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Ivan Gentil and Boguslaw Zegarlinski
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Abstract

In this work, we prove the existence and the exponential decay to equilibrium of a
general reversible chemical reaction-diffusion equation with same but general diffusion.
Moreover, we prove the optimal asymptotic behaviour in the ”two-by-two” case.

Key words: Reaction-diffusion equation, Spectral gap inequality, Poincaré inequality,
Exponential decay.
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1 Introduction

In this paper we study the asymptotic behaviour of the following reversible chemical

reaction-diffusion . .
Y wdi = B, (1)
i=1 i=1

where ¢ is a positive integer and «;, 3; € N, with N denoting the set of nonnegative
integers. We assume that for any 1 <1 < ¢, o; — 3; # 0 which correspond to the case
of a reaction without catalyzer.

First we will introduce the differential equations that describe the evolution of the
species A; for 1 < i < ¢ in the diagram (f[). For some 0 < i < g we will denote by a; the
concentration of the specie A;. We assume existence of two non-negative real-valued
rate functions

,ngzl i Ai—=30 BiAn ’CZ?:1 BiAi—=31 aiAi»
which describe the evolution of the concentration a; in two reactions. In the first one

we lose «; molecules of the specie A; and in the second there is a gain of 3; molecule of
the same specie A;. We get the opposite for the reverse reaction. Thus we can write

d

50 = i =)l aaxe pa(a) = (B —a)Kse ga-51 o) (2)
where a = (a1, - ,aq). We assume the kinetics to be of mass action type, which means
that

q
Kzgzl aiAi—’Zg:1 BiA; (al) =1 H CL;‘] )
j=1



where [ is a positive constant called the rate constant of the reaction. The product
form represents the probability which is assumed to be independent, that «; molecules
A; met the other o; molecules A; for the reaction. Let us denote by & > 0 the rate
constant for the reverse reaction. Of course [ and k could be very different.

We will presume that the pot of the reaction is not stirred. Then concentrations of
species depend on the position in the pot and we have to add a diffusion term which
depends also on the species. We obtain then the problem of the following general form

q q
Ora; = Liai + (B — ai) [ 1[[ o7 — & Hafj ;
=1 =1

where for all ¢, L; is a diffusion operator.

Throughout the ontire paper we will assume that all species diffuse with the same
speed, i.e. for all i € {1,--- ,q}, L; = L, where L is a diffusion generator. This is a
restrictive case but it we will treat, using semigroup tools, the case of a general diffusion
in the domain.

In more detail we let Q@ C R™ (n > 1) to be an open set and assume that the
boundary 92 of ), is C*° - smooth. Let a diffusion operator L be given by

z) = Z bi ()07 f (x) + Z bi(2)0; f ()
i=1

ij=1

for any smooth functions f, with b; ; and b; in C*°(Q2) and the matrix (b; ;(z)); ; sym-
metric and positive for all z € 2. The choice of coefficients b; ; and b; may strongly
depend on the domain 2.

If we denote by a;(t,z) (t > 0, x € R™) the concentrations of the species A; at time
t in the position x, then the following reaction-diffusion system is satisfied:

YVt >0, Ve €, 0Ow;(t,z)= La;+ (6; — ) ZH atl — k H i ,
s ®)
VreQ, a;i0,z)=ad(z)

8@,’

where k,l > 0 are rate constants of the reverse reaction. Initial conditions satisfy for
alllﬁiﬁq,a?)Oandfa?d,u>0.

The last equation in () represents the Neumann boundary conditions which is
natural in the context of chemical reaction-diffusion. Let us denote by D(2) the set of
smooth functions f on 2 satisfying the Neumann boundary conditions, such that for

all z € 012, 8V( x) = 0.

In this paper we assume that there exists a probability measure p such that L is
invariant with respect to u, i.e. for all functions f € D(Q),

/Lfduzo.

Let (Pg)¢> be the semi-group associated to L which is defined for all functions f € D(Q),

vt >0, Vo eQ, Z2Py(f)(z) = LPy(f)(2)
Ve e, Po(f)(z) = f(z)

OP(f B
Vo € 99, Vi > 0, £y (z) =0.




We will assume furthermore that the operator L has a spectral gap Cgg in D(€2) between
zero eigenvalue and the rest of its spectrum. Then for all smooth function f € D(2),

2
Var,(f) = / <f—/fdu> dp < —Csc/fodu, (4)
which is equivalent to, for all functions f € D(2) and ¢t > 0:

Var,(Pef) < ¢ 56 'Var,(f). (5)

See for example chapter 2 of [ABCT0(] of a review on semigroups tools.

First we study the problem of a steady state of the differential system (). Let
vi(t,x) = Na;(t,z) for some constant )\; > 0, assuming that a; is solution of (B) then

v; satisfies
q v\ q v Bi
i = Lo + Xi(Bi —a4) | 1 ] —k N :
O v + Ni(Bi — ) 21;[1<)\Z> E(AJ

Let us chose constants A; > 0 such that &[], (\)% = [T]L,(\)%, or equivalently
9_(\)* P = k/l. We then obtain that v; is solution of

Vt>0, Ve e Q, Ow;(t,x) = Lui(t,x) + ki(Bi — ;) G(v1(t, ), -+ ,v4(t, ),
Ve € Q,  ;(0,x) = v)(z)
v;

VazeaQ, Vvt > 0, E(t,x):()
(6)
where G(vy, -+ ,vq) = ‘]1-:1 v?j — ?:1 vfj and
Al
L 7
() @

q

Let us define the set § = {(zi)1<i<q, s.t. Zziki(ﬂi —aqj) = O}, where k; is defined
i=1

in ([]). Then for all (z;)1<i<q € S one gets

q q
O Z ziv; = L Z Zi Vs,
i=1 i=1
which gives
q q
Z zivi(t,x) = Py (Z zw?) (x).
i=1 =1

In particular, due to the fact that p is an invariant measure, Y ¢_; z; [ v;(t, z)dp(z) =
q . 0 d
i—1 2i [ vidp.
The goal of this article is to understand the asymptotic behaviour of the reaction-
diffusion problem in the spirit of [DF06, DF0J] but for a general diffusion.
We will first define a Steady State of equation ().

Definition 1.1 A steady state of equation () with non-negative initial conditions
(Uo)lgigq is a vector (si)1<i<q € (RT)? such that for all (z;)1<i<q € S:

i
q q q q
E 28 = g zi/v?d,u and HS?i :Hsiﬁi.
i=1 i=1 i=1 i=1



Lemma 1.2 Let (v;)1<i<q satisfies equation (|f) with initial conditions satisfying U? >0
and fv?du > 0. Then there exists a unique steady state (s;)1<i<q Of (8) such that for
allie{l,--- ,q}, s; > 0.

Proof
< The steady state (s;)1<i<p has to satisfy:

q q
V(2i)1<i<q € S, Zzisi = Zz,-/v?d,u =M
i=1 i=1

Let A = {(si)1<i<q> 21—y #i8i = M.}. Due to the fact that S is a subspace of R™ of
dimension ¢ — 1 we get that A is a manifold of dimension 1. Then one gets

A:{</v?du+tki(ﬂi—ai)> , tE]R}.
1<i<q

We have to find ¢ € R such that for all 1 <i <gq, [vdu + th;(8; — ;) > 0 and
q Bi—a;

H (/U?d,tt—l—tki(ﬁi—ai)) =1.

i=1

A simple computation gives that the function

q Bi—a
= H (/ U?d,u -+ tkl(ﬁz — OZZ)>

i=1

is defined on the set [a,b) with

a = inf {t, s.t. Vi, /viodu +tki(G — o) = O}
b = sup {t, s.t. Vi, /viod,u + tki (6 — 4) = 0}.

For all t € [a,b) one gets

q

t - az)2
t Z fvod,u —|— thi(Bi — o)’

then ¢ is increasing and satisfies ¢(a) = 0 and ¢(b) = +oo. Thus there exists a unique
t € (a,b) such that p(t) = 1, which ends the proof. >

The goal of this paper is to prove, using the Poincaré or spectral gap inequality,
that the solution of reaction-diffusion equation (f]) converges to the unique steady state
associated to the initial condition.

Due to the fact that all species are moving according to the same diffusion, one can
reduce the problem as follow: for all 1 < 1,5 < ¢, one gets

o (ki(ﬁivi— @) k‘j(ﬂjvj— aj)) B L(’fi(ﬁz’w— @) k‘j(ﬁjvj— aj))

and thus k(3 ) T )
R i\ M1 1 _ i\Pi — Qg 0
" k}]{: ((%_— %))Uj h <v, k(35— ay) > (8)
= k‘;(ﬂ;— Z)UJ—FC”(t ,T).



Let us fix 1 <4 < ¢. Then the study of ([) is equivalent to the study of the following
PDE with boundary conditions

O = Lu + ki(B; — o) %
I (5= s cyen)” T (M= < cyen) )

7=1
= Lv; + k(B — i) F(t,x,v;).

We will consider different cases. The first one is without diffusion that means that
concentration of different species do not depend on = € Q. We will prove that there
exists a solution in that case and it converges to the steady state with an exponential
and optimal rate of convergence.

Then we study the following “two-by-two” case
A+B=C+D,

treated in [DFO0§] by entropy methods. This case is interesting because it gives a tool
to understand the general cases.
We finish in the last section with the general case

q q

Z A = Z BiA;.

i=1 =1

We prove that there exists a non-negative solution and, under the assumption that
a;3; = 0, we get that solution converges with an exponential rate to the steady state.

2 Case without diffusion

Assume that concentrations of species do not depend on x € €. It is the case when
the pot used for the chemical reaction is stirred constantly so that its contents remain
spatially homogeneous. This case is important because we can solve it explicitly and it
gives tools to study the general case in the later sections.

The chemical reaction, without diffusion is given by the following system, for all

Ze{la 7q}7

d & w8
%vi = kl(ﬁz — a,-) H?}jj — ]1_[1?}]-] s (10)

Jj=1

where k; is defined in ([]), with initial conditions v;(0) > 0 for 1 < i < q. Equivalently,
using the same method as for ([f), for some 1 < i < ¢ fixed,

V4 0 (% 0
where C; = k‘j(ﬂj - 04]') (kj (gjj(—)aj) (ﬁz( : z)>

Theorem 2.1 Let the initial conditions (vj(0))1<j<4 be positive. Then equation ([[Q)
has a unique solution defined on [0,+00), which satisfies for all 1 <1i < g,

[0i(t) — sil < e |vi(0) — sif exp (=Ct),



where K is a constant depending on initial conditions, the steady state (s;)i<i<q 15
defined in Lemma and

2

H Zu (11)

i=1
Moreover the constant C' is the optimal rate of convergence.

Proof

< Let jo be such that g, — o, > 0 and for all i s.t. 3; —a; > 0, one has #@a]) <
0 0 0

T (gi(ﬂ)ai). If the set {i; ; — a; > 0} is empty one can use the negative part. Assume
for simplicity that jo = 1. Then the reaction equation becomes

d
—u1 = ki1(B1 — a1)x

dt
k(B — ) A\ - Fki(Bi = ai) , .
(E <m?}1 + CZ,;[) ;EJIZ <k1(61 — al)?}l + Cz,l) > (12)

By the definition of jy one have, C;1 > 0if 3; —a; >0 and C; 1 <0if 8; —a; < 0.
Getting a positive solution (v;);<j<q) of (@) is equivalent to getting a solution wvq
of ([J) which satisfies the following inequality

Vt € [0,400), 0<wvi(t) <M,

where M = v1(0) — k1(81 — aq) max { 7 (6@ al ik G — oy < 0}. By convention, if the set

{i; B; — a; < 0} is empty, then we have max{k @ al 7 G — oy < 0} = —00.
Let us denote by

F(X):k‘l(ﬁl—oq)x
T (FilBi— o) . — ) ’
<H<k1(ﬂl—al)X+C”> ]1( 51_a1)X+C,1> ) (13)

Lemma, proves that the polynome F' has only one solution s; in the set (0, M). Let
@ be a factor of F, i.e. we have a factorization F'(X) = (X — s1)Q(X). Then a simple
computation yields

q i 4
)2

-1l (kl (5 = 041))81 G 1>al Z

i=1 i=1 61— Oll
g 2
_ o M — _
Hsl SO0l <o
i=1 i=1

which proves that F’(s1) = Q(s1) < 0 and then Q(X) < 0 for all X € (0, M).
Function F is locally a Lipschitz function, thus by Cauchy-Lipschitz’s Theorem,
there exists a unique maximal solution starting at v1(0) of the equation

dvl (t)

vVt € [0,T), pn

= F(vi(t)) = (vi(t) — s1)Q(v1(t)),

for some T > 0.



One has Q(X) < 0 for all X € (0, M), it implies that if v1(0) > s; then vy is
non-increasing and moreover vy (t) > s; for all ¢ € [0, 77, if v1(0) < s; then vy is non-
decreasing and moreover vy (t) < s1 for all ¢ € [0, 7] and if v1(0) = s1 then vi(t) = 51
for all t € [0, 7. Then one gets that T' = +o0 and for all ¢t > 0, vy (t) € (0, M).

Using the identity

L 1Q6) |, RX)
FX) X-s1 QX)

with R(X) = (Q(s1) — Q(X))/(Q(s1)(z — s1)) we get for all t > 0

1 Qa) — Q(s
[or(t) = s1] = [v1(0) — 81 exp <Q<sl>t +f ) %m). (14)

This identity proves that v; goes to s; and moreover if

K= / (a—s1)0 (81)) da,

[u1(t) — s1] < |1 (0) — 51| exp (—Ct).

then for all ¢t > 0

Links between v; and v; gives the last inequalities for any v;. Moreover, equality ([[4)
proves that the constant C' is the optimal rate. >

3 The “two-by-two” case

The goal of this section is to investigate the asymptotic behaviour of a particular chem-
ical reaction
A+B=C+D.

We will assume that all species are moving according to the same generator and the
speed of the two reactions are the same, for instance equal to 1.

Note that this case was globally treated in dimension 1, but for the general problem,
in [DFOY].

Let © C R™ be a domain, not necessary bounded. Let us consider an infinitesimal
generator L, with a domain Dy, associated to a semigroup (P;)t>0 . As in the intro-
duction, assume that there exists an invariant probability measure u associated to the
semigroup.

Let us denote by a, b, ¢ and d concentrations of A, B, C and D in the domain 2. In
this case the functions a, b, ¢ and d are solutions of the following system on €2,

0:a = La — ab+ cd
Ob=Lb—ab+cd
Os¢ = Lc+ ab — cd
Oyd = Ld+ ab— cd

(15)

with non-negative initial conditions in Dy, ag, by, ¢y and dg such that f apdp > 0 and
the same for by, ¢y and dy. The boundaries conditions are contained in the domain Dy..

If a,b, c,d are solutions, then a + ¢ = Py(ag + ¢p), a +d = Py(ag + dp) and a — b =
Pi(ag — bp) which gives that the function a is solution of the linear equation

Ora = La — aDy + Cy,



where Cy = Py(ag + co)Pg(ap + do) and Dy = Py(ag + by + co + dp).

We will assume in this section that there exists a smooth and positive solution of
the problem. Results about existence are given in section [§.

We also obtain the estimation useful for the asymptotic behaviour.

Lemma 3.1 Solution a, b, ¢ and d of (1) satisfy for allt > 0 and x € (Q,

ap + co), Pe(ap + do)}
bo + o), Pe(bo + do) }
co + ap), Py(co + bo) }
do + ao) P (do + bo)}

o o Q

N N~

~ "+ "

(16)

O O O O
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Theorem 3.2 Assume that the semigroup (Py)i>o satisfies a spectral gap inequality ()
with respect to the invariant probability measure p. Let ag, by, cg and dy be non-negative
initial conditions satisfying ag,bo, co,do € L*(du).

1
We set My iptcrd = f(a() +bo+co+ d())d,u, My = (f (ao + by + co + d0)4d,u> : and
Csq denotes the constant in the spectral gap inequality ().
Let s, is the steady state associated to the initial condition ag, if Maytptctrd 7# @,
then for allt > 0,
) y

\// (a — sq) du<<\// d,u+
. 1
exp <— min {Ma-l-b-i-c-i-da @}t>v (17)

and if Maipiciqa = @ then for all t > 0,

1//((1 — 50)%dp < <\// (ap — sq)*dp + 5My t) exp (— Mg iprcrdt)-

The same inequality holds for b, ¢ and d associated to sp, S. and sq.

oMy

1
Matbterd = 5055

If the initial conditions satisfy My ipiciqa < @, then the rate of the convergence
s optimal.

Let us start with a general estimate.

Lemma 3.3 Assume that the semigroup (Py)i>0 satisfies a spectral gap inequality (@)
with respect to the invariant probability measure i, then for all functions f € L*(u) and

al t >0,
4
/ (Pt = / fdu> dp < de” sa’ / Fdu. (18)
Proof

< Set f = f — [ fdu, then using semigroup properties and the Cauchy-Schwartz
inequality applied to (Py):>0, one gets

/ <Ptf— / fdu>4du= [ (eef) au= [ (pypyf) an< | (Pé (P%f>2>2du-



If we set F' = P%(f), then one has

/(Ptf>4du§2/(P%(FQ)—/FQdu>2du+2</ <P%(f)—/fdu>2du)2.

We apply twice inequality (f]) to F and to f to obtain

-\ 4 ___t 2 -t 2\\ 2
/(Ptf> du < 2e 2CSGVarM(F ) + 2e Csc (Varu(f )) ,

which implies ([§). >

Proof of Theorem [3.2
< Is this case, the steady state is the following limit,

_ f(a() + Co)d,uf (ao —l—do)du _ Cy
= = lim —,
f (ap + bo + do + co)dp t—+oo Dy

(19)
the limit can be seen in L*(du). Let us denote by Myi. = [(ag + co)du and define

similarly My1q and Mg ypyetq-
Using ([L9) one obtains

d1l

T / (a— sa)?dp = — / IVal*dp — Mapiera /(a — sa) du

+ [ ala = 5)(Masvsera = Didu+ [(@ = 52)(Co= MusMara)d (20)
Let us consider the last term:

/ (0~ 50)(Ch — My oMyya)dps = / (0~ $0)Maa(Py(ap + co) — Mysc)dp

—|—/(a — 54)Pe(ap + bo)(Pe(ag + do) — Myyq)dp.

Setting ¢(t) =/ [ (a — sa)zd,u, Cauchy-Schwarz inequality yields

/(a —8a)(Ct — MaypMayq)dp < o(t) (Ma+d\//(Pt(a0 +¢co) — Ma+c)2dﬂ>

+p(t) <</ Py (ag + co)4du> " (/(Pt(ao +dp) — Ma+d)4du> 1/4) .

First spectral gap inequality gives

1 1
/(Pt(ao +¢o) — Myye)?dp < e_@tVarM(ao + o) < e Tsa' /(ao + ¢o)%dp.

Since the semigroup (P):>0 is contractive : % [ Pe(ag + by)*du < 0, one obtains

(/ Py (ag + co)4d,u> v < (/(ao + co)4d,u> 1/4.

To finish, Lemma B.3 gives

1/4

(/(Pt(ao +do) — Ma+d)4dﬂ> " < V2¢ %sq </(ao + do)4d,u> ,



which implies for the last term of (R0):

N

/(a — 8a)(Dy — MgipMyyq)dp < 3p(t) exp <_8;gg> </ (ag + by + co + d0)4d,u>

For the other term one gets

/a(a = 8a)(Maybrera — Cr)dp < ¢(t) </ a4du> v </ (Matpterd — Dt)4dﬂ>

Using ([Iq), we get

([t o frran)” foo o)}

and ([§) gives

1/4

1
2 t
/a(a — 8a)(Mgiptetra — Cr)du < 2¢(t) (/ (ap + by + co + do)4du> exp (— 8CSG>.

Then we obtain

©'(t) < —Maqptetap(t) +5Myexp | — t],
8Csa

1
2

where M, = ( f (ap +bo + co + d0)4d,u> . Integration of the last differential inequality
yields, if Myipiciqa # ﬁ, then

\//(a—sa)zdu < <\// (a0 — sa)’dp + > x

. 1
exp <— min {Ma+b+c+d, 8Cse }t> )

S5My

1
Matoterd — 5055

. 1
and if Myyprcrg = Coc then

1//((1 — 50)%dp < <\// (ag — so)*dp + 5My t) exp (— My iprcrdt),

which finished the proof of ([[7).
I Myyprerg < @, then the rate becomes e ~Ma+btetdl one can check that My pictq
is equal to the constant C defined in ([I]) which is optimal. >

Remark 3.4 In the case of equation of diffusion, the optimal rate of convergence, in
L?(dp), is given by the spectral gap constant and is independent of the initial condition.
In reaction-diffusion equations we can see in Theorem [2.] and [3.3, that the optimal rate
of convergence strongly depends on the initial conditions.

4 Study of the general case

Let us consider now the general case for ¢ > 1,

q q
Z A = Z BiA;.
i=1 i=1

10



Assume now that € R™ is bounded domain.
Let consider non-negative initial conditions v? >on ), foralll <i <gq. A weak solu-
tion of ([) on the time interval I is ¢ measurable functions (v;), <, such that for all t €
. <i<
I’ Ui('v t) € Ll(Q)’ G(Ul(" t)’ o 7’Uq(" t)) € Ll(Q)v f(] HG(Ul('v 5)7 tee 7”4('7 5))HL1ds <
+o00 and moreover for all 1 <i < ¢, x € R" and t > 0,

t
vilt,x) = Py (v7) + ki(B; — i)/O Pis(G(u1(,8), -+, g(-; 8)))ds, (21)
which satisfies also for all x € Q, v;(0,z) = v)(z).

Theorem 4.1 Assume that there exist 1 < ig,jo < q such that i, — o, > 0 and
ﬁjo — Qjy < 0.

Then, for any mnon-negative bounded and measurable initial condition (U?)l <i<q’
there exists a unique non-negative weak solution of the system (§). o

Proof
< One of the main problem is to prove that the solution is non-negative. For that we
will use Theorem 4 of Rothe [Rot84]. As for equation (§), for all 1 < i < ¢ we note by

Cia(t,z) =P (v? — %ful) (z) and consider the following PDE

Oy = Lvy + F(z,t,v1), (22)

where

(xtvl k 61—041)

( <k161:a'1?11+cz1tx>ai H< 51:a1))vl+ql(tx)>ii>7

=1

and for z € R, (z);+ = max{z,0}.

Function F has to satisfies conditions (F0), (F1) and (F3) of [Rot84].

Since, for all 1 <+¢ < g, C; ;1 is measurable, so for all v; € R the function F(. - v):
(x,t) € Q x [0, +00[— F(x,t,v1) is measurable and thus (F0) holds.

Let v = max {d>_7_, a;, > ¢, Bi}. If the initial conditions are bounded, then for each
1 <i<gq, Cj1 is bounded uniformly on ¢ > 0, which implies that there exists K > 0
such that

|F(a,t,v)] < K(1+ ol),

for all u,v,z € R and t > 0. The same method gives also that there exists K’ > 0 such
that for all v,z € R and t > 0,

|F(2,t,v) — Fz,t,u)] < K'(1+ [o] + [u])"Hu — o]

Thus (F1) and (F3) hold.

Let us check now that the PDE satisfies also the last condition of Theorem 4 of
[Rot84)], this last condition proves that the solution is defined in RT.

Let o) be a non-negative bounded initial condition and assume that ¥; is a weak
solution of (29) (with the same definition as for equation (f), replacing G by F in (R1))).

Let forall 1 <i<gq,

ki(Bi — i)

T)i(t,a:) = 7]%(51 — 041)

ﬁl(t,x) + C,~71(t,x). (23)

11



Then (7;)1<i<q is a solution of

Oy vy = Lv; + ki(B; — i) G (01, - -+, Tg), (24)
where .

G, 0 = [[ )7 - ] @5

We will prove now that for all 1 < i < ¢, v; is non-negative. Let us multiply (@) by
—(v;)— := min {v;,0}. After integration, we obtain

G [ 3@ Pdu=— [1960)-Pdu - 16~ ) [(0)-Glor -+ o). (25

where [ |V (3;)_|*dp = [ V7, - V(5;)_dp.
On the set {v; < 0}, we have

kz(ﬂz - ij)G(’Dl, e 7?7(]) - kz(/BZ - al)é(@h T 707 T 7@(])7

where we put 0 at the position . Since for all j, ()4 > 0 then it is not difficult to see

Uj
that in all cases k;(8; — «;)G(v1,--+,0,--- ,74) = 0.
All of this gives that

& [ 3@ rau<o

and since at time ¢t = 0, [((9)_)%dp = 0 then for all t > 0, 7;(t) > 0 almost everywhere.
Assume that 51 — a3 > 0. Then, since the solutions are non-negative, we get the
following global estimate of the solution,

k _
0<g = Mlbiza) oy

AL e e VAR
Ko (ﬂjo - ajo) 70
_ k(B —a1) > 0 ' k1(B1 —on) ‘ 0
Pt<v0——v- <o + | —=\l"i || -
b k(B —agy) Il Kjo (Bjo — o) 7l
If 61 — a3 > 0 does not hold, we use i instead jy to get the same result with jg.
Then condition (197) of [Rot84] is satisfied and Theorem 4 can be applied (with
q1 = @ =71 = 19 = 00). It gives a global weak solution #; of (23) on [0, +00). As
before in (3), we are able to build the functions v; to get a weak solution of (24).
The same method as above in (RJ) proves that for all 0 < i < ¢, v; > 0. This
gives that G(v1,- -+ ,7,) = G(v1,--- ,7,) and then (7;)1<;<, is also a non-negative weak
solution of (ff) which finished the proof of the existence.

Let us prove now the uniqueness of the solution. If (v;)1<i<4 is a weak non-negative
solution of (f]), then v is a weak solution of (fJ) with j = 1. Corollary of Theorem 1 of
[Rot84] insures that v; is the unique weak solution of (f]). >

This corollary is a direct consequence of (§).

Corollary 4.2 Assume that there exist 1 < ig,jo < q such that B;, — o, > 0 and
Bjo — ajp < 0.

Let (vi)1<i<q be a solution of (f). Then for all 1 <i < q such that 3; — a; > 0 one
gets for allt > 0 and x € Q):

'UQ ’UO

0 S ’Ui(t,:E) § k’z(ﬁl — Oéi) min {Pt <kl(ﬂZ Z_ ai) — kj(ﬂjj— aj)> (l‘), ﬁj — Oéj < 0}
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and for all 1 <1 < q such that §; — a; < 0:

v) v)

0<w(t,x §k:iﬁi—ozimin{P< L — L >x,ﬂ—a'>0}.
() < il =il P\ =)~ R —a )

In particular when initial conditions are bounded, solutions of (f) are also bounded with
an explicit upper bound.

Theorem 4.3 Assume that the semigroup (Py)i>0 satisfies a spectral gap inequality ([)
with respect to the invariant probability measure . Assume also that for all 1 < i < g,

Oéiﬁi =0.

Let (v?)l <i<q be a non-negative bounded initial condition. We assume furthermore
that for all 1 <i <gq, [v)du > 0.

Let (s;)1<i<q be the steady state given by Lemma [[.3. Then for all 1 < i < g, one
gets

/ (v; — 8;)%dp < K exp (— min {a, M }t), (26)

where a > 0 depends on «;, B; and Csqa instead M,K > 0 depend on the initial
conditions.

Proof
<1 The idea is almost the same as in Theorem B.J except that we do not obtain the
optimal rate.

Assume that 61 — a3 > 0, the opposite case could be treated in the similar way.
Equation (f) applied for j = 1 reads

o1 = Lvy + F(t,z,v1),
where
F(t7$7y) = kl(ﬁl - Oél)x
L kBi-e) >” q(h@—w) | )ﬁ
(g (kl(ﬂl_al)y"i'cz,l(t’x) _g kl(ﬂl_al)y"i'cz,l(tv:E)

and functions C; 1 (¢, z) are defined in (). Ergodicity property of the semi-group (P );>0
implies that for almost all x € €,

) ki(Bi — o)
lim Cj 1 (t, :/<?—70>d = O,
Jim G (¢, ) U (B =) L) 1

Denote by Fuo(y) the limit of F'(¢,x,y) when ¢ goes to infinity. Note that F,, does not
depend on x € 2. Then, one gets

%% / (ay — 31)2d,u < ki1(fr — o) / (a1 — s1)(F(t,-,a1) — Fool(ar))dp
+k1(B1 — 1) / (a1 — s1)Foo(ar)dp. (27)

Note that Fi is equal to the polynome F' defined in ([J) where v;(0) is replaced by the
mean value of initial conditions [ vWdpu. Let us set

0 0
M (t,z) = k1(B1 — 1) min {Pt <k1(5z}1— o) kj(ﬂjj— Oéj)) (@), Bj —a; < 0},
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and for its limit as t goes to oo

MP =k i it 4 dp, Bj—a; <0
17 = k1(81 — a1) min / M —a) k(B —ay) w, B —a; <0p.

As it was shown in the proof in Theorem R.1|, Fio (X) = (X —51)Q(X) with Q(X) < 0
for all X € (0, M{°). Now using the fact that for all 1 < i < ¢, o;5; = 0 one gets also
that Q(0) < 0 and Q(M7°) < 0. Then by continuity of @) there exist €, > 0 such that
Q(X) < —efor all X € [0, M{° + 7).

For the second term in (R7), we get

k’l(ﬁl — 041) / (’U1 — Sl)Foo(Ul)d,u < —k‘l(ﬁl — 011)6/{ e, } (Ul — 31)2d,u
v <MP°+n
(81— ) /{v1>Mfo+n} (01— 1) Fxo (1),

and then for some constant K depending on initial conditions

(81— an) [ (01 = s0)Pro(on)d <
— k(B — al)e/ (v1 — s1)%dp + K pfvy > M + 1},
Corollary [[.9 implies that M;(t,-) = v1 and then Markov inequality gives
(81— an) [ (01 = 50)Prclon)d <
— k1 (1 — al)e/ (vi — s1)%dp + K Var, (M (t,-)). (28)
Since for ¢ measurable functions g; € La() one has
1
Var,(min {g;, 1 <i<q}) < B ZVaru(gi),
i=1
so the last term of (R§) gives
ki1(B1 — aq) / (v — s1)Foo(v1)dp < —k1(B1 — oq)e/(vl — 51)%dp + K'e_C—éGt,
where K’ is an another constant depending on initial conditions.

Let us note F(t,z,y) = .7, Ki;.y" and Foo(y) = Y.7_, Keoy® where we note
vy=max{> I | B, 2L, a;}. The first term of (R7) gives

/(vl —51)(F(t,,v1) — Foo(v1))du < 1//(1)1 — sl)ZduZ \// VI (Kyiz — Koo,i)?dp.
i=1

Let us consider one of them, with 1 < i < ¢, one has

/U%i(Kt,i,w — Koo i)?dp < \// vi”du\//(Kt,i,m — Koo i) 4dp.

There exist some sets I'; ; and A; and constants p; ;, € R, v; ;» € N such that

Ktvivr = Z H /’L%],k(c’%l(t?l"))fy’h]’k'

JEA; kel ;
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Then for some constant K; > 0, p; ;. > 2 and ¢; 1 > 0,

/(Kt,z’,m Koo 'dn <K Y ] </((Cz',1(t, )Tk — (Cﬁ)%”"k)pi'j’k@)

JEA; k)EFi,J‘

di,j,k

Since the initial conditions are bounded and p; ;i > 2, one gets for some another
constant K

/((Ci,l(t, )Tk — (CRF) T PRk dp < K/ (Cin(t,) — C39) dp,
and then spectral gap inequality gives for some K,
- __1
J(@uattyon = (Cy ot prosau < KT e

Then we have proved that there exits v; > 0 and R; > 0 depending on initial conditions
and Cgg such that

/(Ktzm — Kooi)dp < Rie™ it

All of these estimates give for some « > 0 depending on «;, §; and Cgg and R > 0
depending on initial conditions the following bound

k(61 — 1) / (a1 — s1)(Fi(a1) — Foo(ar))dp < \// (a1 — s1)°dp Re ™",

If o(t) = 1/ [ (a1 — s1)°dp, the equation (Z7) becomes
& (1) < —k1 (B — ar)ep(t) + Re~ + K'e~osal,

which finishes the proof. >

Remark 4.4 One can generalize the last theorem in the following way without assum-
ing that for all i, a;3; = 0. Let consider i™ and j~ such that

0q 0.d
s {_f%“}:_lﬂli

Jys.t. Bj—a; >0 Bj — o Bi+ — ay+
and 0
fU?du B fvj,d,u
sup B R G S M
st Bi—aj<0 | B —aj Bi- — ay-
Assume only that o+ B+ = aj-B;~ = 0. Then the computation for the species it and

j~ are the same as in the proof of Theorem [[.3.
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