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REGULARIZING EFFECT AND LOCAL EXISTENCE
FOR NON-CUTOFF BOLTZMANN EQUATION

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

ABSTRACT. The Boltzmann equation without Grad’s angular cutoff assumption is believed to
have regularizing effect on the solution because of the non-integrable angular singularity of the
cross-section. However, even though so far this has been justified satisfactorily for the spatially
homogeneous Boltzmann equation, it is still basically unsolved for the spatially inhomogeneous
Boltzmann equation. In this paper, by sharpening the coercivity and upper bound estimates
for the collision operator, establishing the hypo-ellipticity of the Boltzmann operator based
on a generalized version of the uncertainty principle, and analyzing the commutators between
the collision operator and some weighted pseudo-differential operators, we prove the regularizing
effect in all (time, space and velocity) variables on solutions when some mild regularity is imposed
on these solutions. For completeness, we also show that when the initial data has this mild
regularity and Maxwellian type decay in velocity variable, there exists a unique local solution
with the same regularity, so that this solution acquires the C'°° regularity for positive time.

1. INTRODUCTION

Consider the Boltzmann equation,

(1.1) fe+v-Vof =Q(f. f),

where f = f(t,x,v) is the density distribution function of particles with position z € R? and
velocity v € R? at time ¢. The right hand side of (DI) is given by the Boltzmann bilinear collision
operator

Qo.t) = [ | [ Bo=0e0) (o)) = g(0) )} ..

which is well-defined for suitable functions f and g specified later. Notice that the collision operator
Q(-, ) acts only on the velocity variable v € R3. In the following discussion, we will use the
o—representation, that is, for ¢ € S2,

o vV + U, n |v—v*|a’ o = VUL |v—v*|a7
2 2 2 2
which give the relations between the post and pre collisional velocities.

It is well known that the Boltzmann equation is a fundamental equation in statistical physics.
For the mathematical theories on this equation, we refer the readers to [@, , @, @, @]7 and the
references therein also for the physics background.

In addition to the special bilinear structure of the collision operator, the cross-section B(v—vy, o)
varies with different physical assumptions on the particle interactions and it plays an important
role in the well-posedness theory for the Boltzmann equation. In fact, except for the hard sphere
model, for most of the other molecular interaction potentials such as the inverse power laws, the
cross section B(v — vy, o) has a non-integrable angular singularity. For example, if the interaction
potential obeys the inverse power law 7~ ®~1) for 2 < p < co, where 7 denotes the distance between
two interacting molecules, the cross-section behaves like

B(Jv — vi],c080) ~ |v — v, [7072725, c059=<ﬂ,0>, ogegg,
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with
—3<7=p;5<1, 0<5=L<1.
p—1 p—1
As usual, the hard and soft potentials correspond to 2 < p < 5 and p > 5 respectively, and the
Maxwellian potential corresponds to p = 5. The fact that the singularity §=272% is not integrable
on the unit sphere leads to the conjecture that the nonlinear collision operator should behave like

a fractional Laplacian in the variable v. That is,
Q(f, f) ~ —(—A,)°f + lower order terms.
Indeed, consider the Kolmogorov type equation
frtv - Veof = =(=Ay)°f.

Straightforward calculation by Fourier transformation shows that the solution is in Gevrey class
when 0 < s < 1 and is ultra-analytic if 3 < s <1 for initial data only in L?(R3 x R3) if it admits
a unique solution (see @] for a more general study). However, for the Boltzmann equation, the
gain of Gevrey regularity of solution is a long lasting open problem which has only been proved so
far in the linear and spatially homogeneous setting, see [@]

The mathematical study on the inverse power law potentials can be traced back to the work
by Pao [@ in the 1970s. And in the early 1980s, Arkeryd in [@] proved the existence of weak
solutions to the spatially homogeneous Boltzmann equation when 0 < s < %, while Ukai in [@]
applied an abstract Cauchy-Kovalevskaya theorem to obtain local solutions in the functional space
of functions, which are analytic in « and Gevrey in v. However, the smoothing effect of the collision
operator was not studied at that time.

Since then, this problem has attracted increasing interests in the area of kinetic theory and a
lot of progress has been made on the existence and regularity theories. More precisely, that the
long-range interactions have smoothing effects on the solutions to the Boltzmann equation was
first proved by Desvillettes for some simplified models, cf. [@, @] This is in contrast with the
hard sphere model and the potentials with Grad’s angular cutoff assumption. In fact, for the hard
sphere model, the cross-section has the form (in the o representation)

B(|v — vy, co80) = qolv — 4],

where qq is the surface area of a hard sphere. For singular cross-sections, Grad [@] introduced the
idea to cut off the singularity at = 0 so that B(Jv—uv.|,cosf) € L'(S?). This assumption has been
widely accepted and is now called Grad’s angular cutoff assumption which influences a few decades
of mathematical studies on the Boltzmann equation. Under this angular cutoff assumption, the
solution has the same regularity, at least in the Sobolev space, as the initial data. In fact, it was
shown in [B4], that the solution has the form

flt,z,v) =alt,z,v)f(0,z — vt,v) + b(t, z,v),

when the initial data f(0,z,v) is in some weighted L% , space. Here, a(t,z,v) and b(t,z,v) are
in the Sobolev space Hf,w,v for some § > 0. And the term f(0,2 — vt,v) just represents the free
transport so that it is clear that f(¢,2,v) and f(0,z,v) have the same regularity.

One of the main features of the Boltzmann equation is the celebrated Boltzmann’s H-theorem

saying that the H-functional
H(t) = / flog fdxdv,
R3xR3

satisfies

where

>

—~

=
|

- / Q(f, f)log fdedv > 0,
R3 xXR3
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which is called the entropy dissipation rate. Notice that D(¢) is non-negative and vanishes only
when f is a Maxwellian. The non-negativity of D indicates that the Boltzmann equation is a
dissipative equation. This fact is a basic ingredient in the L' theory of the Boltzmann equation,
see for example [BJ].

By using the entropy dissipation rate D and the “Q smoothing property”, the formal smoothing
estimate was derived by P.-L. Lions (see the complete references in [f])

S 1

VI T )™Mz < CIFI Sl + DR 6= 0=

for any constant m > 3. Notice that the above regularity estimate is on /f but not f itself.
Later, some almost optimal estimates together with some extremely useful results, such as the
cancellation lemma, were obtained in the work by Alexandre-Desvillettes-Villani-Wennberg [ﬂ]
By using these analytic tools, the mathematical theory regarding the regularizing effect for the
spatially homogeneous problems may now be considered as quite satisfactory, see [@, EI, @, ,
@, @, @, @], and the references therein.

However, for the spatially inhomogeneous equations, there are much less results. The main
difficulty comes from the coupling of the transport operator with the collision operator, and the
commutators of the differential (pseudo-differential) operators with the collision operator. There
are two progresses which have been achieved so far. One is about the local existence of solutions
between two moving Maxwellians in [E], obtained by constructing upper and lower solutions. The
other one is about the global existence of renormalized solutions with defect measures constructed
in [@], which becomes weak solutions if the defect measures vanish. Some results on similar but
linear kinetic equations were also given in and . In particular, a generalized uncertainty
principle a la Fefferman [@] (see also @ @ ) was introduced in [H] in order to prove smoothing
effects of the linearized and spatially inhomogeneous Boltzmann equation with non-cutoff cross
sections, and get partial smoothing effects for the nonlinear Boltzmann equation. In the following
analysis, this partial regularity result, together with its proof, will also be used.

This paper can be viewed as a continuation of our recent work [E] Under some mild regularity
assumption on the initial data, we will prove the existence of solutions and their C'*° regularity
with respect to all ( time, space and velocity) variables.

Even though it is still not known whether only some natural bounds, such as total mass, energy
and entropy on the initial data, can lead to the C* regularizing effect, as far as we know, the
results shown in this paper are the first ones justifying the C'*° regularizing effect for the nonlinear
and spatially inhomogeneous Boltzmann equation without Grad’s angular cutoff assumption.

In order to state our theorems, let us first introduce the notations and assumptions used in this
paper.

The non-negative cross-section B(z, ) (for a monatomic gas, which is the case considered herein)
depends only on |z| and the scalar product < ﬁ, o >. In most cases, the collision kernel cannot
be expressed explicitly, but to capture the essential properties, it can be assumed to have the form
UV — Uy

B(Jv — vs,cos0) = ®(|v — v,])b(cosh), cosf = ,o), 0<6<

0

[v — vy -T2
Furthermore, to keep the presentation as simple as possible, and in particular to avoid the

difficulty coming from the vanishing of the cross-section at zero relative velocity, we assume that

the kinetic factor ® in the cross-section is modified as
(1.2) P(lv—v)=(1+v—ul)?, yeR

This point can certainly be removed using our whole calculus, at the expense of technical and more
complicated details.
Moreover, the angular factor is assumed to have the following singular behavior

(1.3) sin® b(cosf) ~ KO '~ when 6 — 0+,
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where 0 < s < 1 and K is a positive constant. In fact v = 0 corresponds to the Maxwellian
molecule, v < 0 corresponds to the modified soft potential, and v > 0 corresponds to the modified
hard potential. The singularity will be called mild for 0 < s < % and strong for % < s < L
The case s = % is critical in the sense that different computations are required in many parts of
our proofs for mild and strong singularities, as will be seen below. This is similar to the known
fractional Laplacian studies.

It is now well known from the work [f] that the singular behavior of the collision kernel ([L.3)
implies a sub-elliptic estimate in the velocity variable v. In the following analysis, we shall need
a slightly precised weighted sub-elliptic estimate in the velocity variable. We shall show that for
yeRand 0<s< 1,if f>0,£20, f € L1 Llog L(R3), there exists a constant C' > 0 such that

for any function g € H*(R2) we have
(1.4) C_lHAf;Wv/QgH%?(]R%) < (=Q(f,9); 9)r2ms) + OHfHLg(RS)||9H%i+/2(Rg),

where § = max(7+,2 — y7), 7" = max{y, 0}. Here W; = W;(v) = (1 + [v|2)V/2 = (v)',1 € R, is
the weight function in the variable v € R3.

Similar sub-elliptic estimates, first proved in [E] and then developed in many other works such
as [@] in a linearized context, have been used crucially at least for the following two aspects:

i) the proof of the regularizing effect on the solutions to the spatially homogeneous Boltzmann

equations, see [@, @, @, @, @]7

ii) the proof of existence of solutions to the nonlinear and spatially inhomogeneous Boltzmann
equation [H, @, @]

In this paper, we will apply this tool in order to study the complete smoothing effect for the
spatially inhomogeneous and nonlinear Boltzmann equation.

It is now well understood, see ] and references therein, that Landau equation corresponds to
the grazing limit of Boltzmann equation. However, while Landau operator involves usual partial
differential operators, it should be kept in mind that fractional differential operators appear in the
Boltzmann case, see [ﬂ ﬁ] Therefore, the analysis on the Boltzmann equation appears much more
involved because it requires the unavoidable use of Harmonic Analysis. In particular, we shall use
a generalized uncertainty principle which was introduced in [E]7 and the estimation of commutators
used in the work [@] for the study of hypo-elliptic properties.

Throughout this paper, we shall use the following standard weighted (with respect to the velocity
variable v € R?) Sobolev spaces. For m, [ € R, set R” = R; x R3 x R3 and

H"(RT) = {f € S'®); Wi(v) f € H"(R") },
which is a Hilbert space. Here H™ is the usual Sobolev space. We shall also use the functional
spaces H, l’“ (Rg) ») and H ﬁ (R3), specifying the variables, the weight being always taken with respect
to v € R3.
Since the regularity property to be proved here is local in space and time, for convenience, we

define the following local version of weighted Sobolev space. For —oo < T7 < T3 < 400, and any
given open domain Q C R2, define

H(Th, To[x x R3) = {f e D (11, To[xQ x R3);

e(O(a)f € H'(RT), ¥ € C(IT1, TaD), ¥ € (@) }.
Our first main result is about the smoothing effect on the solution and can be stated as follows

Theorem 1.1. (Regularizing effect on solutions)

Assume that 0 < s < 1, vy € R, —oc0o < T < Ty < 400 and let Q C Rg be an open domain.
Let f be a non-negative function belonging to Hy(JT1, To[xQ x R3) for all 1 € N and solving the
Boltzmann equation ) in the domain 1Ty, To[xQ x R in the classical sense. Furthermore, if f
satisfies the non-vacuum condition

(15) ||f(t7$7 )”Ll(R%) > 07
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for all (t,z) €]T1, T2[x$), then we have
fe Hl—i_oo(]Tla TQ[XQ x R?))v

for any l € N, and hence
f e C®(T, Ta[xQ; S(RY)).

With this result in mind, a natural question is whether the Boltzmann equation has solutions
satisfying the assumptions imposed above. Let us recall that solutions constructed in [E, @] do not
work for our purpose because of the lack of the weighted regularity H7. For Gevrey class solutions
from @], there is of course nothing to prove.

Thus, our second main result is about the local existence and uniqueness of solution for the
Cauchy problem of the non-cutoff Boltzmann equation.

We consider the solution in the functional space with Maxwellian type exponential decay in the
velocity variable. More precisely, for m € R, set

&' (R = {g e D'(RS,); 3po > 0 st e”<">"g e Hm(Rg,v)},
and for T > 0
en(0.T] xRS,) = {feC(0,TED(RS,));3p>0

s.t. ep<v>2f € C°([0,T7; Hm(Rg,v))}'

Theorem 1.2. Assume that 0 < s < 1/2 and v+ 2s < 1. Let fo > 0 and fo € 550 (RS) for some
4 < ko € N. Then, there exists Ty > 0 such that the Cauchy problem

fe+v-Vaof =Q(f, f),
(16) { fli=0 = fo,

admits a non-negative and unique solution in the functional space E* ([0, T.] x RS).
Furthermore, if we assume that the initial data fy is in E§(R®) and does not vanish on a compact
set K C R3, that is,
[fo(z, lLrrs) >0, VaeK,

then we have the regularizing effect on the above solution, that is, there exist 0 < To < T, and a
neighborhood Vy of K in RS such that

f € C>(]0,To[x Vo; S(RY)).

Moreover, if v < 0, the non-negative solution of the Cauchy problem @) s unique in the
functional space C°([0,T.]; H)'(R®)) for m > 3/242s, p > 3/2+ 4s.

Remark 1.3. For the inverse power law potential r—®=V) | the condition 0 < s < 1/2,v+2s <1
corresponds to 3 < p < oo which includes both soft and hard potentials.

At the moment, it is not clear whether we can relax the regularity assumption initially made on
the solutions. Note that for example, the condition that f € L'N L% (R7) is enough to give a mean-
ingful sense to a weak formulation for the spatially inhomogeneous Boltzmann equation. However,
the analysis used here can not be applied to this case, and so further study is needed. On the
other hand, the above two theorems give an answer to a long lasting conjecture on the regularizing
effect of the non-cutoff cross-sections for the spatially inhomogeneous Boltzmann equation.

Finally in the introduction, let us review some related works on the regularizing effect and the
existence of solutions for the Landau equation. The regularizing effect from the Landau collision
operator has been rather well studied. See [@, @, ] for the spatially homogeneous case. For
the spatially inhomogeneous problem, a regularizing result was obtained in [@], where the H®
regularity is assumed on the solutions to start with. And similar result was also recently proved
for the Vlasov-Maxwell-Landau and the Vlasov-Poisson-Landau systems, cf. [@] and the refer-
ences therein. As for the existence of solutions, see [@ where unique weak solutions for spatially
homogeneous case have been constructed with rather general initial data, and see [B] where the
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classical solutions for the spatially inhomogeneous case have been constructed in a periodic box
with small initial data.

The rest of the paper will be organized as follows. First of all, in the next section, we will
use the pseudo-differential calculus to study the upper bounds on the collision operator. We shall
give a precise coercivity estimate linked to the singularity in the cross-section, and estimate the
commutators between some pseudo-differential operators and the nonlinear collision operators. In
Section 3, the regularizing effect will be proved under the initial regularity assumption on the
solution. The strategy of the proof is as follows. We first choose some suitable mollifiers such
that the mollified solutions can work as test functions for the weak formulation of the problem.
We then establish a small gain of the regularity in the velocity variable, by using the coercivity
estimate coming from the singularity of the cross section. On account of the generalized uncertainty
principle, a small gain of the regularity in the space and time variables can be derived. The H T
regularity will follow from an induction argument. Finally, in Section 4, local solutions to the non-
cutoff Boltzmann equation which meet the initialization condition of Theorem m are constructed,
using a family of cutoff Boltzmann equations with time local uniform bounds independent of cutoff
parameter in some weighted Sobolev space. In particular, the uniform bounds are established with
the help of time dependent Maxwellian type weight functions which were introduced in [@, @] The
convergence of the approximate solutions follows from compactness argument, while the uniqueness
of the solutions can also be proved by using our sharp upper bounds on the collision operator.

2. PSEUDO-DIFFERENTIAL CALCULUS

Under the non-cutoff cross section assumption, the Boltzmann collision operator is a (nonlinear)
singular integral operator with respect to v € R3. In the linearized case, it behaves like a pseudo-
differential operator.

In this section, we study the pseudo-differential calculus on the Boltzmann operator. It is one
of the key analytic tools for proving the regularizing effect of the non-cutoff Boltzmann equation.
Even though the regularity proved in this paper is local in space and time variables, note that the
collision operator is non-local in the space of v variable. Moreover, since the kinetic factor in the
cross-section is of the form (v)” which might be unbounded, we need to consider the multiplication
by the weight function W;(v) of the pseudo-differential operators. Hence, they are not the standard
pseudo-differential operators of order 0 on the usual Sobolev space. In other words, we shall
consider pseudo-differential operators with unbounded coefficients on the weighted Sobolev space
H™(R2). The variables (, z) are considered as parameters for the collision operators in this section.

2.1. Upper bound estimates. We shall need some functional estimates on the Boltzmann col-
lision operator in the existence and regularization proofs below. The first one is about the bound-
edness of the collision operator in some weighted Sobolev spaces, see also [E, ﬂ, @] .

Theorem 2.1. Let 0 < s <1 and v € R. Then for any m, o € R, there exists C > 0 such that

(2.1.1) 1QUf, 9l sy < C||f||L(1x++w28)+(Rg)||9|\Hziiizs)+(n§g)
forall fe Ll py+(RY) andge H T2, L (RY) .
Remark 2.2. .

(1) The collision operator Q(f, g) behaves differently with respect to f and g: (B-1.4) shows that,
in some sense, it is linear with respect to the second factor in the velocity variable v because the
action of differentiation of Q(f, g) with respect to v goes only on g when considered in the Sobloev
space. This is clear for the Landau operator which is the grazing limit of the Boltzmann operator.
(2) The estimate ) is in some sense optimal with respect to the order of differentiation (exact
order of 2s) and also with respect to the order of the weight in v coming from the cross-section.
In [@], the cases of both the modified hard potential and Maxwellian molecule type cross-sections
corresponding to 0 < v < 1 are discussed. Let us also mention that a similar estimate was given
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m [E], but it is not optimal in terms of weight and differentiation. However, its proof is more
straightforward as it only uses the Fourier transformation of collision operator (Bobylev’s type
formula @] and see also the Appendix of [E]) For our purpose, the full precise estimate
will be needed.

Proof of Theorem R.1] :
Firstly, we consider the case when o = 0. To prove (P.1.1]) in this case, it suffices to show that
for any m € R

(2.1.2) '(Q(f, 9). h)

< 3 m s h —m .
Lams) _O||f||L(1w+25)+(R2)||g||H(WiZS)+(R3)|| || r—m (r3)

The proof needs some harmonic analysis tools based on the dyadic decomposition. It is similar to
the proof in [BY), where the hard potential case v > 0 was studied. Interested readers may refer to
the papers | @] for more details, though we will keep the paper self-contained.

Recall that

(Q(f, , L2(R’* /RS /S2 (cos0) f(v)®(Jv — v )g(v){h(v") — h(v)}dodv.dv,
where O(|Jv — v,|) = (Jv" —v,|) = (v — v,)7. Set

F(v,v.) = ®(Jv — v.|)g(v),

and write

(Q(f, 9), h) . = /]Rﬂ /S2 b(cos 0) f (vi)F (v, v ){h(v") — h(v)}dodv.dv

(2.1.3)
= /R'a f(U*)(Ul — Ug)d’l}*.

Then we have (formally) by inverse Fourier formula,

U, = /R3 /s2 (cos 0)F (v, vy )h(v )do’dv:/IRS g H (&, n,v) (€, v, )h(n)dedn,

where (also formally)

H(&,n,v.) =

w

/ b(k - a)ew'&_w/'"dadv
S2

P S {/ b(k-o)e™" e U'"do} dv
S2

eivf—iv?* n [/ b(ﬁ ) U)e_i \v—zv*\ |n|o"kld0.:| dv , (77 _ ,,7/|77|)
S2

| / (- 0)e 17 7 do | du
S2

o)e e {/ ei”'(g_"ﬂdv} do
R3
i-o)e " do 6(€ =),

[

%\%\%\;%\;

(5

Il
— o
=

9]

SN
~
<X

9]

with
+

(n+ Inlo),

o1 1
n —5(77—|77|0), =g

so that

U, = /R3 [/82 b(7 - o)e V=T da}ﬁ'(n"',v*)ﬁ(n)dn.
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On the other hand,
Us E/ / b(cos 0)F (v, v, )h(v)dodv
R3 Js2
:{/ b(cos@)do} F(n,v.)h(n)dn
S2 R3

:/R3 {/gz b(ﬁ-a)da}ﬁ(n,v*)ﬁ(n)dn,

because (formally) we have

/ b(cosB)do = / b(7 - 0)do = const.
S2

S2

Therefore, we have obtained the following generalized Bobylev formula

(@9 1) o
= s f(”*){/RS /S2 b(7 - U){eiiv*'fﬁ(nﬂv*) — F(n,v*)}%dnda} dv
= [ el [ [ s e Bt - e B0

X e '”ﬁ(n)dnda} dv,.

(2.1.4)

Notice that the above derivation is only formal for non-cutoff cross-section because we can not
split the gain and loss term in this case. However, the derivation can be easily justified as a limit
process of cutoff cross-sections when combining the gain term and loss term together.

We now introduce a dyadic decomposition in R3 as follows:

D dv) =1, ¢r(v) =2 Fv) for k>1 with 0 < ¢y, ¢ € CF°(R?),
k=0

and
supp ¢o C {|v| <2}, supp ¢ C {1 < |v[ < 3}.
Take also ¢ and ¢ € Cg° such that

¢0 =1 on {|U| < 2}7 supp (Z;O - {|U| < 3}7

¢=1 on {1/2<|v| <3}, supp ¢ C {1/3 < [v| < 4}.

Furthermore, we assume that all these functions are radial. From [v" — v,| < v — .| < V20" —v.],
it follows that

Ok (V) — ) b1 (v — v.) = G (v — v.) = (v — )P (v — v.), k>0,

and thus we get

(Q(f, 9), h)Lz(Rg) _kz_%/R /S b(cos 8) f (2 ) Fie (v, 02 ) [ (v, 02 ) — hyo (v, 02 ) Ydodv,dv,

where

(2.1.5) Fi(v,v4) = ¢ (v — v)@(Jv — vai])g(v), hi(v,v.) = ¢ (v — vi)h(v).
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Similarly to (R.1.4), we also obtain

(s 9). h)LQ(R%) :i g f(v*)[/w /S b ) ) — € B0}

k=0

X et hy (1, v*)dndo} dv,

= f(v*)ZKk(v*)dv*.
k=0

R3
In the following, we will estimate >, [K*(v.)|, regarding v, as a parameter.
By setting
Qp={o¢c S?ifo>1— 21_2k<n>_2},
and
Fk (777 U*) = eiv*-an (777 U*)v hAk(nu U*) = eiv*'nh}c(nu U*)u
we split K*(v,) into

Koo = [ [ b o) (Bl v = Bl ) Vo, )dndo

+/RS /smz; b(ﬁ'U){E(nﬂU*)—Fk(n,v*)}mdnda

=K{(v.) + K5 (v.).

Note that
(2.1.6) / 62 b(cos@)do = 27r/ sin @ b(cos 0)6*do
S2NQy, {0€[0,m/2];sin(6/2)<2—k(n)—1}
< On)?22k2=2) i) < s <1,
(2.1.7) / b(cos)do = 27T/ sin 6 b(cos 0)do
$2NQ¢ {0€[0,7/2];sin(6/2)>2—F(n)—1}

< O(n)*2%ks . for any s > 0.

It follows from (.1.7) that

e1s) Ko< [ b0

g(// b(ﬁ-0)<n>2m+28( 2+}Zi(n7v*)
R3 JS2NQE

) 1/2
(/ / (i - o) () 2" dnd0>
rs Js2nog

<C2% |[(Dy) ™2 By (0, 0:) | 12 (Do) ™™ hae(v, 04) | 2.

Eiu(nt,ve) — Fi(n,vs) dndo

2) dndo> v

k)

Fr(nt,v.)

hAk (777 U*)

Here, we have used the change of variables  — 5™, which is regular because the Jacobian can be
computed, with 7 =1n/|n|, as

’3(77*)
a(n)

It should be noted that after this change of variable, 6 plays no longer the role of the polar angle
because the “pole” 7) now moves with ¢ and hence the measure do is no longer given by sin 8dfde.

1 1 1 1 0
=gt greil= gt =gess
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However, the situation is rather good because if we take 77 = 5% /|nT| as a new pole which is
independent of o, then the new polar angle v defined by cost) = 7T - o satisfies

0
b=g,  do=sinddude, €0, 7],
and thus 6 works almost as the polar angle. Therefore, since (n) < 2(n™) < 2(n) we have

2
/ / b7 - o) ()2
R3 JS2NQ¢

Fr(nt,v.) dn*t
Do(n*) = / b7 - o) (n(nt, o))" do
s2nQg

2 =
dndo < C Do(n’“)‘Fk(n’“,v*)

R3
nt

with

S C <77(77+, U) >2m+2597272sd0
$2NQg
/4
< O<n+>2m+2s/ 1Z)—2—25 sin 1/)(11/) < 22ks<n+>2m+4s ,
2k ()1

which implies () Notice that for p = 0,1, 2,

2KCs=P) |y — 0, [Py (v — v.) (v —
<1)>'=>(’Y+25)Jr

v — v*>'y+25
(v, 2s)F Prv = v)

< C)0F2) g (v — w,).

Then, recalling (2.1.5) and using (R.1.9) with p = 0 we have
<Dv>m+2s
(v, ) F29)F

(2.1.9) ‘ U*D‘ <ol

S + S —m
K3 (ve)] <Cuy) 02 {22 Fi(v, 00} I(Dw) ™ hie(v, 0.2

L2

s)t 7 m+2s — m+2s 1/2
SO (JBu(o v (D)™ ¥l3e  +2 MDY, )

(v+2s)+
~ m B . 1/2
x (19w = v)Du) " hll3e + 275 (Do)~ B3 )
::CFk(v*),

where T'j (v, ) stands for the quantity defined by this right hand side up to a constant multiple.
On the other hand, in order to estimate K (v.), write

(Bt v = Bn o) P, v0) = {Fetr02) = Fetn, o) Y, 02) = b 0.)}

- (Vﬁk)(n+,v*)ﬁk(n+,v*)
1 =~ =~ PN
- / {(VFk> (" 7 —n"),v) — (VFk> (n*, v*))dT} (=0 )he(nt,v.).
0
Correspondingly, we decompose K¥(v,) into
K@) = KE'(0,) + KE2(0,) + KE(0.).

For the variable transformation n — nt = %(77 + |n]o), we denote its inverse transformation
n* — 1 by ¢(n*). Then

20\ Yo (™) IWs(n™))
witoa== [ [ e e
xn” (o) - (VE) (n+,v*)a(n+,v*)dn+do

=0, with n7(0) =¥o(n") —n*,
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because o1, 09 € S2 Ny, are symmetric with respect to each other in the sense that, cf Figure ??,
1 (01) =1%o, (n") = 0" = —(We, () = ") = —n" (02).

Write K (v,) into

st == [ (L L oo (VR0 =) 0=}

X {(Vh:) (mt +stn—n"),ve) - (n— n*)}dndo) drds.

Since |n —n+|? = |n~|> = |n|?sin?(0/2) and the change of variable ™ + 7(n —n*) — 7 is also
regular (see Page 2044 of [{]), ( ) implies

51 (0)] SO/ol /01 (/Rs /S2rmk 0% (i - U)<n>2’(vﬁ) (" +7(n—n"),v.)

X ‘ (Vﬁk) (nt +s(n—n"),v.) dnda) drds
1,1 —~ 1/2
<o [ ([ ] ey (VR vl - ), v.)|dndo)
0 0 R3 JS2NQy,
- 1/2
([ o (V) o + sty =)o) |dudo)  dras
R3 JS2NQy,
<O )24 (T E) | gagasy | ) ™ (T ) 2w
Hence, we have obtained, by using ) with p =1
m—+2s
k1 (v125)* || (Dw) k(2s—1)(,
|K (’U*)| <O< > <’U*>(V+2S)+ {2 (U ’U*)Fk(v; U*)} 1
% (1275w — 0. hi (0,02 -
1/2
< (v+2s _ m-+2s —k m-+2s
<O (|duw —v) (D™ gllFs -+ 2 N0l )

- 1/2
% (19w = v)(Du) ™" hllz + 274 (Do) Rl )

which has the same bound I'y(v.) as in the previous case, up to a constant factor. Finally, we
consider

KPP (v.) = // /R3/S2mk V2Fk)("7++7'3(77_77+)=U*)T(77_77+)2}

X {;{;(W , Us) } dnda) drds.

Then, by using ([£.1.9) with p = 2, we have

<Dv>m+2s

k,3 (v+2s)T
|K1 (U*)l §C<U*> <’U*>(’Y+2S)+

252D (0 — 0, 2B (0,00} (0,00

L2

gOFk (v*)
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Therefore, it follows from Schwarz’s inequality that

(@t n),, | <clily

L2(R3) (v+29)F

< (Lthontw oDy 2Dl N

(v+2s)F (y+2s)F

< (3o teto = D) hl + 24Dy hl2)

< Cl[fllrr gl grm+2s ||l gr-m,
(v+2s)F

(v+29)t

which yields (2.1.9). Now the proof of Theorem R.1] is complete for the case a = 0.
To prove (R.1.1]) for the case a # 0, it suffices to show that

21100 (@9 en)

< ClIfle Mgllimsze  epliblln )

L2(R3) at+(v+2s )+(]R

The argument is similar to the one for o = 0, up to the estimation on hx(v,v,) in (R.1.§) which
must be replaced by

Pk (v = v) (V) h(v) = (V)" hy (v, V).

We can write

(2.1.11) () g (v, v2) =((V2)* + 28Yehe (v, v, ) e (v, 0, ifa>0,
<’U*> min{(y+2s)t,—a} .
(2.1.12) (VY*hg(v,v.) = (2—k) Ui (v, v ) b (v, V), it <0.

with a suitable 1y (v, v.) belonging to Cp°(R3), uniformly with respect to k,v.. For p=0,1,2, we
have

2k(a+25=p) |y — v, [Py (v — v2) (v — v4])
<v*>(a+’y+2s)+

(2.1.13) ‘

>o¢+v+2s

<C<v—v

B W¢k( ) S C<v>(a+’y+28)+¢k(v — U*)v

which is similar to (R.1.9). We first consider the case o > 0. It follows from (B.1.7) that

| K5 (0,)] <((v,)® 4 289) / / b(i-o ’Fk Fk (n,vs) ‘d)khk 7,04 )|dndo
R3 Js2noe
1/2
« ka ~ 2m-+2s =y -+ 2 2y 2
(o) +2") G- o) ()22 (| B v.) (n,v.)| )dndo
R3 JS2NQ
o ) 1/2
</ / () 72722 by hi (1, 0.) dnd0>
RS Js2n0¢

SC225((v.)® +2°9) |[(Do) ™2 Fi (v, v} 2 [1(D) ™" (v, 04) [ 2.
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Then, recalling (2.1.5), and using (£.1.9) and (£.1.13) with p = 0, we have
<Dv>m+2s
(v, )(r+29)*
<Dv>m+2s

W{z’“(“””& (v, v.)}

K5 (0.) sc{<v*>a+<v+2s>* (25 By (0,0}

L2

+ (v, )l

} DY i (v, 2
L2

B mt9s 1/2
<O 2 (gh (v = v )(Dy) ™22 +27HD) R, )

(atv+29)t (aty+2s)t
~ —m _ m 1/2
% (190 = v)(Du) ™" hlfz +274(Du) A 32 )

=CT% (vs),

where I'¥ (v,) stands for the quantity defined by this right hand side up to a constant multiple.
Performing the same computation as above for K¥(v,), it follows from (R.1.4) that

k, k, «
K (00)] + [ (0.)] < CTR (w),

so that (R.1.1() holds in this case.

The estimation on the case a < 0 is also similar by using (R.1.19) if one considers the cases
7425 <0,0<v4+2s < —aand v+ 2s > —a separately. Details are omitted. And this completes
the proof of Theorem 2.1.

In the following, we need also estimates on the commutator between the collision operator @
and the weight W;. For this purpose, estimations on |[W; — W/| are needed.

Lemma 2.3. Letl € N. There exists C > 0 depending only on | such that

0 0
(2.1.14) |Wi — Wl’<Csm( ) (Wl—l—VVl*) <Csm( )VVZWZ*,
and
9 -1 4 /
(2.1.15) |W, — W/| < Csin W + W/, W{ , +sin 5 ) Wi )
Proof : It follows from |[v — v,| = |[v/ — v.| and |v|?> + |v.|? = [v'|? + |v.|? that, for any A > 0

o] < '] + [0l2 Wi < 22 (W5 + W ).

. 0
lv —v'|? = sin® (§> v — .2,

where 0 < 0 < 7/2. Taylor formula yields

On the other hand

Wy — W/

A
Q
<
|

@\
=
|
=+
=
|
Nl

IN
Q
&
=)

IN
Q
@.
B

IN
Q
&,
=)

IN
Q
©.
=
AN TN TN N
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which gives (P.1.14). For (R.1.15), we have
Wi-wi| < Clo—o| (Wit + W)

0 ()

< Csin(—) |v—v*|(V[/l'_1+(1+|v—v'+v'|2) ’
2

< C(sin 0 |v’—v/|(W/ + |U—U/|l71)

> 2 * -1

< Csin 0 (W’ + W )W’ +sin' ! 0 [v" — L]t

> 2 1 1, % -1 9 *
0 0

< C'sin (5) (VVI/ + VVlI71VV1/7>;< + Sinlil (5) VVI/,*) :

And this completes the proof of the lemma.

Lemma 2.4. Letl € N, m € R.
(1) If 0<s<1/2, there exists C > 0 such that

(2.1.16) ‘((Wz Qf, 9) = Q(f, Wi g)), h)L2(R3)

< Cllfllzy, , @nllgllez |, @slhllia@s).

Moreover, if | > 3 (actually, we need only | > % + 2s), then

(2.1.17)

(W QU 9) - QU Wig), h)

(2) If1/2 <s <1, then for any € > 0, there is a constant Ce > 0 such that

. < O||f||Ll2M+(Rg))||9||Ll2+w+(R3) 12l 2 (rs)-

(2.1.18) ‘((Wl Q(f, 9) —Q(f, Wi g))’ h>L2(R%)

< Cg||f||LL1+2371+W+(R3)||g||Hl2j;31jls+w+(R%)HhHL?(Rf,) ;
and
(2.1.19) ’((Wz Q(f, 9) = Q(f, Wi g)), h)Lz(Rg)

< Ca||f||Lll+2571M+(Rg) ||g||L12+2571+W+(R§) [1Pl| r2e—rve g3y -
(3) When s = 1/2, we have the same estimates as (2) with 2s — 1 replaced by any small k > 0.

With Lemma 2.2, we immediately have the following improved upper bound estimate with
respect to the weight.

Corollary 2.5.
(1) When 0 < s < 1/2, we have

1R 9l ) < Cllflle

provided that m < 0 and 0 < m + 2s.
(2) When 1/2 < s < 1, we have

(2.1.20) Q(f, 9)||H;%(Rg) <O flle (R%)HQHH;””S (R3)"

max{l+2s—1+~t, (2s+~)t} +max{2s—14+~+, (2s4+~)*+}

(R3) H9||Hﬁ+25

(2s+1)+ (RS)?

nax{l+yt, (v+2s)t}

provided that —1 < m < 0.
(3) When s = 1/2, we have the same form of estimate as (R.1.20) with 25 — 1 replaced by any
small k > 0.

In fact, this corollary is a direct consequence of Theorem E and Lemma @
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Proof of Lemma @ :
Proof of (1): the case 0 < s < 1/2. By using ®(|v/ — v.|) < (/)Y (/)" we have

(Wi Qs 9 - W), b)
\ ///bcpf;g’(wg —w) hdvdv*da’

¢ [[[/4161 10¥ise 2121 (W9 | 1] dod o
= [[[b1610Vess )21 (Woso )| 1 dedo.do
e e L e

><(///b|‘9| |(Wiss £)s] B2 dvd’l)*do')l/2

= CJl X J2.

IN

Clearly, one has
2 2 2
Ji < Clflley, L Nolzz /S b(cosO) 0l do < Cllfllzy, llglZe, -
Next, by the regular change of variables v — o', cf. [E, @], we have
J2 = / Do(ve, )| (Wigs £)a |1 v,

where

O (v, v, 0)

/4
D =2 b O (v, v’ do < 1725 5ingy d
O(U,’U ) /S2 COS2(9(’U*,’U/,U)/2) (COS (1) U 50)) 0= C/() 1/) SH“/) 1/)7

and
— v,

o, b=0/2,  do=sinypdids.

R

Thus,
B <Ol IR,

and this, together with the estimate on Ji, gives (R.1.14).

We now prove (2.1.17) by using (R.1.17) instead of (R.1.14). We have
(W e, 9=, Wig), )

L2(R3)

= O{///bw |(Wiy, )il (W, 9)'| B dvdv.do
+///b|9| |(Wl+’y+f);| |(Wl—1+v+g)/| |h| d’Ud’U*do'

o [ 010 107, 000 10 0 1] oo
= M+ Msy+ Msj.
Mz, M3 can be estimated similarly to (2.1.1), and we have

M <Clifller Ngllzz . [1Blee,
+ =1+~

My < Clfllus, lolzz,_, IAllze.

15
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M can be estimated as follows. Firstly, we have

2
2z = ([ [ [ 16110Viae, 1.1, 00| W] .o
<c® [[ [ v161 49 9| (Wi 1), Pdvdv,do

x ///b|9|l+%|(W7+g)||h’|2dvdv*da

:M171 X MLQ.
Then, if | — 2 — 25 — 1> —1, that is, | > 25+ £, we have

My < OHQHLl+ 1£117
o I+

v+
On the other hand, for M 2 we need to apply the singular change of variables v, — v’. The
Jacobian of this transform is, with k = (v — v.)/|v — v/,

% B 8 B 8 B 4
o’ ’I—k@a’ 1—k-o| sin?(0/2)

(2.1.21) < 16072, 6 €[0,7/2].

Notice that this gives rise to an additional singularity in the angle 6 around 0. Actually, the
situation is even worse in the following sense. Recall that 6 is no longer legitimate polar angle. In
this case, the best choice of the pole is k" = (v' — v)/|v' — v| for which polar angle v defined by
cost) = k" - o satisfies (cf. [}, Fig. 1])

T—0 T T

V==, do=singdydp, Y]

This measure does not cancel any of the singularity of b(cos8), unlike the case in the usual polar
coordinates. Nevertheless, this singular change of variables yields

Mo = C///b|9|l+%|(ng)| W |? dvdv,do

SC/A&@wNM%mHMMMﬁ

when [ > % + 2s because

/2 T

(5 -2y < C

Dy (v,v") :/ 6"+ 5 ~2p(cos 0)do < C’/
S2 /4 2

Therefore,
Mz < Cllglos, I
Now the proof of () is completed by the embedding estimate for [ > %,
||9HL}’+ < C||9HL12+’Y+'

Proof of (2): the case 1/2 < s < 1. Since we look for an upper bound estimate and ¢ > 0, it
is sufficient to assume s > 1/2 for our purpose. Write

((Wz Q(f, 9) — Q(f, Wi g)), h)LZ(R%) = ///Bf;g’(W/—Wl)hdudu*da

:///B Fog(Wr —WY) h’dvdv*da:///B Fogd (Wi — W) I dvdv,do

+///B f«(g— g YW, — W))W dvdv.do = I + Is.
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Taylor expansion gives
W, =W/ =VW,(v")(v—1") - /1(1 —T)VEW (v + 7(v —'))dr(v — )2,
0
so that

L =— /01(1 -7) ///B LAV (V' 4+ 7(v = "))} (v — ') ¢ B dvdv.dodr .

By using the symmetry property shown in Figure ?? ( see also Figure ?? below, and §3 in [B9),
the first order term in the Taylor expansion vanishes, that is,

///B g’ VW (") (v = ") B dvdv,do
= [ Lo (L= o) wn) - o) 2 0 - vyio

- VW, (v") ¢'W dv'dv,. = 0.

Here, we have used the notation that for a transformation v — @', its inverse transformation is
denoted by v/ — 1, (v') = v. And 01,02 are symmetric with respect to each other, in the sense

that 1%1 (U/) —v' = _(wUz (Ul) - U/)'

Furthermore, since

(VWi + 7o =)o =)’ < OO — o' F{Wia(vn) + Wi (V' + 7(0 —v') = 0.)}
< COH{W(va) + Wi(v)} < COWi(v.) Wi(v)

+
and ®(Jv — v.]) < (V20" —v.))7" < v27 ()7 ()77, we get by the regular change of variables
v — v’ and the Schwartz inequality

(2.1.22) LIS Ol mpllollee, ey lIbllzeqes).

In order to estimate I, we shall apply the Littlewood-Paley decomposition {Aj};?';o, which is
a dyadic decomposition in the Fourier variable (see also [[L7, 9, ),

£59(0) = F7 (653 (), g—ZAJg,

and for m € R,
12gllmm = 2™ 8gllez, NgllEm =Y 25 ™[ Azgll7.

Then we have the following decomposition
0 1
I, — Z/ / / B £V (L59) (0 + (v — ")) (w — ') (Wi — W) I do}dvdv*)dT
R6
" Z / / B EA(8,0)(0) ~ (8,0) )} (Wy — W) B do ydvdo,

- Z L,+13;) ,
7=0

where
V — Uy

Qj—Qj(v,v*)_{aeSz; 021—212j<v—v*>2}.

[0 = .|
Note that if 1/2 < s < 1, then
(2.1.23) / b(cosf) 0*do = 27r/

Q2 {0€[0,7/2];5in(8/2) <277 (v—v.) 1}
C2j(2572) <1) _ ’U*>2572

sin @ b(cos 0)6%d6

IN

3
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and

(2.1.24) / b(cosf)fdo = sin 6 b(cos ) 6 df
S c

271'/
{0€[0,7/2];sin(6/2) =277 (v—vs) "'}
O2j(2sfl) <’U _ v*>2571.

IN

To estimate I%J-7 we need the change of variables

1 1-—
(2.1.25) voz=v4+7(W-1")= _;Tv—l— 7-(|v—v*|a—|—v*).
The Jacobian of this transform is bounded from below uniformly in v,, o, 7, because
d(z) 1+7 1—7 VU — Uy
—|=1d t( I k:)’ k=——
’8(1})’ jdet(—5 1+ 50w =07
(1+T } 1—7 (1+7)% 27 1—7 540
1+ — k- ’ = 2 Z
1+r0 7 3 157 T 3

3 _ 3
>(1—|—T) 27 +1 T’:(l-‘rT) >i-
=72 1+r "1+ 23 = 93
Recall, cf. [ﬂ], that the cross-section B(v — vy, 0) is assumed to be supported in 0 < 6 < 7/4.
Furthermore, we have

1 1—
2.1.26 2 — V| = +T’U—’U* + Tv—v*o
2
.y |(1—|—7’)2+(1—7’)2+1—7’2k ‘1/2
B A 2 2 7
:|U—’U*|T2—|—(1—T2)COS2§‘1 2%|U_U*|7

which implies (v — v,)2°®(Jv — v, |) < C(2)2T7+ (v,)2T7+. Since
(v =)Wy = W))| < COo — 0.2 (Wim1(2) + Way1) < CO v — v Wisa (2)Wey 1,
we have from (-1.23) that for any £ > 0

1
<0 [ ] P10 Dl | Witz (Fus0) (o = 002 i

/ // / bO?|(Wi—14 2510y £)e] | (Wic1s2s40s (Volrig)) (2)?

1/2
x (v — v*>2_25|d0) dvdv*) dT]

1/2
[// / b2 (Wi 14201, F)- |<v—v*>2-25|h'|2do)dvdv*]

Hooe ey BN N2,

where we used the regular change of variables v — z defined by () and the regular change of
variables v — v'. The estimate (2.1.24) yields the same bound for I3 ;. Therefore, we obtain

< C27| 1 R3)||h||L2(Rg)a

(2.1.27) (To| < ClIfllLt,,, _,@)ll9llmze; oo sy Rl 22 ) -

Estimates (R.1.23) and (R.1.27) together give the desired estimate (.1.1§).
.19) to the end of section -3

For the convenience of the readers, we postpone the proof of (R.1.
And this completes the proof of Lemma 2.2 because (3) comes from (2) for the case s = 1/2 + k.
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2.2. Coercivity estimates. We establish coercivity estimates of the Boltzmann collision opera-
tor. We will show that the angular singularity in the cross-section yields the sub-elliptic estimates
which are lower bounds of the collision operator, see [E] Notice that we need precise weighted sub-
elliptic estimates as given in the following theorem. For more detailed explanations and notations,
interested readers can refer to [E, @]

Theorem 2.6. Assume that y € R, 0<s<1. Let g > 0,20, g € Lllnax{v+72—'y+} N Llog L(R?).

Then there exists a constant Cy > 0 depending only on B(v—uvy,0), ||g]| 11 ., . and lgllz 108 L,
max{y+, 2-7+1}

and C > 0 depending on B(v—vx,0) such that for any smooth function f € Hi/Q(Rfj) ﬂLi+/2 (R3),
we have

221) = (QU 1) f) ) Z Col Wl = Clislley el )

Remark 2.7. ;From the proof of the theorem, the constant Cy is seen to be an increasing function
of |1gllz1, ||§7||211 and ||§||Z%OgL where § = (v)~lg. If the function g depends continuously on a
parameter T € =, then the constant Cy depends on inf ez || (v) Mg ||p1, sup, ez |9-]L 100 . and

SUp, ez ||g||me{7+ A . In the later applzcatwn we take T = (t,x).

Proof. Firstly, we have

(Qg,f), f) = /R /S ®(|v — vy ])b(cos ) g(vs) f(W){ (V') — f(v)}dodv.dv
1 !
=3 /R /S ([v = v.|)b(cos O)g(v){ (') = f(v)?}dodv.dv
- % ®(Jv — v.|)b(cos 0)g(v){f (V") — f(v)}2dodv.dv
RG Sz
=Ri1i—Ro.

For R1, according to the cancellation lemma, Corollary 2 of [ﬂ], we have

Ri= %/R /S ®(|v — v.|)b(cos 0)g (v ) { f(v')* = f(v)*}dodv.dv

B / / { (|v ~ v*|> 13 9 - (b('v - U*l)} b(cos H)Q(U*)f(U)dedadv*
R6 JS§2 COSs 5 coSs
_1 o —v.| cos v v)2dvdodv
_24642@<C052 ){Cosg }b( 0)g(v.) f (v)?dvdodv,
sl { ( : l) HrmD } bcos 0)g(v.)f (v)dvdady.,
RS JS2 COS 2

=Ri1 + Ria.

For the first term Ri1, from 1 — cos® g < 3(1 — cos g) = 6sin® %, it follows that

2
Ru < OHg||Li+HfHLi+/2’
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because ® < 1 when v < 0. For the second term Rq2, we first note that the mean value theorem

gives
o —o.|
o (=2} — (v —w.))
COS§
1 |'U_U*| J_ 2
_ — Do — v, 21 W7 Usly2y2—1 42
(o~ Dl =P+ (2535
1
SC( 7] _1)(1)(|U_U*|)7
CoS 5
where f 82 < a < 1. Similar to R11, we can obtain

< 2
Riz < OHQHLi+ ||JC||L§+/2
For the term Rs, we first note that

B(jv—v]) = (L+ v —v.f?)% >

Then, by using the fact that (a — b)? > a?/2 — b%, we have

/ / (Jv — vs])b(cos O)g(v){f (V") — f(v)}2dodv.dv

9(vs) v v’ odv.dv
>0 [ [ bleosd) Lo toy ()  fo)Pdodv.d

<’U*>"Y|
_ o g(vs) 0F () — ()3 £(0))2dodv,do
_O/RG/SZI’( SO) ot L2 F() = ()2 fv)} dodv.d
= coS 9(v-) VY2 F() = ()2 flu
= [ ] seost) EEA @) 1) = (1) £0)

For the first term Ro1, by using Corollary 3 and Proposition 2 of [EL we have

Rzl—Cl/RG /82 cos6‘ WI{< V)3 (V) — ()2 f(v) Y dodv.dv
(222) > c / If(Wv/zf)(é“)I { [ v o) (@0 - 7@ e

. —C|g 2, .
Col Wy o f s — ||g||L1||f||Li+/2

where § = (v)~1lg. Here C is an increasing function of i, 1 I and , according to

the proof in the last part of [ﬁ (see also Lemma 2.1 of [@
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For the second term Ro2, note that for some 7 € (0,1), we have

PR (s N

O () F

—
<
~
[V
I
—~
<

g

[v—w

<1)*> \257\ ,%

< v — v, | tan(6/2
<w+7@—vq—mrr| | tan(6/2)
< C) T (W — v)? tan(6/2)
(v,) 2" ()% tan(0/2), if ¥ > 0,
= O{ (vy) tan(0/2), otzerwise.

Hence, we get

Rao = Cy /]RG /S2 b(cos B)g(vy) {%} f(@)2dodv.dv
cos ) tan? v )2 () {0 7 f ()Y 2dodv,do
<Ca [ [ beost)tan®(0/2) (02 0 () % S0 dodv.d

< Callg]

2
o M
This completes the proof of Theorem @
In the following analysis, we shall also need the following interpolation inequality between
weighted Sobolev spaces in v, see for instance [B3, BY.

Lemma 2.8. Foranyk e R,pe R,,§ >0,

(2:2.3) ||f||§1;;(Rg) < Csllfll o ey 1 | agis s -

2.3. Commutator estimates. We are now going to study the commutators of a family of pseudo-
differential operators with the Boltzmann collision operator. This is a key step in the regularity
analysis of weak solutions because it requires the mollifiers defined by pseudo-differential operators.
Below, we denote (-, -)r2(rs) by (-, -) for simplicity of notations, without any confusion.

Proposition 2.9. Let A € R and M (&) be a positive symbol of pseudo-differential operator in Si\,o

of the form of M (&) = M(|£|?). Assume that for any ¢ > 0 there exists a constant C > 0 such that
for any s, 7 >0

(2.3.1) < il <c implies C7'< ]\?(S) <C.
- i(r)

Furthermore assume that M () satisfies

(232) M) = 0g M(§)] < CaM(§)()7),

for any o € N3. Then the followings hold.
(1) If0<s<1/2, for any N > 0 there exists a Cy > 0 such that

(2.3.3) [(M(Dy)Q(f, 9) = Q(f, M(Dy)g), h)rezs)]

< Ol ey (100122, ) + gl s oy ) Il oy
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(2) If1/2<s< 1, for any N >0 and any € > 0 there exists a Cn . > 0 such that

< Onellfllz o) (18] e ay + 1913~ ey ) I ecay

(2s+7 1>+

(3) If s =1/2, we have the same estimate as ([2.3.]) with (2s +~ — 1) replaced by (v + &) for
any small k > 0.

Proof : Firstly, set ®,(v) = ®(|v — v.|) and write
(MD)QU ), 1) = (QUF M(Dy)g), )
= / / B(|v—v*|,a)f(v*)g(v)((Mh)(v’)— (Mh)(v))dadv*dv
RS Js2
_/ / B(|v—v*|,a)f(v*)(Mg)(v)(m—m)dadv*dv
Rre Js2
_ /R /S (c056) £ (1) [(@.) o) BTRY(7) — { M (®.,9)} (o) (07| dodvdo
+ /R 6 /S blcost) f(v*){M(fb*g)}(v)(h(v’) - W) dodv,dv
_/ / b(cos@)f(v*){fb*(Mg)}(v)(m—W)dadv*dv
re Js2
= /R /SQbCOSG (v) ( 9) ) IR (W) — {M(®.g)} (v )h(v’)}dadv*dv

4—/]RS /S? b(cos@)f(v*) [M, fIJ*]g) (v)(h(v/) _ h(v))dadv*dv
= IT+4+1717T.

The above computation is justified with cutoff approximation, see the remark given after ()
and also [Bg]. The first term Z can be rewritten by using Bobylev formula (see e.g. [f]) as

= [ [ ) (39 - M(eH) F @) € ) dodv.RiE)ds
o Jo "

where

+_ EE[éo

&=

Notice that in the case of Maxwellian molecule type cross section with v =0 i.e. ®(Jv —v,|) =1,
I7=0.

Since M'(|¢]?) = 2¢- VM(€)/1€]? and |€F| < [¢] < 2/¢7], it follows from (P-3.1)) and (2-3.3) that

2

(2.3.5) [M(E) - M) <C M(gT),

SlIl

and

2
do < C < +o0.

‘/S2b(|§—|-o')

sin =
2
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Thus,

Hl=c / o ”*lfv*l/sz/w |s| ) sin® S M(EDF(@. (v2) 4 9)(6)| (E) decdod,
<o [ 1w sl [ [ e |€| Join? 2 [M(EN)F (@) 7 g) € Pdedodn,)

< ([ sl [ [ o oysne i dedodn. )

< Cllflea, (sup M (D)@ (0.) " g ()]l 22 )|h||L2

where we have used Plancherel’s equality, the change of variables & — & for which d¢ ~ d¢*
uniformly with respect to o, the estimate ®,(v,)~ 7"+ < (v)7+. Then by using the expansion
formula of the pseudo-differential calculus

1
(2:3.6) [M(Dy), @.(0)] g = > —Pua)M©(Du)g + 7w, (v, D va)g.
1<]a|<N;
with Ny > \, and the condition (£.3.9), we obtain
(2.3.7) Sup | M (D)2 (0) 7 g0} 12, < C(IMolzz, +Ilgll - )-
Hence,
(2:3.8) 171 < Ol f s, (1Mglzs, + gl )1l

We now turn to the term Z7. Firstly, set
F(v,vs) = [M, ®.]g(v),

and decompose

IZ:/RS /S b(cos@)f(v*){F(v’,v*)h(v')—F(v,v*)h(v)}dadv*dv

+ /]RG /S2 b(cos e)f(’l)*)(F(U,U*) — F(’U/,’U*))h(fu/)dv*dvda
=Ji + Ja.

According to the cancellation lemma [ﬂ], we obtain

/}R3 /S2 b(COS9){F(U/7 v:)h(v) — F(v,v*)h(v)}dadv = (S * {F( . v*)h})(v*),

where the convolution product is in v € R?, and in this case,

1

cos3(0/2) 1} 40

x/2
S = 271'/ sin 6b(cos 9)[
is a constant function. Consequentl;,
Ji = /}R3 f(v*)(S* {F(-,v*)h})(v*)dv* =5 o f)F(v,v)h(v)dvdv,.
By (£.3.6) and (£.3.7), we get
(2.3.9) |1 SC/RB [f @IIECs )l z2 || 2ll L2 dv.

<ClIf ey, (1Mglzz, + gl ) I1Rllss
vy

To estimate the term Jo, we need to consider the following two cases.
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Case 1: 0 < s < 1/2 . Since the mean value theorem yields

1
F(v,v.) = F(v',v.) = (v—=2') - /0 Vo (F@ 4+ 7(v—v"),v,)dr,

by noticing that
[v) —v| = v — vi|sin(0/2) = [v" — v.|tan(6/2),

we have

FAR /O (/RXS bleos )0/ — o]l F I AW)II(VoF) (0 + 70— ), v.)dvdu.do ) .

1/2
<0( [ Meost)lolto.) 1w ) A Pdvv.do)

2

1 _ 1/2
X / (/ b(cos 0)[0](vi) 7| f (vs)] [ = .| (Vo F) (V' 4+ 7(v — "), vy) dvdv*da) dr
0 R6 xS? <’U*>’YJr

=C J21 X J22.
By the change of variables v — v for which dv ~ dv’ uniformly in v, € R3, 0 € S? (see [[i]), we get
(2.3.10) T3 < Cllf ey lIR]1Za-

To estimate Jao, we apply the change of variables (P.1.25) and use (R.1.2¢). Setting

* _ <U B ’U*>
P (v) = oy

we get

JZ, < C/O1 [/RXS b(cos9)|9|<v*>w|f(v*)|\¢*(z)(vvzv)(z,v*) 2dzdv*da} dr

< Cllfllzy, sup 19" () (Vo F), 0:) |-

On the other hand, it follows from the expansion formula of pseudo-differential operators that,
with @, (v) = (1 + |v — v.|?)?/? we have for any N; € N

(VoF)(v,vs) = Vo[ M, @.]g(v)
1 « « ~
(2311) = Z a {(V(I)*(a))M( )(Dv)g+(1)*(a)M( )(Dv)vvg} +TN1(U7Dv§U*)g
1<|a|<N;
=Fn, (v, Dy; v4)g(v) 4+ T, (0, Dy vi)g(v),

where 7, is a pseudo-differential operator with symbol belonging to Sf‘)aN ! uniformly with respect
to v, € R3 (cf. [|t]]). Since

|¢*q)*(0¢)| S Oa <v — ’U*> <1) - ’U*>77|a‘ S Oa<v>’y+7

<'U*>’Y+
by (B-3.9), we have for a # 0 that,
|M((€) €] < CaM (€)1 < CaM(6).

Hence
2 2 2
(2.3.12) T < O, (1Mol +1lglFs ).
Now, it follows from (2.3.9), (B-3.10), and (£.3.19) that
(2.3.13) 221 < Clflls, (1Mgllrz, + llgll g ) 1Al 2

holds when 0 < s < 1/2.
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Case 2: 1/2 < s < 1. We now decompose Jo as follows:
1
Jo = / (/ b(cos ) f(vi)h(v)(v =) - (Vo F) (v + 7(v — v'),v*)dvdu*do) dr
0 R6 xS2

- /R , beosOf @)h(v)(v = ) - (Vo F)(v', vi)dvdv.do

1
+/0 (/RXS b(cos ) f (v: )h(v')
(v =0") - {(Vu,F) (' + 7(v—2"),vs) = (Vo F) (', vi) } dvdu*do) dr
=J9+Jy.

The essential feature of this decomposition is that .J§ vanishes by symmetry as in the proof of
Lemma @ Indeed, we have

5= [ fen)

{/S b <% -a) ‘%‘(%(v’) - v’)da} (Vo F)(v',v,)dv'dv,
=0,

because of the symmetry in o7 and o9 in the sense that ¢, (v') — v = —(¢4, (V') — v'), cf. Figure
77

Now, by the change of variable v — z = v/ + 7(v — v') defined by (£.1.25), we consider
Jy (1) = / bf (v )h(V') (v =) - {(VoF)(2,vs) — (Vo F) (V' vi) }dodu,do.
R6 xS?
By recalling the expansion formula (2.3.11]) of (V,F)(v, v.), we first consider
J3 (7, )

:/ bf (v )h(V) (0 =) APy ()M MV, g(2) = Bo(oayM MV, g(v') }dvdv.do
R6xS2
(2.3.14) = /RS bf (0 )R(V) {@o(a)(2) = Pu(ay(V') } (v —0") - M DV, g(2)dvdv.do

+ / bf (0. )R(V) Py (V) (0 = V') - {M DV, g(2) — MV, g(v')}dvdv.do
R6 x§?
=Jy° (1, @) 4+ Ji(T, ).

Notice that the case when |a| = 1 is the most difficult one, in the sense that M(*)(D,)V,, is a
pseudo-differential operator of order A with symbol bounded by C M (&) due to the assumption
(B:3.9). By writing (1) instead of (a) when |a| = 1, we have

|{<I)*(1)(z) — Q)*(l)(v/)} v — v’” <Oz —v.)76%,
which gives

1/2

(2.3.15) \J;O(T,(l))‘g(/R b92|(v*W*f(v*)||h(v’)|2dadvdv*)

6% §2

x / 00| (0,)7* f (0.
R6 xS2
<Ol fllzs 1M gllzz, [1hl]z2-

{z = v)

. 2 1/2
o M@ V,g(2)| dodvdv.
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In order to evaluate the term J3(7, (1)), we take the same Littlewood-Paley partition of unity
{4;(€)} as in the proof of Lemma P.4 and write
Jy(7,(1))

= /RG o bf(v*)h(v’)q)*(l) (v/)(v _ 1)/) . {M(l)vvg(z) _ M(l)vvg(v/)}dvdv*do_

B Z /Re <2 bf (v )h(v)@ua) (V) (0 = 0") - (g5(2) — gj(v")) dvdv.do
=0 /ROx

= Z j21,j (1),
3=0
where g;(v) = ¢;(D,)M™Y(D,)V,g(v). For each j we apply the following decomposition by using
Q; introduced in the proof of Lemma .4 to have
j21,j (1)

_ /0 ' ( /R N /Q D)) By (o) (0 = )

J

(2 =v")Vgj(v' + s(z — v’))da) dvdv, )ds

+ /RG </Q; bf(v*)h(v/)(l)*(l)(v’)(v — ’Ul) . (gg(z) _ gj('U/)) dO’) d’Ud’U*
=Ty (1) + Iy} (7).
By setting

v, =0 +5(z—0"),

we have

5 1
e (] ( / b’ v|2|f<v*>||h<v’>||<1>*<1><v’>||v9j<v;,s>|do> dudv. ) ds

< C/Ol (/}R6 (/QJ b(cos 0)6 (v — v,)2 72 (v, ) 25TV | £ (0,)|

(], — )24

x |h(v")]

CACEERE Vi, ) da)dvdv*)ds

) ) 1/2
< cz—aﬂ( / ( / b(cos 0)6229(2=29) (y _ y,)2725 (3, ) (2s+7=1)x | f(v*)||h(v')|2da>dvdv*>

’ da) dvdv*) 1/2) ds

<v/ >(25+,Y,1)+ 2j(2572+s) ng (v;—,s)

T,8

—ej 71,1 51,1

=C2 EJJQJ-J(T) X J21j)2(T).
By using the same change of variables as for J5; in the previous case, it follows from (f1.29) that
(2.3.16) Ty (1) < OISl ) lZe.

(2s+~—1
Similarly, by taking the change of variables v — ’U,/,_)S as in the previous case again, (2.1.23) leads
to

@317) B <Oy, (1M gl + 192y s2eare )

(@sty—1y (2s+y—1)4 H(25+w71)+
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where we have used

29252V, (0)]2 <O(IMglRpree +lalZsmsneosic)-
+

(2sty—1)4 (2s+y—1)4

Hence, it follows from (2.3.16) and (£.3.17) that, for Ny > A + 2s — 1 + ¢, we have
(2.3.18) T3 (7)] < €27 £]| s (2 gllzgree Nl )bl

(2s+vy—1)4 (2s+v

On the other hand, for jzlf(T), note that

Li(r) = Ux (1 v—2")g;(z)do | dvdu,,
Jy5(7) /RG</be()()‘1’<)( ) )g()d>dd

by the symmetry in ©f. We have

e [ ([ bleost)oo )20 ) B0 ()
RS Qf

<Z _ ,U*>2s+'yfl

oy %)

<02 / / b(cos 0)62/172) (v = v.)1 72 (0.) 1 £ (0, [0 *do ) dvd, )
]RG Q

x [h()| da) dvdv,

1/2

/ / b(cos §)6270 72 (v — v, ) 172 (v,) D £ (0,
R6

Q<
) 2 1/2
‘<Z>(2s+'yfl)+2g(2sfl+s)gj(Z)‘ da)dvdm)

P (e [

(2547

< C27||fl|

(@s+y—1)4

because of (R.1.24). This together with (R.3.15) and (R.3.1§) yield
1
(23.19) B O < Oy, (Mgl +llllsy ) YWlse

(R-311) have the same

) in
D,;v.)g(v) can be estimated

It is easy to see that all other terms coming from Fi, (v, Dy;v.)g(v
upper bound estimates. Moreover, all the terms coming from 7y, (v,
by

ClIAN Ly llollmyzy ) Il

(2s+y—1)4 (2s+~

Therefore, we finally obtain

_ 1
ol = 131 < Ol ey, .,y (M gllizgree + ol ) llee.

sty

In summary, when 1/2 < s < 1 we obtain instead of (2.3.13) that
(2:3.20) 721 < ClMfllny,,._,, (I llizgree +lolloy ) Ihlee

(2s+y—1)4 (2s+y—1)4

By combining (2.3.§), (R.3.13) and (P.3.20), the proof of Proposition P.g is completed.

The rest of this section is devoted to the proof (R.I.19) of Lemma P.4.
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Proof of (.1.19) of Lemma [2.4.For m = 2s — 1 + ¢ > 0, we have with A = (1 — A,)'/?

(W, 9) - Q. wig). h) = ((A7"QUf, 9) = Q(F, A7™g)), WiA™h)

+(ch2 1, A7"g) = QUf WiA™g)), A™h)
+( A" Wi g) — ’mQ(f,Wzg))aAmh)
+(<A " WQU 9) = QUf [AT", Wilg), A™h)
= (1) +(2)+(3) + (4).

It follows from (P.3.4) with M(£) = A~™ that

WIS, wW||g||L§2WU+||h||H;n,
G <CWlo, . IWiglzs, lalle.

(2s+~v (2s4+~—1)+
By means of (R.1.1§), we have

@) < Clfllz llgll 2 res

14+2s—14~71 I+2s—14~+

To estimate (4), we first note that

(A= Wi = >0 (W) (o (A” ™) ¢ Wi_1R(v, D),
la|=1

where R is a pseudo-differential operator which belongs to S7 8”‘72. Write

W= ({(A‘m)(a)Q(ﬁ 9) = Q(f. (A"")(“)g)}a (W) )A™h)

|a]=1

la|=1
+ (R(U, D’U)Q(fa g)a VVlflAmh) + (Q(f, VVlflR(’U, D'U)Q), Amh)
=(a) + (b) + (¢) + (d).

It follows from (P-1.1) that
@ <l D a-=Nhllay, <ClAle Mol Pl#e,,

(v+2s)F (v+2s)F

(@) < CINRU, Wi Rg) 2 lIPllz < Cliflle ,  Mlgllee 1]l £

I—14(y+2s)F

By exactly the same method as the one for (R.1.1§), namely, by replacing W; by (W)@ which is
bounded by W;_|4|, we have

N@
OOz, (™) Vel Wl <CUAly Nl WAl

s—2+~t 1—242s+~F I4+2s—24~TF

The estimation on (a) is the same as the argument in Proposition @ by replacing M (D) by
(A=™)(@) except for the term corresponding to Z. Notice that Dg((&)™™) = M (@) (€) is no longer
a function of |¢|2. Instead of (R.3.9), we only have

(2.3.21) Mg — M@ (Eh) < C

inf i
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Thus, we need to use the symmetry property as in the proof of Theorem . The term corre-

sponding to 7 is
o) f(v)
w = f L

x (M)(€) = MO (ER)) F(@ag) ()¢ dodu.To(€)de,

where ho = (W})()A™h. By letting

P(v —v.])

(va)7"

F(v,v,) = 9(v),  h(v,v.) =

we write
7= [ ) fwn)
/ / M(a)(é) _ M(a)(§+))eiv*5+ﬁ(€+7v*)eiv*Eﬁ(€7v*)do—d§}dv*
ws Jor 1€
= [ @) o)L o
]RS

Set
E‘(§7’U*) = eiv*£F(§7U*)7 E(§7U*) = eiv*ﬁﬁ(gjv*),

and write

o) = [ [ b o) (M€ = M) Pl ) (e v2) - her ) o

+%/01(1—T){/Rn/gzb(é—|-a

X (VEM@)(E* + (¢ = €)(€)?PET, v)h(E*, v.)dode b
=L (vs) + L2 (v4).
By the same symmetry property as shown in Figure 7?7 in the proof of Theorem @, we have

L, [0 o) (T )€ - @R (€ m)h(e* o )dode =0,
Then it follows from (R.3.21)) that

sup L (v.)| < Cligllzz Nhollze < Cllgllcz, 1Al
Vs v v

and

sup|L2(v.)| < Cligllzz Nhollze < Cligl 2, 18]y,
Ve v v

whence we obtain

(0%
Iz < Cliflley, Ngllez Al

In summary, we obtained the desired estimate (R.1.19).
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3. REGULARIZING EFFECT

In this section, we will prove the regularizing effect on solutions to the non-cutoff Boltzmann
equation starting from f € HP(JT1, To[ xQ2xR3)). Actually this will be proved by using an induction
argument in the following subsections. In the first step, we will show the gain of regularity in the
variable v mainly by using the singularity in the cross-section, that is, the coercivity property in
() In the second step, we will apply the hypo-elliptic estimate obtained by a generalized
version of the uncertainty principle to show the gain of regularity in (z,¢) variables. Then an
induction argument will lead to at least one order higher regularity in (x,t) variables. By using
the equation and an induction argument again, at least one order higher regularity can be obtained
in v variable. Therefore, the solution is shown to be in HP(]T1, To[ xQ x R3) which by induction
leads to H*(|T1, To[ x x R3).

Let f € HY(JT1, To[ xQ2 x R3)), for all I € N, be a (classical) solution of the Boltzmann equation
(L1). We now want to prove the full regularity of ¢(t)y(x)f for any smooth cutoff functions
¢ € C(T1, To]), v € C(),

3.1. Initialization. Here and below, ¢ denotes a cutoff function satisfying ¢ € Cg° and 0 < ¢ < 1.
Notation ¢1 CC ¢ stands for two cutoff functions such that ¢o = 1 on the support of ¢;.
Take the smooth cutoff functions ¢, 2, ps € C§°(JT1,T2[) and ¢, ¥a, 93 € CF(2) such that

¢ CC 2 CC @3 and ¥ CC 2 CC ¢3. Set fi = pO)Y(2)f, f2 = p2(t)2(z)f and f3 =
w3(t)s(x)f. For a € N7 |a| <5, define

9= 0%(p(t)(x)f) = 07, (p(t)¥(2)f) € LE(RT).
Firstly, the translation invariance of the collision operator with respect to the variable v implies
that (see [@, @, @] ), for the translation operation 75, in v by h, that we have

G(f, 9) = Q(Tnf, Thg)-

Then the Leibniz formula with respect to the ¢, x variables yields the following equation in a weak
sense

(3.1.1) gi+v - 0eg = Q(f2, 9)+G, (t,z,v) €RT,
where
(3.1.2) G = > Cas (8a1f2, 8“2f1)

ar1tas=a, 1<|aq |

0 (pr@)f +v - Yal@)p(®)f) +10% v - A)(e(t)0(@))
(4) +(B) + (O

To prove the regularity of g = 9%(¢(t)1(x)f), the natural idea would be to use g as a test
function for equation (E) But at this point, g only belongs to L?(RU so that it is only a
weak solution to equation (m) By using the upper bound estimate on @, we have Q(f2,g) €
L*(R} ,; H?*(R3)). Thus, we need to choose the test functions at least in the space L*(R} ,; H?*(R3)).
For this, we will use a mollification of g with respect to the variables (z, v) as a test function.

For this purpose, let S € C§°(R) satisfy 0 < .S <1 and
S(r)=1, |rf[<1; S(r)=0, |7| =2

_|_

e SNn(D2)Sn(Dy) = SQ272N|D,*)S(272N|Dy|?) « H *(R®) — H(R°),
is a regularization operator such that
(SN (D2)SN(Do)f) = fllLz@ey — 0, as N — oo.
Choose another cutoff function ¥ CC 11 CC 19 and set
Py = ¥1(2)Sn (D) Wi Sn(Dy)-
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Then we can take
g="Py, (Png) € C'(RyHT™(R"))
as a test function for the equation (B.1.1)).
It follows by integration by parts on R” = R} x R3 x R? that

([SN(Dv)u v] - VoSN(Dg)g, 1(x)Wi Py 9)L2(R7) =

P Q ) ) ‘l ) L2(R7 (G7 ) 7’
W l’lC]l imphes tlla!t

(313) ~(QUf2 Pr.19), Prag) |, = —([Sx(D0), o] - VeSn(Da)g, w1 (@)WiPy, g)

—i—(PN,z Q(f2.9) — Q(f2, Pn,19), Pt 9)L2(R7) + (Gv §>L2(R7)'

L2(R7)

By using ()7 we can deduce the regularity of g from the coercivity property of the collision
operator on the left hand side and the upper bound estimate on the right hand side. The detailed
argument will be given in the next subsection.

3.2. Gain of regularity in v. In this subsection, we will prove a partial smoothing effect of the
cross-section on the weak solution ¢ in the velocity variable v .

Proposition 3.1. Assume that 0 < s <1, v € R. Let f € H}(JT4, To[ xQ x R3) be a solution of
the equation ([.1) for all 1 € N. Assume furthermore that

(3.2.1) ft,z,0) >0 and ||f(t, )]z ®s) >0,

for all (t,z,v) €]Ty, To[ xQ x R3. Then one has,

(3.22) A3fi € HP(RT),

for any l € N, where f1 = o(t)(x)f with ¢ € C(|T1, T2]), ¥ € C=(£).
Proof : Firstly, the local positive lower bound assumption (8.2.1)) implies that

inf t, T,- 3y = cg > 0.
(t,z)Esupp @ xsupp Y1 ||f2( )HLl(RZ) 0

Thus, the coercivity estimate (R.2.1)) in Theorem P.q gives that for any v € R, 0 < s < 1,

_ P P = — P P dzxdt
(@t Prag) Pras) == [ [ (@l Puag), Pag) e

z// (Collws o Pra gt 2, ) e sy
R, JRS
—Clfatr My, nIPragtn s,y )dedt

ax{yt,2—

> CollASW, j2PnagllT2ery = Cllfoll oo g s 10

max(y+, 2+ (BD) 1w g||L2 L(RT)

where Cy depends on co,supy ,, [|f2(¢, %, ") || L1 (rs) and sup, , || f2(t, 2, -)||L10gL(R%), see Remark P.7.
For the terms in (B.1.3), note first of all that
(3.2.3) [Sn(Dy), v] - Vo Sn(Dy) =272N(8) y(Dy) Dy - Vo Sn(Ds) : L*(RS,) — L*(RS,),

is a uniformly bounded operator so that

(183 (Do), 0] - Ve Sw(D2)g, 1) WiPa g)

L2(RT) ||f1||H5 (R7)"
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Hence, by using (B.1.3), we get, for I > 3/2 + 2,
(324) AW, oPxaaliegn < OL(1+ 1 algzrs o) Il + \(G, )

L2(RT)
+’ (PN,Z Q(f2,9) — Q(f2, Pny9g), PN,ZQ)

The above constants C' > 0 are independent of N.
We complete the proof of Proposition @ by estimating the last two terms in () through
the following three Lemmas.

Lemma 3.2. Assume 0 < s < 1,y € R. Let f € H}(|T1, To[ xQ2 x R3), 1 > 3/2+ 2. Then, for
any o € N7 |a| < 5, we have, for any e > 0,

L2(R7)

(3.2.5) ’(G g) = Cgllfsll‘ifmw(w) +ell AW, 2 Py gl e ey )
Proof : Firstly, we prove that
(3.2.6) G e LA(RE, H 7 (RY)),

for any [ € N, where (2s — 1+ §)" = max{2s — 1 + 4,0} and § > 0 satisfying 2s — 1+ § < s. By
using the decomposition in (B.1.9), it is obvious that

(B) = 0* (pep(@)f +v - vu(@)p(t)f) € LR,
and
IB)azer, < Cllfallms, oy
Since [0%, v - 0] is a differential operator of order |a|, we have

(O 2@wmy < Cllfall s gry)-

For the term (A), recall that a; + a2 = @, |a] <5 and |ag| < 5. In the following, we will apply
Theorem with m =1 — 9 — 2s. We separate the discussion into two cases.

Case 1. If |ay| = 1,2, we have

/ / ||Q(6a1f27 8a2f1)(t,x, ')”?{1*‘5’25 R3 dxdt
R, Jr3 : (R3)

< C O™ fo(t, x,-)||? 0% f1(t, x, )% dadt
< o f [0nneal w0 Ae . e

< oy 2oo 2 t )I2 t
< Clo™ foll7 BE L2, s (BD)) /Rt /Rg 0% fi(t, z, )||Hll+(25+w)+(]1{%)d$d
< O f2)? 2 .

= ||f2||H12++://22++55+(23+w)+(R7) ||f1 ||Hl5+(25+_wJr (R7)

Case 2. If |ay| > 3, then |as| < 2, it follows that

(03] . 2 [65) . 2
I R T L TR PR

I+(2s+y
< Cllo*2fi)? _ 0% fot, x, -)||? dadt
< OWP Alng s iy o [ VBN e
< O fl? 2sr 2 .
- Hfl||H12++<1zsi:?f+5/2(R6)||f2||Hf+3/2+s+(2s+w>+(R7)

=

By combining these two cases, we have proved (B.2.4).
Now if 25 — 1 < 0, then (B.2.6) implies that

‘ (G’ g) L2(RT)

< C||f3||?f{f+4+w+(uv)~
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On the other hand, if 0 < 2s — 1 and v < 0 (the case v > 0 is easier), then (B.2.6)) implies that

‘ (G’ g) L2(R7)

< C||f3||§{f+4+w(]1{7) Wiy 2PN 09l L2rs |, o1 m3)),

S NGl oy o2 5 @) IW-in12 PN gl Lo e mr2e 2o )

because 2s — 1 4+ § < s. Therefore, the proof of Lemma is completed.

We now turn to the estimates of commutators between the mollification operators and the
collision operator, which are given in the following two lemmas.

Lemma 3.3. For any v € R, we have
(1) If 0 < s < 1/2, then for any suitable functions f and g with the following norms well defined,
one has

(3.2.7) SN (Dw)Q(f,9) — Q(f, SN(Dv)g) | L2ms) < C||f||L;+(Rg)H9||L3+(Rg),

for some constant C independent of N.
(2) If 1/2 < s < 1, then for any § > 0 there exists a constant Cs > 0 such that

(3.2.8) SN (Dw)Q(f,9) — Q(f, SN(Dw)g)ll2rs) < Csll fllor

(23+W71)+(R3) HgHH?;;:jflﬁ(Rg) )

and

3.2.9)  [[Sn(Dv)Q(f,9) = Q(f, SN (Duv)g)ll p—2a=srz) < Csl fl 11

(2s+w—1)+(R3) Hg”L2

3Y).
<2s+v—1>+(Rv)

(
(3) When s = 1/2, we have the same form of estimate as with (2s + v — 1) replaced by
(v + k) for any small k > 0.

Before giving the proof of this lemma, notice that when v = 0 in the Maxwellian molecule case,
the following proof of Lemma B.3 is similar to Lemma 3.1 in 5§ (see also Lemma 5.1 in [H]) by
using the Fourier transformation of collision operator. However, here we consider the case for v € R.

Proof of Lemma @ : The proof is a slight modification of the proof for Proposition E Set

M(le]) = Sn(€l) = S@*N¢).
Then Sy € S, uniformly. Even though it does not satisfy (R.3.9), we have

0°Sn (I€D)] < CaSna(lE]) < &>
with C,, independent of N € N. Thus, (2.3.3) implies (B.2.7) and (.3.4) implies (B.2.§) respectively.
For (B2.9), note that with m = 25 — 1 4 § we have
(SnQ(f,9) = Q(f, Sng),h) = (A""Q(f,9) — Q(f, A"™g)), A" Snh)
+ ((SvQ(f,A™™g) — Q(f, A" Sng)), A™h)
+ ((Q(f, SNA™™g) — A7™Q(f, Sng)), A™h)
=(I) + (I2) + (I3).

By applying (R-3.4) with M(£) = (€)™ to (I1) and (I3), we obtain
)+ < O, lglee,

(2s4+~v—1

(17l £

+y-1t

because Sy € 57 uniformly. The same bound on (I5) follows from (B.2.§).
Notice that the case of s = 1/2 follows from the case of s = 1/2 + k for any positive k because
the main concern here is the upper bound. And this completes the proof of the lemma.

The following lemma is on the commutator of the collision opertor with mollifier in the x variable.
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Lemma 3.4. Let 0 < s <1 and v,m € R. For any suitable functions f and h with the following
norms well defined, one has
(3.2.10) 198 (D2)Q(f; h) = Q(f, SN(Dz) h)llp2rs , pm-2:(r3))

< O2 Y| Vafllpems,, 2 @yl mn @)

1
@s+7) st

for a constant C' independent of N.

Proof : Let us introduce Ky (z) = 23NS’(2~NZ)2N2. Note that Ky € L'(R?) uniformly with
respect to V. Then for any smooth function h, one has

(w02 @t m=Qu. svam). i), = | B L[ Exe-w)

(QVaf byt 7w —y), ), 27Vl ), Rt ) | drdady fdr.

By applying Theorem @ with m — 2s, the right hand side of this equality can be estimated from
above by

c{stl)lfnvxf(t,x, -)IIL(12M+<R3>}x

L[ RN 20l ) @7y

< O27N||vmf||L°°(]Rﬁz;L1

(2s+y)t
which completes the proof of the lemma.

@yllla@, oy @Bl e e,

We now apply (B-2.10) with h = Sy(D,)g and m = 1, we get
(3.2.11) 198 (D2)Q(f, Sn(Duv)g) — Q(f; Sn(Da)SN(Do)g)llp2rs , mi-2s(r2))

S COVafllLoms L(128+W)+(]R3))”gHL?(R;{w, 12,1 (R3):

Here, we have used the fact that a mollification operator Sy (D,) in the v variable has the property
that

127 Sn(Dg(t, . ),

where C' is a constant independent on N.

sy < Cllg(t, @, )| 2 (R3)>

+’Y)+( (2s+7)F

Now we are ready to complete the proof of Proposition E

Completion of proof of Proposition .
We study now the commutator terms in () For this purpose, note that

(3.2.12) (PN,z Q(f2.9) — Q(f2, Pnyg), Py 9) L2(R7)
= (SN(DU) Q(f27g) - Q(an SN(DU)Q)’ SJJ{/(DI)MJ1 (I)WZPN’Z g) L2(R7)

+ (D) QU2 S8(D1) ) = QUz, SN(D)SN (D) g), r(2)WiPrsg) |,

+

(91(@)Wi Q(f2, Sw(D2)Sn (D) 9) = Q(fa, Py g)s Prvag)

(1) +(2) + ).
Note that A%y (x), Sn(D,)]Sn(D,) is an L? uniformly bounded operator with respect to the
parameter N for 0 < s < 1, and that [W;, Sx(D,)] is also a uniformly bounded operator from

L? to L? | with respect to the parameter N. The discussion on (B.2.19) can be divided into the
following two cases.

L2(R7)
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Case 1. 0 < s < 1/2. In this case, Lemma . implies that , for | > max{4, (y + 2s)*},
(D] < Cllfall et

And Lemma @ implies that
Q) < ClIVafollpoms, L

As for the term (3), we use Lemma .4 to have

@) 9l zz®n 9l Lz, @y < C||f3||§{gl(w)-

1
yt+2s

@) 9l L2wa Lf’+(Rg))||g||L§L(R7) < O||f3||§{gl(R7)-

1
vt +2s te

I3 < Cllfell Lo, LZIMHQS(Rg))||9||Ll2+ S(]R7)||PN,ZQ||L2(R7) < C||f3||§1gl(ug7)-

yT+2

Case 2. 1/2 < s < 1. By using (B.2.9), we have

(D < Cllfallpoews, | 12 @) llgllz2
-1 I+

feo Lot L@ IWa2Pr i gllra e, | oe-ves )

~yt42s—
< el ASW 2 Pr g3 ey + Cel Fallhs |

We can use (B.2.11)) to show that
12)] < ClVafallpeo s

t,x

1yt BT

Li++2S(R§))”gHL2(R§m L @) IWe PN gl Lems || mrze-1re))

'2y++25
%+2 s 2
Cell sl tery + €AW 2Py 10l 2aga -

Then, ) implies that
B < Cllfalliegs, 1

IN

1
2s41—147~ 2s+l—14~v4

4490
< Gl + IS, 0Py gl e .

In summary, we have obtained the following estimate for the second term on the right hand side

o G2
‘(PN,Z Q(f2,9) — Q(f2, Pny9), PN,ZQ)

< Os||f3||§{%(ug7) + 5||A1S;Wv/2PN,l9”%2(]@&&)-

L2(R7)

Finally, it holds that
(3.2.13) 1AW, 2P gllgaan) < CllfslES, g,

where the constants C, k, and k" are independent of N. Therefore, Proposition is proved by
taking the limit N — oo.

3.3. Gain of regularity in (¢,2). First of all, let us consider a transport equation in the form of
(3.3.1) fi+v-Va.f =ge€ D (R,

where (¢, z,v) € R7*"+7 = R2»+1 In [f], by using a generalized uncertainty principle, we proved
the following hypo-elliptic estimate.

Lemma 3.5. Assume that g € H™* (R2**1), for some 0 < s’ < 1. Let f € L*(R2"1) be a weak
solution of the transport equation ) such that AS f € L2(R?*"Y) for some 0 < s < 1. Then it
follows that

A;(l—s')/(s-ﬁ-l)f c L2,s_s/(R2n+1)v Af(lfS’)/(sH)f € L% . (R,

SH1 +1

where Ay = (14 |Dq|?)1/2.

+(R%))le(ac)SN(Dw)SN(Dv)9||L2(1R;{z,H?S*l*‘f (Rg))”PN,lQHL%RU
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As mentioned earlier, this hypo-elliptic estimate together with Proposition @ are used to obtain
the partial regularity in the variable (¢,z). With this partial regularity in (¢,z), by applying
a Leibniz type formula for fractional derivatives, we will show some improved regularity in all
variables, v and (¢,2). Then the hypo-elliptic estimate can be used again to get higher regularity
in the variable (¢, ). This procedure can be continued to obtain at least one order higher regularity
n (¢, z) variable.

For the details, we first recall a Leibniz type formula for fractional derivatives with respect to
variable (t, z).

Lemma 3.6. Let 0 < A < 1. Then there exists a positive constant C # 0 such that for any
f € S(R™), one has

(3.3.2) 1Dy f(y) = F (1€} F(€)) = C

Indeed, note that

fy) —fly+h) .

Rn |h|ntA

wdhz f(g)eiy'f/ ﬂdhdﬁ,
R"

|h|n+>\ |h|n+)\

1 — e th€ dh — A\ 1—671-“.% d
o =
so that (B.3.9) follows from

RTL
while

e
1_6717J,T
/n 7|u|n+A du # 0,

which is a positive constant depending only on A and the dimension n, but independent from ¢&.
Using this Lemma, we have the following Leibniz type formula,

(333) D, (I c/ 1y |h|(f+th) (w+h),
= GWID,PIW)+ FWID, Pl + s [ )~ S+ l’;}fn (oly + 1) = 9)) 5,

We now turn to the analysis of the fractional derivative with respect to (¢,z) of the nonlinear
collision operator. Denote the difference with respect to (¢,2) by

frlt,z,0) = f(t,x,v) — f((t,x) + h,v), hE Rﬁw
It follows that for the collision operator (where n =1 + 3),

(334)|Dt,m|)\Q(f7 g) = Q(|Dt,w|>\f7 g) +Q(f7 |Dt,m|>\g) +C)\ ‘/RAL |h|_4_>\Q(fhu gh)dh

This kind of decomposition will be used extensively below in order to get the partial regularity
with respect to the (¢,x) variable.

First of all, we have the following proposition on the gain of regularity in the variable (¢,z)
through the uncertainty principle.

Proposition 3.7. Under the hypothesis of Theorem |I.1, one has
(3.3.5) A, fr € HY (RT),
foranylGNandO<$0:%.
Proof: In fact, for any [ € N, it follows from Proposition that
ASWig € L*(R7).
Then the upper bound estimation given by Corollary E with m = —s implies that
WiQ(f2, g) € L*(R;y; H*(R})).
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On the other hand, Proposition B.9 and (B.2.6) gives
WiG € L3(RE,; H~ @19 (R3)).

By using (B.1.1)), it follows that
(3.3.6) 8 (Wig) +v - 8:(Wig) = WiQ(fa, g) + WiG € H™*(RT).
Finally, by using Lemma @ with s’ = s, we can conclude (B.3.§) and this completes the proof of
the proposition.

Therefore, under the hypothesis f € H}(JT1, To[xQ x R3) for all [ € N, it follows that for any
[ € N we have
(3.3.7) Apua)f) € BERT), AR (p()()f) € HIRT).

We now improve this partial regularity in (¢, z) variable.

Proposition 3.8. Let 0 < A < 1. Suppose that f € HP(|Th, To[ xQ x R3) is a solution of the
equation @ for all 1 € N. Furthermore, assume that for any cutoff functions ¢, 1,

(3.3.8) A (p)(x)f) € HP(RT), A (p(t)y(2)f) € HP (RT).
Then, one has
(3.3.9) AL (W) (@) f) € HP (RT),

for any l € N and any cutoff functions ¢, 1.

Proof: Set
9N = Pnig = v1(2)Sn(Da) Wi Sn(Dy)0% (p(t)0(2) ),
where a € N7, |a| < 5 and I € N. Then (B.3.§) yields
[ASgN il 27y < ClIAZ0% (e ()Y (2) )]l 2 m7)s
and
1A% canallz2ery < ClIALLO%(0()9 (@) )l 2 e

where the constant C is independent of N.

It follows that gy ; satisfies the equation

(3.3.10) O(gng) +v - 0z (gny) = Q(f2, gna) + Gnis

where Gy, is given by
Gni = (@)W [SN(DU), v} V.Sn(Dy)g + (PN,l Q(f2, 9) — Q(f2r Pwu g))
(v - Va)1(@)) Wi Sy (D2) Sy (Du)g + Pya G,
with G defined in (B.1.9).

We now choose |D; . |*2(z)|D;..|*gn.1 as a test function for equation (B.3.1(). It follows that

(3.3.11) (v @) IDealons va@Duclo) |,

= (02D QU2 gna) + Gva}s a(@)Dealana)

L2(R7)
It is sufficient to prove that, for any [ € N,
(3.3.12) ASAY  Pnug € LA(RT),

and is uniformly bounded with respect to N. In the rest of the proof, we use C' to denote a constant
independent of N.
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We first consider the linear terms in (8.3.11)). On the left hand side of (8.3.11)), the hypothesis
(B-3.9) implies that

o @Dalan] ) < Ol a0 (0@ Dz, 0

For the linear terms in Gy, by using (B.2.J), one has

\|th2(2)| Dy o[ {01 (2)W1 [Sn(Dy), v] - VaSn(D g}HLz(R7)
< ClllAsz 0% (e (@) ) L2 gy,
and
[2(2) Do (v - (Vo 1)(2)) Wi S (D) Sn (Do) 1o ey
< ClllAea* 0% (09 (2) ) 2, , @r)-
Similarly, concerning the linear terms (B) and (C) in G, we have
[[2(@)|De* P ((B) + (O)) || o ry < ClllAa* 0% (0 (89 (2) ) 2

l+1(R7) .

For the nonlinear terms in (B.3.11), we shall use the formula (B.3.4).First of all, the coercivity
estimate (R.2.1)) gives, as in (3.2.3), that

(3.3.13) _(Q(f27 U1(2)|De e [P any)s 1 ($)|Dt,m|’\9N,l>
> Col|ASW, j2t1 (2)| D | g a1 32 )

~COllfellpoe@e,nr o, . @l ($)|Dt,w|A9N,l||i§

{~vt,2

L2(R7)

NS

On the other hand, the upper estimate of Theorem EI with m = —s and @ = —y/2 > 0 (the
case v > 0 is easier) gives,

‘ (Q(|Dt,m|>\f2a Y1(x)gna), Y1 ($)|Dt,m|’\gN,z)L

< O|||Dt,z|Af2||Loo(R;{z,Ll @3y [P (z)A

[vl/2+~F+2s

2(R7)

2Nl 2 @) [[91(2)[De2| MW, 298 il L2 rr)

Iv1/2+~ ++2
<elltn (x)|Dt,w|)\A2W7/29N>l||%2(R7) + CE|||Dt,:E| f2||Loo(R4 L2 ||A QHL (
M/2+v++2s+4 [v1/24~y T +2s+1
For the cross term coming from the decomposition (B.3.4), by using again estimate (2.1.1]) with
m = —s and o = |y|/2, we get
[ (@I i), @D o)
R
< Ol (@) [Da AT

R7)"

dh‘
L2(R7)
/291\/,,1||L2 R7)

o e (S P T LA A

Iv1/24~ ++25(R7)dh'
Furthermore,
/ A=A (f)nll oo R, L‘lﬂ/2ﬂ++2s(R3))||Af)(gNl) ||L‘2 . +W++2S(R7)dh
< /h|< B~ ()l e e, Lk, @) 1A% (gn,0)n IIL‘z e, @R
+4CA| foll Lo ms SRR . ))HAvgNZHL\2W\/2+W++2S(R7)
< 2/h|<1 B~V foll oo e, e @ ASgNllz L enydh
+4CA| foll Lo rs LDt S 5))[IA5 gNl||L‘2 Pt
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Thus
[ (e (avam) w%wnwm/zgw,z) o 0]
R4 L2(R7)
< eln(@) Do AgnallTa gy + CellAp o foll Foeas @ [ASgn Il (R7)"
\ [/2+yF+2s +4 [vl/24+~t+2s
Hence, the formula (B.3.4) yields

’(|DM|XQ(f2, 1 (2)gn) — QUDe x| fo, ¥1(2)gn), ¥r ($)|Dt,z|kgzv,l>

< |t (2)| Dea MW, 29 il 2 rry + Cell AL L f2 17 o g

t,x?

L2(R7)

(R3 ))||Avg||L2

2 7Y
L |7 \/2+v++2s+z(R )

[v1/24~F 42544

In conclusion, we get from coercivity property () that

(3.3.14)  [ASW, ot (2)| Deo [ gn a3y
<C|AL o follLooms  r2

3
ey \/2+v++2s+4(Rv))

% (1Dl gl13 @) + 1ALl

7
LHlvl/24yF+2s LHlvl/24F+2s (R )>

+ ‘(|Dt,m|>\(PN,lQ(f2v 9) — Q(f2, PN,IQ))a 1/’%(1’)|Dt,z|)\gN,z)L2(R7)
I

|Dt,1|>\PN,l (A)a w%(‘T”Dt,mP\ gN,l)Lz(R7)
= (I) + (II) 4 (III) .

For the term (II), since [|Dy.|*, 91 (z)] is a bounded operator, we can replace Py, by Py, =
W, Sn(D3)Sn(Dy). Again, the formula (B.3.4) yields

(|Dt,z|>\(PN,lQ(f2a 9) — Q(f2, Pnug)), ¢§($)|Dt,m|A9N,l)L2(R7)

= ((PN,IQODt,mP\fZ; 9) _Q(|Dt,z|)\f27 PN,IQ)), w§($)|Dt,x|>\gN,l)

L2(R7)
((leQ(f% |Dt.2*9) — Q(fo, Pny|D:l9)), ¢§($)|Dt,m|’\gN,z)L2(R7)
+C /]RAL |h|’44((15N,1Q((f2)h, gn) — Q((f2)n, Pnagn)), ¢§(x)|Dt””|AgN’l)L%R?)dh'

As for (B.2.13), in the case when 1/2 < s < 1 (the other case when 0 < s < 1/2 is similar and
easier to handle), by applying Lemmas E, @ and @, we have

(3.3.15) ‘((PN,ZQ(|Dt,m|>\f2a 9) — Q(|Dtz|* fa. PN,lg)), ¢§($)|Dt,m|’\gzv,z)

L2(R7)

142
< OIA follpera sz%iw(n@g))||g||L2(Rﬁz) e @yl [ D, <2l 2 (R7)-

By using ) of Lemma , we can get, for 2s — 1+ 6§ < s,
((PxaQ(f2: IDealg) = Q(f2: PralDral9)), v3(@)|DesPgn)
< C||Atmf2||L°°(]Rt w0 Ll o R3))|| | Dy, ac| 9||L2

x| | D¢, Dr1gnill L2 JHECLE L (RY)
< e ASW, 001 () Dy o[ g il 72y

’ ’
+Cs||A f2||2k L2 (R3)) I |th|>‘g||%l§ R:,

L2 (R3
14+3/246+(y+25— 1)+ L7, (R3))

L2(R7)

2 3
Lz+<w+2s—1>+(R”))

tz?
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and

’/|h|_4_k (PnaQ(fons 9n) — Q(fon, Pnagn)), ¢§($)|Dm|kgzv,l)

dh‘
L2(R7)

A
< ClAeahafolleme iy, o, @I9le@s, w2 @l Dol gllz @
< Clfall gzvas2+s @nlldogllz - @nll Dol gl 2 -

14+3/2+8+(v+2s—1)+F

Thus, we have
() < el AWy 2 (@) DraPanalager
A 12K s 112
+ Gl ey (11Dl Il ).

We now consider the last term (IIT) of (B.3.14). Recall that (A) stands for the nonlinear terms
from G given in (B.1.9). Precisely

W= Y CmQ(omf 0 h).
ajtaz=a a1#0
By using (R.1.1)) (we consider also only the case 1/2 < s < 1) and formula (B.3.4), we have
‘(|Dt,m|A (@0 12, 0°211) ), Prat3(@)| Dl g2

< CIA "Wt (@)| Do Paallan {||Q(IDeal 0 12, 0% 1)

L2(R7)

L2(RE HPY o (R3))

+[@(0™ £ ID1aPo2 1),

L2RY o3 HY /2 (RD))

+H/h 2Q(0% (fa)n, 02 (f1)n ) dh ‘

WGR%»}'

We divide the discussion into two cases.
Case 1. |oy| =1,2. Take m = —s. We have

|@(1Deal o £z, 0°21) |

. +[@(9 £z, 1Deal 0 1)

L2RY o H y0( LARY o H L 2 (BD))
< O A},0 follpoe(rs it - ++25(11%3))”Ai/\éawﬁ||Ll2+w++25(11@7)
<C A
< Oy, el e
and
h=* ’\Q(am(h) 9%*(f1) )
H/ R o L /2 (RD)
<0 [N lomrins, oo )>||Azaaz<f1>h||leW2s<R7>dh

< Cll 0% fall oo (rs et yas =) | Asamvt*xfl)||Lz2+w++2s(R7)

< Cllfallpsasss . aoy NSl

R7 .
14+3/2454+~+ Lt 2s (BT

Case 2. |a;| > 3. By the same argument as above, one has
|Q(1Deal o oy 02 11) || s +||e (o™ for 1Dealo 1) |
LERY o3 H 2 (RD))

< C|I A0 f2||L2(JRtm,L @y | ASAD 02 Sill Loowa iz

L2RY o H 2 (RD))

I+~yt+2s I+~yt42s (®3))

SC'HA f2||H15+3/2+5+ 4o, R7)||Avf1||Hz2r4J/ri+g/\+6(R7)-
¥ s
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When |a;| = 3,4, we have

H /R Q0 (fan, 0 )b

Hy 172 (R0)

3y, dh

L? (
tail I4yt42s Y

<C [0 Golzaces Al

t,z) I4+~++2s
< VtmaalfzﬂL?(RWL L@ A0 )l Lo my s
< Cllfallms

”fl”H?I;‘ﬁZi”<R7>’

2 3
. B2, L, (B3)

while when |ay| = |a| = 5, we have

H /sz hQ (8a(f2)h’ (fl)h)dh’

L2(RE 3HL 5(R2)

(R3 ))HA (fl)hHLOO(]RtI,L (R%))dh

tos I4+~t+2s I+~t42s

<C||aaf2||L2(Rtm,L a2 (BD) WAV ez fi)ll L@ r2 (R3))

Le Tyt s
<Clfellas, .00 oo

<C [N Glaaces

(R7)||f1||Hl1++jf++zi+6(R7),

Thus, by the Cauchy-Schwarz inequality, we obtain
(1) < el|AZW, j2001 ()| Dt | g al| 7 2 ey + C€(|| A?,mf3||§{;l+ RGO | ASfS”%ng ++7(11@))-
Finally, we get from (8.3.14) that

[AS W, j2t1(2)| Dex Mg il 72y < C(||A?,gcf3||lirél ®") T ||Asf3||H5 (]R7))'
kl4yt+7 214yt 47

Therefore, we complete the proof for Proposition E

We are now ready to prove the following regularity result on the solution with respect to the
(t,x) variable.
Proposition 3.9. Under the hypothesis of Theorem , one has
(3.3.16) NI (p(t)(@)f) € HP (RT),
for any l € N and some € > 0.

Proof: Fix so = S((l S)) Then (B.3.7) and Proposition B.§ with A = so imply

ASA}%,g € HP(RT).
It follows that,
(A%9)e +v - 0s(Aj%9) = A%Q(f2, 9) + AL%G € H*(R).
By applying Lemma @ with s’ = s, we can deduce that
A3 (p(t)y () f) € H (RT),
for any [ € N. If 259 < 1, by using Proposition @ with A = 259 and Lemma @ with s’ = s, we
have
A () (@) f), ALR (p(t)d(2)f) € HY(RT) = AJY (p(t)(2)f) € HY (RY).
Choose kg € N such that
koso <1, (ko+1)sp=14¢>1.

Finally, (-3.14) follows from (B.3.5) and Proposition B.§ with A = kgso by induction. And this
completes the proof of the proposition.
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3.4. Proof of Theorem E In this subsection, we give the proof of Theorem 1.1 with the above
preparations. The proof is also based on an induction argument.

From Propositions E and @, it follows that for any [ € N,
(3.4.1) A (@) f), Vi (p(t)(2)f) € H (RT).
These facts will be used to get the high order regularity with respect to the variable v.

Proposition 3.10. Let 0 < A < 1. Suppose that, for any cutoff functions ¢ € C§°(JT1,Tz|), ¥ €
C5e () and alll € N,

(3.4.2) AS (pv(@)f), Va(ot)p(e)f) € HP(RT).
Then, for any cutoff function and any l € N,
(3.4.3) AT (o) (@) f) € HP (RT).

Proof : Recall that g = 0%(¢(t)y(x)f) with || <5 and
9N = Pnig = 1(@)Sn(De) Wi Sn(Dy)g.
Choose A2 gn; as a test function for equation (B.3.10). Then, one has

(3.4.4) ([Aﬁ, v] - Ow N, Aﬁgzv,l)m(w) = (Aﬁ{Q(fz, gn1) + G AﬁgN,z>L2(R7)~

Since
[A), v] - 9x =AA)20, - Os,
and A)~29, are bounded operators in L2, for any 0 < A < 1, we have, by using the hypothesis
(B.43) that
(3.4.5) (A2, 2] - Gegmss Adawa) o | < CIA gllczen) |V gl czcer)
and when 1/2 < s < 1.

(3.4.6) ’(Af}\GN,l; AﬁgN,z) L(®) [AY T2 09Nl pa e

A
pogary| < CllPllmzn Il
< 5||A2Wv/2Aﬁ9N,l||%2(R7) + Ca||f2||§1§(R7)||Aﬁ9||%%,L(R7)-

By setting M = A} in Proposition @, we have
(3.4.7) ‘(A;\Q(ﬁ gn.1) _Q(.fv Af;\gN,l)v Af}gN,z)

L2(R7)

A

= C||f2||L°°(]R‘t"I; },+(R%))(HAf}\gN,l||%2(R§YI;L?Y+(R%)) + ||gN7l||%2(R7))”Af)\gN,lH%?(RU

IN

C|l fall gz ey 1 A2 g||%12+1(R7)7

when 0 < s < 1/2. Moreover when 1/2 < s < 1, we have
(3.4.8) ‘(AﬁQ(fz, gn) = Qf2, Ajgn), AﬁgN,z)

< C”f2||L°°(R§jm;L(123+W71)+ (B3))

L2(R7)

A A25—145
X (HAUQN,I||2L2(R§’I;L?2S+771)+(Rg)) + ||gN,l||%2(R7))||Av+2 " 9N>l||%2(R7)
< AW, oA il ary + Coll by 12 61125, .
Now the coercivity estimate (R.2.1) gives,
(3.4.9) —(Q(f2, Adgn i), Ai\gN’l>L2(R7) > Co||AfJWV/2Aﬁ9N,lH%2(R7)

—C| follpos s i @ AYgnlTe . -
’ ma } ~+

x{yt,2-~1 /2
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Thus, Proposition is proved by the following estimate

(3.4.10) 1AW, 280wl gy < C (I falldigqary + 1A 9135, )

where C' is independent on V.

We can now conclude the following regularity result with respect to the variable v.
Proposition 3.11. Under the hypothesis of Theorem B, one has
(3.4.11) A ()Y (@) f) € HP (RT),
for any l € N and some € > 0.
Again, this result follows by induction. Indeed, notice that there exists kg € N such that
kos <1, (ko+1)s=1+e>1.
Then we get (B.4.11]) from (B.2.9), Proposition with A = ks and (B.4.10), by induction.

High order regularity by iterations
From Proposition @ (more precisely (B.3.16)) and Proposition , we can now deduce that,
for any I € N, and any cutoff functions ¢(¢) and ¥(z),
p(tyv(x)f € HP(RT).
The proof of Theorem EI is then completed by induction.

Indeed, if f is a solution of Boltzmann equation satisfying the assumptions of Theorem EI,
then, when m > 5, we have

feHM(Ti, Ta[xQxR3), VieN = feH"(T1,To[xQxR3), vl e N.
Thus, the full regularity of Theorem is obtained by induction from m = 5.

4. EXISTENCE AND UNIQUENESS OF LOCAL SOLUTIONS

The local existence of solutions to the spatially inhomogeneous Boltzmann equation without
angular cutoff is so far not well studied. The strategy of proving the existence in this section is to
approximate the non-cutoff cross-section by a family of cutoff cross-sections and approximate the
Boltzmann equation by a sequence of iterative linear equations. Then by proving the existence
of solutions to these approximate linear equations and by obtaining a uniform estimate on these
solutions with respect to the cutoff parameter in some suitable weighted Sobolev space, the com-
pactness will lead to the convergence of the approximate solutions to the desired solution for the
original problem. One of the techniques used here is to introduce a transformation defined by the
time dependent Maxwellian developed previously in @] The purpose of this transformation is
to get an extra gain of one order higher weight in the velocity variable at the expense of the loss
of the decay in the time dependent Maxwellian. Moreover, the uniqueness of the solution is also
proved in some function space.

4.1. Modified Cauchy Problem. By taking &, p > 0, we set, for 0 <t < Ty = p/(2k),

e (t) = plt,v) = e~ (PO,

and
f=w)g,  T9,9) = p(t) Q1 (t)g, 11 (t)g)-
Then the Cauchy problem ([L.) is reduced to
. 2y, _ Tt
(41.1) { gt +v-Vag +r(1+v[)g =T"(g,9),
glt=0 = go.

Our existence theorem can be stated as follows
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Theorem 4.1. Assume that 0 < s < 1/2,v+2s <1 and k,p > 0. Let go € H(R®), go > 0 for
some l >3 and k > 4. Then there exists Ty €]0,Ty] such that the Cauchy problem ) admits
a unique non-negative solution

g € C°0,T.); Hf(R®))() L*(10, T[; Hfy 1 (R®)) .

We shall prove Theorem @ by cutoff approximations. For simplicity of notations, we will
denote p,(t) by p(t) without any confusion.

Recall that the cross-section is of the form of B(|v — v.|,cos6) = ®(Jv — v,|)b(cosf) which
satisfies ([.2) and ([.). For 0 < e < < 1, we approximate (cutoff) the cross-section by

_f b(cos®), if |6] > 2e,
be(cos 0) = { b(cose), if |0] < 2e.

Denote by I'(g, g) the collision operator corresponding to the above cutoff cross-section B, =
O (v — vy )be(cos 0).
By using the collisional energy conservation,

o+ [ = o[ + vl

we have i, (t) = p=1(t) pl(t) i’ (t). Then for some suitable functions U, V, it holds that

P V)0) = t”/@xy v, OV OV = (U p(O)V ). dor

(4.1.2) = //11&3 . B.(v — vy, 0)ps(t) (ULV' = UV)dvodo = To(U, V, p(t))

Q.(u()U, V) + / / | B0 ) () = i (O)ULV v

Then we have the following formula coming from the Leibniz formula in the z variable and the
translation invariance property in the v variable. For any o, 3 € N3,

9p o, TL(U, V)
= Z Cal az,581,82,03 E(aalaﬁl 8a2852‘/7 353M(t))

artas=a; f1+P2+83=

Q-(u(t)U, D20V + // R A R

+ Z Cot,az,61,82,8 5(851851 ) 8;12852‘/7 853U(t))
loca[+]B2] <|a+B] -1
(413) = A +Ay+As.

Firstly, we give the following upper weighted estimate on the nonlinear collision operator with
cutoff.

Lemma 4.2. Let v € R.Then for any e >0, k > 4,1 > 0, there exists C' > 0 depending on €, k, [
such that for any U,V belonging to Hﬁ (RY)

p
(4.1.4) ITeWs Vg eey < ClUNme oy IVIlx_ eys O <t<To= o

2Kk
Proof. To prove ([L.1.4), put
= 03O0, hy = 03202V, ps(t) = 0 u(t),
Te(g1, ha, ps(t) = 725 — 1.7
Throughout this section, the estimates
u(tv),  |us(t) = [0 p(t,v) < Cpp et e[0,T], v eR?,

will often be used.
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Firstly, we compute 7_t as follows.
Wi
WL < C [0 = vul) . 00) g s (Wi | (Wi oo
W, 2 1/2 L 1/2
< ) ———— . _ v ’ 72 .
< C{//‘Mg(f,’l) )(Wl)l(Wl)’ dv da} {//(v v )N (Wigh) . (Wihe) |“dv.do
/ 712 1/2
<o [ [ 10Wisr 902 Wiy ha) o]

— / / Wi . .
where we have used |v — v,| = |0/ — v} and vty < 1. Since the change of variables

(415) (U,U*,U)—’(U/,U;,O'/), O'/:(U—’U*)/|’U—’U*|,

has a unit Jacobian, we get

|‘WZZ+||%2(RG) < O//// |(Wl+’y+gl);(Wl+’y+h2)l|2d’0*d0'd1}dz
B C////|(Wl+7+91);(Wl+v+h2)'|2dvido’dv’dx

< C/||(Wl+w+91)||%2(Rg)||(VVl+w+h2)||%2(Rg)d$-
If |1 + B1] < k/2, then we have
IWI T | 2re) < Cll(Wint g1l Loe ma;p2ca) | (Wisq+ h2) | 2(rs )
<Ol @IVl ey
because of the Sobolev embedding theorem and the fact k/2 + 3/2 < k when k& > 4. When
|ag + B2| < k/2, the proof is similar. This completes the proof of the lemma.

4.2. Cutoff approximations. We now study the following Cauchy problem for the cutoff Boltz-
mann equation

. 2, _ 1t
(4.2.1) { gr+v-Vag +r(v)°g =Ty, 9),
gli=0 = 9o,
for which we shall obtain uniform estimates in weighted Sobolev spaces.

We first prove the existence of weak solutions to this cutoff Boltzmann equation.

Theorem 4.3. Assume that v < 1. Letk > 4,1 > 0, e > 0 and Dy > 0. Then, there exists
T. €]0,Ty] such that for any non-negative initial data go satisfying

g0 € Hf (R®), 1901l rz3 ey < Do,
the Cauchy problem ) admits a unique non-negative solution g° having the property

g° € C°(J0,T.[; Hf(R®)), 9%l o o, 7. 1; 5 Reyy < 2Do.

Moreover, this solution enjoys a moment gain in the sense that
(4.2.2) 9° € L*(J0, T.[; Hy 1 (R%)).

Remark 4.4. (1) Notice that we do not assume go € Hf', | (R%) and the gain of the moment will
be essentially used below in the proof of uniform estimates to compensate the singularity in the
cross-section.

(2) The regularity of g¢ with respect to t variable follows directly from the equation (£.2.1]).

(3) Fiz -, k, 1 as in the theorem. Then T¢ is a function of € and Dy. In the following, when we
need to emphasize this dependency, we shall write

T = TE(DO)'
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(4) If v <0, we may take & = 0. In this case, we do not have the moment gain ({-2.3), which is
anyway not needed.

Proof of Theorem [{.3.  We prove the existence of non-negative solutions by successive ap-
proximation that preserves the non-negativity, which is defined by using the usual splitting of the
collision operator (J.1.9) into the the gain (+) and loss (-) terms,

Lt lo.h // — Vs, ) (t) gL' dvdo,
R3 ><S2
Ft _(97 h) - hL )

// (v — vy, ) pu(t, v4) gedvsdo.
RS ><S2

Evidently, Lemma E applies to F?i, and in view of ), the linear operator L. satisfies
(4.2.3) 1050 Le(9) (8, 2, 0)| < Clo) P02 9]l 12(ms), T € [0, T0),

for a constant C' > 0 depending on ¢, because |u(t, v.)02 (v — v,)7| < C(v)7~18l,
We now define a sequence of approximate solutions {g"},en by

0
g =49go;

(4.2.4) 0ig" 4 v Vog" 4 w(o)2g" T =TSt (9", ") = T2 (9", "),
9" =0 = go.

Actually, in view of ([.2.3) we consider the mild form

(4.2.5) gt z, v) =MD =VT(t, D go(z — tv, v)

t
+/ RV =)=V TS+ (gr g (5.2 — (£ — 8)o, v)ds,
0
where .
V™ (t, s) = / L.(g")(s,x — (t — s)v, v)ds.
First, we note from Lemma {.2) that for any T €10, To], To = p/(2x), go > 0, and
g" € L*(0,T; Hf(R%),  ¢" >0,
the mild form ([£2.5) determines ¢"*! in the function class
(4.2.6) g™t e L>(0,T[; HF 1 (R%), g" Tt >0,

and solves ([1.2.4). Thus ¢g"*! exists and is non-negative, but appears to have a loss of weight
in the velocity variable. We shall now show that the term x(v)2¢g"t! in (f£.2.4) not only recovers
this weight loss but also creates a higher moment. More precisely, we have the following lemma.
Introduce the space and norm by

X =L>()0,T[; HF(R®) NL(J0,T[; Hfy, (R)),

2 _ 2 2
Nglll* = llgll % (10,T; HF(RS)) + HHQHLQ(]O’T[; HE, | (RO)) *
This norm depends on k, I, T, x, but we omit this dependence in the notation for simplicity.

Lemma 4.5. Assume that v <1 and let k > 4,1 > 0, > 0. Then, there exist positive numbers
C1,Cs such that if p > 0, Kk > 0 and if

(4.2.7) g0 € Hf(RY), g" € L=(0,T[; Hf(R)),

with some T < Ty, the function ¢g" ' given by () enjoys the properties
gnJrl c X,

(4.2.8)

g™ 12 < T (11golZe oy + L119™ 3102, 6oy ) -
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where Ky, is a positive constant depending on ||g" || o 0,1, HE(re)) and K.
Proof. Put
h™ = hy = 0%"™.
Differentiation of equation ([.2.4) yields
Oh" T 4 v - VAT 4 g (0)2RMT = G — G 4 G + G,
Gf =0°Te* (9", g"), Gy =0°Te™ (", ¢"™),
Gy =—[0%, v-V.]g"™,
Gy=—r Y C300()200OAgn+t,
|B81=1,2
Let x; € C§°(R?), j € N, be the cutoff function

{ L l<id,

Xj(v): O7 |'U|Z]+1

We remark that ([2.q) does not necessarily imply Wi h"t1(t) € L2(R®), but x,; Wi h"Hi(t)
€ L?(RS) for all j € N. Hence, we can use x2W/2S5% (D,)h" ! as a test function to get

J
1d

(1.29) S ISN (DD Wil 2 4+ | Sy (D) Wi P
= (Gf = Gy + G+ G3, Sn(Da) X W2R™ ).
Here and in what follows, the norm || || and inner product (, ) are those of L*(RS ) unless

otherwise stated. We shall evaluate the inner products on the right hand side. Observe that
Lemma @ gives, for t € [0,T],
‘(G;‘,S]?Vﬁvvfhnﬂ)‘ = ‘(SNXJ‘Wl—leaSNXle+1h"+1) < OIWiea G [ [Snx Wit b
< OITE (9", g s ey ISnx; Wi "L
< Ollg" e gy | 1S3 Wi 41|

¢ n| 4 K n+1(2
< g W oy + S ISXG Wi b2
On the other hand, Lemma @ is not enough to evaluate G| because G contains g"*! which is
not known, at this moment, to have moments required by Lemma @ However, this obstacle is
only superficial. Observe that

Gi= Y Caupras (079" (07 L0 g™):
(a1,B1)+a2=a
Define,

Hii(9) =Y Ix;Wio°gl?,
i<k

and write H'; = H,(t) = H;(gn(t)). By recalling #23), we get

G SEWA D £ 3 Cavsranl 007 W10 g™ 1 02" | 1S Wesh™ |
(a1,B1)+az=a
< Cllg” s oy | ()2 1S Wb |

Cl n n K n
< g g oy H o+ SISwg Wi b

Here C,C’ are positive constants independent of k.
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The estimate on the remaining two inner products are more straightforward and can be given
as follows.
(G2 + G, SIGWER™)| < ClGWir Gz + G|l [ Snx;Wasah™ |

(k+1)?

1/2 K
< Cle+ D(HE™) IS Wb < " HPH 4 211 SnG Wi b1,

The constants C,C” are independent of € and k.
Putting together all the estimates obtained above in () yields

n n 1 n
||SNXJVVlh +1|| +—||SNXJWZ+1h +1||2 C”/{ (1 + ||g ”Hk RG))}H RS _”g ||H7C (RS)"

2 dt
Summing up estimates for A"t = A2t over |a| < k then yields,
d
T (Sng™ ) + KHj i (Sng™) < CLEnHu(9™ ") + || "5 o)

where

K,=r+— (||9 HLDO(OT[H’“(RG)) + 1)

and C7 > 0 is a constant independent of €, x while C5s is independent of x but depends on €. By
integrating the above estimate over [0,¢] and taking the limit N — oo, we get

t
HIF(8) + / H'H (r)dr
C t
< HPH0) + 1K, / HIPY( )d7+?2/ g™ () 7s (geydrs ¢ € 10,77,
0

which gives a Gronwall type inequality

t
(4.2.10) Hj’ffl(t)+,{/ Ll L () dr
0

C t
CiKynt o1 _2 C Kn(t_T) n 4
< R0 + 2 [ g )y aydr, e 0T,
for all j € N. Since

HH0) < lgoll?

gil > g0l k>

and 1 < e“1En(t=7) < eCrlnt (1 21() gives

Hjj'l —I—FL/ HJ l++11 )dr < eCrknt {”90”%;@ + ?/0 lg (T)val{lk(RG)dT}v te[0,T].

Since the right hand side is independent of j, we see that {x;0°¢" " }jen, |a| < k is weakly*
compact in L>(]0, T[; L}(R®)) and weakly compact in L*(]0,T[; L}, ,(R®)). Take a convergent
subsequence. Apparently, its limit is A"T1(¢). This is true for all |a| < k so that we can now
conclude that

9" € X = L¥(0,T[ Hf (R%) N L2(J0, T[; Hfy, (R%)),
and by Fatou’s theorem,

g™ HHI1? < 1ijniggf ||H}fl+1||L°° o,z + ’fhmlnf IH 4 e go.rp

< eclKnT(HQOH%(lk + — ||9 ||L4 10,TT; Hk(RB))

Now the proof of Lemma @ is completed.
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We are now ready to prove the convergence of {g"},en. Fix k > 0, let Dy, go be as in Theorem
and introduce an induction hypothesis

(4.2.11) 9" Lo, 71; 2 (me)) < 2Do.

for some T €]0, Tp]. Notice that the factor 2 can be any number > 1.
(211) is true for n = 0 due to ([£2.7). Suppose that this is true for some n > 0. We shall
determine T' independent of n. A possible choice is given by

24C: 2Dy + 1
(4.2.12) eC1EoT — 9o 2TD2=1  where Ko=r+ L,
K

K

T . log 2 K

=min ——, —— ¢ .
C]_KQ,24CQD%

In fact, (f.2.9) and (£.2.11) yield that ¢"*' € X and

or

llg™ 12 < o (

C

2 2 n||4

HQOHH{C(RS) + ?T||g I > (10,TT; HLIC(RS)))
< eCrkoT (Dg n @T24D3) < 4D2.

K
That is, the induction hypothesis (}.2.11)) is fulfilled for n + 1, and hence holds for all n.
For the convergence, set w™ = g™ (t) — g"(t), for which (.2.4) leads to
()?wrtt = Tt (w", g") +ThF(g" ", w™),

—Fé’i(’wn, gn+1) _ Fé,f(gn717 wn+1)7

O™t + v Vyw™ T + &

w”“ |t:0 =0.

By the same computation as used for ([£.2.9), but more directly since we can now use test functions
as Sn(Dy)?WEO w1, we get
n+1 |||2 <

1
C1KoT n+12 ni2
w Coe T =L llg™ 2 L o 1y, oy + 19”1 e o2, ey

N =

n—1(2 n|2
9" Mz o,z Hf(RS))}”w 2o oz ey

with the same constants C;,Cy and K as above. Then, (4.2.11)) and (§.2.12) give

g™+ = g"[II* < 2°CoDgr™"Tllg" = 9" 7 e qo,rp a1 (ro) -

Finally, choose T' smaller if necessary so that

210y DERTIT <

N

Then, we have proved that for any n > 1,
n n 1 n n—
(4.2.13) g™ =g™lll < 5 lllg™ = g" Il

Consequently, {¢g"} is a convergence sequence in X, and the limit
9° € X,

is therefore a non-negative solution of the Cauchy problem ({.2.1)). The estimate ([L2.13) also
implie the uniqueness of solutions.
By means of the mild form ), it can be proved also that for each n,

g" € C°([0,T]; Hf (R®))

and hence so is the limit g°. The non-negativity of ¢g¢ follows because g™ > 0. Now the proof of
Theorem is completed.
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4.3. Uniform estimate. We now prove the existence of solutions for the Cauchy problem ({.1.1])
by the convergence of approximation sequence {¢g°} as ¢ — 0. The first step is to prove the
uniform boundedness of this approximation sequence. Below, the constant C' are various constants
independent of € > 0.

Theorem 4.6. Assume that 0 < s < 1/2, v +2s < 1. Let go € HF(R®),g0 > 0 for some
k = 4,1 > 3. Then there exists T, €]0,To] depending only on ||go||zr and independent of e
satisfying the following property: If for some 0 <T < Ty ,

(4.3.1) 9" € C°(0,T); Hf(R®)) N L*(0,T[; Hfyy (R%)),

s a non-negative solution of the Cauchy problem and if Ty, = min{T, T.}, then it holds
that

(4.3.2) 195 o< o, 7. s m1x RE)) < 2l190] k(s

Remark 4.7. The case T, < T gives a uniform estimate of local solutions on the fized time
interval [0, Ty] while the case T < T gives an a priori estimate on the existence time interval [0,T]
of local solutions. The latter is used for the continuation argument of local solutions, in Subsection

4.4 below.

In the following, p > 0, Kk > 0 are fixed. Furthermore, recall Ty = p/(2k). We start with a
solution ¢¢ subject to ([.3.1]) for some T €]0,Tp]. For @ € NS, |a| < k, the differentiation of the
equation ([£.2.1)) implies

(4.3.3) 0:(0%g°) +v - V4(0%¢°) + r(v)2(0%¢°) = 0°T (g%, ¢°) — [0%, v - V]|g° — K[0%, (v)?]¢°.
Since 9“g° only belongs to L7, now as in Section E, we take,
Py 1 Pna(0%°)

as a test function in (.3.), where I > 3 and Py ; = Sy(D3)Sn (D) W (we do not need the cutoff
functions ¢, ¥ here). Then we have

1d o o
43.4) S PN (0% ) D72 ey + £IW1 Py, 1(0%97) (O] 72 gy

2dt
+ w([Sn (D), @)2IW1(9°9°), Sn(D2)Pa,i(9%97))
= (Al + Az + Az + Ay + As, P]@,ZPNJ(BO‘QS))
where A1, As, Az are defined in ) with U =V = g and
Ar=—10% v-Valg®,  As=-r . Cz00(0)20° 0D,

L?(RS)

L2(RS)

|B]=1,2
We have firstly,
(4.3.5) (A4, PRy Pt (0°9%) o | < Cllo* O o
and
* (6% K
(4.3.6) ’(A5, PN)[PN,l(a 95))L2(Rs) < C’f||g€(t)”§1f(ug6) + Z||g€(t)||§—[lk+l(]1{5)'

We also have

(4.3.7)

r([Sx(Do), (Wi (9%9°), SN<D1>PNJ<5“95>)L2<R6>

K
< C:‘ﬂ?”gs(t)”QHlk(RG) + ZHgE(t)H?{fH(RG)'

We now study the term A; by using the non-negativity of g° and the coercivity of collision operators.



THE NON CUTOFF BOLTZMANN EQUATION 51

Proposition 4.8. Assume that 0 < s < 1/2, v € R. There exists C > 0 independent of € such
that for any o € N® |a| <k, k >4,1> 3,

(4.3.8) (A1, PR PN1(0797)) ooy < C”gs(t)”zlk(u@)||g€(t>||Hl’“+w+(R6)v
forany 0 <t <T <Ty.
Proof : By setting h = 0%¢%, we have,
* _ €
(A1, PNJPN,lh)LZ(RS) = (PN,le(MQ . h), (PN,lh))
— €
= (Qa (n(t)g, (Pn,ih)), (PN,lh)> L2 0)

+(PN,lQa (M(t)gsv h) - Qe (M(t)gsv (PNJh))? (PNvlh))
= By + Bs.

L2(RS)

L2(RS%)

Since u(t) g°(t, x, v) > 0, we have, in the same way as Theorem E with the cancellation lemma,

2
B = _l //// Ba(v — Ux, U) (/J'(t) ga)* ((PN,lh)/ — (P]m[h)) dv,.dodvdz
2 R3 XR3 xRS xS2
1 2

5 /1] Be(v = ve, 0) (u(0) ). { (Pw.th)') = (Pn.ih)’} dv.dodvd

RS xRS xRS xS2

2

; / / / / Bo(v = v,y 0) (u(t) g°) { (Pnaih) ) = (Pov.ih)”} dov-dodvda
2 R3 xXR3 xRS xS2

C/// (1) g°) (v = 0.)7" (P, 1h)*dvdv,da
R2 xR3_ xR3

CllpWa+ g (Ol oo @z L2 e IWih(Oll 2rs ) Wi+ h(E) | 2(rs )
Cllg* @Ol moravs e g™ Ol mpee 9" Ol @ o ¢ €10, T,

IN

IN

IA A

L

where we used the fact that b.(cos#) < b(cos6).
By putting Sy = Sy (D..) Sxy = Sn(Dy), we decompose

By — (sN gN{WlQEW)gE, h) — Q- (u(t)g", (Wm))}, (PN,zh>)L2(RG>
+ (SN{gNQs(/L(ﬂgE’ (VVlh)) _ Qs(ﬂ(t)967 S’N(Wlh))}, (PN,lh))

+ (S8 Qe (u(t)g", (SyWih)) = Qe (u(t)g", Sn(SyWih), (P.ih) )
= Ba1 + Baz + Bas.

L2(R9)

L2(RS)
By Lemma @, we get

B = ‘({WlQa (4(1)g" 1) = Q= ()", (Wih) . (SwSnPwah)) |,

iyt

< Cllu)g" ()l oo rerr, ®s)) /R% Wi+ bl L2y | Py, ihl L2 rs) d

< Cllg* = rzszz@an 9 Ollap o) 9" Ol g,
< Cllg" Ol ge) pey. €10, 7.

gs(t)HHl’;w(
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It follows from Lemma @ that

1/2
| Baa| < </W 1SN Qe (u(t)g®, (Wih)) = Q=(u(t)g, gN(th))llizmg)d:v) [P, 1hll L2 (o)

< C”:u(t)gs(t)||L°°(R2;L}Y+(R3))”V[/l+'y+h||L2(]Rg) 9" (Ol 5 moy
< C||95(t)||§{;c(R6)||95(t)||HlkM+(R6), telo,1].
Lemma @ with m = 2s yields
| Bag| < Cl[SnQ(u(t)g", (SnWih)) — Q(u(t)g, Sn (SNWih))|l (s, L2 @) | Pr, il L2 ze)
< ONp) Vgl Lo s, L(123+W)+(]R3))”(2_N‘§’N(Vvlh)”L2(R§, H(?;Sﬂﬁ(n@g))||PN,lh||L2(1R6)
< C||95(t)||§{;c(R6)||95(t)||Hlkﬂ+(R6)v te [0, T].

Combining the above estimates proves Proposition @

For the term Ay and As, we prove the following proposition.

Proposition 4.9. Assume that 0 < s < 1/2, v+ 2s < 1. Then, for any § > 0, there exists C > 0
independent of € > 0 such that for any a € N® |a| <k, k >4,1> 3,

(43.9) (Ao + A3, Py Py (0%0%) 1oy < Clla(0) s oy |70 s

L+(v+2s+6)+(R6)’
fort e 0, TV.

Proof. By putting h = 9°¢° and h = Wf2PJf,7lPNﬁl(8o‘gs) , we get

\(Ag, WeR) Lo |- | / / / / Be(v — va, 0)(ua(t) — 1 (8))(6°)u (WER)dv, dodude
L?(RS) R3 xR3 xR3 xS2

< / / / / B(v— ., 0)ljaa () — 1a(8)]|(6°)L | (Wik (Wih)|dv dodvda
RS xR3 xR3 xS2

+//// XSEB(U—U*, )| (e (£) = (1)) 1(9°).]

=1L + Is.

Wi — W| W (Wih)|dv.dodvda

To estimate I, we notice that
(4.3.10) |p(t,vi) — p(t,vl)| < Clo. —vl|* < COMo —v. P < COMY' =L, N e[0,1], t €0, Tp),

which is elementary for A = 0,1 and is obtained for general A € (0,1) by interpolation. Since
v+ 2s < 1 is assumed in the proposition, there is A € (0,1) such that A > 2s,v + A < 1. By the
manipulation on the primed and non-primed variables ( see ({.1.5) ) we have

s C//// (v — vl ) OG22 (g0 | |(Wih)'| [(Wih)|dv. dodvda
R3 XR3 xRS xS2Z

S 07220 Wiy g2 97l [ 1Werto - HNOVERY |do Yo dod
RS xRS xS2 R3

g0
+(v

< C||95(t)||Loo(Rg;L§Ww(Rg))||95(t)||Hlk(R6)

< Ol Ol 2 e

o+ (B

95 @) w (R6)»

(0t

for I > (y+ A)* + 3/2. In the third inequality we have used again the fact that the Jacobian of
changing of variable v — v’ is bounded.
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Using (R.1.14) gives
r<c[f[[ (0 = 000772 (1) + 1, (0)] (07 ). (W{W] ) (Wih)dv. dordvda
R3 xR xR3 xS2 ’
= C Jl + Ja).

By the Schwarz inequality and the Sobolev inclusion, we have
J1<C / / / / 07 2% 1 ()| (Wit 65) (Wiys h) (Wih) |dvsdodvda
R3 xR3 xR3 xS2

1/2
<C /// 01725 1, ()2 |(W, h)|2dvdv*do)
]R'* R3 xR3 xS2
1/2

/
/ / / 9_1_2S|(W[+7+ga);(V[/l+v+h)’|2dvdv*do) da

R3 xRS xS2
< Cllpll 2(rs) /R IWih(@)l| 22 @) Wity + 6 ()| 223y | Wigy P(@) | L2 R dt

< Clg° || Lo r2;£2®2) | Wi+ oll L2 ey | Wik || L2 ()
2
= OHgE”Hﬁw (RG)||g€||Hf(R6)'

On the other hand, again by the manipulation on the primed and non-primed variables,
nec|[[] 012 (1) Wiy 6°). (Wi h) (Wih) dvdoduda
R3 xXR3 xRS xS2

< fff] OO W ol { [ W ROV o vt
R3 xR3 xS2

< Clut) Wiyt || oo 3521 ) [| Wiy 2| 22 (o) | Wi 2 e
< Clg IV uoy 19 s, e

Here, we have used Wy +pu'/2(t) < C.
We consider now the term As. For any a € N°, |a| <k, k > 4,1 > 3, denote

h = 8%g%, hy = 8%,

where
ap+a<a, ag <.

We shall compute

(Tt o 0, W2R) = [ B0 RV R
3 xR3 xR3_ xS2
+ / / / / B. (jih1), (Wi — W}) Ky(Wih)dv.dodvdz
R3 xR3 xR3 xS2

+(@e(ahy, (Wiha)) Wih) |,
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For the last term, by Theorem .1 with m = 2s < 1, there exists C' > 0 independent of ¢ such that
for |ag] <]a|—1and § > 0,

1Qu (i, (Wihs)) |2 ge) < C Asllﬂhl(t,x,-)llil Wikt 2, M gy

(v+25)
< C”ﬂhl(t)nioo(w 2/2+(7+25)++5(R%))H(Wlh2)( )||L2 R3; H(2 o )+(R3)) ) |CV1| <2
=\ MmO, iz Wk Oy ey lal > 2
- Cllha(t )||H3/2+6 (R3; L2(R3)) ||(VVlh2)( )HLz(R% HZ L (R) la1] <2,

- C”hl( )HLz(Rg; L2(Rg))||(Wlh2)(t)||H3/2+6(Rg; H?j+zs)+(Rg))7 |041| > 2,

< C||ga(t)||§{;c(Re)||g€(t)||§,lkm oy k>4>342s 1> (74297 +3/2.

+2s)t

The estimation on the first term is similar to (As, VVIQE) r2(rey by taking into account the same
manipulation concerning cs. The estimation for the second term is also similar to the part Jy of
15 as above. Hence, we have obtained

(4.3.11) ’(Ag, : h) o

< Cllg™ (1) oy 9 ()

ryras (RO)”

This completes the proof of Proposition [L.9

If (£.3.9), (1.3.6), (3.7, ([.3.9) and ({.3.9) are combined, then it follows from ([.3.4) that

1d o a K
5 T PN (07 97) O [F2ze) + KWL Py (09N 02 ey — 5 9" O3, e
<C (19" O3 oy + Call g Ol e 9" Ollms, . qwoy)

Take the sum over |a| < k, integrate from 0 to ¢ € [0,T] and make N — oco. Then there exists
C1,C3 > 0 independent of € > 0 such that , for any 6 > 0 and ¢ € [0, T,

(4.3.12)
t
||gs(t)||§{lk(Re) + ’1/0 ||gs(7-)||§{l’€+l(R6)dT

dr.

6
+(y+2s+6)T (R®)

t t
< g5 (O oy + C / g% (P sy + C / 107 ()2 ey 9" ()

Remark 4.10. We give here some technical reasons about the choice of the time dependent dis-
tribution pu(t) as moment control in the equation ([§-1.1). If we take k = 0 in the definition of
Mazwellian distribution u(t), the above computation gives also without the second term
on the left hand side because k = 0. But the upper bound estimate, by using Theorem @, always
gives the last term in ([{.3.13) with the factor ||g=(t)|| g» ®s)- If v+2s <0, there is no loss

I+ (v+28)t 45

of moment, we can get m with k = 0. If 0 <~v+2s < 1, we choose d such that y+2s+9 <1
so the second term on left hand side absorbs the last term in ) because

lo" Ol . w0 < 9" Ol e

In conclusion, the choice of u(t) is mainly for the hard potential.

Completion of proof of Theorem [{.6. Set X(t) = ||¢°(t )||H,c (ms)y and F(t) = fOtX(T)(l +

X(7))dr. Since v+ 2s < 1, by (J.3.19) there exists a C' > 0 independent of € > 0 such that

t
K £
(4.3.13) X+ 3 /0 lg (r)||§{l,c+l(R6)dr < X(0)+ CF(t).
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Noticing that F’(t) < (X(0) + CF(t)) (14 X (0) + CF(t)), we have

2 Ct
”gOHHl"(]RG)e

C 2
eCt — 1)HgOHHl’“(]RG)

)

£ 2
g™ Ozp (rey) < 7= (

as long as the denominator remains positive. We choose T}, > 0 small enough such that

eCTx
1- (QCT* - 1)”90“%11;@(]1@6)
Then 1 5
r= g (14 b ),

1+ 4”90”?{#(]136)
is independent of ¢ > 0, but depends on ||g0HHlk(R6) and the constant C' which depends on p, &, k

and [. Now we have ( for Ty = min(T, Ty).
From (FLSQ) and ({.3.13), we get also, for k > 0,

(4314) H||g€||%2(]07T**[; HLIC+1(R6)) S 2”90|‘§[{¢(R6) (1 + 2CT*(1 + 2”90|‘§[{¢(R6))) .
We have proved Theorem [£.4.

4.4. Convergence and uniqueness. The second step is to prove that, for any 0 < ¢ < 1, we
can extend the approximation solution ¢, obtained by Theorem , to a fixed interval ]0, T%[
with T, > 0 determined in Theorem @ which is independent on £ > 0. Then this sequence is
convergent.

Theorem 4.11. Assume that0 < s <1/2, y+2s < 1, go > 0, go € HF(RS) for some k > 4, 1 > 3.
Let T, > 0 be given in Theorem @ Then the Cauchy problem ) admits a unique non-negative
solution up to Ty satisfying

9" € L¥(0, T.f; HF(R) N L*(0, T.[; H{1(RY)).
Proof: We recall the notation T' = T. (D) from Remark [.4. Then Theorem [£.d asserts that the
Cauchy problem (§.2.1)) with initial data go admits a unique non-negative solution
g1 € C°([0, 2Txc]; HF(R®)NL2(10,2Th s Hiyy (RY), Tie = %TE(HQOHH{‘(H@))-
If 71 . > T, then the proof is completed. If T7 . < Ty, then Theorem @ implies
195 (T2 )|l 22 (mey < 2|90l e ()

We now consider the Cauchy problem ([.2.1)) with initial data g°(7} ). Again Theorem [I.d asserts
that there exists

1
Tre = §T€(2HQOHH{“(R5))7
such that the Cauchy problem () admits a unique non-negative solution

g; € OO([TI,sa Tl,s + 2T2,s]; Hlk(Rﬁ)) ﬂ L2(]T1,sa Tl,s + 2T2,s[; HlkJrl(RG))-
By uniqueness of solution, we obtain a non-negative solution of the Cauchy problem (§.2.1]),
9" € C°(0, Tic+ 2T HE(R®) () L2(0, e+ 2Toc[; Hf, 1 (R)).
ItT . +2T5 . > T, we finish the proof. If Th . +2T15 . < T, we consider again the Cauchy problem
(:2.1) with initial date g°(T1 . + To.c). Since Theorem [.q gives again
19°(Tr.c + To.c) L oy < 2 ol e ooy

the interval of the existence of solution is the same, that is, 275 ., so that we can extend the
solution to

g% € L2(0, Ty e+ 3Tac[; HF(R®))(\L2(0, T1c + 3T2c[; Hfyy(RY)).
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By iteration, there exists m € N such that
Tve+mTy <Ti, The+(m+1)To >T,,
and we extend the solution up to
9" € CO[0, Trc+ (m+1)Toc); HER) (L0, The + (m+ D)Tocl; Hfyy (RY)).
We have proved Theorem .

Theorem asserts the existence of an approximation solution sequence
o} ccoo. Ty HE®O)(VL2(0, s HEy (RY),
e>0
and
19l Lo o,z 1; mp roy) < 21190l 5 sy
This implies that it is a weakly* compact set of L>(]0, T.[; HJ(R%)). Let
g€ L=(0,T.[; HI(R®)),

be a limit of a subsequence of {gs}a>0.
On the other hand, by using the equation () and Theorem E, we obtain

||at96||Loo(]o,T*[; HF7H(RS)) < C(HQEHLOO(]O,T*[; HF(RS)) + ||95||ioo(]0,T*[; Hlk(Re)))
<20 (1+ 2l goll e ey 90l s o
Thus, {ga}s>0 is a compact subset in
C10(0, Thl; Hi' (2 x RY)),

for any compact bounded open set  C R3 and for any § > 0. For the variable v, we have the
weight W;_1 with [ — 1 > 3/2. Then, we can take the limit in the equation (}£.2.1)) and also in
the mild form ({.2.5). Then g is a solution of the Cauchy problem (}£.1.1)). The limit g belongs to
L?(0,T.[; Hf,,(R%)) deduced from (3:14). Now if go > 0, Theorem [£.J implies that g° > 0, so
that the limit g is also non-negative on ]0, T.[. We have completed the proof for the local existence
of solutions stated in Theorem @

It remains to prove the uniqueness of solutions in Theorem @ We state it more precisely as
follows.

Proposition 4.12. Assume that 0 < s < 1/2, y+2s<1,0<T < Ty, m >3 and go >0, go €
H3'(R®). Suppose that the Cauchy problem (f.1.1)) admits two (non-negative) solutions

g1, 92 € C’O([O,T]; HT(RS))-

Then g1 = ga.

Set f = g1 — g2, by using (}.1.1), we have
141 fot v Vof +6(1+[0)f =T g1, ) +T'(f, g2),
(441) fli=o = 0.

We can now take W3 f as a test function to get

1d
§E||W3f(t)||i2(n@) + R Waf ()72 ko) = (W3Ft(91, f)+Wal'(f, ga), W3f)
Recall that

4.4.2 :
(4.4.2) L)

Mg 1) = Quthg. W+ [ B(ult). — u(t).)g. ' dv.do.

R3 x§2

We estimate the last two terms of ([.4.9) in the following lemma.
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Lemma 4.13. Assume that gg > 0. Then for any € > 0, there exist constants C. > 0 and
K(e, g2l oo, 7,y (rS))) > O such that

(4.4.3) (W3Ft(917 f) ng) s < elWaf (Ol 2(rey + CellgrllT oo, sy oy IWa f ()| F2(zey.
(4.4.4)
t
‘(st (fs 92), W3f) L2 (%)

< el Waf (ONIZ2 ey + K (€, 92l e o, Tsrgr ey IWa f ()| L o) -
Notice that by using the above lemma with ¢ = #/4 and (f-4.3), we get

d
E||W3f(t)”%2(RG) = (C||91||L°° (0, T[;Hy (RS)) T K (e, llg2ll == o, Ty; Hi™(RS) )) W f(t )H%Q(RG)'
Then ||[W3f(0)| z2®s) = 0 implies [|[W3f(t)||z2resy = 0 for all 0 < ¢ < T which gives Proposition

1 A.

Proof of Lemma [£.13. As for (4.3), we have
t
(WgF (g1, 1) 3f)L2(R6

(maQUutgr, 1).Waf) o+ [[[[ B wtt). = nte))ah. W3 fav.dodvds
(Q(M(f)gh Wsf), W3f) 2@y (W?,Q(M(f)gh f) = Qut)gr, Wsf) 3f)L2(R6

/ / / / w(t)L)gr. (W f) Ws fdv.dodvdz
" / / / / B (u(t). — u(t).) g1, (Ws — W3) f'Wa fdv,dodvdz

= D14+ Dy + D3+ Dy.

The term D is similar to B; in the proof of Proposition fl.d. By using p(t)g; > 0, we have
Dy < Cllgr()llgsrzvars I O)llzzs I )2

L-v

ot (RE )
for some small § > 0. The term D5 is similar to By and we can obtain

[D2| < Cllgr (Ol zrsrzrsme HIFOllLze ) ||f(t)||L§+w+(]Rg, )

The terms D3, D4 are similar to I, Is in the proof of Proposition @ Namely

|Ds| + |D4| < Ol\gl(t)||H§f(:i2M)+(Rgv)||f(t)||L§(Rg,v)Hf( Mez, @)
Thus, for any 0 < t < T and m > 3, we have
(stt(91, f)’W?’f)Lz(RS) < Cllgillz=qorpmp®e HIWafO)llz@e ) IWaf(O)llz2rs ).,

which implies ([4.3). The left hand side of ({.4.4) can be written as
(Ws TY(f, g2), W3 f)

L2(R6)
= (W3Q(M(t)f7 92) st //// 1)) fLgyW2 fdv,dodvda
— (WgQ( () f, g2), st 2(R) //// w(t)) fr (ngg) W fdv,dodvdx

//// p(t) )f*(W3 _W3)92W3fdv*dadvdw

= I+ B>+ Es.
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Using Corollary E with m = 0,1 = 3 gives

1By < / IWaQUu() s 92) | o |Wa ]| o ey e

L yranyt (R ||g2||H3i( oy € @) IWs fl L2(rs)dx

@I O L2e) [Wa f(E)]] L2 (re)

<C . Waf(t)|122ge)-
Hg?”Loo(oT[ H3f(:~2+2+i )+(R§))H 3f( )||L2(R5)

<0 [ sy

< C||92||L°°( 0,T[xR3; HH(W%H)+

The term FEs is similar to D3, and we have

|E2| < Cllf ()l L2 (rs; LY oo Rg))||92||L<>o(]0,T[x1R§t;Lg+7+ @) [ Waf (@)l L2(re)
SOWDlsy,, o Gl oy WSS Ol

< Cligall poe o rp, 5272+ oy W3S (D12 g -
For the term FE3, we can use (R.1.1§) with I = 3. Then

[B| = ////b(cose) (0 — ) |t — (@] L] [Ws — W3] |gb] W f| dv,dodvda
O//// sin g b(COS 0) |(W1+'Y+f):k| |(W3+'y+92)/| |W3f| d’U*dO'd’UdSC
- C////Sm b(cos 6) i, (¢ )|(W3+7+f) 1 v+92) | |W3 f| dv.dodvdz

- C////Sm bleos0) p ()|(W3+7+f) 1 v+92) | |W3f| dv.dodvdz
= E3>1 + E3,2 + E3y3.

IN

Since 0 < 2s < 1 is assumed, for any € > 0 there exists C. > 0 such that

| B3] < C/]RS I f(t, =, ')||L1M+(Rg) lg2(t, @, L2y 1f (@t . )Lz (rs) do
<Ol f(O)]l L2 (RS LY, | (RY)) 921l o o, 7ixre; L2 2y 1 (Dl L2 (re )
< C||f(t)||L§/2+5+1+ L(RS ) ||92||Loo(]07T[; HY/2H (RS L)) 1f @)l rze )
< (elWaf (3aqes ) + CelWad (O3aqes ) ) 192 1o oy 2o+ gy -
Similarly
|E3,2] < C/R3 ) f(t, ')||Li+’y+(R§) g2(t, z, ')||L?Y+(R§) £t @, )Lz sy dx
< Cllgzll oo go 1 537245 e I1F O 22@e )W F(O)llL2ze ) -

Since 3/2 + (3+~T) > 4, we can not estimate Es5 3 in the same way as for E3 5. Instead, we have

Bssl < CIWygalliegories >/// 63b(c0s0) 1 (O)|(Wasrs )] | [Ws f| dvsdodvda

< C'||g2||Lm(OT[ H3S (RS /}R3 (///9 b(cos ) . (t)|[ W3 f|? |dv*do’dv>

y ( / / 0b(cos 0) o (8)| (Wi s )2 |dv*dodv)2d:c.
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We now take the singular change of variables v/, — v. The Jacobian is computed in (R.1.21) which
is of the order of §=2. Then this singular change of variables yields

// 0°b(cos 0) i (t)|(Wa s £)L1? | dvsdody
< O [[ Do) nel0) Wy 11 v,

with D1 (v.,v}) = [ 65 2b(cos8)do < C [7/2(5 — ) 727257524y < C. Hence

[[] #b(cos) wa(01Wa. 11, dodorde

< COlu®)llpr@s) | Wasqs (s 2, )72 ms)-
Therefore,
B3| < Cllgzll oo qo.rp; w3+ e ) IWa Il L2 ) Wiyt fllL2(rg -

By combining the estimates on E1, Es, E5, we have proved ([.4.4). Now the proof of Lemma
is complete.

4.5. Proof of Theorem [1.d. Assume that fy € EXo(R?). Then there exists py > 0 such that
ero(v)? fo € H*(R®). Choose 0 < p < pg and x > 0 small enough. By setting gy = ep<”>2f0, then
go € H lk" (R%) for all [ € N. Theorem @ asserts that the Cauchy problem ) with the initial
datum gy admits a non-negative local solution

g € CO[0, Tn]; Hf*(R%) (| L*(10, To[; Hf¢, (R®),  VIEN,
with T, €]0,7p] (To = 4=). Then
Flt,z,0) = e 070 gt 2 0) € CO[0, TL); Hf* (RO)) () L2(0, T [ H* (R®)),  VIEN,

is a non-negative solution of the Cauchy problem () Since for 0 < t < T, < Ty,

p

(4.5.1) 507 e CO([0, Tn]; HY (R%)),

we can conclude f € £%([0,T.] x RS ), which leads to the local existence stated in Theorem [[.2.
&t
&o

Suppose now for some fy € %), the Cauchy problem ([.§) admits two solutions f; €
E4([0,T1] x RS ) and fy € £4([0, T2] x RS ). This implies that there exist po, p1, p2 > 0 such that

6
T,V
(R

e fo € HA(RC),
and
e £ e 000, Ty); HA(RS)), e £, € CO([0, Ty); H(RS)).

Take 0 < p < min{po, p1, p2} and & > 0 sufficiently small such that £ > T,, = min{Ty,T5}.
Then we have

g0 = " fy € HY(R®),
for any I € N, and

g1 = PO fy € CO(0, T]; HARS)),  ga = @007 £y € CO([0, Tuu); HARS)),

are two solutions of the Cauchy problem ) with the common initial datum gg. Then Propo-
sition %VQS g1 = g2, so that f1 = fo for t € [0, Ti]. Now the uniqueness of solutions stated in
Theorem is obvious since T = Ty = T..

On the other hand, in view of ([5.1)), ||f(t, =, -)||z1 is continuous for (¢,x) € [0,T.] x R3.
Therefore, if for a compact K C R3, we have

;2}f< ||f0($, ')HL1 =co >0,
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then there exist 0 < Ty < T, and a closed neighborhood of K denoted by Vj in R3 such that
inf f(t @l 2 S
(t,z)€[0,To] x Vo 2
Now Theorem DI implies that
fe (\H=00, To[x Vo x R3) € C*(10, To[x Vo; S(R)).
leN
It remains to prove the uniqueness of solutions of Theorem in the soft potential case v < 0.

In this case, the uniqueness of solution can be proved in a larger functional space. We state it as
follows.

Proposition 4.14. Assume that0 < s <1/2, v<0,0<T < +oo andm > 2s+3/2, 1 > 2s+3/2.
Let fo > 0, fo € HJ, (R%). Suppose that the Cauchy problem (L) admits two non-negative
solutions

fis f2 € L0, T[; H{too(R%)).
Then f1 = fs.
Proof: The proof is similar to the one for Proposition . Set F' = f1 — fo, by using (E)7 we
have

(4.5.2) { ?ﬁovgvof”F =Q(f1, F)+Q(F, f2),

We can now take Wi F' as a test function to have

1d )
5 I POy = (W QUL F) + WiQ(E f2) WF)

Since f; > 0 and v < 0, similar to the analysis on B; in the proof of Proposition , we have
(Q(fl, WZF)7WZF> o < C“fl(t)HL“’(]Rg;Ll(R%))”F(t)H%l?(Rg,v)-

Using (R.1.17) with v = 0 gives

(WiQUf. F) - QUir, WiF) . WiF)

(4.5.3)

L2(R

2
L®e) < CHfl(t)”Loo(]Ri;Lf(R%))HF(t)”Lf(ng)u

and

(WlQ(R f2) = Q(F, Wi f2) 7W1F>L2(R6)' S CIFMezws I f2(0)poeme; r2a) [ F )Lz (we )

Finally, for [ > 3/2 4 2s, we have

’(Q(F, Wifa) WiF)

< ClQE, Wif2)llL>we) 1 ()1l 22 me)

L2(R%)

1/2
< NFON 22 e (/R3 ||F(taf€a')||2L;S(Rg)||f2(ta$,-)||§13j23(Rg)>

< C||F(t)||%f(R6)||f2(t)||Loo(Rg; HZ, (R3))-

1+2s
Thus, we have, for any 0 < t < T and ¢ > 0 small enough,
d
E”F(t)nil?(]lkﬁ) <C (”fl”Loo(]Q’T[; H13/2+6(R2,v)) + ||f2||Loo(]07T[; H13+/§:5+25(R2,v))) “F(t)H%f(]Rﬁ)'

Therefore, ||F'(0)||L2(rsy = 0 implies ||F'(t)[|L2rsy = 0 for all ¢ € [0, T.
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