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Resonance phenomena for second-order
stochastic control equations

Patricio FELMER, Alexander QUAAS, Boyan SIRAKOV

Abstract

We study the existence and the properties of solutions to the
Dirichlet problem for uniformly elliptic second-order Hamilton-Jacobi-
Bellman operators, depending on the principal eigenvalues of the op-
erator.

1 Introduction

In this article we consider the Dirichlet problem

{F(DQU,Du,u,x) = flz) in & (1.1)

u = 0 on (),

where the second order differential operator F' is of Hamilton-Jacobi-Bellman
(HJB) type and © C R" is a bounded domain. These equations — see the
book [17] and the surveys [21], [30], [9], as well as [22] (various other refer-
ences will be given below) — have been very widely studied because of their
connection with the general problem of Optimal Control for Stochastic Differ-
ential Equations (SDE). We recall that a powerful approach to this problem
is the so-called Dynamic Programming Method, originally due to R. Bell-
man, which indicates that the optimal cost (value) function of a controlled
SDE should be a solution of a PDE like (1.1). More precisely, let us have a
stochastic process X; satisfying

dXt = p™ (Xt)dt + ot (Xt)th y

with Xy = z, for some x € €2, and the cost function

J(z,a) = E /0 "R exp! /0 e (X.)ds) dt.

where 7, is the first exit time from € of X;, and «; is an index (control) process
with values in a set \A. Then the optimal cost function v(z) = inf,eq J(x, @)
is such that —v is a solution of (1.1), which is in the form

{ sup{tr(A®(z)D?u) + b*(x).Du + c*(z)u} = f(z) in Q
acA (12)
u = 0 on OS2



We are going to study this boundary value problem under the following
hypotheses, which will be kept throughout the paper : for some constants
0 <A< A ~v>060>0, weassume A%(x) := o%(z)T0%(x) € C(Q),
M < A%(z) <AL [b*(z)] < 7, |c*(x)] < 0, for almost all z € Q and all
a € A, and f € LP(Q), for some p > N. We stress however that all our
results are new even for operators with smooth coefficients.

Our main statements on resonance, applied to this setting, imply in par-
ticular that for some A, b,c the optimal cost becomes arbitrarily large or
small, depending on the function f which stays bounded. We give conditions
under which (1.2) is solvable or not, and describe properties of its solutions.

The majority of works on HJB equations concern proper equations, that
is, cases when F' is monotone in the variable u (¢* < 0), in which no resonance
phenomena can arise. It was shown in the well-known papers [15], [16] and
[23] that a proper equation of type (1.2) has a unique strong solution, which
is classical, if the coefficients are smooth. Uniqueness in the viscosity sense
was proved in [20], [14], [12] and [31].

Two of the authors recently showed in [25] that existence and uniqueness
of viscosity solutions holds for a larger class of operators, including nonproper
operators whose principal eigenvalues — defined below — are positive. This
had been proved much earlier for HJIB operators with smooth coefficients in
[22], through a mix of probabilistic and analytic techniques. Very recently
existence, non-existence and multiplicity results for cases when the eigenval-
ues are negative or have different signs, but are different from zero, appeared
in [1] and [28].

Thus the only situations which remain completely unstudied are the cases
when (1.2) is ”at resonance”, that is, when one of the principal eigenvalues
of I is zero. The present paper is devoted to this problem. We also obtain
a number of new results for cases without resonance.

We shall make essential use of the work [25], where the properties of the
eigenvalues are studied. In particular, based on the definition for the linear
case in [4], it is shown in [25] that the numbers

(R, ) = supA | UF(F,0,0) £0}, AT(F,0) = sup{A| U (F,9,3) £ 0},
where the sets U (F,Q,\) and U~ (F,Q, \) are defined as
VE(F,Q,\) = {¢ € C(Q) | £ (F(D*y, Dy, o, 2) + Agp) <0, £¢ > 0 in Q},

are simple and isolated eigenvalues of F', associated to a positive and a neg-
ative eigenfunctions ¢, ;7 € W?9(Q), ¢ < oo, and that their positivity
guarantees the validity of one-sided Alexandrov-Bakelman-Pucci type esti-
mates — see the review in the next section. From the optimal control point of



view, A\ can be seen as the fastest exponential rate at which paths can exit
the domain, and A is the slowest one, we refer to the exact formulae given in
equalities (30)-(31) of [22]. For extensions and related results on eigenvalues
for fully nonlinear operators we refer to [19], [1], where Isaacs operators are
studied, and to [5], [6], where more general singular fully nonlinear elliptic
operators are considered. When no confusion arises, we write \;" or Ay (F),
and we always suppose that A < \] — note it easily follows from the results
in [25] that AT = A] can only happen if all linear operators which appear in
(1.2) have the same principal eigenvalues and eigenfunctions. For simplicity,
we assume that (2 is regular, in the sense that it satisfies an uniform interior
ball condition, even though many of the results can be extended to general
bounded domains.

We make the convention that all (in)equalities in the paper are meant to
hold in the LP-viscosity sense, as defined and studied in [12]. Note however
that it is known that any viscosity solution of (1.2) is in W?2?(Q) and that
any W?P-function which satisfies (1.2) in the viscosity sense is also a strong
solution, that is, it satisfies (1.2) a.e. in €, see [11], [12], [31], [33]. All
constants in the estimates will be allowed to depend on N, A, A, ~,d and €.

Given a fixed function h € LP(2) which is not a multiple of the principal
eigenfunction ¢, along the paper we write

f=tof +h, teR, (1.3)

and consider ¢t as a parameter. We note that all results and proofs below
hold without modifications if the function ¢} in (1.3) is replaced by any other
positive function, which vanishes on 02 and whose interior normal derivative
on the boundary is strictly positive. We visualize the set S of solutions of
(1.2) in the space C(Q) x R as follows: (u,t) € S if and only if u is a solution
of (1.2) with f = tp] + h. The following notation will be useful: given a
subset A C C(Q) x R and t € R we define A, = {u € C(Q)| (u,t) € A} and
Ar = Uger Ay, if T is an interval.

Our purpose is to describe the set S = {(u,t) |t € R}. When A (F) >0

this can be done in a rather precise way, thanks to the results in [22], [25].

Theorem 1.1 Assume \{ (F) > 0. Then

1. ([25]) For every t € R equation (1.2) possesses exactly one solution
u = u;. In addition, if f =te] +h #0 and f < (>)0 then u > (<)0
i Q. Ift < s then uy > ug in €.

2. The set S is a Lipschitz continuous curve such that t — u(x) is convex
for each x € Q. There exist numbers t* = t=(h) such that if t > t*



(t <t~) then uy < (>)0 in Q. Moreover, for each compact K CC )

lim minw(x) = +oo and lim maxwu(x) = —o0.

t——o00 z€K t—+4o0 zeK
Next, we state our first main theorem, which describes the set S when the
first eigenvalue is zero. In this case the set of solutions is again a unique
continuous curve, but it exists only on a half-line with respect to ¢, and
becomes unbounded when ¢ is close or equal to a critical number £ — see
Figure 1 below. Note the picture is very different from the one we obtain in
the linear case - if L is a linear operator then the Fredholm alternative for
Lu+ X\ (L)u = tp1(L)+ h says this equation has a solution only for one value
of ¢, and then any two solutions differ by a multiple of ¢;(L).

Theorem 1.2 Assume A\ (F) = 0. Then

1. There exists a number t = t* (h) such that if t < t*. then there is no
solution of (1.2), while for t > t% (1.2) has a solution.

2. The set S is a continuous curve such that Sy is a singleton for all
t > 7, that is, solutions are unique for t > t%. Iftt <t < s and
(ut,t), (us, s) € S then uy > ug in Q. The map t — uy(x) is convez for

each x € ().
3. There exists tt = t*(h) >t such that if t > t* then u, <0 in Q, and
for every compact K CC €1 we have ltli+1rn max () = —o0.
—+00 e

4. If t =17 then either:

(i) Equation (1.2) does not have a solution, that is, Sy is empty,
limt\ti mingcx Uy = 400 for every compact K CC ), and there exists
€ = €(h) > 0 such that if t € (t3,t" +€) then u, > 0, or

(ii) There exists a function u* such that Sp= = {u*+ sy | s > 0}.

In case the two eigenvalues have opposite signs, a multiplicity phenomenon
occurs. This situation was studied in [28] and we recall it here.

Theorem 1.3 (/28]) Assume X[ (F) < 0 < A (F). Then there exists a
number t* = t*(h) such that

1. Ift < t* then there is no solution of (1.2) ;

2. If t > t* then there are at least two solutions of (1.2) ; more precisely,
fort € (t*,00) there is a continuous curve of minimal solutions u; of
(1.2) such that t — u(x) is conver and strictly decreasing for x € €,
and a connected set of solutions different from the minimal ones ;
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3. If t =t* then there is at least one solution of (1.2).

Note that in [28] the properties of the two branches were not described ;
however by using the results there, our Lemma 2.1 and some topological and
degree arguments, like in Sections 3-5, they can be obtained easily.

Now we state our second main theorem, which describes properties of the
set S when the second eigenvalue is at resonance, that is, when A; (F) = 0.
Here the analysis is more difficult than in Theorem 1.2, but still the picture
is quite clear.

Theorem 1.4 Assume \[ (F') = 0. Then there exists t* = t* (h) such that
1. Ift < t* then there is no solution of (1.2).

There is a closed connected set C C S, such that Cy # O for all t > t*.
The set St is bounded in WP (Q), for each compact I C (t*,00).

If we denote oy = inf{supgu|u € S;}, we have lim;_, o, oy = +00.

ARSI

The set Cy 4+ 4oy is unbounded in L>(Q), for all € > 0; there exists
C = C(h) > 0 such that if u € Sy= 1 1) and ||ul| @) > C then u <0
in Q; if u, € Sy pr 4oy and |[up||Le(@) — 0o then maxg u, — —oo for
each compact K C (2.

6. If S is unbounded in L>(Y) then there exists a function u, such that
S = {u+ 597 | 5 2 0}

Both Theorems 1.2 and 1.4 are proved by a careful analysis of the be-
haviour of the sets of solutions to equations with positive (resp. negative)
eigenvalues, when A\ (F) N\, 0 (resp. A\{ (F) " 0).

We note that not much is known on solutions of (1.2) when both eigen-
values are negative. Thus, before proving Theorem 1.4, we need to analyze
solutions of problems in which A{ (F) is small and negative. This is the
content of the next theorem, which is of clear independent interest.

Theorem 1.5 There exists 0 < L < oo such that if \{ (F') € (—L,0) then

1. There exists a closed connected set C C S, such that Cy # 0 for each
t € R. Further, Sy is bounded in W?P(Q), for each bounded I C R.

2. Setting oy, = inf{supqu|u € S;} and u,(r) = sup{u(x)|u € Si}, we
have

lim oy =400, and lim sup@(zr) = —oo,
t——+o00 t——00 [

for each K CC Q, and @, < 0 in Q for all t below some number t~(h).

bt



The mere existence of solutions to (1.2) when \{ (F') € (—L,0) was recently
proved in [1]. Here we describe qualitative properties of the set of solutions.

To summarize, the five theorems above give a global picture of the so-
lutions of (1.2), depending on the values of the eigenvalues with respect to
zero. This is shown on the following figure.

(1) (2.1) (2.2)

xt

3 4) )

Figure 1: The number at each graph corresponds to the number of the theorem
where the shown situation is described. When )\1+ crosses 0 the set S curves so
that one region of non-existence and one region of multiplicity of solutions appears
for t. Similarly when A\ crosses 0 the set S "uncurves” back. In this process, the
set S evolves from being ”decreasing”, when both eigenvalues are positive, to being
“increasing”, at least for large |t|, when both eigenvalues are negative. Note (1)
and (2.1)-(2.2) are exact, while in (3)-(5) there may be other solutions, except if
Theorem 1.6 below holds.

A number of remarks on questions that are still open are now in order.
First, it is clearly very important to give some characterization of the critical
numbers t* in terms of F, h, and A\. On submitting this paper we learned of a
very recent work by Armstrong [2], where he studies this question in the case
A = )], and proves part 1. of Theorem 1.2. by a different method. More
specifically, he proves an interesting minimax formula for A\{ (F), which gen-
eralizes the Donsker-Varadhan formula for linear operators to the nonlinear
case. In particular, it is proved in [2] that

b s _ F(D*u(x), Du(z), u(x), v) .
A = o [ o ).

HEM() o2 ()

Further, if M* is the subset of the set of probability measures M, on which
this minimum is attained, then for each p© € M?™ there exists a positive



function ¢, € LYWN-D(Q) such that du = ¢,¢7 dr, and the number ¢* from
Theorem 1.2 can be written as

th = _JQ}E& /Q he,, dz.
The results in [2] and our Theorem 1.2 are complementary to each other, as
we describe the set of solutions, while the main theorems in [2]| characterize
the critical value 7 (h).

Next, it is not clear how to distinguish between the two alternatives in
statement 4. of Theorem 1.2 (that is, (2.1) and (2.2) on the above figure),
for any given operator F. A simple and important example where we have
(ii) is the Fucik operator F(u) = Au+ A (A)ut 4 bu~, indeed if we had (i),
the fact that the solutions become positive for ¢ close to t*, eliminates the
term in u~, giving a contradiction. A rather simple example of an operator
for which both (i) and (ii) can happen (depending on f) is given in [2].

Naturally, the description of the set S when A\] = 0, in contrast with
A = 0, is less precise due to the fact that in this situation we only have degree
theory at our disposal to get existence of solutions, and that uniqueness of
solutions above A; is not available in general (see however Theorem 1.6
below).

Further, a number of basic questions can be asked about exact multiplicity
of solutions of (1.2) when A (F) < 0. When A\ (F) > 0 this question is a
generalization of the famous Lazer-McKenna problem, which concerns the
Fucik equation

Au+but =¢; in Q, u=0 on 0. (1.4)

Here F'(D*u, Du,u) = Au+bu™, A\ (F) = A\ — b, A\[(F) = A, b=\ — A
and )\; are the eigenvalues of the Laplacian. It is known that equation (1.4)
has exactly one solution if b < A, exactly two solutions if b € (A1, \2), exactly
four solutions if b € (g, A3) and exactly six solutions if b € (A3, A\3 + ), see
[29] and the references in that paper. This example suggests that multiplicity
of solutions when the two eigenvalues have opposite signs depends on the
distance \| — A\{. We conjecture that there exists a number Cy such that
if \[(F) <0< A\ (F) <A (F)+ Cp then problem (1.2) has exactly two
solutions, one solution or no solution, depending on f.

In the same way it should be asked if uniqueness of solutions holds when
A (F) € (—=L,0), for some L > 0. In view of the discussion above one might
expect that the answer is affirmative if the two eigenvalues are sufficiently
close to each other. This fact constitutes our last main theorem.



Theorem 1.6 There exists a number dy > 0 such that if
—dy < X (F) <AL (F) <0,
then problem (1.2) has at most one solution.

A consequence of this result is that if both Theorems 1.5 and 1.6 hold, then
the sets C of solutions obtained in Theorems 1.4 and 1.5 are continuous
curves, like in Theorems 1.1 and 1.2. We remark that d; is the difference be-
tween A\ (F, ) and A\ (F,Q), where ' is some subset of 2, whose Lebesgue
measure is smaller than half the measure of €) - see Proposition 6.1 and the
proof of Theorem 1.6 in Section 6.

The article is organized as follows. In Section 2. we recall some known
results which we use repeatedly in our analysis. We also complete the proof
of Theorem 1.1. Section 3 is devoted to resonance phenomena at A} = 0. In
Section 4 we analyze the existence and the properties of the set of solutions of
(1.2) when A} < 0. This set serves to obtain the set of solutions at resonance
when A\] = 0, in Section 5. Finally, in Section 6 we prove Theorem 1.6.

Some notational conventions will be helpful in the sequel. When no con-
fusion arises, we write Flu] := F(D?u, Du,u,z). We reserve the notation
|- = || - llzo=(02), while for all other norms we make precise mention to the
corresponding space.

2 Preliminaries

In this section we give, for the reader’s convenience, some of the results of
the general theory of viscosity solutions of HJB equations, which we use in

the sequel. We start by restating the basic assumptions on the operator
F:Sy xRV xRxQ—R.

(HO) F is positively homogeneous of degree 1, that is, for all ¢+ > 0 and for
all (M, p,u,r) € Sy x RN x R x ,

F(tM,tp,tu,x) = tF(M,p,u,x).

(H1) There exist v,d > 0 such that for all M, N € Sy, p,q € RN, u,v € R,
and a.e. x €

M)_\,A<M_N)_’7|p_Q| _5|U’_'U| SF(M,p,U,IL‘)—F(N,q,U,CL')
<MY A(M = N) +9lp— gl +dlu—v.

(H2) F(M,0,0,z) is continuous in Sy x Q.
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Under (HO) the last assumption (H3) is equivalent to the convexity of F
in (M,p,u). The simple proof of this fact can be found for instance in
Lemma 1.1 in [25]. We recall that Pucci’s extremal operators are defined
by M* (M) = sup e 4 tr(AM), M (M) = infac s tr(AM), where A C Sy
denotes the set of matrices whose eigenvalues lie in the interval [\, A].

We often use the following results from [25] (Theorems 1.2-1.4 of that
paper), which state that the principle eigenvalues are simple and isolated.

Theorem 2.1 ([25]) Assume F satisfies (HO) — (H3) and there exists a

viscosity solution u € C(Q) of
F(D*u, Du,u,z) = —\ju in Q, u=0 on 09, (2.1)
or of one of the problems

Mu in Q

F(D?u, Du,u,z) <

{ u > 0 m €, (2.2)
F(D?*u, Du,u,z) > —Xu in (2.3)
u(zo) > 0, u < 0 on 0, '

for some xy € Q. Then u = to;, for somet € R. If a function v € C(Q)
satisfies either (2.1) or the inverse inequalities in (2.2) or (2.3), with \f
replaced by \{, then v =ty; for somet € R.

Theorem 2.2 ([25]) There exists g > 0 depending on N, X\, A,~, 0,82, such
that the problem

F(D*u, Du,u,z) = —Au in , u=0 on 09, (2.4)
has no solutions u # 0, for X € (—oo, A\ +&0) \ {\{, ] }-

In the sequel we shall need the following one-sided Alexandrov-Bakelman-
Pucci (ABP) estimate, obtained in [25] as well. The ABP inequality for
proper operators can be found in [12] (an ABP inequality for the Pucci
operator was first proved in [11]). We recall that A\]", \{ are bounded above
and below by constants which depend only on N, A\, A, v, 9,2, and that both
principal eigenvalues of any proper operator are positive, see [25].

9



Theorem 2.3 ([25]) Suppose the operator F' satisfies (H0) — (H3).
I. If A\[(F,Q) > 0 then for any u € C(Q), f € LN(Q), the inequality
F(D?u, Du,u,z) < f implies

supu” < C(supu™ + || f ]|y
0 o0

where C' depends on N, A\, A, v,d, Q, and 1/ .
I1. In addition, if \{ (F,Q) > 0 then F(D*u, Du,u,x) > f implies

supu < C(supu®™ + || f || ve)-
Q o9

Hence if \f(F,2) > 0 then the comparison principle holds : if u,v € C(f)
are such that Flu] < F[v] in Q, u > v on 9%, and one of u,v is in WM (Q)
then u > v in €.

Note this result with f = 0 gives one-sided maximum principles. We
also recall the following strong maximum principle or Hopf’s lemma, which
is a consequence from the results in [3] (a simple proof can be found in the
appendix of [1]).

Theorem 2.4 ([3]) Suppose w € C(R2) is a viscosity solution of
M;’A(D%U) —v|Dw| — dw < 0 in Q,
and w > 0 in Q. Then either w = 0 in Q or w > 0 in 2 and at any point

(xo + tv) — w(wo)
t

xo € 0 at which w(xy) = 0 we have lirtn\iglf v > 0, where

v 1s the interior normal to 0N at xg.

We are going to use the following regularity result. It was proved in this
generality in [31] (interior estimate) and in [33] (global estimate).

Theorem 2.5 ([31],[33]) Suppose the operator F' satisfies (H0)— (H2) and
u is a viscosity solution of F(D?*u, Du,u,z) = f in Q, u =0 on Q. Then
u € WP(Q), and

[ullw2r@) < C (lulle@) + 1 fllr@)
where C depends only on N,p, X\, \,~,d, €.

Next we quote the existence result from [22] and [25].

10



Theorem 2.6 ([25]) Suppose the operator F satisfies (HO) — (H3).

I. If \[(F,Q) > 0 then for any f € LP(),p > N, such that f >0 in €,
there exists a solution u € W*P(Q) of F(D?*u, Du,u,x) = f in Q, u =0 on
0L), such that u <0 in €.

I1. In addition, if \{ (F,Q) > 0 then for any f € LP(Q),p > N, there
exists a unique viscosity solution u € W*P(Q) of F(D?u, Du,u,x) = f in Q,
u =0 on 0N.

The next theorem is a simple consequence of the compact embedding
W2P(Q) — CY*(Q), Theorem 2.5, and the convergence properties of viscos-
ity solutions (see Theorem 3.8 in [12]).

Theorem 2.7 Let A\, — X\ in R and f, — f in LP(Q), p > N. Suppose F
satisfies (H1) and u, is a solution of F(D*uy,, Dy, Uy, ) + Aty = fr in §,
U, = 0 on OQ. If {u,} is bounded in L>®(Q) then a subsequence of {u,}
converges in C*(Q) to a function u, which solves F(D*u, Du,u,z) + \u = f
in Q, u=20 on ON.

We now give the proof of Theorem 1.1.
Proof of Theorem 1.1. Part 1. is a consequence of Theorems 2.3 and 2.6.
Let us prove Part 2. For ¢t € R, let u; be the solution of (1.2) with f as
in (1.3), that is, F|us] = t@] + h, where A (F) > 0. Then |||/t is bounded
as t — —oo. Indeed, if this is not the case, there exists a sequence {t,}
such that we have ¢, — —oo and ||uy, /t,|| — oo, in particular ||u;, | — oc.
Defining @, = uy, /||us, ||, we get by (HO)

tn h
of + in Q,
e, | e, |

F(D?0,, Dity, U1y, ) = U, =0 on ON.

The right-hand side of this equation converges to zero in LP(f), so @, con-

verges uniformly to zero, by Theorem 2.7 (note the limit equation F'[a] = 0

has only the trivial solution, since A\] (F,2) > 0). This contradicts ||, || = 1.
Thus, by Theorem 2.7, for some sequence ¢, — —oo, we have that

lim % =v* in  CYQ), (2.5)

where v* satisfies
F(D*v*, Dv*,v*,z) = —p in Q, v* =0 on 0f.

By Theorems 2.3 and 2.4 we have v* > 0 in {2 and % > 0 on 0f). These
facts, (2.5), and the monotonicity of u; in ¢ imply the last two statements of
Part 2 (the analysis for t — oo is similar).

11



That S is Lipschitz follows from (H3) and Theorem 2.3, applied to
Flu; —ug] > (t — 8)of and Flug, —ug] > (s —t)p7.

Finally, the convexity property of the curve is a consequence of the fol-
lowing simple lemma and the comparison principle, Theorem 2.3.

Lemma 2.1 Let to,t; € R and ty = kt; + (1 — k)to, for k € [0,1]. Suppose
u, € Sy, i =0,1. Then the function kus, + (1 — k)uy, is a supersolution of

F(D?*u, Du,u,z) = tped +h in Q, u=0 on 00.
Proof. Use Flku, + (1 — k)uy,| < kF[ug, ] + (1 — k) Flug,)- O

Notation. In what follows it will be convenient for us to write problem (1.1)
in the form

{ F(D*u, Du,u,z) + M = tpi(z)+h(z) in €,

u = 0 on £, (2.6)

where F' is supposed to proper (if necessary, we replace F' by F' — ¢ and A
by A+ ), and study its solvability in terms of the value of the parameter
A € RT. For instance, Theorem 1.2 corresponds to A = A, Theorem 1.4
corresponds to A = A\[, Theorem 1.1 corresponds to A < A[, etc.

3 Resonance at A = \{. Proof of Theorem 1.2

We first set up some preliminaries. Let {)\,} be a sequence such that A\, < A}
for all n, and lim,, ., A, = A\]. We consider the problem

F(D*u, Du,u,z) + A\yu = to] +h in €, u=0 on 09,

and its unique solution u(n,t). In the sequel we shall write u,(t) = u(n,t)
and also sometimes u,, or u; instead of u(n,t), when one of the parameters
is kept fixed.

We define I' = {w, ()|t € R}. Recall that, by Theorem 1.1, if s < ¢
then wu,(t) < un(s).

We parameterize '} in the following way. We take a reference function
U, = un(t,) € '}, which is arbitrary but fixed for each n € N (later we
choose an appropriate sequence {1, }), and we define the function

d, : Iy =R
{a D

u) = Sign(u - an)Hu - ZNLn”
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Lemma 3.1 The function d,, : T — R is a bijection, for each n € N. In
addition, d,, is (Lipschitz) continuous.

Proof. By (H3) for any t;,t2 € R (say t; > t3) we have
Flun(ts) = un(t2)] + An(tn(tr) — un(t2)) > (f1 = t2)e07 (3-8)

The ABP inequality (Theorem 2.3) applies to this inequality - here we use
A < A - so we have

[un(t1) — un(t2)|| < Cults = ta.
If ¢, >ty > 1, (the argument is the same if t, < t; < t,) we get
|dn(u1) — dn(u2)| = |lue, — nl| = [lue, = Gl < [Jur, — ue,[] < Culty — 1.
If t, > ¢, > ty we have
| (1) = di (uz)] < gy = | + [, =l < Colts =L +1n—1t2) = Culti 1o,

which proves the Lipschitz continuity.

Assume that d,,(un,(t1)) = dp(un(ts)), then ||u,(t1) — @y, = [Jun(te) — ||
and w,, (t;) > @y, (or u,(t;) < u,) fori = 1,2. On the other hand, if ¢; # t, say
t1 < tog, then u,(t1) > u,(t2) and consequently ||w, (t1) — || # ||un(t2) — Gnll,
which is impossible. Thus, d,, is one to one. By Part 2. in Theorem 1.1 we
see that d,, is onto. O

Now we start the analysis of the resonance at A = | (recall we are
working with (2.6)). Given s € R we define the proposition P(s) as follows:

P(s) : There exist sequences {\,}, {hn} and {u,} such that \, < \] for alln,
lim,, oo Ay = A, hp — hin LP(Q) as n — oo,

F(D?*up, Duy, tp, ) + Mty = 807 + hyy, (3.9)
and ||u,|| is unbounded.

By dividing (3.9) by ||u,||, thanks to (H0), Theorem 2.1 and Theorem 2.7,
we easily see that this definition is equivalent to

P(s) : There exist sequences {\, }, {hn}, such that \, < AT for alln, \, — AT,
h,, — h in LP(Q), the solution of F(D?u,, Duy,, Uy, T)+ i, = s@7 +hy,
satisfies ||un|| — oo, and

Uy, , _
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We define
th =sup{t € R|P(s) for all s < t}. (3.10)

The next lemmas give meaning to this definition.
Lemma 3.2 Givent € R, P(t) implies P(t) for all t < t.

Proof. Assuming the contrary, there is ¢y < ¢ such that P(tg) is false. This
means that for some sequences {\,}, {h,} as above, the sequence of the
solutions of

F(D?vy,, Dvy, Un, ) + Ay, =ty +h, in Q, v, =0 on Of.
is unbounded, while the sequence of the solutions of
F(D?uy, Dy, tp, ) + Aty = tooy] +hy in u, =0 on 01,

is bounded in L>(£2). By the comparison principle (Theorem 2.3) v, < u,
for all n, since £ > ty and ¢ > 0. On the other hand, by the one-sided
ABP inequality, Theorem 2.3 1. (note A, is uniformly away from A, that
is, \{ (F+X\,) > A (F) =X (F) > 0), the sequence {v,} is bounded below.
Thus {v,} is bounded, a contradiction. O

Lemma 3.3 There exists a real number t; = t1(h), such that the problem
F(D*u, Du,u,z) + MNu=tp +h in €, u=0 on 09, (3.11)
has no solutions for t < ti.
Proof. Let v be the solution of the Dirichlet problem
F(D*v,Dv,v,2) = —h in £, u=0 on 0N

(this problem is uniquely solvable, by the well-known results on proper equa-
tions, or by Theorem 2.6). We are going to show that the statement of the
lemma is true with (@)
_ N v(x
b A )
The last quantity is finite, by Theorems 2.3-2.5.
Indeed, if (3.11) has a solution u = u(t) for some t < t;, we get

Flu+v]+ X (u+v) < Flul+ Fv] + X u+ Mo
< bl + A < —pf <0, (3.12)
where we have used Fu + v] < F[u] + F[v], which follows from (H3). Since
we have A\| (F' + A\,Q) = A\ — A > 0, Theorem 2.3 1. again applies and

yields u+v > 0 in 2. We can now use Theorem 2.1 and conclude that u+ v
is a multiple of ¢}, which contradicts the strict inequality in (3.12). 0

14



Lemma 3.4 The set T = {t € R|P(t)} is not empty.

Proof. Assuming the contrary, we find sequences {t,}, {u?"}, such that
P(t,) is false, t,, — —oo0 as n — oo, u" satisfies
F(D*u”, DU u™ 2)+ (A —=1/m)u = t,of +h in Q, v =0 on 09,

n? n’?

for each n, and {u”} is bounded in L>*()) as m — oo. Hence, by Theo-
rem 2.7, ul" converges as m — oo (up to a subsequence), for each fixed n,
to a function u, which satisfies (3.11) with ¢ = ¢,,. This and the previous
lemma give a contradiction, when t,, is sufficiently small. UJ

Lemma 3.5 The set T' is bounded above, that is, 17, is a real number.
Proof. Let A\, /' A\, h,, — h in LP(Q), and let u,, = u,(t) be such that
F(D?uy,, Dy, Uy, ) + Mty = to] +h, in Q, u, =0 on Of.

(we recall this problem has a unique solution, since A\, < A\{ and comparison
holds). We need to show {u,} is bounded in L*>(), if ¢ is large enough.
First, Theorem 2.3 1. implies that u, is bounded below independently
of n (we recall once again that A\] (F + \,) > A\ — A > 0).
Next, let v, be the solution of the Dirichlet problem

F(D?v,, Dv,, vy, ) = min{h,,0} <0 in Q, v=0 on JONQ.

Then v, > 0 in €, by the maximum principle, {v,} is bounded in C*(Q2), by
Theorems 2.3 and 2.5, and

Flva] + Avp < minfhy,, 0} + A v, < by, + tp] = Flug] + Aatin,

provided

t> A sup Un(@)

) 3.13
z€Q,neN SOT (.T) ( )

By the comparison principle u,, < v,, hence u,, is bounded above inde-
pendently of n. So P(t) is false if (3.13) holds. O

The following two propositions give existence and uniqueness of solutions
to our problem at resonance, provided ¢ > 7.

Proposition 3.1 1. Ift > t% then the equation
F(D?*u, Du,u,z) + MNu=tpl +h in €, u=0 on 09, (3.14)

possesses at least one solution.
2. Ift <t then (3.14) has no solutions.
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Proof. 1. Given a sequence {\,} such that A\, < Af for all n € N and
An — A as n — oo, there is a sequence {u,} such that

F(D*uy, Dy, ty, ©)+ Ay, =t +h in - Q, u, =0 on 99Q. (3.15)

Then ¢t > t* implies {u,} is bounded, so by Theorem 2.7 {u,} converges, up
to a subsequence, to a function u satisfying (3.14).

2. Suppose for contradiction (3.14) has a solution u for some ¢ < t%. Fix
t1 € (t,t%). Then P(t;) holds, so for some sequences A, /" A, h, — h, the
sequence of solutions u,, of

F(D?uy, Dy, tp, ) + Aty = t1o7 +h, in €, u, =0 on 0N
is such that u, > k,p] for some k, — oco. Let now w, be the solution of
F(D*w,, Dw,, wy,,x) = h, —h in €, u, =0 on 0N (3.16)

By Theorems 2.3 and 2.5 we know that (up to a subsequence) w, — 0 in
C'(Q). Hence, by the boundary Lipschtiz estimates (see Theorem 2.5, or
Proposition 4.9 in [25]) applied to (3.14), (3.16), we have

[l + Jlwn || < Cdist(z, 59),

which implies
Uy — Wy, —u >0

for n sufficiently large. Since w, — 0 and \, — A] we also have

1 —1
trpl — 2X\ |w,| > o] and lu| < 5 : T oin Q.

OF =)
However (H3) implies Flu, — w, —u] > Flu,] — Flw,] — F[u], so
Flup —wy, — u] + Ao (un — wy —u) > (b — )] — A Jwa| + (AT = A)u > 0.

Then the maximum principle (Theorem 2.3) gives u,, — w,, —u < 0, a con-
tradiction. H

Next we prove the uniqueness of solutions above #7 . In order to do this,
we need the following simple result on convex functions.

Lemma 3.6 Let f : R® — R be positively homogeneous of degree one and
convex. If for some u,v € R™ and for some 7 > 0 we have

flu+7v) = f(u)+7f(v) (3.17)
then (3.17) holds for all T > 0.
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Proof. Using (3.17) and the homogeneity of f we find that

FQou + (1= 20)v) = Aof (u) + (1 = Xo) f(v),
with A\g = 1/(1 + 7). If there is A € (Ao, 1) such that
fAu+ (1 —=XNv) < Af(u)+ (1 —X)f(v) (3.18)
we take § =1 — Ao/ € (0,1), that is, (1 — #)\ = )¢, and notice that
Xof(uw)+(1—=Xo)f(v) = f(Qou+ (1= Xo)v)

= fOv+(1—-0)(Au+(1—-Nv))

< 0f()+ (1 =0)f(Au+ (1= A9

< (I =) f(v) + Ao f(u),

which is a contradiction. If there is A € (0, ) such that (3.18) holds, we
proceed similarly. Thus, f(Au+ (1 — A)v) = Af(u) + (1 — N)f(v), for all
A € [0,1]. From here we get the conclusion, taking A = 1/(1 + t). O

Proposition 3.2 1. Ift >t and uy,uy satisfy
F(D?*u;, Duj,us, x) + Mu; =tof +h in Q, u; =0 on 09Q,

1=1,2, then uq = u».
2. If t =t7 and uy,uy are as in 1. then u; = uz + sy, for some s € R.

Proof. Suppose u; # us, then we may assume there exists xg € ) such
that ui(zg) > ua(wg). By (H3) we have Flu; — ug] + A (ug — usp) > 0, so by
Theorem 2.1 there exists 7 > 0 such that u; — uy = Tgof. This implies

Fluy +1¢]] = Flu1] + TF[¢]] ae. in Q (3.19)

(note uy, ;7 € W2N(Q)). Consider the function f(X) = F(X,z) where
X = (M,p,u) € Sy xRV xR = RN**N+1 and z € Q is fixed. By hypotheses
(HO) and (H3) the function f is positively homogeneous of degree one and
convex in X. Therefore we can use Lemma 3.6 to conclude that (3.19) holds
for every 7 > 0.

We obtain that for every n € N the function v, = u; + ny; satisfies
F(D?v,, Dvy, vy, x) + A\ v, = tol + hin Q, u; = 0 on 99. Tt follows that

1 1 1
Flv,) + ()\f — ﬁ) v, =to) +h— oLl ﬁgpf =:to] + h,
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in Q. Note h,, — h in LP(2). However this is impossible if ¢ > t%, by the
definition of t%, since ||v,|| is unbounded, which means P(t) holds. O

Now we study the behaviour of the branch I'} as n — oco. Let 4 be the
unique solution (given by Proposition 3.1) of

F(D*a, D, G, x) + Ao = 1+ )pf +h in Q a=0 on 99,
and set
d(u) = sign(u — @)||u — a|.
Lemma 3.7 Ifu; and t;, i = 1,2, are such that d(u;) = d(uz) and
F(D?*u;, Duj, ug, x) + Mu; = tipd +h in Q, u; =0 on 09,
fori=1,2, then t; =ty and uy = us.
Proof. By Proposition 3.2 u; # us implies t; # to. If t; # to (say t; > t3),
Fluy —ug) + M (ug —ug) > (t1 —ta)pf >0 in Q, u;—uys=0 on 9.

Either there exists xy € Q such that ui(xg) > ua(xg) or u; < ug in Q. In the
first case, Theorem 2.1 implies the existence of 7 > 0 such that u; —uy = 7}
so that u; > ug in 2. In the second case, by the strong maximum principle,
we have that u; = us (excluded by t1 # t3) or u; < ug in 2.

Thus, if u; # wus, then either u; > wuy or u; < ug in 2, and in both cases
d(uy) # d(us), completing the proof of the lemma. O

We recall (Lemma 3.1) that the set I} can be re-parameterized as a
curve, by using the function d,,. In the definition of d,, we used the arbitrary
function 1u,,, which we choose now as the unique solution of

F(D?@y, Dity, i, ) + Ayl = (L+ ) +h in Q, @, =0 on 0N

By the definition of t% {||%,|} is bounded, so by Theorem 2.7 and the unique-
ness property proved in Proposition 3.2 we find that @, — u, where @ is as
above, the unique solution of

F(D*a, D, t,z) + \fa=(1+t )l +h in Q a@=0 on 5.
By Lemma 3.7, for fixed d € R the following system in (u,t)
{ F(D*u, Du,u,z) + \u = tof +h in Q u=0 on 09,
d

a(u) = d
(3.20)
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has a unique solution (uy,,t,) in C(Q2) x R. The sequence {u,} is bounded,
since ||u,, — @y,|| = |d| and {@,} is bounded. Hence {¢,} is also bounded (if
not, u,/t, — 0, so by passage to the limit F[0] = ¢7).

Then subsequences of {u,} and {t,,} converge to a function u = u(d) and
a number t = t(d), which satisfy

F(D*u, Du,u,z) + MNu=tpf +h in Q wu=0 on 09  (3.21)

By Lemma 3.7 the whole sequences {u, } and {t,} converge to the same limit
that we call u(d) and t(d).

18 continuous.

Lemma 3.8 The map { U:R — C(Q) ? R

U(d) = (u(d),i(d))

Proof. Take d; — d as k — 0o. Then the sequences uy, = u(dy), tx = t(dy)
are bounded, as above. Any convergent subsequence of {(uy, tx)} tends to a
solution of an equation to which Lemma 3.7 applies, so the whole sequences
Uy, tp converge to u(d), t(d). O

We define I't = {u(d) | d € R}. The last lemma allows us to say that ['"
is actually a continuous curve, the pointwise limit of the curves {I'}'}.

Lemma 3.9 Ift, >ty > 17 then any two solutions of
F(D?*u;, Duj, us, x) + Mu; = typd +h in Q, u; =0 on 09,
are such that u; < ug in €2.

Proof. We already showed in the proof of Lemma 3.7 that either u; > us
or u; < ug in Q. Since the curve T'" is the limit of T which are strictly
decreasing in t, u; > us is impossible. Il

Proof of Theorem 1.2. The set of solutions is {(u(d),t(d))|d € R}, as
the above discussion shows. Part 1. of the Theorem was proved in Proposi-
tion 3.1. The first two statements of Part 2. follow from Proposition 3.2 and
Lemma 3.9.

For t > t*, let u; be the solution of

F(D?*uy, Dug,ug, v) + A\jug =tpf +h in Q u,=0 on 99, (3.22)

By Lemma 3.9 w; is strictly decreasing in t.

When ¢ — ¢ two cases may occur : either ||u]| is bounded or [|u|| — oo.
In the first case the monotonous sequence u; converges in C''(9) to a solution
u* of (3.22) with t = ¢%. Then by Proposition 3.2 all solutions u € I'" with
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d(u) > d(u*) are solutions of (3.22) with ¢ = t%, which is the situation
described in Part 4. (ii). In the second case u;/||u|| converges in C*(Q) to
¢ > 0 which implies Part 4. (i). Note in this case there cannot be solutions
with ¢ = 17, because of Lemma 3.9.

Let us now consider the limit ¢ — oo. First, if for some sequence ¢,, — oo
we have ||uy, ||/t, — 0, we divide (3.22) by t,, pass to the limit and get a
contradiction. So ||u¢|| — oo as t — oo. By the monotonicity of u; in t,
ming u; < —1 for sufficiently large ¢.

Assume for some sequence t, — oo we have |[uy, ||/t, — 00. Then we
divide (3.22) by |lus, || and see that u, /||us, || = @i, which is impossible,
since u;, takes negative values and @] > 0.

So there is a sequence t, — oo such that u, /|ju,,|| converges in C1(Q)
to a solution of

F(D*v,Dv,v,z) + \jv=kel in Q, v=0 on 01, (3.23)

for some k > 0. This problem is the particular case of (2.6) when A = 0. It
is clear that (3.23) has solutions for £ > 0 (by Theorem 2.6) and does not
have solutions for k < 0 (by the definition of A] and Theorem 2.1). Further,
this problem obviously has solutions for £ = 0 (in other words, for h = 0 we
always are in the case 4. (ii)) and the minimal solution at k¥ = 0 is u* = 0.
Then, by the properties of the curve of solutions we already proved (3.23)
has a unique solution which satisfies v < u* = 0, since k£ > 0.

This means u, /||uy, || converges in C'(Q2) to a negative function v, such
that 92 < 0 on 99 (by (3.23) and Hopf’s lemma). This implies statement 3.
for the subsequence u;,. Since u; is monotonous, we have 3. for all u,.

Finally, let us show that ¢ — u;(x) is convex. With the notations from
Lemma 2.1, we note that for each compact interval [to,#] C [t} ,00) there
exists a function v € W?2?(Q) which is a subsolution of

F(D*u, Du,u,z) + M\ u =ty +h in Q, u=0 on 09, (3.24)

and v < kuy, + (1 — k)uy,, for each k € (0,1) (we take uy, = u* if ty = t7).
For instance, we can take v to be the negative solution — given by Theorem
2.6 I. — of the problem

Fv] + Afv = max{t;, 1} + max{h,0} in Q, u=0 on 09,

and then a take a multiple of v by a sufficiently large constant, to ensure that
v < uyy < kug, + (1 — k)uy, for each k € (0,1). Then by Lemma 2.1 and the
usual sub- and supersolution method there exists a solution of (3.24) which
is below kuy, + (1 — k)uy,. By the uniqueness which we already proved, this
solution has to be w, .

Theorem 1.2 is proved. O

20



4 The case A > \]. Proof of Theorem 1.5

In this section we prove Theorem 1.5 and some auxiliary results which will
be helpful in our analysis of the resonance phenomena at A = A].

We start with some simple preliminary lemmas which will lead us to the
proof of the first part in Theorem 1.5. Our arguments for Lemmas 4.1-4.2
below are similar to those in [7],[25] and [1], but we sketch them here for
completeness. We define the operators

F.(D*u, Du,u,z) = 7F(D*u, Du,u,z) + (1 — 7)Au

and we write A (1) = A{ (Fy), for 7 € [0,1]. Note that F; satisfies (H0) —
(H3) and, recalling that we work with (2.6), F is proper, since F' is proper.

Lemma 4.1 The function 7 — X[ (T) is continuous in the interval [0,1]
and there exists € > 0 so that there is no eigenvalue of F, in the interval

(AL (7)), A{ (1) +&], for T €0, 1].

Proof. Let {7,,} be a sequence in [0, 1], then it follows by Proposition 4.1
in [25] that the sequence {A; (7,,)} is bounded. Then, by a compactness
argument and the simplicity of the eigenvalues, the continuity follows. The
isolation property follows by the same argument as the one used in the proof
of Theorem 1.3 in [25]. O

Lemma 4.2 There exists € > 0 such that for each A € (A[,A\] +¢) and

each n € N there is a closed connected set C(A,n) C C(Q2) x [—n,n|, with the
property that for all (u,t) € C(\,n) we have

F(D*u, Duu,z) + u=tof +h in Q, u=0 on OS.

Moreover, if we define the projection P : C(2) x IR — IR as P(u,t) = t, we
have P(C(A,n)) = [—n,n].

Proof. For 7 € [0, 1], let us define
Xo(T) = inf{u > A7 (7) | 1 is an eigenvalue of F, in Q}.

Observe that A\y(7) = +oo is possible. Then, given A € (A, A] + &), by the
previous lemma there exists a continuous function w : [0, 1] — IR such that
(1) = A, AT (7) < (1) < Ao(7) and the equation

F.(D*u, Du,u,z) + pu(t)u=0 in Q, u=0 on 0f, (4.1)
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has no non-trivial solution, for all 7 € [0,1]. Now we define the operator

G: Rx[0,1]xC(Q2) — C(R), for (t,7,v) € Rx[0,1]xC(2) asu = G(t, T,v),
where u is the solution of the equation

F.(D*u, Du,u,z) = —p(T)v +tof +h in Q, u=0 on 0. (4.2)

When we restrict the variable ¢ to the interval [—n,n|, the operator G be-
comes compact. Moreover, there exists R > 0 such that the Leray-Schauder
degree d(I — G(t,T,.), Bgr,0) is well defined. Indeed, a priori bounds follow
directly from the non-existence property of equation (4.1), in fact, if (4.2)
has a sequence of solutions wu,, = v, with ||u,| — oo we divide (4.2) by ||u,]|,
pass to the limit and get a contradiction. Then, by the homotopy invariance
of the Leray -Schauder degree, we have

d(I - G(ta ]-7 ')7 BRao) = d<I - G(tuoa ')7 BR70) =—L

The last equality is a standard fact, since the operator F{ is the Laplacian.
Thus, by the well-known results of [27] (alternatively, we refer to [13]), see
in particular Corollary 10 in chapter V of that work, the lemma follows. [J

We will need the following topological result, whose proof is a direct
consequence of Lemma 3.5.2 in [13].

Lemma 4.3 Let R C C(Q2) x [—n,n] be a compact connected set such that
P(R) = [-n,n]. If Ry = {(u,t) € R|t € [t_,ty]}, with [t_,t4] C [—n,n]
then there exists a connected component Fy of Ry such that P(Ey) = [t_,t.].

Proof of Theorem 1.5 1. The boundedness of S; for each bounded interval
I is trivial — indeed, if we have a sequence of solutions to the problem which
is unbounded in L>(2), we divide each equation by the norm of its solution,
as we have already done a number of times, and we find a solution which
contradicts Theorem 2.2. Recall the regularity result in Theorem 2.5.

For each n € N we define £, = C(\,n) as the connected set given in
Lemma 4.2. Then, by Lemma 4.3, there are closed connected subsets E
of {(u,t) € E, |t € [-N,N]}, for 1 < N < n, such that P(EY) = [-N, N]
and EY c EN*1 for N = 1,2,...n — 1. In order to get the last property,
we proceed step by step, defining EY through Lemma 4.3, by decreasing N
starting from n. Now we define the sets EV, for N € N, as follows :

EY = {(u,t) € C(Q) x R| there exist (ug,, ) € By,
Uy >k, Vk € N, (ug,, tg,) — (u,t), as k — oo}.

We notice that EV is closed and P(EY) = [N, N]. Since the pairs (u,t) €
EN are solutions of

F(D*u, Du,u,z) + u=tof +h in Q wu=0 on 09, tc[-N,N]

22



we see that the set EV is comprised of solutions of these equations, and
consequently it is compact in C'(2). Then it is easy to see that for all £ > 0
there exists ng € N such that EY € B(EY ¢) for all n > ngy. Here we denote
by B(U,¢) the e-neighborhood of the set U. Indeed, if there exists ¢ > 0
and a sequence {; > k, such that (ug,,t,,) € E;) \ B(EY, <), then t,, and uy,
are bounded, and a subsequence of (uy,,t,,) converges to some (u,t) in BV,
which is a contradiction.

By the convergence property just proved, we see that £V is connected.
In fact, if it is not connected, there exist non-empty closed subsets U,V of
EN such that UNV = 0 and U UV = EV. By compactness, there exists
e > 0 such that dist(U, V) > ¢, and then B(U,e/4) N B(V,e/4) = () which is
impossible, since the connected set EY is contained in B(U,e/4)U B(V,e/4)
for n large enough, as stated in the claim above.

We observe that, according to our construction of the sets EY and EV,
we have EV ¢ EN*! for all N € N. So, to complete the proof of Part 1. we
just need to define C = C(\) = UnenEY, which is clearly a closed connected
set of solutions and P(C) = R. O

Before proceeding to the proof of Part 2. of Theorem 1.5, we give a gen-
eralized version of the Antimaxmum Principle for fully nonlinear equations,
recently proved in [1].

Proposition 4.1 Let f € LP(Q), p > N, be such that f <0, f Z 0 in .
1. There iseg > 0 (depending on f) such that any solution of the equation

F(D*u, Du,u,z) +  u=kf in €, u=0 on 09, (4.3)

satisfies uw < 0 in Q, provided A € (A, A\] +¢&o) and k € (0, 00).
2. Equation (4.3) has no solutions if A = A\ and k > 0.

Proof. We first prove statement 2. Suppose there is a solution u of (4.3)
with A = A] and k > 0. If there exists zy € Q such that u(zy) < 0, then by
Theorem 2.1 there exists kg > 0 such that u = kyp], a contradiction with
f # 0. Therefore v > 0 in 2 and then, by the strong maximum principle,
u > 0 in €. The existence of such a function contradicts Theorem 2.1.

Let us now prove statement 1. Suppose there are sequences k, > 0,
An > A1, Ay — A7, and 1, of solutions of (4.3) such that @, is positive or
zero somewhere in €. Then u, = 4,/k, has the same property and solves
(4.3) with £ = 1. Suppose first that wu, is bounded, then a subsequence of
u, converges uniformly to a solution of (4.3) with A = A] and k = 1, a
contradiction with the result we already proved in 2. If u, is unbounded,
then a subsequence of u,/||u,|| converges in C'(2) to the negative function
¢1 , a contradiction as well. OJ
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We now prove that the solutions of our equation are negative for small ¢
for ¢t below a certain value.

Lemma 4.4 Given R > 0 there are numbers € > 0 and t such that for all
A€ AN +¢), t <t, and h with ||h||r) < R, if u solves the equation

F(D*u, Du,u,z) + M= tpf +h in u=0 on 00, (44)
then u < 0 wn €.

Proof. Assuming the result is not true, there are sequences {t, }, {u,}, {\n}
and {h,} such that A, > A\, A\, — AT, t, — —00, ||ha|lzr < R, u, is positive
or zero at a point in €2 and

F(D*uy,, Dty ty, ) + Mty = topl +hy, in €, u, =0 on 0f),

for all n € N. Defining v, = —u,/t,, we can easily check that if {v,} is
bounded then a subsequence of it converges to a solution of F(v)+Av = —¢p;
in , which is a contradiction with part 2. of Proposition 4.1, while if {v,}
is unbounded then a subsequence of v, /||v,|| converges in C1(Q2) to ¢ < 0,
a contradiction, since these functions are positive or zero somewhere. O

Proof of Theorem 1.5 2. It remains to analyze the asymptotic behavior
of the set S. Take any u; € S;, t € R. It is clear that there exist con-
stants Co,T" > 0, depending only on F',  and h, such that ||u| > Colt| if
[t| > T. Indeed, assuming that {t/||u||} is not bounded one easily gets the
contradiction 0 = £¢7, after dividing the equation by ¢ and passing to the
limit.

First, suppose for contradiction that there exists a compact set K C (2
and sequences t,, — —00, u, € Sy, , such that u,, (x,) > —c, for some constant
c and some z,, € K. Note that by the previous lemma we already know that
ug, < 0 in Q, for large n. Thus, setting v, = uy, /||us, ||, we have |jv,|| = 1,
v, < 0in Q, v,(z,) — 0 as n — oo, and

Flvn] + Av, = (8 |lue, Dl + h/lJug, || in €, v, =0 on 0.

Now, if t,,/||u, || — 0, a subsequence of v,, converges to a nontrivial solution
of F[v] + Av = 0, which is a contradiction with A € (A, A\{ +¢). On the
contrary, if t,,/||us, || # 0, then a subsequence of v,, converges uniformly to
a solution of F(v) + \v = —ke] for some k& > 0. In addition v(xg) = 0
for some xy € K, which is a contradiction with the antimaximum principle,
Proposition 4.1, provided & < g¢(—7), with &y defined in that proposition.

Second, suppose there is a sequence t,, — 400 such that v, < C| for
some constant C. Then, as above, either v, = wuy,/||us,| converges to a
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nontrivial solution of F(v) + Av = 0, a contradiction with Theorem 2.2, or
v, converges to a nonpositive solution of F(v) + Av = ke; > 0, which is
then negative by Hopf’s lemma. This is a contradiction again, here with the
definition of A{ and A > A;. Theorem 1.5 is proved. O]

5 Resonance at A = \;{. Proof of Theorem 1.4

In this section we study the behavior of the set of solutions of our problem in
the second resonant case, that is, when A = A]. For this purpose we consider
sequences {\,} with A\, € (A, A\{ +¢) (everywhere in this section ¢ = L will
be the number which appears in Theorem 1.5, found in the previous section),
which converge to A\{, and we study the asymptotic behavior of the connected
sets C = C(\,) C S(A\,), obtained in Theorem 1.5.

We modify the definition of condition P(s) as follows:

P(s) : There exist sequences {\,}, {hn} and {u,} such that A\, > A\| for
all n, lim, 00 Ay = A7, hyy — hin LP(Q2),

F(D*uy, Dy, U, ©) + Aty = 507 +hy, in Q, u, =0 on 09,
and ||uy|| is unbounded.

Since no confusion arises with the definition given in Section 3, we keep the
same notation. As before, P(s) is equivalent to

P(s) : There exist sequences {\,}, {hn} and {u,} such that \, > A\{ for all
n, lim, oo Ay = A7, hp — hin LP(Q), {u,} is a sequence of solutions
of F(D*uy,, Dy, Uy, ) + Mty = 807 + hy, such that ||u,|| — oo, and

u—n—>901_ <0 in C(Q).
[
Then we define, as before,
t* =sup{t € R|P(s) for all s < t}. (5.1)
The following lemmas are necessary to give sense to this definition.

Lemma 5.1 P(t) implies P(t) for all t < t.
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Proof. Assume that there exists ¢y < ¢ such that P(to) is false. Since P(t)
holds, there exist sequences {\,}, {h,} and {v, } such that A, > A; for all n,
lim,, oo Ay = A7, hy, — h in LP(Q2), the solutions of

F(D?*vy,, Dvy, Un, ) + Ao = Loy +hyy in ©Q, v, =0 on 09,

satisfy lim, . ||[vn]| = 0o, and v, /||v.|| converges to ¢; < 0 in C*(Q), in
other words v,, < k, 7, for some sequence k,, — oo. On the other hand, let
{u,} be any sequence such that

F(D?*uy,, Dy, Uy, ©) + Aty = toy +h, in Q, u,=0 on 0.

Such a sequence exists thanks to Theorem 1.5. Since we are assuming that
P(to) is false, {||us||} is bounded, so a subsequence of {u,} converges in
CH(Q).

Then |u,| < Clp;| in Q, by the boundary Lipschitz estimates (recall ¢
has non-zero normal derivative on the boundary, by Hopf’s lemma), so the

above convergence properties of v, imply that for n large ¢, = v, — u, <0
in 2. However, by (H3) we have F[i,] > Flv,] — Fluy,], so

F(D*, Dy, o, @) + Aathp > (E—to)of >0 in Q, 1, =0 on 09,
for large n, contradicting the definition of A\j, since A\, > A7 . |

Now we prove that t* is a real number. We set T'= {t € R|P(¢)}.
Lemma 5.2 The set T is not empty.

Proof. Assuming the contrary, we find a sequence {t,} such that P(t,) is
false and ¢, — —oo, which implies the existence of a sequence u,, satisfying

F(D?*up, Dy, tp, ) + A\ Up =ty +h in Q, u, =0 on Of).

This statement follows from Theorem 2.7, through exactly the same ar-
gument as the one used in the proof of Lemma 3.4. Next we see that
v, = —u,/t, is unbounded, since the contrary implies the existence of a
solution to F(D?v, Dv,v,x) + A\{jv = —¢] in Q, v = 0 on 99, which was
shown to be impossible in Proposition 4.1. Then a subsequence of w,, /||u,||
converges in C*(2) to a solution of the equation

F(D*w, Dw,w,z) +Ajw=0 in w=0 on 09,

which implies that w = ¢;. We conclude that maxg u, — —oo for each
compact K C 2. To complete the proof, let v be the solution of

F(D*v, Dv,v,x) = —h in £, v=0 on ON.
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Then, for n large, the function ¢» = w, + v is negative at some point and
satisfies

F(D2¢7 Dwv 77[},{13) + )‘1_77Z) S tnSOii_ + )\1_?] in Q, ’l/) =0 on 89

(we use F[¢] < Flu,)+ F[v] which is a consequence of (HO) and (H3)). The
quantity t,07 + A[v is strictly negative for large n, so by Theorem 2.1 we
have v = ki, for some k£ > 0, which is a contradiction with the strict
inequality F[¢] + A\ ¢ < 0. Hence T # 0. O

Lemma 5.3 There exists t = t(h) € R such that for any t > t we can find
C,6 > 0 such that if ||h — h||zr) < 9, then all solutions to

F(D%,Du,u,x)—l—)\v:tgpf—i—iz in £, u=0 on 0N,

with X € (A7, A\ + ¢€) satisfy ||u|| < C. In particular, the set T is bounded
above by t, that is, t* is finite.

Proof. Assuming the contrary, we may find sequences t,, — 0o as n — 00,
A e AT, A +¢), K™ = b in LP(Q2) as m — oo, for each fixed n, and
{u™}, such that

F(D>u{™, Dul™ u{™ ) + AXmy(m =t ofF +h™ in Q, u{™ =0 on 09,

n n

and {u%m)} is unbounded as m — oo, for each n. Then, as we have done a
number of times already, we can divide the last equation by Hu%m)H and use

Theorem 2.7, which implies that, up to a subsequence, ul™ / Hu,({”) || converges

in C*(Q), as m — oo, to a function @, # 0, which solves
F (D%, Dily, Gy, ) + Ay, =0 in Q, 4, =0 on 0Q.
This implies that A, = A] and @, = ] < 0. Hence u{™ < k{™ o7, for some
sequence {k{™} such that k™ — oo as m — oo.
Next, we remark that we can find (thanks to Theorems 2.3 and 2.5) a
constant Cy = Cy(h) such that for any g € LP(2) with ||g||zr) < ||h]|zr@)+1,
if w is a solution of

F(D*w, Dw,w,z) =g in €, g=0 on 09, (5.2)

then ||w|lyw2nr@) < Co. This of course implies w > Cowpy , for some Cy > 0.

Now, for each n we fix m(n) such that A"™ < AT + 1/n, hy, := "™
satisfies ||h, — | rr) < 1/n, and u, := u™™) <, for each solution w of
(5.2). So, in particular, u, < v,, where v, is the solution of

F(D?*v,, Dv,, v, z) =h, in Q, v,=0 on 0.
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Then, we choose n large enough so that ¢, > A\ v,, and we see that the
function ,, = u,, — v, < 0 satisfies

F(D2wn,Dwn,wn,x)+Afwn > tngof—)\fvn >0 in Q5 ¥,=0 on 0.

By Theorem 2.1 we find that v,, = @7, which contradicts the last strict
inequality. 0

The next result contains Part 1. in Theorem 1.4.

Proposition 5.1 The equation
F(D*u, Du,u,z) + \ju=tpl +h in Q, u=0 on 05,

(1) has at least one solution if t > t* ;
(i1) does not have a solution if t < t*.

Proof. (i) is proved in exactly the same way as Proposition 3.1 1., using
Theorems 1.5 and 2.7. In order to prove (ii), let ¢; € (¢,¢*). By Lemma 5.1
P(t1) holds, then there exist sequences {v,}, {h,} and {\,} such that {v,}
is unbounded, A, > AT, A\, — A, by — h, v, /|Jvn]] — 7 in C1(R), and

F(D?vy,, Dvp, Un, ) + Mgt = tif +h, in Q, v,=0 on 5.
Now, supposing (ii) is false, let u and w,, be solutions of

F(D*u, Du,u,z) + MAju = toj +h in Q wu=0 on 09,
F(D*w,, Dw,,w,r) = h,—h in €, w,=0 on .

Notice that w, — 0in C*(Q). Then, for large n we have v, < 0, \{ v, > A\, Un,
Uy —w, —u < 01in , and

Flo, —w, —u] + A (v, —w, —u) > (b — ) /2>0 in Q  (5.3)

where we used (H3) which implies F[v, — w, — u] > F[v,| — F[w,] — F[u].
Then, by Theorem 2.1 once more, we have v, — w,, — u = k,p; for some
number k,, > 0, in contradiction with the strict inequality in (5.3). O

The next lemma containts statement 3. in Theorem 1.4.

Lemma 5.4 For each compact interval I C (t*,00) there exists a constant
C, such that for all X € [\, A\ +¢) and allt € I, if u is a solution to

F(D*u, Du,u,z) + v =tp +h in €, u=0 on 09,

then ||ullw2r) < C.
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Proof. Recall we already proved in the previous section that the set of
solutions is bounded for ¢ in a bounded interval, provided X is away from the
eigenvalue A\;. Hence if the statement of Lemma 5.4 is false, then we can
find sequences t, — ty with o > t*, A\, — A\ (A, = A{ is allowed), {u,}
with ||u,|| — oo and w,/||u,| — ¢71, such that

1 1 U
F[un]+(/\n + —) Up = top] +h+(tn—to) o +— (—”) = top] +hy,.
”unH2 ! ! Hun” Hun” !

Clearly h, — hin L?(£2), so the existence of such a sequence contradicts the
definition of the number ¢* and ¢y > t*. Il

Before continuing, we set up some notation. The set of solutions C found
in Theorem 1.5 will be denoted by C(A), remembering we work with the
equivalent equation (2.6). We define the function @ : C(Q) x R — R, as
Q(u,t) = ||Jul| for (u,t) € C(Q) x R, and we recall that P is the projection
P(u,t) =t. In the proof of Theorem 1.4 the function Q plays a role similar
to that of P in the proof of Theorem 1.5. The following lemma will be needed

later.

Lemma 5.5 Given t; > t*, there exists Ny € N such that for every \ €
(A\[, A7 +¢€) and N > N,

N € Q(C()\)[tl,oo)) N Q(C()‘)(*Ooil]%

that s, for all X\ larger than and sufficiently close to A\ and all N large we
can find u', u” such that

[w'[l = 1lu"l = N, and

Flul+ M =tof +h,  Fu'l+ " =t"p] +h in Q,
where t' > t; and t" < t;.

Proof. Given t; > t*, we let Ny € N be an upper bound of the set C(\);,,
uniformly in the interval A\ € (A, A\] + ¢) - such a bound exists by the
previous lemma. The conclusion follows from Theorem 1.5, since the set
C()) is connected and the sets C(\); contain elements whose norms grow
arbitrarily, as t — oo and as t — —o0. O

Proof of Theorem 1.4. The proof follows an idea similar to the one used
in the proof of Theorem 1.5, but here we take as a parameter the norm of
the solution, instead of .

Fix t; > t*. We start with a sequence {\,} with A, > A7 and A\, — A}
as n — 00. Then we look at the connected set of solutions C(A,) given by
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Theorem 1.5, and we take N € N, N > N,, where N; is the number form
Lemma 5.5.

By an argument similar to the one given in the previous section (using
Lemma 4.3 and Lemma 5.5), we find that for each N = n,n—1,..., No+1, Ny,
there is a closed connected subset EY C {(u,t) € C(\,) | ||u|]| £ N} such that

Q((Erjy)[tl,oo)) = [N0> N] and Q((Eﬁ[)(—ooil]) = [N07 N]?

for N =mn,n —1,..., Ny. For each n € N we construct the sets EY, starting
with N = n and successively going down to N = Ny. Thus EY c EN*L
N=n-—1,...,Ng+ 1, Ng. Then we define

EY = {(u,t) € C(Q) x R| there exists (ug,,ts,) € E,),
Uy >k, Yk € N, (ug,, tg,) — (u,t), as k — oo}.

We notice that EY is closed,
Q(EM ) = [Nos N] amd - Q((E™) (o)) = [N, N,
Since the pairs (u,t) € EY are solutions of
F(D*u, Du,u,z) + AMu=tp +h in Q wu=0 on 09,

the bounded in L>(Q) set EV is made of solutions of such an equation,
but with A\ instead of \,, and consequently EV is compact. By a similar
argument as the one in the proof of Theorem 1.5, we can prove that EV is
connected. Since, according to our construction, we have that EY c EN*!
for all n, we see that EN C EN*! for all N € N. Thus the set C = UyenEY
is a closed connected set of solutions and

Q(C[tl,oo)) = [Ng, OO) and Q(C[—oo,tl]> = [NO, OO) (54)

Next we observe that by the definition of ¢t* and (5.4) we have P(Cy, «)) =
[t1,00). On the other hand, by Proposition 5.1 we know that

(ti,tl] C P(C[_ooﬂgl]) C [ti,tl],

so that we also have Q(Cy- 4,)) = [No,00). This completes the proof of
statement 2. and the first statement in 5. of Theorem 1.4.

Let us look at the asymptotic behavior of the set of solutions S, as t — oo.
First, it is easily proved that if (u;,t) € S then lim;_ ., ||u|| = oo (if not, we
divide the equation by ¢ and pass to the limit ¢ — oo, as before). Suppose
now that there is a sequence ¢, — +oo such that for some w;, € S;, we
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have u;, < C for some constant C'. Then, as in the proof of Theorem 1.5 2.,
either v, := wy, /||uy, || converges to a non-positive solution v of F[v]+ Ajv =
kol > 0, with v = 0 on 992, which is negative by Hopf’s lemma, providing
a contradiction with Theorem 2.1, or v,, converges to a nontrivial solution of
Flv] + A{v =0, with v = 0 on 2. In this case v, converges to ¢; < 0 in
C*(Q), which implies that for some sequence k, — co we have u,, < —k,p;
in Q. Let now w be the solution of Flw] = h in Q, w = 0 on 92. Then
by |[Jw| < C and the Lipschitz estimates we have u, —w < 0 in  if n is
sufficiently large, so

Flu, —w] + A7 (u,, —w) Flu,] + A uy, — (Flw] + A\[w)

>
>t — A w.
However, the last quantity is positive if n is sufficiently large, yielding a
contradiction with Theorem 2.1. This gives statement 4 in Theorem 1.4.
Next we see that there is R > 0 so that if (u,t) € S, with ¢ € [t*,¢;] and
|u]|oo > R, then u < 0. In fact, if the contrary is true, then there is a sequence
(Un, t,) € S, with ¢, € [t*,t1], ||un|lcc — 00, and such that u,, is positive or
zero somewhere in €. But this is impossible since a subsequence of u,, /|||
converges in C(Q) to o], which is negative. By the same argument we have
maxy u, — —oo for each (uy,,t,) € S such that ||u,| — oo and t,, € [t*,t4].
This completes the proof of statement 5 in Theorem 1.4.
We now turn to the proof of statement 6. Assume the equation

F(D*u, Du,u,z) + \Nfu=t"¢f +h in Q u=0 on 09,

has an unbounded set of solutions, that is S;« is unbounded. Let uy, ug € S+,
then there exists Ry > 0 so that whenever u € S+ and |Ju|| > R; we have

u = uy + ki, for some ky > 0. In fact, we already know that if [|ul] is large
enough then u/||u|| is close in C*'(Q) to ¢; and then ¥ = v —u; < 0 in €.
Since ) satisfies

F(D*, D9, x) + A\ >0 in Q =0 on 05,

Theorem 2.1 implies ¢ = k1. In the same way we get u = ug + ko if
|lu|| > max{ Ry, Ry}, for some Ry > 0, so u; — us = (ko — K1)y -

Finally we prove that if u + k1] and u + ko] are in S, for some ko >
k1 > 0, then u+kp; € S; for each k € (kq, ko). Thisis a simgle consequence
of the convexity and the homogeneity of I'. Indeed, setting F' = F' 4+ A{,

tof +h = Flu.+kigr] + (k= k) Flpr] 2 Flu. + kipy + (k= ki)er]
= Flut ko] = Flus+ kapr — (ka = k)er ]
> Flu. + kopy] — (k2 — k)Floy] = tof +h.

Theorem 1.4 is proved. O
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6 Proof of Theorem 1.6

The proof of Theorem 1.6 relies on an estimate on the difference between
the first eigenvalue of an operator on a domain and a proper subset of the
domain, which was proved in [4] (Theorem 2.4 in that paper) in the context
of general linear operators. We give here a nonlinear version of this result.

Given a smooth bounded domain A C Q, we write A{ (A) for the first
eigenvalue of the operator F' on A.

Proposition 6.1 Assume (H0)-(H3). Let I be a closed set in ), such that
II'| > ap > 0. Then there exists a constant o > 0 depending only on
A AN, v, 0,9, a, such that for any smooth subdomain A of Q\ T' we have

M (A) = A (Q) +a

The proof of Proposition 6.1 is very similar to the proof of Theorem 2.4 in
[4]. Below we will mention the points where some small changes have to be
made, but before doing that we show how we get the proof of Theorem 1.6,
assuming Proposition 6.1.

Proof of Theorem 1.6. We take dy = «/2, where « is the number from
Proposition 6.1, with ay = |Q2|/2. Suppose for contradiction that we have
two different solutions u; and uy of (1.1), with F' satisfying the hypothesis
of Theorem 1.6. We distinguish two cases.

First, suppose the function w = u; —us has a constant sign in 2, say w < 0
(otherwise we take w = uy —uy). Then (H3) implies F'(w) > 0 in Q and then
w < 01in €2, by Hopf’s Lemma. The existence of such a function contradicts
the definition of A7 (£2) and the assumption A] (2) < 0, see Theorem 2.1.

Second, if w = wu; — up changes sign in 2, then the sets Q) = {z €
Q| up(x) > uz(z)} and Qo = {z € Q | ua(x) > uy(z)} are not empty. One
of these sets, say i, satisfies |Q1| < [Q]/2. Take Q; to be any connected
component of Q; and A to be any smooth subdomain of ;. Then the choice
of dy, Proposition 6.1 and \{ (Q) > —dy imply

AF(A) > a/2 > 0.

Take a sequence of smooth domains A, C Ql which converges to Ql. Then
A (A,) > a/2 > 0, so by applying the ABP inequality (Theorem 2.3) to
F(w)>0in A, we get

supw < C'supw.

An 9A,
Letting n — oo implies w < 0 in €y, since w = 0 on dQy. This is a
contradiction with the definition of €; # () and proves Theorem 1.6. 0J
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Proof of Proposition 6.1. We follow the proof of Theorem 2.4 in [4], given
in Section 9 of that paper. We write

F(M,p,u,x) = F(M,p,u,x) — du+ du =: Fo(M,p,u, ) + du,

so that Fp is a proper operator. The operator F' plays the role of L in [4], Fy
plays the role of M, ¢ replaces ¢, and we let ¢ = 1+, as in [4]. As shown in
[12], the ABP inequality holds for Fy, with a constant which depends only
on A\, A,v,0 and diam(€2).

In what follows we list the results in [4] which lead to Proposition 6.1 and
we only note the changes needed in order to cover the nonlinear case.

Theorem 9.1 in [4] is proved in the same way here, but we have to choose
o > 0 so that G(D?e°™, De? e x) > 1 — recall G is defined in (H3) —
which is easily seen to be possible, by (H1), and then we use the inequality
F(M—N,p—q,u—wv,x) < F(M,p,u,x) — G(N, q,v,z), which follows from
hypothesis (H3).

The proof of Lemma 9.1 in [4] is identical in our situation, as is the proof
of Lemma 9.2, provided we have the concavity of A\{ (Fy+ 4,) in ¢, for any
proper operator Fj satisfying our hypotheses, see below.

Theorems 9.2 and 9.3 from [4] are well-known to hold for strong solutions,
which is actually the only case in which we use them, if the operators in their
statements are replaced by the operator

Llu] = M3 A (D*u) = ylul = dJul,

which appears in the left-hand side of (H1) — simply because L[u] is equal
to a linear operator acting on u, whose coefficients depend on u but their
bounds do not. Extensions of these theorems to viscosity solutions can be
found in [32], [8] and in the appendix of [26].

Corollary 9.1 from [4] is proved identically here. Further, we need to
modify the proof of Proposition 9.3 in [4] in the following way: we take v to
be the solution of

G(D*v,Dv,v,z) — qu = —xr in , v=0 on 09,

where I is as defined in Proposition 9.3 in [4]. We easily check that G[-] — ¢-
is proper, Glu] —qu < Gu] < Flu] <0in Q\ T,

Flu—tv] < Flu] — tGv] < —tGv] = —tqv < —tv

in Q\ T, and the rest of the proof of Proposition 9.3 is the same.
Finally, Proposition 6.1 follows from the above in exactly the same way
as Theorem 2.4 in [4] follows from Proposition 9.3 there. O
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For completeness we shall briefly sketch the elementary proof of fact that
A (Fy + 6,9) is concave in §. Note that we can repeat exactly the same
reasonings as the ones given on pages 50 and 68 of [4], the only difference
being that here we need to have the convexity in z of the operator

F(2)(x) = Fy(D*2+ Dz ® Dz, Dz, 1,2).
This is the content of the following lemma.

Lemma 6.1 Suppose F' = F(M,p,u) satisfies (H0), (H1) and (H3), and let
[:RY — My(R) be a linear map. Then the function

h(p) == F(l(p) + p®@p,p,1) : RY - R
1S convez.

Proof. Suppose F' depends only on M. Then (H3) implies F'(M)— F(N;) —
F(Ny) < F(M — Ny — Ny), so for any t € [0, 1] and any py,p, € RY

h(tpr + (1 = t)p2) — thipr) — (1 —)h(p2)
SEF((tpr+ (1 =)p2) @ (tp1 + (1 = )p2) —tp1 @ p1 — (1 = t)p2 @ p2) -
(6.1)
By the ellipticity of F' it is enough to show that the argument of F' in the last
inequality is a semi-negative definite matrix. Since p ® ¢ is linear in both p

and ¢, this is trivially seen to be equivalent to the semi-positive definiteness
of

(t_t2>(171 @ p1 + P2 @ p2 — p1 D P2 — P2 @ p1),

that is, of (£t —t2)((p1 — p2) ® (p1 — p2)), which is of course true, since t € [0, 1]
and the eigenvalues of ¢ ® g are 0, ..., 0, |q|?, for each ¢ € RY.

If = F(M,p,u) we have exactly the same reasoning, since in (6.1) we
get F'(-,0,0). O
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