w_1,

T
/ ga(t)dt/ w1 (t, 2", y)div, ¥ (z',y) da'dy = 0,
0 UxG

which implies that the two-scale limit w_; of y.u. is independent of y within the
support of x:

w—1 (t7 ', y) = X(Ya)u-1 (tv 1‘/).
Selecting now U/ = (Uy,...,¥,;_1,0) = ¥'(a/,y)x(ya) satisfying additionally that
div, ¥’ = 0, we have

T
/ Lp(t)dt/ it 2l y) -0 (2 y) da'dy
0 QA'xG

T
‘/ p(t)dt / (a1 (' )div ¥ (2, y) da'dy
0 Q' xG

T
B /W(t)dt/ X(Ya)Varuoy(t,2) - U (2, y) da'dy.
0 Q' xG

Since the orthogonal set in L2(£2' x Y) of all Y’-periodic functions ¥’ satisfying
the constraint div, ¥’ = 0 is precisely the set of all gradients V,w(2’,y) with
w e L*(Q; Hi# (Y)) (recall that these last functions are not periodic in the last yq
variable), we have proved that

Cat, 2, y) = x(Wa) Varu_a(t, ") + x(ya) Vyw(t, o', y).

4. PROOF OF THEOREM 1

For any test function ¢ (z’, /) such that ¥ (', y)x(yq4) = ¥(2',y), and any smooth
function ¢(t) such that ¢(0) = ¢(T") = 0, we obtain from Proposition 7 that

[ et [ g vt =~ [ [ [ o n@ut o iy o,
/OT p(t)dt /Q 2 A Vu. - V(o' x/e)dr = /T @dt/{// w1 (y) Vyus (t,2',y) - Vb (2/,y) da’dy + o(1),
s/T ()dt/ weueh (2! x/e)de = / dt/,/ y)uz (t, 2", y) ¥ (2, y) dz'dy + o(1),

/ dt/fg W2,z )e)ds = /0 ot dt/ﬂ//fltyw(x y)da'dy + o(1).

Here, as in Proposition 7, ug is the limit of eu.. Combining these terms as in (1)
we deduce that us satisfies the limit system

8UQ

r(y)— 5t —divy (11 (Y)Vyua) + wi(y)ue = fi(t,y) in Q' x Y, for ae. t
(32) ug(t,x’,y) = 0on Q xY' x{|lys| =1/2}, for a.e. t
'LLQ(t = 0) = 0.

Note that ug is independent of z’: thus, system (32) is in fact (8), and our nota-
tions are consistent. In the sequel we shall write us(t,y), the unique solution in
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C([0,T); Hy(Y)) of (8). This first result, the characterization of the limit behavior
of eu., does not provide a detailed description of the asymptotic behavior of the
solution of (1), since the support of us (-, ) shrinks to zero with e. Consequently,
we turn to the second order term, and define

(33) Vot 2) = u(t7) — éuQ (1) forac. (ta) € 0,77 x 0.

The following gives the equation satisfied by v..

Proposition 8. The solution u. of problem (1) can be written
Ue(t, ) = %uQ(t,m/E) +ve(t,x), for a.e. (t,x) €[0,T] x £,

where ugy is the unique solution of system (32). The remainder term v. satisfies
(34)

pe () 681;6 —div (A (2)Vve)  +we (@) ve =5 (8, 2) (S(wyme/2} — Ofwym—es2y) in €,
Ue =0 on 0f,
u(t=0) =0 in Q,
where
(35) st0) = 1 () 22 (1)
Ya

Furthermore, v satisfies the following a priori estimate
(36)
||Us||Loo((o,T);L2(Q)) +1(1 - Xs)vvs”m((oj);m(g)d) +e HXEV’UE|‘L2((O,T);L2(Q)d) <C,

where C' is a constant independent of €.

Proof. System (34) is obtained without difficulty from (1) and (32). From assump-
tion (5) we deduce that there exists n > 0 such that

us € L ((0,7);CH" (Y' x [—1/2,—1/2 + ] U [1/2 — n,1/2]))

(see e.g. [11, Thm 8.34]). As a consequence, s (t,z/c) is continuous, and bounded
around x4 = +¢/2. Since in the right hand side of (34) s is multiplied by Dirac
functions located at x4 = +&/2, we can assume without loss of generality that
s(t,z/e) € C(]0,T) x ). Then, estimate (36) is a consequence of (15). O

The conclusion of the proof of Theorem 1 is given by the following proposition.

Proposition 9. The solution v. of (34) is such that (1 — xc)ve converges strongly
in L2 ((0,T) x Q%) to u* and (1 — x.) Vv converges weakly in L% ((0,T) x Qi)d
to Vu™, where u™ is the solution of the homogenized problem (6).

Proof. We focus on the convergence to u™, the convergence to u™ can be proved by
similar arguments. The bound (36) on [|ve|| (o 7, 12(q)) sShows that, up to the pos-
sible extraction of a subsequence, there exists vo(t,z) € L? ((0,T); L* (27)) such
that for v, converges weakly in L? ((0,7); L? (2)) to vg. Similarly, the bound (36)
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on [[(1 = X&) Vel 12((0,7);,12(02)2) Shows that, up to the possible extraction of a sub-
sequence, there exists y(t, ) € L? ((O, T); Lo (Q)d> such that for (1 — x.)Vv. con-

verges weakly in L? ((0, T); L* (Q)d) to &. For any ® € CL ((0,T) x (T U Q_))d,
one easily obtains that

T T
/ / & - @ didr = —/ / v div @ dtdzx,
o Jatua- o Jotua-

or in other words that & = Vg on QT U Q™. Let § € C*(R) be a non-negative
one dimensional cut-off function, such that 6(s) = 1 for s > 1/2 and 0(s) = 0 for
s < —1/2, and define

O:(z) =10 (%) r e RY,

Given a test function ¢ € C* ((0,T); H§(f2)), such that (T, -) = 0, we test system
(34) against 6. to obtain

T 890
[ e[ e -0 (<m0 5 e lo))

+

T o
/ dt/ dx (1 — xe) po(z)Voe(z) - Vo
0 ot

T 2
+ / dt/ dx’s(t,,l/?)cp(t,x’,s)
0 ’ g

T
/ dt/ dz x-0-v. <p8 (z) 6—90 — we () <p)
0 Q ot

T
/ dt | dze®xepm (E) Ve -V (6:¢) .
0 Q €
Thanks to (36), the first right-hand side term is bounded by
Iy
Ve (mat - wup)

whereas the second right-hand side term is bounded by

el oo (0,7;22(02)) < CVES
L= ((0,T);L2(2))

€ HXEVUEHL2((0,T);L2(Q)L‘) [kl o= (R<) (5 ||V‘PHL°°((0,T);L2(Q)d) + \E”@”LN((QT);LQ(Q)) HXVGHL2(R¢1)) < Cye.

Passing to the limit in the left-hand side, we obtain

/OT /m o (—po (z) %f + wo (z) so) +/OT /Q+ uo(x)vvo-w—/oT / st(t)e(t,2’,0)dz’ = 0.

which is the system (6) satisfied by u™. The limit system for «~ is obtained
similarly. ([l

5. PROOF OF THEOREM 2

Thanks to the a priori estimate (16) we know that u. is a bounded sequence in
L*°((0,7); H(Q)). Tt therefore admits a weak limit u, up to the extraction of a
subsequence, in L2((0,T); Hi(2)). We can now pass to the limit in (1) in any
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subdomain w C 2 not intersecting the plane x4y = 0. Furthermore, thanks to
Lemma 6, we know that for a.e. ' € Q" and every ¢ > 0,

ult, ', 0) = /G x(a)u—y (t,2")dy = u_y (t, ).

We therefore have proved that, up to a subsequence, u satisfies

po (z )%7dlv( o(z)Vu) +wo (x)u =0 in Q,
u(t,z’,0) =wu_q1(t,z’) on ¥,

u(t=0) =0 in Q,
u =0 on ON.

Let us now turn to the derivation of equation (10) to conclude the proof.

The following proposition determines w(t, z,y), defined in Proposition 7, in terms
of u_q(t,2").

Proposition 10. The two-scale limit of xVu. is precisely x(yq) (Ig + P(y)) Vyru_1(t, 2)
where Iy is the identity matriz of RY, and P(y) is the matriz-valued function defined
by P(-)e; = Vi, fori=1,...,d, where p; € H#d(Y) is the solution of (13).

Proof. For any (2, y) € C(;L%(G)) and ¢(t) € C}(0,T), testing (1) against
ep(t)(z,x/e) yields

/OT tp(t)dt/QXE(l‘)Ml (g) Vug - (ngp + ivyz/}) = o(1).

Since p1(y) is periodic, it converges strongly with respect to two-scale convergence
and we have

T

é/o @(t)dt/ﬂm (g) Xe(2)Vue - Voo dz
T

- / (t)dt / 11 ()X Wa) (Varu_1 (') + Vyw(t, o', y)) - Vb da'dy + o(1).
0 Q' xG

The above limit is just the variational formulation, for a.e. z € Q" and ¢t > 0, of
divy (1 (y) (Veruoi(t,2") + Vyw(t,2',y))) =0iny € Y,

with Neumann boundary conditions on the lower and upper faces as in (13). (Il

Let us now test (1) against p € CL ((0,T) x Q) with (T, -) = 0. We obtain

/ dt/dw 1—x.) (ue< po (z )%fﬂuo (I)w) +Mo(fﬂ)Vue~V<p)
o e (o (o 2 5 n (2)) o (2 )
[ e = o
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FIGURE 2. Nuclear waste repository and surrounding geological layers.

In order to pass to the limit as ¢ tends to zero, remark that y.¢ or x.V¢ are
admissible test functions for two-scale convergence in the sense of boundary layers.
As a consequence, we obtain

/OT dt/de (u <P0 (x) %f (t, 2, zq) +wo (z) @ (t, 2, xd)) + po(x)Vu - Vo (t, 2, xd)>
+ /T dt / / / X(a) (1 (y) (Ig + P(y))) Varu_1(t, ') - Vi (t, 2, 24) dyda’
0 el

/dt//dfﬂ/ (ya) f1(t, v (t, 2", 24) dy

This last system is the weak formulation of (9)-(10

/ / U, @ dtd:ﬂ-l—/ // u(t,z’,0), p(t,2',0))dtdx’ —/ Q/f t)p(t,2’,0))dtda’,

where f(t) is given by (11), F' and F’ are the bilinear forms
dv
F(u,v) =u (— 0 + ww) + poVaeu - Vv,

F'(u,v) = p*Vyu- Vo,
with p* being the (d — 1)-dimensional periodic homogenized diffusion coefficient
given by (12).

6. NUMERICAL SIMULATION OF A NUCLEAR WASTE STORAGE

In this section, we revisit the scaling of our model (1). Introducing appropriate
scales, we perform an adimensionalization and introduce the small parameter e.
Then, using some experimental values of the diffusion coefficients, we show that the
dimensionless derived model is of the same type as (1). Relying on the previously
obtained homogenized problems we perform numerical simulations of the long time
behavior of the nuclear waste storage. These computations are done with the
FreeFem-++ software which may be downloaded from [10].
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6.1. Nuclear waste repository. The storage of nuclear waste is achieved within
glass containers in groups of 10, inside alveolus situated on both sides of 3 gal-
leries. This set is called module, following the ANDRA (French National Radioac-
tive Waste Management Agency) terminology.

A large number of disposal modules makes up a storage zone. The whole repository
system lies at a depth of about four to five hundred meters in the 130 meters
thick geological argillite layer called Callovo-Oxfordian formation. Above this layer,
the Ozfordian formation (400 meters height) is considered as the first geological
limestone underground layer. Bellow, the Dogger formation (150 meters height)
is a limestone layer. The computational domain is made of these three geological
layers. This zone is on the whole L, = 684 meters deep (see Figure 3).

Modeling all the details of a repository is difficult and it is a common practice to
use a simplified model based on the homogenization of the storage zone [1]. In our
approach, the cylindrical unit of storage (1.5 meters height and 1 meter diameter)
containing the radioactive waste is surrounded by material such as concrete, clay,
argillite or bentonite. This is what the simplified elementary cell is composed of.
In our 2-d setting the cell has height H = 3 meters and length L = 3 meters.
A large number of these elementary cells, 3 meters distant from each other, lie
horizontally, overlapping the reference plane (z = 0) located in the middle of the
Callovo-Ozfordian.

6.2. Scale analysis of the diffusion problem. In first approximation the ra-
dionucleide transport is governed by a pure diffusion process [1]. Thus, the ra-
dionucleide concentration C' satisfies the diffusion equation

oC . .

RM(E +pC)—div{iDVC} = F in O

where R is the latency retardation factor, w the effective porosity and p is related to
the half life time 7 of the element by the relation u = log2/7. We denote by D the
effective diffusion tensor. Here, O is the 2-d (Oxz) plane section of the repository
surrounded with its geological layers and we only consider the section given by
L, =~ L, with v > 1. All the containers are supposed to be cut by this plane (see
Figure 3). The source term F is related to experimental data f(t)(moles/year) by
the relation F(t) = f(t)/S where S is the surface occupied by the nuclear waste
and is zero outside the containers.

In the following, we use the subscript ref for characteristic or reference values of
the parameters and variables involved. Setting
T z D R w ot

= ?Za:77Da:77Ra:77wa:7
’yLref Lref Dref Rref

x  te = —
¢ Wref ¢ Tref

and omitting the subscript “a“ for the dimensionless parameters and variables, the
equation for the transport of the radioactive elements in each medium takes the
general form

Rrefwref e Dref

— 4+ XO)—di D = F(T.est).
T R w( 5 + 20) dlv{L2 L,V C} (Trert)

(37)

ref
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FIGURE 3. The computational domain.

where

Here \ stands for i Tres. The concentration C' takes its values in the rescaled
domain ©Q =]0, 1[x]0, 1] (see Figure 3 ) composed by the subdomains denoted Qg
(limestone layer), Qcox (argillite layer) and ;¢ (limestone layer).

After dividing by Ryetwret/Tref, equation (37) reads

oC Y . DrefTref Tref .
Rw(— + MO)—div{—5———"—D,V(C} = F——inQ.
W( ot ) IV{ L?eercfwrcf 7 } chfwrcf o
The adimensionalization relation
L7 ¢ pret
Tre — refFre
! Dref

defines the reference time. The surface S occupied by the L, /L containers repre-
sents a percentage § of the thin strip in which they are stored

S =96 Y chf H.
Introducing the concentration reference value

- 1
Crot = max(f)(S,yD X

the dimensionless transport equation for the rescaled concentration U = C/Cles is

3 Lre .
Rw(%—if + AU)—div{D, V U} = Hfme,

where f = f/max(f) inside the containers and zero outside.
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6.3. Small parametric dependences. We choose the ”observation distance”
Lot = L, as the reference distance value and we introduce the small parameter € as
the ratio of the repository height over the reference length: ¢ = Lief (~ 4.381073).
The L,/L containers are distributed periodically over ' with period e. They are

surrounded by a coating (or buffer) material.

Typical values for diffusion coefficients in the case of 12T (Iodine 129) are 1.8910~2m? /year
for concrete [15] and 9.48 10~7 [8] for the argillite. The choice of concrete diffusion
coeflicient, as reference value, gives a dimensionless coefficient for surrounding ma-

terial equal to 5.01 10~° (which is of the same order of magnitude as €2 ~ 1.9107°)

and corresponds to the first case (a = 2).

Another typical value for diffusion coefficient of the argillite (always in the case of
1297 and with the same value for concrete) is 1.5810~4m? /year [15]. With this value
as reference value the dimensionless coefficient for concrete equal to 120 (which is
of the same order of magnitude as e~! ~ 228) and corresponds to the second case
(a = -1).

This simple scaling computation is thus a justification of our choice of e-scaling in
(1). In other words, the diffusion tensor A° scales like e~! or €2, i.e., takes the form

-2
o 0
(38) A (z,2z) = €* A(z/e, z/¢) with a = —1 or 2,
01
in the thin strip |z| < £/2 where
(39) Alx/fe,z/e) = aaxv((#,2) + a2l = xiw((2, 2)).

In (39), oy denotes the diffusion constant for the vitrified nuclear waste, ag the
one of the buffer material and x{y (,2) = xw((%, Z) the characteristic function of
the waste into the computational domain. For |z| > £/2, the physical values of the
diffusion constants of the others geological layers define the diffusion tensor A® of

order €.

In the same way, we denote by p® (resp. w®) the bounded function corresponding
to the products Rw (resp. p°A) in the different subdomains of Q. Introducing a
right hand side or source term, which is of average of order ?,

fo= e (e, 2),
the adimensionalized diffusion equation reads

ous
ot

where the concentration in the different subdomains is denoted u¢. Of course, we
assume perfect transmission conditions at the interfaces between geological layers,
namely continuity of the concentration and of the normal flux. As a final remark,
let us mention that we have ignored convection phenomena which can take place,
most notably in the upper and lower geological layers. This is just for simplicity
and there is no conceptual difficulty to include them in our model as well.

p° —div{4A* Vuf} + Xu® = f©in Q
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6.4. Numerical simulation of a nuclear waste storage. Our asymptotic anal-
ysis in the previous sections leads to two different homogenized problems according
to the value of the exponent a = —1,2. The diffusion coefficients for the storage
zone are constant, equal to € with ¢ = —1,2. All other physical constants are
taken to be equal to one. We make a comparison between direct simulations of the
original model (1) and reconstructed solutions of the homogenized models. The
simulations concern the direct problems and its asymptotic ones. The source term
is a hat function which takes its maximum value (f = 1) in the middle of the time
interval (0, 1):

2t for0 <t <1/2
fit) = 2—2t for1/2<t<1
0 fort >1

All computations are perform on a unit square domain Q (y = 1). The numeri-
cal approximation of such parabolic boundary value problems is classical: we use
a P finite element method to discretize the variational formulation in space and
an Euler implicit scheme for the time integration in the FreeFem++ software [10].
Time integration is perform until t = 1 in 120 time-steps. For the two direct prob-
lems (a = —1,2), the same triangular mesh is used (~ 34000 degrees of freedom).
The corresponding Callovo-Oxfordian zone, surrounding the waste, is meshed more
finely than the rest of the computational domain.

6.4.1. The case of small diffusion coefficient: a = 2. In this case, the asymptotic
model (6) has a time-dependent Neumann type boundary condition on the as-
ymptotic limit surface occupied by the storage zone. This emitting surface is the
support of effective boundary conditions which supply a source term for the partial
differential equation describing the diffusion of the concentration of radionucleides
into geological medium surrounding the repository. The numerical simulation of
the direct problem (1) shows a decoupling (see Figure 4(a)) of the solution at the
emitting surface between the upper and lower parts of the computational domain
Q.

The solution of the direct problem (1) remains highly concentrated in the storage
zone (see Figure 4(b)) which weakly emits towards the rest of the domain.

We compare this solution with that of the asymptotic problem (6) where the source
terms st and s~, defined by (7), are computed via the numerical integration of the
parabolic problem (8) associated to us. In the parabolic boundary value problem
(8), all coefficients are constant, equal to one. Eventually, us is computed on a very
fine mesh (see Figure 5) of the elementary cell (a unit square containing the nuclear
waste) with a classical P, finite element method and s (resp. s~) by a standard
quadrature formula.

Then, using two different triangular meshes for, respectively, the upper and lower
parts of the computational domain (with respectively ~ 7600 and ~ 3400 degrees of
freedom), the computation of the solution of the asymptotic problem (see Figure 6)
is achieved.

The decoupling phenomenon, appearing in the asymptotic problem formulation,
can be illustrated by Figure 7 which allows to compare the truncated solution of
the direct problem in the storage zone and the one of the asymptotic problem.
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FIGURE 4. Small diffusion coefficient (a = 2). In Figure (a), isoval-
ues of the solution of the direct problem (¢t = 1/2). In Figure (b),
Close-up of the solution of the direct problem (¢t = 1/2).

FIGURE 5. Mesh (=~ 21000 degrees of freedom) of the unit cell
containing the waste.

Outside the repository, the asymptotic solution overestimates the concentration
found in the numerical computation of the direct problem.



TWO ASYMPTOTIC MODELS FOR ARRAYS OF UNDERGROUND WASTE CONTAINERS21

FIGURE 6. Small diffusion coefficient (a = 2): Isovalues of the
solution of the asymptotic problem (6) in the two parts of the
computational domain (¢t = 1/2).

6.4.2. The case of large diffusion coefficient: a = —1. In this case, the asymptotic
model features a diffusive transmission condition on the asymptotic limit surface
occupied by the storage zone.

The numerical simulation of the direct problem (1) shows isovalues (Figure 8(a))
in the shape of a ”smiling configuration”. The same shape (Figure 8(b)) is also
found in the numerical simulation of the homogenized problem (9). This numerical
approximation (=~ 11000 degrees of freedom) requires the knowledge of the effective
coefficient p* defined by (12). Since we choose constant coefficients in the unit cell,
the cell solutions ;, defined by (13), are explicit. More precisely, the horizontal
solution is ¢; = 0 and the vertical solution is ¢y = —y,. This implies that p* is
just equal to the constant value of p;. The cross sections of the two solutions are
displayed on Figure 9 which shows that both solutions behave similarly.

Remark 11. It is worth mentioning that the retardation factors as well as the
effective porosity inside the thin strip containing the repository do not play any
part in the homogenized problem (10).
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FIGURE 9. Large diffusion coefficient (¢ = —1): Cross sections of
the direct versus homogenized (dashed) solutions at x = 0.5 (¢ =

1/2).



