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Fisher Distribution for Texture Modeling of
Polarimetric SAR Data

Lionel Bombrun,Student Member, IEEEBNnd Jean-Marie Beaulieu

Abstract—The multi-look polarimetric SAR covariance matrix More recently, second-kind statistics (or Log-statigtitave
is generally modeled by a complex Wishart distribution. For peen used and seem to be particularly appropriate to tage int
textured areas, the product model is used and the texture gecount the multiplicative aspect of speckle noise. For one
component is modeled by a Gamma distribution. In many cases, h | SAR data. the Fisher distribution i dt del th
the assumption of Gamma distributed texture is not approprate. channe . ata, the IS er. .'s r_' ution IS used to mo
The Fisher distribution does not have this limitation and can Observed signal for the classification of urban areas [3¢ Th
represent a large set of texture distributions. As an examm@, distribution provides good approximations of differenhda
we examine its advantage for an urban area. From a Fisher cover types.
distributed text_ure comp(_)nent, we_derlve the_dlstrl_butlon of the This paper shows how the Fisher distribution could be used
complex covariance matrix for multi-look polarimetric SAR data. t del th b d si | f ltich | larimetri
The obtained distribution is expressed in term of the KummetJ 0 moge € observed signal 1or m_u IC ar.lnET pc_) arl_me ne
Conﬂuent hypergeometric function Of the Second k|nd Those SAR data Of teXtured scenes. The FISheI’ dlSthbUtIOﬂ IS Used
distributions are related to the Mellin transform and secord kind  to model only the texture component We first present the
statistics (Log-statistics). The new KummerU based disthiution  Wishart distribution for homogeneous areas and introdbee t
should provide in many cases a better representation of teuted  ,5qyct model. In section I, we derive the distribution of
areas than the classickC distribution. Finally, we show that the ob d . trix for Fisher distributed t
the new model can discriminate regions with different textue € observe F:ovarlance matrix tor 'S_ er distribute u]_ X
distribution in a segmentation experiment with synthetic extured  1he new pdf involves KummerU function. We examine the
polarimetric SAR images. texture histogram of an urban area to show the advantage of

Index Terms—Polarimetric SAR images, Fisher distribution, this approaCh' Finally, we aPP'Y the new pdfin a sggmematio
Texture, KummerU, Classification, Segmentation. experiment on synthetic data with varying texture disttiins.

w Il. COVARIANCE MATRIX DISTRIBUTION
. INTRODUCTION
A. Pdf for homogeneous scenes

Synthetic .ApeT‘“re Radar (SAR) data are the result c?fOne-Iook Polarimetric SAR data are completely charac-
a coherent imaging system that produces the speckle noise Sun Sh

phenomenon. The intensity and phase of the backscattealsigarized by the scattering matri§ = Sor Suul” Sho IS

are modeled by a complex Gaussian distribution. For multhe scattering component for horizontally polarized traits
look one channel SAR data, the intensity follows a Gammgyq antenna and vertically polarized receiving antenra. F
distribution. For multi-look multichannel PolarimetricAR  the monostatic case, the reciprocity assumption holds. The
(PoISAR) data, the covariance matrix should be used. Fiy fukyoss-polarization terms,, and S,, are equal. The radar

de_velopeq speckle, the covarian_ce _mat_rix follows the C_emplbackscattering signal is described by the target scagterin
Wishart distribution [1]. These distributions, that chaeaize vectorx — (sz, S, \/55;“,)T where T is the transposition

the speckle noise phenomenon, have been generally usedlof i For homogeneous (no textured) scene (denoted by

SAR datq a_nalysis. It is assumed th_at land cover backscag Bscript h) and fully developed speckle, the pdfdbliows
charactenstl_cs.are homogeneous (uniform or not texturee) a zero mean multivariate complex Gaussian distribution [1]
the area. This is not the case for forest areas, for examepte. F

. . 1 &
textured scenes, the "product model” has been proposed [Pie L-look covariance matrixzZ, = I > xpxy, follows
The observed signal is the product of a positive scalar textyne complex Wishart distribution [1] =t
componentu with the speckle component. For polarimetric

SAR data, this model assumes that the texture component is L L— -1

. o ) L*?\Z P —Ltr (X, Z
independent of the polarization. The texture term is gdiyera pz, (Z,|Z,) = plﬁi' exp { r (S Zn)} (1)
modeled by a Gamma distribution. The observed signal then w7 D(L)--I(L—p+1)[Esl*

follows a K distribution. This model has been largely used \wherey), = F [XXH} is the population covariance matrix.

and seems particularly appropriate for forest areas. ®ther[.], ¢+ (.) and| - | are respectively the expectation, the trace
distributions (WEIbU”) or approximations to the distribution and the determinant operator. The Superscﬁpdenotes the
have been proposed. complex conjugate transpositiop. is the dimension of the

L. Bombrun is with the GIPSA-Lab, Grenoble Institute of Teology, target scattering vectok (p = 3 for the reciprocal case).
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the covariance matrix for homogeneous surfdée= uZy,.

H 7 H empirical
Generally the texture. is po_larlmetrlc de_pendent ands PR
represented by a matrix. But in this Lettarjs assumed to be A ~=Fisher distribution (log moments)
a positive scalar parameter. The probability density fiomct /\ ~— Gamma distribution

of the covariance matriZ can be derived by the following
equation [2] [4] [5]:

oo

pel2in o) = [psh) plel)dn @
0
where« is the parameter set of texture distribution. >
For forest areas, the gamma distribution has been widely % o5 s 2 a5 3 s 4
used to model the texture. The associated covariance matrix
follows aC distribution, so named because it uses the modified )
K-Bessel function of the second kind [4]. Fig. 1. Texture modeled by Gamma and Fisher pdf
With high resolution images of man-made objects, the
Fisher distribution has been successfully introduced tdeho ~ «,mmerU distributed covariance matrix
the SAR clutter [3]. In next section, the advantage of this

distribution family for texture modeling is examined anc th As the I_:|§her d|str|t_)ut|on fit well_a large range of .SAR
covariance matrix pdf is derived analytically clutter [3], it is of great interest to derive the covariameatrix

pdf for a Fisher distributed texture. The pdf shown in Eq. 4
I1l. SCENE TEXTURE DISTRIBUTION (at the top of the next page) is obtained by substituting Eq. 1

A. Fisher distribution and Eq. 3 inside Eq. 2.

. o , By moving out of the integral the terms independeniof
The pdf of the Fisher distribution is defined by 3 parametejs, integral term becomes:

as: r_1 £-1

Lp \"™ L _ Lu \~

_ P _

( " Mm) ' / (1 " Mm)
with £ > 0, M > 0. The Fisher distribution is not related to ] Mm1 .
electromagnetic wave theory. It involves the Mellin transf T We replace the texture variableby ¢ = Z 5 in Eq. 5,
and second kind statistics. we get:
-1
B. Benefit of Fisher distribution L4 oo €XDp {_%ﬁ} tLp+M=1
—
The ability of Fisher distribution to model real data is — ( £ ) / mn dt

examined. An 8-look L-band polarimetric SAR imag# & 50 Mm ) (1+4¢)5tM
pixels) is extracted from an urban area of the Oberpfafféarho (6)

test site. Pixel texture values are computed by maximum like Abramowitz and Stegun have shown the following relation
lihood estimation ( [5], see Eq. 20). For each pixel, theuext [7, Eq. 13.2.5] which links an integral to the confluent hyper
componeni. is estimated from the observed pixel covariancgeometric function of the second kind (KummerU, denoted by
matrix Z and the estimated homogeneous covariance mattvx(.) in Eq. 7).
of the segment. The texture histogram is approximated by oo
Gamma and Fisher pdf. The Fisher parameters are estimate a1l b—a—1
from both moment agd log-moment v%lues (see [3] or [6] for dr(a)U(a’b’Z> - /eXp(fzﬂt (1+1) dt(7)
cumulants statistics). Fig. 1 shows the real data histogvaim 0
Gamma and Fisher approximation curves. with R (a) > 0 andR (z) > 0.

The Fisher distribution curves give the best estimate of the . _— Ltr (S, 'Z) L
texture histogram. Indeed, Fisher distributions are Pea¥d Next, by using the SUbSFItu“Oﬂ - Mm, “=
solutions and cover a large range of distributions [3] [6]sI Lp+M andb=1+Lp—Lin Eq. 6 and by combining Eq. 4,
not confined to urban scenes. It fits reasonably forested drd 6 and Eq. 7; it can be demonstrated that the covariance
agricultural fields. Parametess and M control the comport- matrix for a Flsher distributed texture has a pdf that uses a
ment of the head and tail of the distribution. Fisher distin KummerU function (see Eq. 8 at the top of the next page). In
is equal to the Mellin convolution of a Gamma distributioin® following, such pdf will be named KummerU distribution.
by an inverse Gamma distribution. Fisher distribution can b
viewed as a generalization of Gamma distributions. In this IV. HIERARCHICAL SEGMENTATION
example, the log-moment estimation method provides atbette Once the covariance matrix pdf for a Fisher distributed-clut
estimate than the moment based method [3] [6]. ter is found, criterion can be easily derived for segmeorati



D(L+M) L (%)U

s LL”|Z|L_”eXp{—£ tr (Zh_1Z)}
1
p(p—1 1% 4)
F%F(L)---F(L—p—l— plre|s,|t T(E)D(M) Mm ( L )£+M (

p2(ZISh, £, M, m) =/

14 =
+Mm

Ltr|z|t» L+ M)
0L - T(L = p+ 1)[8, |2 TLT(M)

( £ )Lpr(Lp+M)U(a,b,z) (8)

pZ(Z|Eh;‘CaM7m): Mm

or classification of POISAR data. In this paper, the hieraalh texture 1 texture 2

segmentation algorithm proposed by Beaulieu and Touzig[8] i L=5 L=5

adapted to the KummerU distributed covariance matrix. Theg M=i0 M=3i0
m= m=

segmentation process can be divided into three steps:
1) Definition of initial partition.

texture 3 texture 4

2) For each 4-connex segments pair, the stepwise criterio), ™ -1 =10
SC, is computed. Then, we find and merge the two| Aq=10 M=30
segments which minimize the criterion. m=1 m=1
3) Stop if the maximum number of merges is reached,
otherwise go to step 2. @) (b)
A. Stepwise criterion TL-sandw-io
The criterion used in the hierarchical algorithm is based ' L=10ana 10

on the log-likelihood function. IfS; and S; are two adjacent
segments, the stepwise criterion (§Tis expressed as [8]:

SGCi; = MLL(S;) + MLL(S;) —MLL(S; U S;)  (9)

where MLL() is the segment maximum log-likelihood func-
tion.

1) For the Wishart distribution:the stepwise criterion is —
derived from Eq. 1: ' s r
SCL',]‘ = L(m +nj)1n|C’S%U5j| — Ln; 1n|057’| (©
—Ln;In|Cg,]| (10) Fig. 2. (a) image containing the 4 segments (ground trutt)Fisher param-

eters used in the simulation (b) 4-areas synthetic texmagée 200 x 200),
whereCy, is the mean covariance matrix calculated over the) Fisher distributions used for the simulation

n; pixels of the segment;. It is the best likelihood estimated
of X for the S; segment.
2) For the KummerU distribution:the maximum log-
likelihood function for segment is derived from Eq. 8. After
removing terms that will be cancelled in the stepwise doter inversion of the cumulative repartition function. Thosstér
the log-likelihood function can be rewritten as (see Eq. 1.1 gistributions are presented in Fig. 2(c). The speckle is-con
the top of the next page). structed from a Wishart distribution with the same paransete
£, M andr are respectively the estimated of the Fisheaver the whole image (8-look). Wishart samples are gengrate
parameters, M andm by the log-cumulants method [3] [6]. using the algorithm proposed by Odell and Feiveson [9]. Then

Cy, is the best likelihood estimate af;, for the segmens.  the PoISAR dataset is generated by multiplying the texture
image by the homogeneous covariance matrix (speckle). The

B. Seamentation of a svnthetic image segmentation algorithm is executed with an initial paotiti
- €9 y 9 where each segment is a bloc bf x 10 pixels. The initial

The hierarchical segmentation algorithm proposed Iyartition is composed of 400 segments.
Beaulieu and Touzi [8] has been implemented with the Kum-

merU criterion (Eq. 11). For real data, the between regionTab. | shows the Kolmogorov distance between the Fisher
variation of the covariance matrix is often more importardistributions used in the simulation. Note that this dis&an
than the variation of the texture distribution. We use alsgtit is rather small (from0.049 to 0.102). Segmentation of the
image to consider only texture distribution variationg).FA(b) simulated data is a difficult task because the same Wishart
shows the simulated texture image0( x 200 pixels). It distribution is used and texture are quite similar, as can be
contains fourl00 x 100 Fisher realizations generated by th@bserved in Fig. 2(b)



MLL(S) = — nLIn |Cy| +n1n{r(£+/\?l)} —nln{r(ﬁ)} ~ nlh {F(M)} +nLpln (/\f )

m
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Fig. 3. Partitions with 5 segments produced by (a) Kummesiitéraon, (b)
Wishart criterion, (c)K criterion

g
I

TABLE | @ ()

KOLMOGOROV DISTANCE BETWEEN THE4 TEXTURES.

textures 1-2 1-3 1-4 2-3 2-4 3-4
di 0.049 | 0.074 | 0.102 | 0.063 | 0.092 | 0.072

C. Segmentation result

The segmentation result with 5 segments is shown in Fig.3.
For comparison, the result obtained from the Wishart and the
K distribution based criteria are presented [8]. The bestltres ©
is obtained with the KummerU criterion. Fig. 5. Segmentation for a given false alarm probabitity, = 0.05 for (a)

The evaluation of segmentation result is a difficult prohlenkummerU criterion (5 segments), (b) Wishart criterion (2gments), (c)C
Fig.4 presents curves similar to Receiver Operator Char&gterion (11 segments)
teristic (ROC) curves that clearly show the advantage of the

KummerU criterion. For a pixet, let S, be the set of pixels . _ . .
belonging to the same output segmentzasnd let T, be partition of 400 segments. At each iteration, a new partitio

the set of pixels belonging to the same input ground trulfy Produced by merging 2 segments. The ROC curves are
region asz. C, is the complement off, and |T] is the obtained by calculating,; andp;, for each partition.

size of the sefl’ (the number of pixels in the set). For each N Fig. 4, the ROC curve for the KummerU distribution
) ) ) 1S, NTy is better than the curves for the Wishart distribution atd
pixel z, we define the detection ratio and the  gistribution. Whenp;, = 0.05, the detection probability is

T |
. Sz N Cyl ) much better for the KummerU criterion (0.85) than for the
false alarm ratio a - By taking the average values,yishart andi distribution criterion (0.3) and the correspond-

|C

of these ratios over the whole image, we obtain measulieg partitions, shown in Fig.5, contain respectively 5, 2@l a
corresponding to the detection probability and the false 11 segments. This shows the advantage of using a criter&n th
alarm probabilityp .. The segmentation process starts with ean discriminate between a large range of texture distabst




TABLE Il
BETWEEN REGION SIMILARITY COMPARISON FOR THENISHART, THE KC
DISTRIBUTION AND THE KUMMERU DISTRIBUTION

Urban 1 | Urban 2 | Forest 1
Wishart distribution
Urban 2 10290
Forest 1 6850 7178
Forest 2 6826 7238 201
KC distribution
Urban 2 340
Forest 1 645 1221
Forest 2 609 975 199
KummerU distribution
Urban 2 68
Forest 1 471 1499
Forest 2 436 1244 200

Fig. 6. 2 forest areas and 2 urban areas (30x30 pixels) azetedlinto the
Oberpfaffenhofen image.

texture distribution is useful to segment textured polatitc
D. Criterion comparison with real data SAR images.

seriously limit the advantage of the KummerU distributiorf€r understanding of the segmentation algorithm perfooesn

The evaluation of the benefit of the KummerU distribution Future developments could involve the combination of
in real application is an involved task. We present a Simp}@nshart and KummerU based criterion for the segmentation of

case with 2 forest areas and 2 urban areas (30x30 pixdfj€d images with textured and no textured areas. An other
manually selected into the Oberpfaffenhofen image (Fig. G)€rspective of this work could be the adaptation of the Wisha
The presented criteria are calculated for each region p&issifier to the KummerU distribution [10].

(Table. I). A small value indicates that the 2 regions of plagr

are similar. For the Wishart distribution, the distancenzstn ACK,NOWLEDGMENT )
the 2 urban regions (10290) is larger than the difference I e authors would like to thank the anonymous reviewers

between any urban region and any forest region. This ineticafor the constructive comments and corrections that helped t
that the Wishart criterion will have difficulty to separatdan IMprove this letter.
areas from forest areas. This is not the case forihand

KummerU distribution where the urbanl-urban2 distanc® (34[1

for K "?md 68 for KummerU) IS_ smaller th_an the urban- plex Gaussian distribution (an introduction),” inn. Math. Statist.
forest distances. The KummerU criterion considers the amrb vol. 34, 1963, pp. 152-177.

regions more similar than do theé criterion (68 vs 340). This [2] I. Joughin, D. Winebrenner, and D. Percival, “PolarinetDensity

will facilitate the grouping of urban regions. E‘érécs“c?gﬁcfé’% Igelgﬁqkofeoggr?;%? ;szlg,]ngege,gfpélzsggigﬁftfggfn
Forestl and Forest2 regions are equally similar, independes] c. Tison, J.-M. Nicolas, F. Tupin, and H. Maitre, “A Newtaistical

of the texture model employed (S€ 200). Texture appears Model for Ma!:kovian Classification of Urban Areas in HighsRéution

unimportant for these forest classification. \?(jAl_R4'2m?]%‘_asl'(;EE§ ;BZ%S_E‘Z%QSSSO%Z?SZ%ETG and Remote Sensing

Moreover, the KummerU distribution can tends to merge4] J. Lee, D. Schuler, R. Lang, and K. Ranson, “K-Distribatifor Multi-

segments from different class. The Forestl-Forest2 imiter Look Processed Polarimetric SAR Imagery,”@eoscience and Remote

is only twice lower than the Urbanl-Forestl criterion foeth ~ Senod ISARSS 94 Pasadena, California, United Stet884, pp.

KummerU distribution, whereas this ratio is about 3 for the [5] A. Lopes and F. Séry, “Optimal Speckle Reduction foe tRroduct

distribution. Model in Multilook Polarimetric SAR Imagery and the Wish&@istri-

bution,” IEEE Transactions on Geoscience and Remote Sengihdg35,

no. 3, pp. 632-647, 1997.

V. CONCLUSION [6] J.-M. Nicolas, “Application de la transformée de Melliétude des

] o ) ) o lois statistiques de l'imagerie cohérente,” Rapport de recherche,
In this paper, the efficiency of using a Fisher distributiont  2006D010 2006.

model the texture of polarimetric SAR data has been showf/] M. Abramowitz and I. StegunHandbook of Mathematical Functions

. . . With Formulas, Graphs, and Mathematical Tahldé964.
Then, with the product model hypothesis, the covariance mgg) ;. Beaulieu and R. Touzi, “Segmentation of Texturedlafmetric
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