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Cell centred discretisation of non linear elliptic problems on general

multidimensional polyhedral grids®

R. Eymard! T. Gallouét*tand R. Herbin?

January 10, 2009

Abstract

This work is devoted to the discretisation of non linear elliptic problems on general polyhedral meshes
in several space dimensions. The SUSHI scheme which was recently studied for anisotropic hetero-
geneous problems is applied in its full barycentric version, thus resulting into a cell centred scheme
written under variational form, also known as ’'SUCCES’. We prove the existence of the approximate
solution and its convergence to the weak solution of the continuous solution as the mesh size tends to
0. Numerical examples are shown for the p-Laplacian.

1 Introduction

We study the following problem: find an approximation of u, weak solution to the following equation:

—diva(x, Vu) = f in Q, (1)
u =0 on 09,

where we denote by 9Q = Q \ Q the boundary of €2, under the following assumptions:

Q) is an open bounded connected polygonal subset of RY, d € N*, (2a)
a : QxR?Y— R?is a Caratheodory function, (2b)

(e.g. a function such that for a.e. & € Q, & — a(x, ) is continuous, and for any ¢ € R? the function
x — a(x,§) is measurable)

Ja € (0, +00),p € (1,+0) ; a(x, &) £ > al€|P, for ae. x e Q, V&R, (2¢)

(a(x,&) —a(z, X)) - (£ —x) >0, for ae. ® € Q, V&, x € R? with £ # x, (2d)

Ja e LP(Q), A e (0,4) ; |a(z,&)| <a(z)+AlEP~", for ae. x € Q, VE e RY, (2e)
and

f e LP(Q) where p' = p%l (2f)

*This work was supported by Groupement MOMAS, CNRS/PACEN
TUniversité Paris Est, France, Robert. Eymard@univ-paris-est.fr
#Université de Provence, France, Thierry.Gallouet@cmi.univ-mrs.fr
$Université de Provence, France, Raphaele.Herbin@cmi.univ-mrs.fr



If the function a satisfies (2b)-(2e), then the mapping u — —diva(-, Vu) is a Leray-Lions operator, a
classical example of which is the p-Laplacian operator, obtained by setting

a(x, &) = |£P2¢, Ve € RY\ {0}, for ae. x € Q, (3)
a(x,0) =0, for a.e. x € Q.

It is well-known [27] that under hypotheses (2), there exists a unique weak solution (1), that is a
function u satisfying:

ue WyP(Q),

/ a(xz,Vu(z)) - Vu(z)de = / fl@)o(x)de, Yo e WyP(Q). (4)
Q Q

The numerical approximation of (4) has been the subject of numerous works: finite element methods
have been extensively studied [23, 24, 22, 11, 28, 9, 25, 16]. Finite volume schemes have also been
addressed, first on Cartesian grids [5, 6]; more recent works [10, 8, 7] are concerned with the DDFV
(Discrete Duality Finite Volume) scheme for general two-dimensional grids, introduced in [26] and
first analysed in [12] for linear problems; these schemes require the use of two dual grids and sets of
unknowns. In [13] the mixed finite volume scheme involving unknowns at the faces of the mesh, first
introduced and analysed in [14] is shown to converge for general multidimensional grids.

In this paper, we study a numerical scheme which satisfies the following properties:

o It is a cell centred scheme, that is there is only one unknown associated to each grid cell. The
advantage of such method is that it can be more easily extended to nonlinear coupled problems.

e It is defined for general, possibly non-conforming, polygonal meshes in any space dimension.

e The approximate problem has one and only one solution, so that the resulting nonlinear system
of equations may be solved by an adequate (iterative) method.

e The convergence of the approximate solution and gradient to the exact solution and gradient
when the mesh size goes to 0 are proven.

The scheme "SUCCES” (Scheme Using Conservativity and Consistency error Stabilisation) that we
use here was first introduced in [21] for the discretisation of the Laplace operator in the incompress-
ible Navier-Stokes equations on general multidimensional grids. Its numerical performance for the
numerical simulation of flow in heterogeneous porous media is demonstrated in [3]. Its convergence
analysis for linear problems is carried out in [19] in the more general framework of the SUSHI (Scheme
Using Stabilisation and Hybrid Interfaces) scheme, for which edge unknowns may be present or not,
according to the user’s choice.

The contents of this paper is the following. In Section 2, we present the discretisation scheme and a
few basic properties. Some estimates (using discrete Sobolev embeddings) are presented in Section 3,
along with the proof of the existence and uniqueness of the approximate solution. In Section 4, we
prove the convergence results, which are based on some “discrete functional analysis” tools, mimicking
classical functional analysis tools: the Kolmogorov theorem is used to get some compactness results
(strong convergence for the approximate solution, weak convergence for the approximate gradient).
Then the well-known 'Minty trick’ [27] is used to overcome the problem of passing to the limit in a
nonlinear monotone problem under only weak convergence properties for the approximate gradient of
the solution. Finally, the Leray-Lions trick of [27] allows us to recover the strong convergence of this
approximate gradient. The numerical behaviour of the scheme is shown on an example in Section 5.



2 The finite volume scheme
Let us first begin with the detailed description of the mesh under consideration in this paper.

Definition 2.1 (Space discretisation) Let Q be a polyhedral open bounded connected subset of R?,
with d € N\ {0}, and 0Q = Q\ Q its boundary. A discretisation of 2, denoted by D, is defined as the
triplet D = (M, E,P), where:

1. M is a finite family of non empty connected open disjoint subsets of ) (the “control volumes”)
such that Q = Uxem K. For any K € M, let 0K = K \ K be the boundary of K; let |K| > 0
denote the measure of K and hi denote the diameter of K.

2. £ is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that, for all o € &,
o is a non empty open subset of a hyperplane of RY, whose (d-1)-dimensional measure |o| is
strictly positive. We also assume that, for all K € M, there exists a subset Ex of € such that
OK = Uyeg, 0. For any o € €, we denote by M, = {K € M,o € Ex}. We then assume that,
for all o € &, either M, has exactly one element and then o C 02 (the set of these interfaces,
called boundary interfaces, is denoted by Eext) or My has exactly two elements (the set of these
interfaces, called interior interfaces, is denoted by & ). For all o € €, we denote by x, the
barycentre of o. For all K € M and o € £k, we denote by ng , the unit vector normal to o
outward to K.

3. P is a family of points of Q! indexed by M, denoted by P = (xx)xem, such that for all K € M,
xr € K and K is assumed to be xy-star-shaped, which means that for all x € K, the property
K, x] C K holds. Denoting by di , the Euclidean distance between xi and the hyperplane
including o, one assumes that di s > 0. We then denote by Dy , the cone with vertex xx and
basis o.

Remark 2.1 (Non convex generalized hexahedra) The above definition applies to a large va-
riety of meshes. Note that no hypothesis is made on the convexity of the control volumes; in fact,
generalised hexahedra, i.e. with faces which may be composed of several planar sub-faces may be
used. Often encountered in underground flow simulations, such hexahedra may have up to 12 faces
(resp. 24 faces) if each non planar face is composed of two triangles (resp. four triangles), but only 6
neighbouring control volumes.

Let D = (M, &, P) be a discretisation of €2 in the sense of Definition 2.1. The size of the discretisation
D is defined by:
hp = Sup{hK,K € ./\/l}

Let Hp C L%*() be the set of piece-wise constant functions on the control volumes of the mesh and
let ug denote the (constant) value of v on K.

A first simple idea to find a scheme that will approximate (1) is to use the usual non conforming
Galerkin method: assuming that for v € Hp we know how to construct an adequate discrete gradient
Vpu (expected to be an approximation of the gradient of the exact solution), we then seek up € Hp
such that

/ a(x,Vpup(x)) - Vpuv(x)de = /f(:t:) v(x)de, Vv € Hp. (5)
Q

The construction of the discrete gradient is obtained from the values of the discrete function on the
cell and from its reconstructed values on the edges. These are constructed in the following way. For
K € M, one chooses £ € M (this choice is possible for any set K which is “xj star shaped”). For
any interior edge (interface) o of M, choose some points @y of the mesh close to o and write x,
(recall that a, is the barycentre of ) as a combination of these points: €, = >~ ;04 Mgy, Note



that there is no need for this combination to be convex. The coefficients of the combination, however,
should be bounded.
Then, for any v € Hp, one sets:

Z BMup if o € g,
Myu={ MM (6)
0if 0 € Eext-
Next, denoting by Id the d x d identity matrix, we use the following geometrical relationship
|f1<\ angK oln (@ —zx)! = 1d, VK € M, (7)

(which is an easy consequence of the Stokes formula), to define a consistent discrete gradient Vpv € Hp
of a function v € Hp as the piece-wise constant function equal to its constant value Viu a.e. in K:

Vpu(x) = Viu for a.e. x € K, VK € M. (8a)
1
Viu = & > lolMou — ug )ng o (8b)
cefk

We may then try to find up € Hp solution of (5); however, it is easily seen that the problem lacks
coercivity because of the definition of the discrete gradient. Take for instance d = 1, Q = (0,1)
and a uniform mesh with step size h = 1/N. For each cell K; = ((i — 1)h,ih) (i = 1,...,N), take
TR, = Tj = (i—l)h—i—%. A natural combination to compute the interface values is z; 1/ = %(.’L’i+$i+1),
i=1,...,N —1 (and the boundary conditions give TL=Ty1 = 0). Then, the discrete gradient of

v = (v;)i=1,N has the value Q—Ih(viﬂ —v;—1) on cell K; fori=2,..., N —1, the value ﬁ(vl +wv3) on cell
K and the value ;—,}(UN_l +wvy) on cell Ky. Taking v; = (—1)* for all i leads to a discrete gradient
equal 0 in all cells. This problem must be cured to obtain the coercivity of the discrete problem and
the uniqueness of its solution.

A remedy to this problem was found by using a stabilisation which uses a consistency estimate [18,
21, 19]. Let us introduce, for any v € Hp, for any K € M and o € £k, the value Ry ,v defined by:

Ry ov = (Ilyv —vg — Vgu - (Te — Tk)). (9)

dx .o
Using this value, we define the function Rpv by the constant value Rk ,v in the cone Dy :

Rpvu(x) = Rk v for a.e. x € Di ,, VK € M, Vo € Ek. (10)
We now consider the following approximate problem:

find v € Hp such that
(u,v)p = /Qa(m,Vpu(w)) -Vpu(x)de + b(u,v) = /f(w)v(a:) dz, Yv € Hp. (11)

with
b(u,v) = /Q |Rpu(x) P! sgn(Rpu(x)) Rpv(x) de, (12)

introducing the function sgn(x) = 1 for all x €0, +o0], sgn(z) = —1 for all z €] — oo, 0] and sgn(0) = 0.
We now define, for all K € M, the function

ag : RT R

V¢ eRY ak(§) = |11<| S a(z,§) dx, (13)



we can then write that

oldk _
(u,v)p = E |Klag(Viu) - Vgv+ E HdK |Rr oul? 1sgn(RK,gu) Rk ov
KeM c€EK

Remark 2.2 (An alternate scheme) We could also proceed as in [19]: define Vg sv in the cone
DK,U-'
VKoV =Vgv+ Rgo0NKq,

then define Vpuv by the constant value Vi ;v in the cone D , and then define the scheme by (5). This
scheme presents similar properties of convergence to the one which is studied here, under conditions

of reqularity on the mesh which ensure that there exist two positive reals , 3 independent of the mesh
such that

allv ‘p,H < ||VDUHLP(Q) < ﬂHUH%H’

where || - ||p1 is defined by (18). This can be shown under more restrictive hypotheses than those used
here.

3 Estimates, existence and uniqueness of the approximate solution

We define the following discrete VVO1 P norm on Hp:

ol o= 3 X ol (21 (14

KeMoelk

where d, = dg o + dr o, if My = {K,L}, and d, = dg,, if My = {K} and Dou = |ug — ug| if
M, ={K,L} and D,u = |ug — 0| if M, = {K}.
Let us first recall the following results, which are proven in [19].

Lemma 3.1 (Discrete Sobolev inequality) Let d > 1, 1 < p < co and let Q2 be a polyhedral open
bounded connected subset of RY. Let D be a mesh of Q in the sense of Definition 2.1. Let n > 0 be
such that n < dgo/dp s < 1/n for all o € €, where My = {K,L}. Then, there exists ¢ > p only
depending on p (q = %, for instance, in the case 1 < p < d, and q is any value in |p, co[ in the case
d < p) and there ezists C , only depending on d, Q, p and n such that

lullagy < C1llullipp  Vu € Hp, (15)

where |[ull} , p is defined by (14).

Lemma 3.2 (Compactness in L) Let d > 1, 1 < p < oo and Q be a polyhedral open bounded
connected subset of RY. Let F be a family of meshes of Q0 in the sense of Definition 2.1. Let n > 0
be such that, for all D € F, one has n < di»/dr s < 1/n for all o € €, where M, = {K,L}. For
D e F, let up € Hp and assume that there exists C € R such, for all D € F, ||upl|l1pp < C. Then,
the family (up)per is relatively compact in LP(Q) and also in LP(R?) taking up = 0 outside Q.

We introduce a measure of the regularity of the discretisation by

hg digo
0p = max { —— K2 K e M, 0 € Ex N Emp, My = {K, L} (16)
dK o dL o
Note that if #p is bounded, the hypotheses of Lemmas 3.1 and 3.2 hold. We next define:
M a2
Op 11 = max (99, {ZMEM W”hz”wM 20" fe Moo e &xn am}) (17)
K



We then define the following discrete WO1 P norms on Hp, depending on the mappings II,:

il = 30 3 lolaxs (s =t1)” 19

KeMoelk

Let us remark that the following inequality holds:
[ullf ,p < (1+ 0p)|lull,y, Yu € Hp, (19)

using the following inequalities

lug —up|\? di o \¥ dpo\¥ o Hou —ug P [Iyu —ur|P
—— ) =\|{——) t : D + D 5
do’ da do' dK,O' dLva
dKO’ 4 dL o 4 dKO’ dL o
) ) < ) 9 — 1
(%)*(dg)—da*da ’

and dr » < Opdg,,. We also have

IVpullfyq) < &~ [lullp 1, Vu € Hp, (20)
using the inequality
p p/v’
Z |U|?(Ka : UKnK’(7 < Z U’j(Kﬂlp’ Z |U\?(K,a |Hos—1;K|p
2 UK Ak, 2 K 2 Kl ke

Lemma 3.3 (Coerciveness) Under hypotheses (2), let D be a discretisation in the sense of Defini-
tion 2.1. Let 0 > Op (defined by (16)). Then there exists Cy > 0, only depending on d, 2, p, a and 0
such that

Vu € Hp, Cy HUHZ,H < <u7u>Dv (21)

where (u,u)p is defined in (11).

PRrROOF. Thanks to (2c), we have
/Qa(a:,Vpu(:c)) Vopu(x Z |K ||V kulP.
KeM

We get, from (12),

)= Y 30 T g

KeMoelk

Using Holder’s inequality, we have
'\N1/p! lylP 1/
Ve, €R V> 0, fo+ gl <[o] [yl < (1 ) (4 0

We apply the above inequality to * = Ri ,u and y = V kU - (ry — x), for a value p which will
be chosen later. We get

(M=) < gy (\RK(,uyp (e e —dl)7),

dK,O' NdK,a




We then choose p = which ensures

Ql/P’

_ P

(o =l) < i e o e e
HAK o

We then get, for this value of u,

- p
(1+ )P/ Z Z ’J|(flK"’ <|ng uK’) < (u, u)p,

d
KeMoelk Ko

which concludes the proof of (21). O

Lemma 3.4 (Estimate, existence and uniqueness of the solution) Under hypotheses (2), let
D be a discretisation in the sense of Definition 2.1. Let 0 > 0p (defined by (16)). Let u be a solution

of (11).
Then there exists C3 > 0, only depending on d, 2, p, a and 0 such that

lulls s < Cs 11 (22)
Moreover, there ezists one and only one solution w € Hp to (11).

PROOF. Let v =w in (11); applying (21) in Lemma 3.3, we get

Ca |lullpm < /f(a:)u(a:) de.

We now apply Hoélder’s inequality: we get

[ 1@ u@)d < £l el

We then use (3.1) in Lemma 3.1 and (19) to obtain that there exists Cy, only depending on 6, p and
), such that

lull o) < Cullullp,m.
The last three inequalities yield (22).
The existence of the discrete solution follows, for instance by a topological degree argument.

Let us now assume that u and u are two solutions of (11). Then, (u,u — U)p + (U, u — u)p = 0, which
yields

Y IK|(ak(Viu) — ax(Vii)) - Vi (u — )

KeM

+ 3 Y akeloldko(sgn(Ri.ou)| Ricoul’ ™ — sgn(R o) Ric 0P ") Rico(u — ) = 0.
KeMoelgk

Since
(sgn(RKJu)\RK,UuV*l — sgn(RKJ’d)\RK’Jﬂ]pfl) (Riou— Rg o) >0,
and
(ag(Vgu) —ag(Vgu)) - Vg(u—1u) >0,

we get that both terms vanish. Thus, Vg (u —u) = 0 and Rk ,(u —u) = 0. We then get from the
inequality (21) that u —u = 0.
U



4 Convergence of the scheme
The convergence of the scheme requires a compactness property which extends that of [19] proven in

the case where p = 2:

Lemma 4.1 (Weak discrete W'? compactness) Under hypotheses (2), let F be a family of dis-
cretisations in the sense of Definition 2.1. For any D € F, let (Il,)y,ee be a family of linear mappings
from Hp to R defined by (6). Assume that there exists 0 > 0 such that for all D € F, 0p < 6, with
Op defined by (16). Let (up)per be a family of piecewise constant functions such that:

e up € Hp for all D € F,
o there exists C > 0 with ||upll,n < C for all D € F,
o there exists uw € LP(Q) with hlimo lup — ul|Lr() = 0.
D—)
Then, the limit u belongs to Wol’p(Q); moreover, defining Vpup by (8), the sequence (Vpup)per

weakly converges in LP(Q)¢ to Vu as hp — 0. Prolonging all functions by 0 outside of Q, the
convergence also holds in LP(R?)2.

PrROOF. Thanks to (20), we get that, up to a sub-sequence, there exists some function G € L? (Rd)d
such that Vpup weakly converges in LP(R%)? to G as hp — 0. Let us show that G = Vu. Let
P € CP (R4 be given. Let us consider the term TP defined by

TlD = /]Rd Vopup(x) - ¢Y(x)dx;

this term may also be written:

T1D = Z Z o) (v — ug)nr - i, With g = |f1(\/[(¢(m)dm

KeMoelk

Let us then compare TP with

T2 Z Z ’O-| UU*UK)TI’KU ¢U7 where 'l,ba— | |/¢ d’)/ )

KeMoelk
We get that
‘ v 1/p 1/p’
IIyu —ug /
TP =1P 1< | D2 D loldro—" 55— Yo > loldrolvr —vol” |,
KeMoetg K,o KeMoelk

which leads to lim (TP — TP) = 0.
hp—0
Since

Z Z loluknK s - Yo = — / I ypup(x)divep (x)de

KeMoelgk
we deduce that hlimo TP = — [ga u(z)divep(z)de. This proves that the function G € LP(R?)? is a.e.
D—)

equal to Vu in R?. Since u = 0 outside of 2, we get that u € T/VO1 P(Q1), and the uniqueness of the limit
implies that the whole family Vpup weakly converges in LP(R%)? to Vu as hp — 0.

O

For any ¢ € C(Q,R), we denote by Pp¢ the element of Hp defined by:

Ppy = (p(xK))Kem, (23)

and we prove a consistency result of the discrete gradient, which was already used in [19] in the more
general setting of the SUSHI scheme.



Lemma 4.2 (Discrete gradient consistency) Let D be a discretisation of ) in the sense of Defi-
nition 2.1. and let (Ily)sce be a family of linear mappings from Hp to R defined by (6). Assume that
0 > O0pn (given by (17)). Then, for any function p € C%(QQ), there exists Cs only depending on d, 0
and ¢ such that:

IVoPpy — Vol| (Lo ()t < Cs hp, (24)

where Vp is defined by (8), and
|Rp Ppe|| Lo (0) < Cs hp, (25)

where Rp is defined by (9)-(10) and Ppy is defined by (23).

PrROOF. From (8b), we have, for any K € M,

> 1olMsPpe — p(z k) Nk 0.

oefi

1
VikPpp = m

Using definition (17), we can write, for o € £k,
I, Ppy — p(@q)| < Co0h%,

and on the other hand, we have

LS Jol(p(@e) — o) = = S [0l(Ve(ai) - (20 — i) + heprco) oo
K] K]

oefk oefk

where |pi | < Cy, with Cy, only depending on ¢. Thanks to (7) and to the regularity of the mesh, we
get the existence of Cg, only depending on 6, such that

Vi Ppp — Vo(xk)| < hgCe C,.

From this last inequality, using Definition 9, we get the existence of C7, only depending on €, such
that
1
[RxoPpel = 7 —oPpy—p(zk) = ViPpp- (x5 — )|
Ko
< hk CLPC7

which concludes the proof. [

Theorem 4.1 (Convergence of the scheme) Under hypotheses (2), let F be a family of discreti-
sations in the sense of Definition 2.1. For any D € F, let (Il,)scs be a family defined by (6). We
assume that,there exists 6 > 0 with, for allD € F, § > 0p 11 (see (17)).

For all D € F, let up € Hp be the unique solution of (11). Then, as hp — 0:

up — u € Wol’p(Q) for the strong topology of LP(2), (26a)
where u € Wol’p(Q) is the unique solution to (1); furthermore,

Vpup — Vu for the strong topology of LP(Q)¢ and (26D)
a(-,Vpup) — a(-,Vu) for the strong topology of (Lp,(Q))d. (26¢)



PROOF.

Step 1. Convergence of the approximate solution (proof of (26a)).

Thanks to (22) in Lemma 3.4, the family (||up||p,m)per is bounded independently of D. Therefore,
thanks to inequality (19), we may apply Lemma 3.2. Thus, for any sequence (D,,)nen of discretisations
in the family F such that hp, tends to 0 as n — oo, there exist u € LP(£2) such that, up to a sub-
sequence, up, — u in LP(2) as n — oco. For short, we replace the index D,, by n in the remainder of
Step 1.

We then apply Lemma 4.1 and deduce that u € VVO1 P(Q) and that V,u, — Vu weakly in (LP(€2))?
as n — oo. Using Hypothesis (2e), we then get that the function  — a(x, Vyu,(x)) is bounded in
(L¥'(Q))%; hence, there exists a sub-sequence of (D, )nen, again denoted (Dy,)nen, and A € (L¥ (Q))?
such that a(-, Vyu,) — A weakly in (L? (Q))%

Let us now prove that prove that div(A — a(Vu)) = 0, and that u is the weak solution of (1).

Let ¢ € C°(£2). We introduce P, as a test function in (11) (with P, = Pp, defined by (23)). We
get

/ (@, Votin (%)) - Vo Path() A + b1, Poth) — / (@) Pa(z) da.
Q Q

Thanks to the estimate (22) on w,, (in the || -||; ,,p norm) and thanks to (20), the sequence (Vyup)neN
is bounded in LP(Q)¢. Hence, the sequence (R,u)nen is bounded in LP(Q), which implies, using (25)
in Lemma 4.2, that

lim b(uy,, Py) = 0. (27)

n—o0

Hence, using (24) in Lemma 4.2 and passing to the limit as n — 400 in (11), we get that
/Q Alz) - V() dz = /Q f(@)(e) de. (28)
By density, this also holds for all ¢ € I/VO1 P(Q). Tt remains to prove that

/ A(x) - Vi(x)de = / a(xz, Vu(zx)) - Vi(x) de.
Q Q

This is the object of the famous “Minty trick” [27]. Indeed, for any ¢ € C2°(2), since a satisfies (2d),
the following inequality holds for any n € N:

/Q(a(a:, Voun(x)) — a(x, Vo Poh(x))) - (Vapun(x) — Vi Pop(x)) de > 0, (29)

On the other hand, thanks to the positivity of b(un,u,) and because u,, verifies (11), we get

/Qa(as, Voun(x)) - Vaug(z) de < /

a(x,Viyu,(x)) - Vaup(x) de + b(up, u,) = / f(x)up(x) de.
Q Q

Passing to the limit 7 — 400 (up to the considered sub-sequence), we thus get

limsup [ a(z, Vou(x))  Voup(z)de < | f(x)u(z)de = | A(x)- Vu(z)de,
Q Q Q

n—oo

thanks to (28) replacing ¥ by wu.

Now, thanks to the continuity on a with respect to its second argument (assumption (2b)) and to
assumption (2e) , we obtain by the Lebesgue dominated convergence theorem that

a(-, VoPop(z)) — a(-, Vo) in LP (Q) as n — +o0. (30)
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Hence, passing to the limit as n — oo in (29) leads to
/Q(A(CC) —a(z, Vy(x))) - (Vu(z) — Vi(z)) de > 0.

By density, this last inequality remains true for any v € I/VO1 P(Q). Taking ¢ = u+tp with ¢ € C°(Q)
and ¢ > 0, we get
(A(z) - a(w, Vu(z) + V(@) - Vo) dz > 0,
Q
This gives, letting t — 0,

/Q (A(x) — alz, Vu(z))) - Vo) dz > 0.

Changing ¢ in —p, we get
- / (A(x) —a(xz,Vu(x))) - Vo(x)dz > 0.
Q

This proves that [,(A(x) —a(z, Vu(x))) - Vo(x) de = 0 and therefore, with (28), that u is the weak
solution of (1). Then, using the uniqueness of the solution of (1), a classical argument gives that the
whole sequence converges and therefore, this convergence holds for the whole family F as hp — 0
which proves (26a).

Step 2. Strong convergence of the gradient (proof of (26b)).
We now prove the (strong) convergence of Vpup to Vu in (LP(Q))¢ as hp — 0. We already remarked
(thanks to the positivity of b(up,up) and using that up verifies (11)) that:

lim sup/ a(x, Vpup(x)) - Vpup(z) de < / f(x)u(z) de = / a(xz, Vu(x)) - Vu(x) dz.
hp—0 JQ Q Q
Hence we get
lim sup/ (a(x, Vpup(z)) — a(z, Vu(x))) - (Vpup(x) — Vu(x))dx < 0.
Since (a(x, Vpup) — a(x, Vu)) - (Vpup — Vu) > 0 for a.e. & € Q, we then have

(a(-, Vpup) — a(-, Vu)) - (Vpup — Vu) — 0 in L'(), (31)

and therefore a.e. for a sub-sequence. Then, Lemma 4.3, (which states the “Leray-Lions trick” [27]
and which we give below for the sake of completeness) shows that Vpup — Vu a.e. as hp — 0,
at least for the same sub-sequence. Since the family (Vpup)per is bounded in LP(Q)?, this a.e.
convergence implies the convergence in L9()? for any ¢ € [1,p). The convergence of the whole family
(Vpup)per to Vu in LI(Q)? classically follows, for any ¢ € [1,p), as hp — 0. The boundedness of
the family (Vpup)per LP(Q)?) also entails that:

Vpup converges to Vu weakly in LP(Q)¢ as hp — 0.

In order to obtain the strong convergence of Vpup in LP(2)¢ (and not only in L4(Q)¢ for ¢ < p), we
then remark that (31) gives:

hgrgo A a(x,Vpup(x)) - Vpup(x)dx = /Qa(w, Vu(x)) - Vu(x)dz. (32)

Next, we notice that, for any sequence of discretisations, we can assume, up to a sub-sequence, the a.e.
convergence of a(-, Vpup)-Vpup to a(-, Vu)-Vu; thus, since a(-, Vpup)-Vpup > 0 a.e., we also have
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by Lemma 4.4 (which is again classical [27] and which we give below for the sake of completeness)
a(-,Vpup) - Vpup — a(-,Vu) - Vu in LY(Q) as hp — 0 (see Lemma 4.4). This L'-convergence
gives the equi-integrability of the family of functions a(-, Vpup) - Vpup, which, in turn, gives, thanks
0 (2c), that the family of functions |Vpup|P is equi-integrable. Finally, we obtain (using Vitali’s
theorem) the LP(Q)? convergence of Vpup to Vu, as hp — 0.

Note that in the case a(x, &) = |£[P~2¢, a simple proof is possible since (32) gives the convergence of
the LP-norm of the approximate gradient to the LP-norm of Vu (which is sufficient, thanks to the a.e.
convergence of “sub-sequences”, to obtain the LP(2)¢ convergence).

Step 3. Convergence of fluxes (proof of (26¢)).

Since Vpup converges to Vu in LP(Q)? as hp — 0, the convergence of a(-, Vpup) to a(-, Vu) in
LP' (Q)?% (namely assertion (26¢)) follows classically from hypotheses (2b) and (2¢) on a.

O

Lemma 4.3 (The ”Leray-Lions trick”) Let b be a continuous function from R% to R? such that
(b(0) —b()) - (6 =) >0if 6,y € RY, 6 # . Let (Bn)nen be a sequence in R and 3 € R? such that
(b(Bn) —b(B)) - (B —B) — 0 asn — oo. Then, B, — [ as n — oo.

PROOF. We begin the proof with a preliminary remark. Let ¢ € R%, § # 0. We define the function
hs from R to R by hs(s) = (b(8 + sd) — b(B)) - 5. The hypothesis on b gives that hs is an increasing
function since, for s > s’, one has :

hs(s) — hs(s') = (b(B + 50) — b(B+ 5'8)) -5 > 0.

We prove now, by contradiction, that lim, .. 8, = 5. If the sequence (53,,)nen does not converge to
3, there exists € > 0 and a subsequence, still denoted (3, )nen, such that |3, — 5] > ¢, for all n € N.

Then, we set d,, = ‘g::ﬁ i and we can assume, up to a subsequence, that §,, — & as n — oo, for some
§ € R? with |§| = 1. Taking s,, = |3, — 3|, we then have, since s, > ¢ :
Bn—08 _ _
(b(Bn) = b(B)) - —— = hs, (s0) = hs,,(¢) = (b(B + £0n) = b(D)) - On.

Then, passing to the limit as n — oo,

0= Tim - (B(3) — b(B)) - (Bu — B) = (b(B +8) — b(B)) -6 > 0.

n—oo Sy,

which is impossible.
O

Lemma 4.4 Let (F),),en be a sequence non-negative functions in L*(Q). Let F € L'(Q) be such that
F, — F ae. inQ and [, Fy(z)de — [, F(x)dz, asn — oo. Then, F, — F in L'(Q) as n — oc.

PROOF. The proof of this lemma is very classical. Applying the Dominated Convergence Theorem
to the sequence (F — F,)" leads to [,(F(x) — Fu(x))Tdx — 0 as n — oo. Then, since |F — F,| =
2(F — F,)* — (F — F,), we conclude that F,, — F in L'(2) as n — oco.

O

5 Numerical results

We consider the particular case Q =]0,1[?, and f given by the following: f(z) = 1 for a.e. x in a
sub-domain of € and 0 elsewhere, as shown in the right part of Figure 5, and a is given by (3) for
p €]1, 400
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Figure 1: The mesh used (left), the function f (f = 1 in the red part)

We then compute, for p = 1.3,1.6,2,3,6, an approximate solution of the solution of (11), using an
under-relaxed fixed point method (consisting in computing |Vpu[P~2 one iteration late). We then get
the following results, on two meshes. On one hand, we use the mesh shown in the left part of Figure
5, on the other hand, we use a regular 80 x 80 square mesh. The results are provided in Figures 2, 3,
4,5 and 6. We obtain the approximate solutions with a precision of 1078 with a quite small number
(less that 60) thanks to the under-relaxed fixed point method (we observed that without relaxation
the method does not converge for p > 3).

Figure 2: Results for p = 1.3 on the irregular mesh (left) and on the regular mesh (right)

6 Conclusion and generalisations

We showed here the convergence of a cell centred scheme for the discretisation of nonlinear elliptic
equations of the Leray-Lions type and showed its numerical efficiency on an example. The convergence
analysis is performed by mimicking the functional analysis tools of [27] (such as the Minty-Browder
trick and the Leray-Lions trick) in the discrete setting. It may be generalised to the case of pseudo-
monotone operators, that is a of the form u +— a(-,u, Vu) with adequate assumptions on a (see [27]).
The convergence result can also be extended, using the discrete functional tools which are introduced
here and the results of [15], to handle right hand sides f € W1, Both of these extensions are
presented in [13] in the framework of the mixed finite volume scheme.

Let us also remark that the SUCCES scheme which we applied here to the discretisation of the Leray-
Lions operator is closer, in its formulation, to a low order non conforming finite element scheme than
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Figure 3: Results for p = 1.6 on the irregular mesh (left) and on the regular mesh (right)

(]

Figure 4: Results for p = 2 on the irregular mesh (left) and on the regular mesh (right)

o0

Figure 5: Results for p = 3 on the irregular mesh (left) and on the regular mesh (right)
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Figure 6: Results for p = 6 on the irregular mesh (left) and on the regular mesh (right)

to finite volume scheme: indeed, even tough global conservativity of the fluxes is ensured, the scheme
may not in general be written as a system of discrete balance laws over the discretisation cells, such
as for the “classical” finite volume schemes, such as the two point flux scheme on admissible meshes,
[17, chapter 3|, the previously mentioned DDFV scheme [12] and mixed finite volume scheme [14],
and the SUSHI scheme in its hybrid form [18, 19]. A scheme adapted from SUCCES, localising the
fluxes on half edges as in the O scheme [1, 2] was recently introduced [4]: this scheme is a classical
finite volume scheme in the sense that it may be written as a system of discrete mass balances and
that local numerical fluxes are conservative. Nevertheless, it preserves the main properties of the
SUCCES scheme (cell centred unknowns, consistent gradient, compactness properties) and therefore,
the convergence theory which was presented here should also extend to this latter scheme (which, at
the present time, is only written in the two dimensional setting).

Finally, we again stress that the tools used here essentially mimic the functional analysis tools of [27].
Since the obtained results include the strong convergence of the approximate solution, gradient, and
fluxes, they may also be used for nonlinear evolution problems such as the level set equation [20].
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