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BACK TO BALLS IN BILLIARDS

FRANCOISE PENE AND BENOIT SAUSSOL

ABSTRACT. We consider a billiard in the plane with periodic configu-
ration of convex scatterers. This system is recurrent, in the sense that
almost every orbit comes back arbitrarily close to the initial point. In
this paper we study the time needed to get back in an e-ball about the
initial point, in the phase space and also for the position, in the limit
when ¢ — 0. We establish the existence of an almost sure convergence
rate, and prove a convergence in distribution for the rescaled return
times.

1. INTRODUCTION

1.1. Periodic Lorentz gas. We consider a planar billiard with periodic
configuration of scatterers. Such a model is also called a Lorentz process.
The motion of a free point particle bouncing on the scatterers according to
Descartes’ reflection law defines a flow. The flow conserves the initial speed,
so that without loss of generality we will assume that the particle moves
with unit speed. This is a Hamiltonian flow which preserves a Liouville
measure. Observe that the phase space is spatially extended and thus the
measure is infinite. We will suppose that the horizon is finite, i.e. the time
between two consecutive reflections is uniformly bounded.

We are interested in the quantitative aspect of Poincaré’s recurrence for
the billiard flow. It is known that this system is recurrent, in particular
almost every orbit comes back arbitrarily close to the initial point . In this
paper, our goal is to study the return time in balls, in the limit when the
radius goes to zero. Our main result is that

(i) the time Z. to get back e-close to the initial point in the phase space
is of order exp(a%) for Lebesgue almost all initial conditions

(") the time Z to get back e-close to the initial position is of order exp(?)
for Lebesgue almost all initial conditions

(ii) we determine the fluctuations of £?log Z. and of ¢log Z. by proving
a convergence in distribution to a simple law.

This subject has been well studied recently in the setting of finite mea-
sure preserving transformations and typical behavior has been prove in a
variety of chaotic systems: exponential statistics of return time, Poisson
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FIGURE 1. Motion of a point particule in the Lorentz process

law, relation between recurrence rate and dimensions (see e.g. [} for a state
of the art in a probabilistic setting; also [fJ, §]). The present work differs
by two points from the existing literature. First, the system in question
has continuous time; second, the main novelty is that its natural invari-
ant measure is o-finite. Very few works have appeared on the topic in this
situation [B, I3, B3

A first reduction of the dynamics at the time of collisions with the scat-
terers (Poincaré section) and a second reduction by periodicity defines the
praised billiard map. This map belongs to the class of hyperbolic systems
with singularities. Since the work of Sinai [R7] establishing the ergodicity of
the billiard map, it has been studied by many authors (let us mention [[LJ],
[, B, ] [[@) giving : Bernoulli property, central limit theorem. In the past
ten years, the new approach of L.-S. Young [RY| has been exploited to get
new significant results for the billiard map. Among them, let us mention
the exponential decay of correlations [R9], a new proof of the central limit
theorem [R9] and the local limit theorem proved by Szész and Varji [R§).

Conze [f] and Schmidt [RJ] proved that recurrence of the Lorentz process
follows from some central limit theorem for the billiard map. Szasz and Varju
[BF used their local limit theorem to give another proof of the recurrence. As
proved by Simanyi 6] and the first named author [20], once its recurrence
proved, it is not difficult to prove the total ergodicity of the Lorentz process.
More recently, estimates on the first return time in the initial cell have been
established by Dolgopyat, Szész and Varju in [L0] and an analogous estimate
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FIGURE 2. Labeling of the obstacles

FI1GURE 3. Elastic reflection

for the return time in the initial obstacle follows from a paper of the first
named author 3.

1.2. Precise description of the model and statement of the results.
We now precisely define the billiard flow ®;. Let (O;);er be a finite number of
open, convex subsets of R? with C? boundaries and non-null curvature.
We let Q = R?\ U ¢ + O; be the billiard domain in the plane. We
i€l LeZ?
suppose that the sets £ + O; in this union have pairwise disjoint closure.
The flow is given by the motion of a point particle with position ¢ € @) and
velocity v € S'. Namely, the motion is ballistic if there are no collisions
with an obstacle in the time interval [0,¢]: ®.(q,v) = (¢ + tv,v). At the
time of a collision the velocity changes according to reflection law v — v':
If n, denotes the normal to the boundary of the obstacle at the point of
collision ¢ € 9Q, pointing inside the domain (i.e. outside the obstacle) then
the angle Z(ngy,v') = 7 — Z(ng,v); see Figure §. We assume that the billiard
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has finite horizon, in the sense that the time between two consecutive
collisions is uniformly bounded.
We endow the space X = @Q x S! with the product metric

d((g,v), (¢, v")) = max(d(q, '), d(v,v")),

where for simplicity we denote all the distances by d. The flow preserves
the Lebesgue measure on Q x S'; it is o-finite but nevertheless the system
is well known to be recurrent [f], P5, g

For x € X and € > 0 we define the minimal time to get back e-close to
the initial point by

Ze(x) :=1nf {t > e: d(Py(x),x) < e}. (1)

The quantity Z.(-) is well defined and finite for, at least, Lebesgue a.e. x.
We denote by Ilg : X =@ x S 1 @ the canonical projection. We also
define the minimal time to get back e-close to the initial position by

Z.(z) ==1inf {t > e: d(Ilg(P:(x)), Hg(x)) < e}. (2)

In the paper we give a precise asymptotic analysis of the return times Z.
and Z. expressed by our main theorem. We say that a random variable Y
defined on X converges in the strong distribution sense to a random variable
Y if for any probability P <« Leb, Y. — Y in distribution under P.

Theorem 1.1. The billiard flow satisfies
loglog Z
(i) for Lebesgue a.e. x € X we have lim loglog Z: (x) = 2;
e—0 —loge
(ii) the random variable €2 log Z. converges as € — 0 in the strong distri-
bution sense to a random variable Yy with distribution P(Yy > t) = %ﬁot

for some constant By > 0;

loglog Z
(iii) for Lebesgue a.e. © € X we have lim w =1;
e—0 —loge

(iv) the random variable elog Z. converges as € — 0 in the strong distri-

bution sense to a random variable Y1 with distribution P(Y7 > t) = %ﬁlt
for some constant B1 > 0.

. 243 . _ 1
Remark 1.2. The constant By is equal to S, 1007 with § = Py

where ¥2 is the asymptotic covariance matriz of the cell shift function  for
the billiard map (T, [i) defined by ([3); See Section [} for precisions. The
constant 31 is equal to ZL\%O-V

i€l g

In Section f we define the billiard maps associated to our billiard flow. In
Section P we investigate the behavior of return times for the billiard map. In
Section [] we pursue this analysis for the extended billiard map, and building
on the previous section we prove some preparatory results. Section fj is then
devoted to the proof of the part of Theorem [[.1] relative to returns in the
phase space. Finally, in Section [| we prove the part relative to returns for
the position.
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FIGURE 4. The Poincaré section at collisions times

2. BILLIARD MAPS

2.1. Discrete time dynamics and new coordinates. In order to study
the statistical properties of the billiard flow, it is classical to make a Poincaré
section at collisions times, i.e. when ®;(q,v) € 0Q x S'. For definiteness,
when ¢ € 9Q we choose the velocity v pointing outside the obstacle, that is
right after the collision. Denote for such a ¢ € 9Q and v € S' by 7(q,v) the
time before the next collision: 7(g,v) = min{t > 0: ®;(q,v) € IQ x S'}.
Let ¢ be the Poincaré map: ¢(q,v) = ®,(,.)(q,v) = (¢,0") (see Figure ).

Next, we make a change of coordinates for the base map. For each obsta-
cle O; we choose an arbitrary origin and parametrize its boundary 0O; by
counter-clockwise arc-length. The position ¢ € 9Q is represented by (¢,,7)
if g € £+ 00; and r is the parametrization of the point ¢. The normal of the
boundary at each point ¢ is denoted by n, and the velocity v is represented
by its angle ¢ € [-F, 5] with ng. Let

m=JUJ ({(&i)} X R/j00,1z * [_g %D

Lez?iel

endowed with the product metric. Denote by 1: M — 0Q x S! the change
of coordinate, such that ¥(¢,i,7,¢) = (q,v). The extended billiard map
T: M — M is the Poincaré map ¢ in these new coordinates: T = ¢t ogor).
The flow ®; is conjugated to the special flow ¥, defined over the map T under
the free flight function 701). Let M, = {(m,s) € M xR: 0 < s < 7(¢)(m))}.
We denote by m: M, — M the projection onto the base defined by 7(m, s) =
m and extends the conjugation v to M, by setting ¢(m, s) = ®s(¢(m)).

Let M be the subset of M corresponding to the cell £ = 0. We define the
billiard map T: M — M corresponding to the quotient map of T by Z? ;
this is well defined by Z2-periodicity of the obstacles. The cell shift function
k: M — Z? is defined by k(¢,i,r, @) =0 —if T(L,i,r, @) = (¢',i', 7", ).

During the proof of our theorems on the billiard low we will prove a ver-
sion of the local limit theorem for the billiard map suitable for our purpose,
as well as a property of recurrence called exponential law for the return time
statistics.
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2.2. Different quantities related to recurrence. The notion of recur-
rence in these billiard maps gives rise to the definition of the following dif-
ferent quantities. Let m € M and m € M.

Let W4 (m) be the first iterate n > 1 such that 7"m € A for some subset
ACM.

Let Wg(m) be the first iterate n > 1 such that T"m € B for some subset
BcC M.

Let W.(m) be the first iterate n > 1 such that d(7"m,m) < ¢ for some
e > 0.

Let W.(1m) be the first iterate n > 1 such that d(T"m,m) < e for some
e > 0.

3. RECURRENCE FOR THE BILLIARD MAP

Recall that the billiard map T preserves a probability measure i equiva-
lent to the Lebesgue measure on M, whose density is given by
1
p(l,i,r ) = o CO8¢, where T := Z |00;|.
1€l
The billiard system (M, T) is two dimensional with one negative and one

positive Lyapunov exponent and the singularities are not too wild, therefore
the result on recurrence rate [24] applies.

Theorem 3.1 ([P4]). The recurrence rate of the billiard map is equal to the
dimension: ~
. log W,
lim =
e—0 —loge

2 @oae.

Lemma 3.2. For i-almost every m € M, for all ¢y > 0, co > 0, a > 0
and for all family (D.)c of sets containing m such that D. C B(m,coe) and
f(D.) > ci(diam(D,))?, we have

Ia(WB(m,e) < 5_2+Q|D6) — 0.
Proof. Let a > 0, ¢; > 0 and ¢z > 0. Choose some a € (0,a) and set for
some &g > 0
log W.(m)

F,={m € M: Ve < &, gz

>2—a}.

By Theorem B.1] we have ji(F,) — 1 as g — 0. There exists €1 > 0 such
that, for any € < 1 we have the inclusions
D.nN {WB(m,a) < €—2+a} cD.nN {W(l—i-cg)a < €—2+a} C D:.NF;.
Thus for any density point m of the set F, relative to the Lebesgue basis
given by (B(-,€)). we obtain
ﬂ(WB(m,a) < 5_2+a|D6) < u(Fy|De)
f(B(m,diam D,))

< ﬂ(FﬂB(m, diamDs)) ,l_L(De)

— 0
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as ¢ — 0. O

We call non-sticky a point m satisfying the conclusion of Lemma .2
and we denote by NS the set of non-sticky points. We emphasize that
ANS) =1

Next theorem says that the return times and entrance times in balls are
exponentially distributed for the billiard map.

Theorem 3.3. Let m € NS be a non-sticky point. We have
(BB (m, €)W () () > HB(m, ) — e,
A(EBm. ) Wi o) () > 1) = e,
uniformly int > 0, as € — 0.

We denote by Al the n-neighborhood of a set A.

Proof. We use an approximation by cylinders, the exponential mixing and
the method developed in [[§] for exponential return times and entrance
times. We write A = B(m,¢) for convenience. According to Theorem 2.1
in [IH], it suffices to show that

sup [(IWa > n|4) = (Wa > m)| = oc(1),

since it will imply that the limiting distributions exist and are both expo-
nential.

Let ¢3 > 0 be such that pu(0AM) < 31 independently of €. Let k be an
integer such that 6¥ ~ &3. Let ¢ be an integer such that #9=2% ~ 2, where
6 is the constant appearing in Theorem [A.3.

If m is a non-sticky point, observing that g is logarithmic in &, we have
for any integer n,

[A(Wa > n|4) = B(Wa 0 T9 > n — g|A)] < A(Wa < gl4) = 0-().

Set E = {W4 >n — g}. We approach A and E by a union of cylinder sets:
Let A’ be the union of all the cylinders (see Appendix for the precise

definition) Z € &*, such that Z C A. We have A’ C A and A\ A’ C d Aleod"]
by Lemma [A.]. Thus we get fi(A\ A’) < czcod”.
Let

—k—j3°

n—g
E'= (VT (Ugeeti  grann?)-
j=1
We have E' C E and by Lemma [A.1] again

E\E' C (04)Ty | T77(94)l0?"],
j=1
Thus by the invariance of i we get u(E\ E') < 03c0%. Using the decay of
correlations (for cylinders, see Theorem [A.3 in Appendix [A.1]) we get that
(A’ NTIE") — W(A)A(E')| < C67* = o(fu(A)).
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Furthermore,
(WA >n) — @(E)| < p(Wa < g) < gii(A) = o(1).
Putting together all these estimates gives
|E(Wa > n|A) — i(Wa > n)| = o(1),
uniformly in n € N. (]

Next, using the mixing property again we can condition on a smaller set
and still get the same limiting law.

Proposition 3.4. For any m € NS there exists a function f,, such that
lim._, fm(e) = 0 and such that the following holds:

For any € > 0 and any balls D., A. of M such that

(i) m € D, C A; = B(m,¢),

(ii) f(De) = 2%,

we have for any n

(4. () > n|D) — 740

< fm(e).

Proof. We approximate the sets D and E = {W4 > n} from the inside
by sets D' and E’ as we approximated the sets A and E in the proof of
Theorem B.3 With the same g we get

[A(Wa > n|D) — i(Wa 0 T9 > n— g|D)| < i(Wa < glD) = o(1).

for non-sticky points. Using the exponential decay of correlations for cylin-
ders given by Theorem A.J we get that

E(WaoT9 >n—g|D)=ji(WaoT9>n—g)+o(l)
e~ A 4 o(1)
by Theorem B.3. (]

The following result of independent interest will not be used in the sequel
an can be derived from Proposition .4 as Proposition [l.7 would be derived
from Proposition [.§. Therefore we omit its proof.

Proposition 3.5. The random variable 4 p(-)W.(-) converges, in the strong
distribution sense, to the exponential law with parameter one.

The random variable e2W_(-) converges, under the law of fi, to a random
variable Y which is a continuous mizture of exponentials. More precisely Y
has distribution

P(Y >t) = / e P dp.
M
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4. RECURRENCE FOR THE EXTENDED BILLIARD MAP

Recall that the extended billiard map (M, T') preserves the o-finite mea-
sure u equivalent to the Lebesgue measure on M, which is the image of the
Lebesgue measure on Q x S, whose density is equal to cos . Note that

plir =207 (3)

4.1. Preliminary results on the extended billiard map. We will use
the following extension of Szdsz and Varji’s local limit theorem [R§]. For
simplicity we use the notation fi(Aj;...;A4,) =p(A1N---NAy).

Proposition 4.1. Let p > 1. There exists ¢ > 0 such that, for any k > 1,
if A C M is a union of components of fﬁk and B C M is a union of £,
then for any n > 2k and { € 7>

ﬁe_ 2(ni2k) (22)715'5

HAN (S.n = 0 T7(B) - 22— < SO

(n — 2k)?

_ 1
where 3 = v ol

The proof of Proposition [L.1] is in Appendix [A.2.

Proposition 4.2. Let c¢q1,c9,c3 and c4 be some positive constants. For any
m € NS there exists a function f,, such that lim._q f(€) = 0 and such
that the following holds:

For any € > 0 and any subsets D, A. of M such that

(i) m e D, C A,

(ii) c1e? < fi(As) and A. C B(m, coe),

(iii) for any n > 0, ,H(OAL"]) < c3n, and also ﬂ(@DL"]) < e,

(iv) i(D.) > ¢1(diam(D,))? and fi(D.) > c4e???,

. . 2 .
uniformly in N € (€!°¢ ¢ e=25) we have

B B 1+ 05(1)
AWa. () > NIA) = ey (a3

and
B 1
14 log(N)i(A:)B

where the error terms oz (1) is bounded by f,(e).

p(Wa.(-) > N|D¢) + 0:(1)

Lemma 4.3. Under the hypothesis of Proposition [[.3, for allm € M (even
those not belonging to N'S), we have

A(Wa > N|D) + Blog(N)i(A)a(Wa > NJA) < 1+ o.(1),

where the error term only depends on the positive constants c;.
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Proof. As used by Dvoretzky and Erdés in [[l1]], a partition of D with respect

to the last entrance time ¢ into the set A in the time interval [0, ..., N] gives
N —
B(D) =) wD;Sgk =0T AN{Wa >N —q}))
q=0
N _ ()
> " (D; Sgk = 0; T~(E))

<
Il
o

with E=AN{W4 > N}.
Let k be such that 6* ~ 3. We approach D and E by cylindrical sets:
Let D’ be the union of cylinders Z € & i such that Z C D. We have
D'Cc Dand D\ D' C dDI0*] by Lemma A1), thus by the hypothesis (iii)
we get fi(D \ D) < c3cod”.
Let A’ be the corresponding cylindrical approximation for A and set
N

E’:A’m(ﬂ [{Sjn;&o}uf‘j(uzgkﬂ zoaz0Z)"|)-

k—3j°
J=1

We have E' C E and by Lemma [A]]

N
E\E' c (04)0 | J T (9A)l0?™ ],
j=1
Thus by the hypothesis (iii) and the invariance of i we get a(E \ E') <
k
6360%.
Set po ~ e~ with a = 4.6 > 2 x 2.25. By ([]) and the inclusions we get

N
i(D) > (DN E)+ > i(D'; Sgr = 0; T UE).
a=po
It follows from Proposition [£.1] that
N

Du(E") ck
i(D) > p(D N E) +q§;oﬁ7q_% %7@_%)

The error term is bounded by ﬁ = O(log(£)e®?) < c4*?® < (D).
Thus, since log pg = o(log N),
i(D N E) + Blog(N)a(D")ia(E') < p(D)(1 + o(1)).

Therefore, using fi(D \ D’) < c3¢06* = c3c0e® < c4e??® — c3cpe® < (D),
we get

(DN E) + Blog(N)a(D)i(E") < A(D)(1 + o(1)).
), from which it follows that

Notice that i(E\ E')log N < £95*log N = o(1
A(D N E) + Blog(N)a(D)a(E) < i(D)(1 + o(1)).
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A division by (D) yields, since E = AN{W4 > N} and D C A,

A(Wa > N|D) + Blog(N)i(A)(Ws > N|A) < 1+ o(1)

Lemma 4.4. Under the hypotheses of Proposition [.3 we have
(W4 > N|D) + Blog(N)(A)i(Wa > N|A) = 1+ o.(1).

Proof. Let a € (0,0.25) and set M, = %=1+ We use the same decompo-
sition as in Equation () again, with ny = Nlog(N) and my = ny — N:

n

i(D) = > a(D; Sk =0;T~HAN{Wa > ny — q})).

z

)
Il
o

We divide this sum into four blocks: Sy is the term for ¢ = 0, Sy is the sum
for ¢ in the range 1,..., M., S in the range M. + 1,...,my and S3 in the
range my +1,...,nnN.

The value of Sy is simply

So = ,B(D;WA > TIN) < ﬂ(D;WA > N)
By assumption (conclusion of Lemma B.2), we have
S1 = fi(D; Wa < M) < i(D; Wi(m,epe) < M:) = o(i(D)).

When g < my we have ny — q¢ > N, therefore we have

mn

Sp< > A(D; Sk = 0;T"U(E))
q:M5+1

with E = AN{W4 > N}. Let k be such that 6* ~ ¢3. We approximate the
sets D and E by cylinders: let D” be the union of cylinders Z € ¢*, such
that Z N D # (). Let A” be the corresponding enlargement for A and let

X C
ZesizijvngZ |-

N
E"=A"n ﬂ [{Sjn £0}UT (U

i=1

We have D C D" and by Lemma .1, D"\ D C (D)%), Thus by
Hypothesis (iii) we get that i(D"\ D) < e3¢od*. Similarly, E C E” and E”\
E C (0A)0%"Ty Ujvzl T3 (8A)05 ] Thus by hypothesis (iii) we get that
a(E"\ E) < 03001‘% and so log(my)ia(E" \ E) = o(1). By Proposition |1
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with p such that 1 + % > 2.5, we get
my -
So< > D" Sy =0;T(E"))
q:Ms+1
mN (D" ia(E" Li(E"
<y gHDDET) | cki(ET)
q—2k (q — 2k)
chin(A")?
M, — 2k
< log(mn)BE(D)A(E)(1 + o(1)) + o(i(D)) + O(log(e)e'~*e*/)
The last error term is o(i(D)) provided 1 — a4+ 2/p > 2.25. In addition
log my ~ log N, hence
S < Alog(N)(D)(E)(1 + o(1)) + o((D)).
Finally, by Proposition [L.1] we get

Nl Wy =

q:Ms+1

< log(mn)Ba(D")i(E") +

ny
S3< D A(D"; Sy =0T 9A")

g=mn

nN (DA ck
=S lﬁm GO i

q=mnN q (q_2k7)2

< pog (2) DIRAN + o(1) + ———

Moreover log(;:2-) = o(1), and the last error term is again o(fi(D)) since
my > N.
We conclude that

(1+ o(1)i(D) < i(D N E) + Blog(N)(D)i( E).
A division by (D) yields, since E = AN{W4 > N} and D C A,
[i(Wa > NID) + Blog(N)ia(A)n(Wa > N|A) = 1 = o(1).
The reverse inequality also holds by Lemma .3, finishing the proof. O

Proof of Proposition [[.3. Lemma [.4 with D = A gives us
~ 1+o0(1)
AVa > N = T B o) ©
This proves the proposition in the special case D = A. We turn now to the
general case. Applying Lemma [[.4 again, together with ([) we get,
1+0(1)
T+ Blog(N)i(A)

which proves the proposition. O

(W4 > N|D) + Blog(N)fi(A) —1+0(1)
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4.2. Recurrence results for the extended billiard map.

Proposition 4.5. The recurrence rate for the extended billiard map is given
by

Proof. Note that by Z2-periodicity it suffices to prove the statement i a.e.
in M.
Upper bound : Let § > 0 and set

Ms ={m € NS: p(m) > § and sup f,,(c) < 1},
e<é

where the function f,,(¢) appears in Proposition [L.4. Let us notice that there
exist constants ¢; for which the hypotheses of Proposition [l.3 are satisfied
for any D, = A. = B(m,e/2), with m € Ms. Let a € (0,3), n > 1 and
en = log™®n. Take a cover of Ms by some sets B(m,e,/2), m € P, C Ms
such that #P,, = O((g,)"2). According to Proposition [L.3, we have

BUWe, 2 b 00) < 30 i (Wagn gy 20 |[Bm, 2) 7 (Bom, )
mePn

< O((1 + Bey logt=22n)=h).

Now, by taking nj, = exp(k¥1-) and according to the Borel-Cantelli
lemma, we get that, for almost all m in My, there exists IV, such that, for
any k > N, We, (m) < ny and hence

— loglog W, (m)
lim L
k—+oo  —logey,

1
< —.
e

Since log ey, ~ log ey, ,,, we get that p-a.e. on M;

— loglogW, 1
lim ———— < —.
e—0 —loge o

We conclude that almost everywhere in M, we have

T loglogWe o
e—0 —loge

Lower boynd : Let @« > 1/2. Let n > 1 and &, = log"*n. We consider
a cover of M by balls B(m,e,) for m € P, such that #P/ = O(s,,2). Let
k be such that 6* ~ £2. For each m € P! we consider the sets B”, and

Cl' constructed from B(m,e,) and B(m,2e,) (respectively) like A” was
constructed from A in the proof of Lemma [.4.
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Applying Proposition [i.] we get
Ad(,T"() <en) <Y a(B(m,en) N{Sy = 0} NT " (B(m, 2,)))
mpPl,
< Zg (B" N {S, =0} NT™C")) +O(5%)

,U B// O//) ck
<
- Z n—2k‘ +(n—2k‘)3/2

+ 0(8%)

< O (n Hog™2 “n).
Hence, according to the first Borel Cantelli lemma, for almost every m € M,
there exists IV, such that, for all n > N,,, we have
d(m, T"(m)) = .

Let w = min(d(m,T"(m)), n = 1,...,Np,). Note that u > 0, otherwise we
would have m = TP(m) for some p and hence m = T"(m) infinitely often,
which would contradict d(m,T"(m)) > ,. For all n > N,, such that €, < u
we have W, (m) > n. Hence

lim log log W, (m) > l
n—-+oo — log En (0%
log log W, 1
Since log e, ~ loge,+1 we get lim 20808 e > — almost everywhere on M
c—0 —loge «
log log W
Therefore lim 0808 We > 2 [-a O

e—0 lOg €

Proposition 4.6. For a.e. m € M, and sequences of sets (A.) and (D.)
such that the hypotheses (i)-(iv) of Proposition [[.3 are satisfied we have

u(Wa, > exp( as e — 0.

t 1
_ " D -
i) P T T
Proof. Proposition [.q with N = exp(ﬁ(zs)) immediately gives the result.
U

Note that in particular the proposition applies to the sequence of balls
A; = D. = B(m,¢). This is the corresponding result to that of Theorem B.3
in the case of the extended billiard map.

Proposition 4.7. The random variable 4g?p(-)log W.(-) converges in the
strong distribution sense, to a random variable with law P(Y > t) = fﬁt

Proof. The proof is similar to that of Theorem [.I}(ii), without the flow
direction; See Section f for details. Since it is an obvious modification of it

and since this result will not be used in the sequel, we omit its proof. O

5. PROOF OF THE MAIN THEOREM: RECURRENCE IN THE PHASE SPACE

We prove in this section Theorem [[.1}-(i)and (ii) about the return times
in the phase space Z. defined by ([l).
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5.1. Almost sure convergence: the first statement. By Z?-periodicity
it is sufficient to prove the result on M. Let m € M be a point which is
not on a singular orbit of 7' and such that W.(m) follows the limit given
by Proposition [.§. By regularity of the change of variable ¢ (away from
the singular set) there exist two constants 0 < a < b such that, for any
0 < s < 7(m), we have

(min7)(Wye(m) — 1) < Z(Psh(m)) < (max 7)We(m) (6)

since the free flight function 7 is bounded from above and from below. This
implies the result for all the points ®41(m). By Fubini’s theorem this con-
cerns a.e. points in Q x S, which proves the first statement.

5.2. Convergence in distribution: the second statement. Unfortu-
nately we cannot exploit the relation (f]) above anymore. The problem is
not with the multiplicative factor coming from 7, but the fluctuations are
sensible to the constants a and b and a direct method could only lead to
rough bounds in terms of these constants.

The following lemma gives the measure of the projection of a ball B(z,¢)
onto M.

Lemma 5.1. For any v € X and € > 0 such that the ball B(z,c) does not
intersect the boundary 0Q x S*, we have

w(rp L B(x,€)) = 4€%

Proof. Let © = (qo,vo) € X. We consider the ball B(q, ) as a new obstacle
added in our billiard domain. Let

Az = {(q,v) € Q x S':q € 0B(qo,¢), |£(v0,v)| < &, (ng,v) > 0}.
Since the billiard map preserves the measure cos wdrdyp, we have
w1 B(x,€)) = / cos Z(ng,v) dqdv.
Ae

For any v such that |£(vo,v)| < € a classical computation gives

/ cos Z(ng,v) dg = 2¢,
{q:(Q7v)€As}

whence the result. O

Let P = hdL be the probability measure on X under which we will com-
pute the law of Z.. Let X = ¢(7~'M). By Z?-periodicity, Z. has the same
distribution under P as under P = hdL where h(-) = > ;.2 h(- + 0)1%.
Therefore we suppose that supph C X.

Assume for the moment that the density h is continuous and compactly
supported in the set X" = X\ ((M x{0}Ur ' Ry)), where Ry = {¢ = +Z}.
Then for any r > 0 sufficiently small we have

supph C X, := {®,(yp(m)): m € M,r < d(m, Ry),r < s <7(m) —r}.
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Let K C NS be a set of points where the convergence in Proposition [.g is
uniform and such that

P{®s(¢p(m)): me K,0<s<71(m)}) >1—r

For any € € (0,r) sufficiently small, the e-neighborhood of X, is contained
in X.

Let v, = €°/*. Choose a family of pairwise disjoint open balls of radius v,
in M such that their union has fi-measure larger than 1 — 4v,. We drop all
the balls not intersecting K and call {D;} the remaining family. For each
1 we choose a point m; € D; N K. For each i, we take the family of times
Sij = JUe € (O,minDi 7‘). Let

5/4

Py ={®p(D;): 855 < 5 < 845 + ve )

We finally drop the P;;’s not intersecting X'Nymr 1 K. Set yij = @, (1(my)).
We have

t t
IP’(Z6 > exp <4—€2>> R j:r—l—ZIP’ <Z€ > exp <@> ;Bj>

4,3
t
~ +r+ Z h(yij)ﬁ <Z€ > exp <4—€2> ;Pij>
0.
by uniform continuity of h. Let
AZ?'; ={me M:30<s<7(m)s.t. Ds(p(m)) € Bysj,e +ve)}
=" B(yij e £ ve)

denotes the projection onto the base of the balls. Let 7~ = min7 and
7+ = max7. For any x € P;;, setting m = mp~ e € M its projection, we
have

(=) Wy (m) —1) < Ze(2) < (74 )W,y (m). (8)

Hence we have for any real t > 0
Vaﬂ((T—)(WAjj —1)>D;) < L(Z: > t; Pij) < Vaﬂ((T—ir)WA;j >t;D;) (9)
Using the regularity of the projection m on X, we see that the sets Af‘;

fulfill the hypotheses of Proposition [l.q with uniform constants. Moreover,
by Lemma [.1] and the relation ([J), we have

_ 4(e + v )?
Afy=22—"</
i(A;) 5T

Therefore by our choice of the m;’s, the difference

r 1
oo () 10)
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tends to zero uniformly as ¢ — 0. Putting it together with (f) in the
computation ([) yields to

— tr’ 1
i — ) = <
i p (70 (53)) - ] =

Letting » — 0 gives the conclusion for a continuous density compactly sup-
ported on X’. The conclusion follows by an approximation argument, since
any density h € L'(X,£) may be approximated by a sequence h,, of such
densities.

6. PROOF OF THE MAIN THEOREM: RECURRENCE FOR THE POSITION

In this section we prove Theorem [[.]-(iii) and (iv) about the return times
Z. defined by (f]). The proof follows the scheme of the previous section but
has additional arguments. We will detail the differences and indicate the
common points.

We recall that Il is the canonical projection from X = @ x S! onto
Q. We will use the first return time Z. in the e-neighborhood of the initial
position modulo Z? defined by

Ze(r) =min{ t >e: &y(x) € U B(g(z) + £,¢) x S*
Le7?

For any ¢ in @ and any € > 0, we define the backward projection of B.(q) xS 1
on M and on M by

A(q) ={m e M:3Is € [0,7(¥(m))), ®s()(m)) € B(g,e) x S'},

Ac(q) ={m e M: 3s € [0,7(¥(m))), ®s(v(m)) € |J Blg+L) x S
LeZ?

Lemma 6.1. For any q € Q and any € € (0,d(q,0Q)), we have u(A:(q)) =

dre and so i(A:(q)) = Z£.

Proof. Indeed, since the measure cos(y)drdy is preserved by billiard maps,
1(Ac(q)) is equal to the measure of the outgoing vectors based on 0B.(q) (for
the measure cos(y)drdy), which is equal to 2 x 2we. The second assertion

follows from (). O
We first need a result similar to Theorem B.J].
. log Z.
Lemma 6.2. Lebesgue almost everywhere we have lim | > 1.
c—o0 —loge

Proof. We consider again the set X = (7~ M) of points in X with previous
reflection in M. Let o > 0 and set

X! ={x = (q,v) € X:d(q,0Q) > a}.
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Let n > 1 be an integer and set r, := m. We define the set G,, of

points in X!, coming back (modulo Z?) in the 7,-neighborhood of the initial
position between the n-th and the (n + 1)-th reflections by

Gp = {x € X: T"(D,()(2)) € | Ar, (o) + 0)}.
Lez?

We take a family of pairwise disjoint open balls D; C M of radius r, such
that their union has ji-measure larger than 1 — 4r,. As in Section [, we
then construct the family P;; following the same procedure. We drop those
P;;’s not intersecting X! . For each i,j we fix a point Yij € Pij N X! . There
exists Lo > 0 such that for all € X/, we have A, (Ig(x)) C AL, (HQ( )
whenever d(z,y) < r,. Thus

Leb(Gy) < Y Leb(x € Py: T" (Dr (@) € Ap, (Tg(2)))
2
< Y o (DinT ™™ (ALgr, (Mg (vig)))) -
i,
Now, we approximate the indicator function of D; by the Lipschitz function
fi = max(1 — M,O). We approximate in the same way the indicator

function of Ay, (o (yi;)) by a Lipschitz function g;;. Using the exponential
decay of covariance for Lipschitz functions (Theorem [A3) we get

E(Di N T~ " ALy, (Tg(yij))) < CO™r,? +/fidﬂ/9ijdﬂ-
Therefore

Leb(Gp) < CO"r, >+ ZWA,U A(AL,r, (o (vij))),

for some constant L; (since Il o <I>8 o 1) is Lipschitz for any 0 < s < 7).
According to Lemma .1 we get 7 -, Leb(Gy) < +oc. Therefore, by the

first Borel-Cantelli lemma, for almost every x € X/, there exists N, such
that, for all n > Ny, T" (@, () () & Upeze Ar, (HQ( )+ ). Let

g0 = min{d(Tlg(Ps(x)), Mg (x) + Z*): s € [a, Noy ]}
We admit temporarily the following result :

Sub-Lemma 6.3. The set {x € X: 35 > 0, Ig(®s(z)) —Ig(z) € Z?} has
zero Lebesque measure.

Hence ¢¢ is almost surely non-null. Therefore, for almost every point x
in X/, for all n > N, such that r, < g, and all ¥ = 0,...,n, the point
Tk_l(CDT(x) (2)) & Upezz Ar,(Ig(z) + £) and so Z,.,(x) > (n — 1)7—. Hence

log Z log Z
lim M > 1. Since log r,, ~ log r,,+1, we end up with lim 08 Ze >
n—too —logTy c—0 —loge
1 p-a.e. on X/. The conclusion follows from p(X)) — 1 as a — 0. O
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Proof of Sub-lemma [6.3. Let x be a point in X such that, for some s > 0,
we have I (®s(r)) — Hg(x) € Z2. Then either s < 7(z) which implies that
x has a rational direction, or there exists n > 1 such that a particle with
configuration T"~(®,,(x)) will visit Il (x) +Z* before the next reflection.
We have to prove that the set C' of points x satisfying the second condition
has zero Lebesgue measure. For any ¢ in @ \ 0Q, we denote by C; the set
of points of C' with position q. We have

Lebx (C|Ilg = q) = Lebg(Cy) = /_ B ) _ fq(r)dr,
T(Ao(a)NT=(=1) (Ao (q))
(for some positive measurable function f;) where Ag(q) is the set of points
m € M that visits ¢ + Z? before the next reflection. The set T'(Ay(q))
is a finite union of curves 71 given by ¢ = v1(r). Analogously, the set
T-(=1(Ay(q)) is a finite union of curves Y—(n—1) given by ¢ = ¢_,_1)(7).
Moreover, each 71 is transversal to each v_(,_1) (i1 is stricly increasing and
©_(n—1) is strictly decreasing). Hence the intersection of T'(Ag(g)) and of

T==1(Ay(q)) is finite. O

Lemma [5. enables to prove the following lemma analogous to Lemma B.2.
We call - -
M, :={(m,s) e M xR:0<s<7(¢p(m))}.

Lemma 6.4. For ji-almost every (m,s) € M, the following holds:
For any families (q-). of Q, (D.)- of subsets of M such that
(i) m € D. C A:(qe)

(i1) ®y((m)) € Upeza Blge +6,) x 51
(iii) D. is either a ball or the set A:(qc)
we have for all o > 0

,H(WAE(%) <e D) -0 ase—0.

Proof. We do not detail the proof when D, is a ball since it is a direct
adaptation of the proof of Lemma B.J with the use of Lemma p.9 instead of
Theorem B.1]

We suppose that D. = A.(q.). The idea is to consider the billiard flow
modulo Z? and to adapt the proof of Lemma B.3 thanks to the Fubini the-
orem.

Let « > 0 and let a € (0,a). Let n > 0 and g9 > 0. We set for all ¢’ in Q

log Z.(¢'
Bad(q') = {v € S': 3e < &, log 2-(d’,v) < 1—a}
—loge
and
F,(e0) ={d' € Q: Lebsi(Bad(q')) < n}.
Let m and s be such that IIg(®4(¢(m))) is a density point in @ of the set
F, (o) with respect to the Lebesgue basis of balls in ). We have

lin%) sup Lebg (F;(€0)°|B(ge,2¢)) =0 (10)
E— Qe
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where the supremum is taken among all the g. satisfying the hypothesis.
We observe that F; (eg) is stable by Z2-translations and that, for all > 0,
lim.,—o Lebg ((Q N [0;1)%) \ F,(e0)) = 0. Therefore, for a.e. (m,s) and any
n > 0 there exists a choice of &g such that ([[0) holds. Let

H. = (B(g.,2¢) x SHn U O, | Blge+£,2¢) x S
s€(6e(r4 )e—1+9) tez2
There exists €1 € (0,£9) such that, for all € € (0,e1), we have
H. C (B(g,2¢) x SHN{Z4p <711}

c {(¢',v) € B(g.,2¢) x S*: v € Bad(q)}.

Therefore
Lebx(H.) = Lebx (Il (Fy(20)) N He) + Lebx (H- \ T, (Fy (o))
< nLebg(B(qe,2¢)) + 2nLebg(B(qe, 2¢) \ Fy(eo0)).

This together with ([L() yields to

o 1 i
;%LebX(H€|B(q5,2€) x ST) < 5

Since n > 0 is arbitrary, for almost every (m,s), we get
lim Lebx (Hz| B(ge, 2¢) x shy=o.
E—
Hence
Lebx (H. N (B(ge,2¢) x SY)) = o(e?).

Moreover, setting Is(m) = length{s € (0;7(m)): ®s(m) € B(qge,2¢) x St}
and using the representation of ®, as a special flow over T' gives

Lebx (H. N (B(ge,2¢) x SY)) > / Is(m) dp(m)

Aze (QE)Q{WAQE(qE)SailJra}

v

/  I(m) du(m)
Ac(g) W 4, (g0 ) <71}

ep(Ac(ge) VW () <710

v

This finally gives

(A () N {W g, () < e717Y) = ole) = o((Ax(g:)))-
(]

We denote by NS’ the set of couples (m,s) € M, satisfying the conclu-
sion of Lemma .4 This is essential for the following lemma analogous to
Proposition [£.9

Lemma 6.5. For all (m,s) € NS', there exists a function fp, s such that
lim. .o fm,s(¢) = 0 and such that, for any families (¢:): of Q and (D¢): of
subsets of M such that :

(i) m e D C Ac(qe);
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(i) @sp(m) € B(ge,€) x S*;
(iii) D, is a ball of radius larger than 2 or is the set A(q.);
for all N € (el"gze,es%), we have :
1

HWetta O = NP = e Wy Ataoa | = e

1+o0.(1)

and

M(WAs(qs)(') > N|A:(ge))
where the error term o.(1) is bounded by fn s(€).

Proof. To simplify the proof, we use the notations A = A.(¢.) and A =

Aa(Qa)-
First step : We adapt the proof of Lemma [£.J to prove that

u(Wy > N|D) + Blog(N)a(A)u(Wa > N|A) < 1+ o0-(1).

A slight difficulty comes from the fact that the set A can be divided into
several cells. More precisely, there exist pairwise disjoint subsets A, of M
such that (with obvious notations)

A= U (Ag+0) and A = U Ay.
[€] <74 [€| <7y

Analogously, there exist pairwise disjoint subsets D, of M such that
D= |J (D+0.

| <74

Hence, we have

N
p(D) = u(D; T-9(A;Wa > N —q))

q=0

N
> w(D;Wa > N)+ Y u(D; T 9(A;Wa > N))
q=po

N
> pu(D;Wa > N)+ Z Z,u(Dg/ + 0 T79(Ag+ ;W4 > N))
q=po Lt

N
> p(D;Wa > N)+ Y > Dy Sgb = £ — ;T (Ay; Wa_y > N)).
q=po £,0/

This together with ([J), as in the proof of Lemma [[.3, give

p(D) 2 (D W > N) + Blog(V) A2 u(4: w4 > N) 4 o(u(D))

and so
1> p(Wa > N|D) + Blog(N)a(A)u(Wa > N|A) 4 o(1).
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Second step : To prove the following lower bound
u(Wa > N|D) + Blog(N)ia(A) (W > NJ|A) > 1+ o-(1),

we use the notations my and ny of the proof of Lemma .4 and we write

nn
p(D) =Y w(D; T™9(A;Wa > ny — q))
q=0
nnN
= u(D;Wa > N)+ > Y u(Dy; Sqr=L— ;T (A Wa_g > N)).
q=1 ¢’

A first difference with the proof of lemma [.4 is that we work with Dy and
Ay instead of considering directly D and A. We approximate Dy by a set D},
and A, by a set A} as we approximate D by D" in the proof of Lemma [£.4.

We fix a € (0,0.5) and we follow the scheme of the proof of Lemma [£.4
for the estimate of Sy and S5 (using D), and AJ). We take M, = ¢~
instead of M, = ¢2(-=1+%) According to Lemma [6.4, this choice of M, gives
the correct estimate of S;. We introduce M! = 5. We decompose S5 in
two blocks : S) is the sum for ¢ in the range M. + 1,..., M/ and SY in the
range M. +1,...m

To estimate S5 and SY, we approximate Ey := AgN{W4_; > N} by a set
E] as we approximate E by E” in the proof of Lemma [£.4.

We estimate S% as we estimate Sy in the proof of Lemma [.4 with M
instead of M,:

Sy <log <WA14N> ﬁ%(l o) + D" (D))

and the error term is in O(log(g)e'/?e3) = o(u(D)) provided 3 +1/p > 2.4.

To estimate S}, we use the symmetry 7y on M with respect to the normal
n given by : mo(v(,i,r,p)) = mo((l,i,r,—p)). Let us notice that mg
preserves fi. Using this symmetry and applying Proposition [l.] with p such
that 1/4 > 2.4(1 — 1/p), we get

M/
Sy < 20 > A(Df, Sgr =L — £ T7U(AY))

q=M: 0.0
M5
< 20 Y N f(mo(A7); Syr = £ — 6T (w0 (D))
q—Mg 2.0
J(A) D) | ckp(Dy)t
< or Z > |° ‘ T
q=M. 0,0/ q_2k (q_zk)/
) Bu(D)P (1 + o(1))

g (577 ) AmCAN(D)(1 + of1)) + DL ZE L),
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the last error term being in O (log(e)fi(D)Y/Pe1=%)/2) = o(f(D)) since (1 —
a)/2 > 2.4(1 —1/p). Hence, we have proved that, under the assumptions of
Lemma [.§, we have

w(Wy > N|D) + Blog(N)a(A)u(Wa > N|A) =1+ o(1). (11)

In the special case D = A, we conclude that

14 0(1)
u(Wq > NJ|A) = —, 12
( =13 Flog(N)i(A) 12
We turn now to the general case. Applying Equations ([L1]) and ([[2) we get
1

uw(Wy > N|D) =

T poaara) W

O
Proof of Theorem [I.1-(iii). Upper bound : Let Xo be a set of points of X
with previous reflection in M and on which the estimate of Lemma .5 is

uniform. Let o € (0,1) and ¢,, = log~*n. Take a cover of Xy by some balls
B(qn, %) x S* for g, € Q, C @ such that #9,, = O(e,,?). We have

_ £
LEb(X(];Z%n >nry) < ZLeb(B(qn, ?"),Z%n >nty)
dn

< ZEnM(WA%& (gn) > n“AETn (Qn))

qn

< e 1 (Wi ) > 1Az (00)) Az (a0))
n

< O((1+ Bclog n)an)_l)

< O((14 Belog'™*(n)) ™),

with ¢ = 2% (according to Lemma [-1). Now, by taking nj = exp(k%/(1=a))

and according to the Borel-Cantelli lemma, we get that, for almost all z in
Xo, there exists IV, such that, for any k > N, Zen, (x) < np74 and hence
2

_ loglog Z., (x
gl e, () 1
k—+oo  —logey, «
Since logey, ~ logep,,,, we conclude that almost everywhere in Xo, we
have : oz log Z )
Tim 8% % o =
e—0 —loge «a
Therefore, almost everywhere in X, we have
m log log Z. <1

e—0 —loge

Lower bound : Let X be the set of points of X with previous reflection
in M. Let a > 1. For all n > 1, we take ¢, = log™®n and we denote by
K, the set of points z € X whose orbit (by the billiard flow) comes back
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to the e,-neighbourhood for the position between the n** and the (n 4 1)
reflections :

Ky, ={z e X:3seI(), d(Tlg(z), g (P(T™ (" (2)), 5))) < En} s

with I,(z) = [0;7(T"(7¢~1(z)))). We consider a cover of X by sets
C.,(q) = B(g,en) x St for ¢ € Q), C Q such that #Q), = O(e,;?). Let
n > 1. For any g € Q,, there exist two families of pairwise disjoint subsets
(A14(q))e and (As,(q))s of M such that :

Ac(@) = (Are(@) + ) and  As,(q) = |J(A2e(g) +0).

Let k be such that 6* ~ 3. Let AY y(q) (resp. Aj,(g)) be the union of all
the cylinders Z € Z¥_ intersecting Aj 4(q) (resp. As(g)). We have :

Leb(K,) < ZLeb zeC. (q): T"(myp~ () € Ase, (q))

< ZenZZu (A1p(q) + 05 T (Az4(q) +0))
q o
< ZenZZu (Ao (q); Spr=1L0—1'; T™"(Ag4(q)))
q o
< 4€nFZZN 1@’ Spk ==L T g,z(Q)))
q o
(@A) ok
< 4€"F2q:éz€; Mn_gk” +(n—2/€)3/2]
- %n [ﬁM(Asn(zL))_ﬂé-’:%n(Q))(l+0(1)):|+O(€nn—1)

< O(gpn™H) =0 tlog™n).

Hence, according to the first Borel Cantelli lemma, for almost every z € X,
there exists N, such that, for all n > N,, for every s € I,,(z), we have

d(HQ(x),HQ(¢(T"(7N,Z)_1(x)), s))) > en.
According to Lemma, .3,

u = min (d(Ig(z), Mo (W(T™ (" (2)),5)), n=1,... Ny, s € L,(z))

is almost surely non-null. Therefore, for almost every point z in X, for all
n > N, such that ¢, < u, Z.,(z) > (n—1)7_. Hence, almost everywhere in
X, we have

lim log log Z,, > ol
n—too —logey



BACK TO BALLS IN BILLIARDS 25

log log

Since loge,, ~ logen41, we have lim__,, _logf = > a~ . Therefore, almost

everywhere in X, we have

i 18108 2 o
—o0 —loge

O

Sketch of proof of Theorem [I.3-(iv). This result is obtained by following the
same scheme as in the proof of Theorem [[.I-(ii) in Section fl. We list the
differences:
e The set K C NS C M is replaced by a set L C NS’ C M, such that
the convergence in Lemma [.5 is uniform and such that

P((K)) > 1 —r.

e The family Pj;: we first take a family of pairwise disjoint balls D;
of M of radius v, such that their union has fi-measure larger than
1 — 4. We construct the P;;’s exactly as in Section []. Finally we
drop the P;;’s not intersecting KN X,. We choose yij € PijNY(NS).

e The sets Afcj are replaced by .AZ:-'; = Ay, (g (yij))-
e We use the formula for the measure of the Aiij given by Lemma p.1]
O

APPENDIX A. TRANSFER OPERATOR AND LOCAL LIMIT THEOREM

A.1. Hyperbolicity, Young towers and spectral properties of the
transfer operator. We do not repeat the construction of stable and un-
stable manifolds but only emphasize the hyperbolic estimate that is used
throughout the proofs. Recall that Ry = {¢ = +3} C M is the pre-
singularity set. For any k1 < ko, let f',jf be the partition of M \U;”: kT (Ro)
into connected components. With a slight abuse of language we will call
cylinders the elements of g,’jf

Lemma A.1. There exist some constants cy and 6 > 0 such that for every
integer k, every set Z € §]jk has a diameter diam Z < coé".

Proof. We recall that there exists Cy > 0 and Ay > 1 such that, for any
increasing curve contained in a same connected component of 5(]]“ , T™ is an
increasing curve satisfying

length(T™) > CoAllength(y)?

and such that, for any decreasing curve contained in a same connected com-
ponent of £° i I~ is a decreasing curve satisfying

length(T~"y) > CoAllength(v)>.

Let Z be in &F  and be composed of points based on the same obstacle
O;. The set Z is delimitated by two increasing curves and two decreasing
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curves. Let m and m’ be two points in Z. These two points can be joined
by a monotonous curve vy in Z.
If the curve v is increasing, then we have

length(T™7) T+ 00|
length(vy) < | ——————2 < | —————.
ength(y) < \/ Corp —\ T coAn
If the curve v is decreasing, then, considering T~"y, we get length(y) <
\/m O
CoAZ)L :

We do not repeat the construction of the tower but only briefly recall
its property and then introduce the Banach space suitable for the study
of the transfer operator. Young constructed in 9] two dynamical sys-
tems (M, T, i) and (M T ; 1) such that there exist two measurable functions

: M — M and #: M — M such that 70T = T o, et = [, foT = Tor,
Tofl = fi.

These dynamical systems are towers and are such for any measurable
f: M — C constant on each stable manifold there exists f: M — C such
that f o#t = fom. For each £ > 0, we denote by Ay the ¢th floor of the
tower M. This ¢-floor is partitioned in {A&ji j=1,...,j¢}. The partition

D= {A&j‘ >0, 5=1,...,7} is Markov. For any z,y belonging to the
same atom of D, we define

s(x,y) == max{n > 0: Vi <n, D(T%z) = D(1T"y)}.

For any such x,y, the sets 77~ 1{x} and 77~ '{y} are contained in the same

connected component of M \ Uz(jéy) T*Ry.
Let p > 1 and set ¢ such that %-1-% =1. Let £ > 0 and 3 € (0,1) well

chosen. Young defines for f € L%(M L)

@)~ ) e

Il = Sl{}p Hf\Al”ooe_ze + SlPP O8SSUDP, yel, Bs(@y)

J
Let V ={f ¢ L%(M,,a): /]l < oo}. This defines a Banach space (V, || - ||),
such that || - ||; < || -|l. Let P be the Perron-Frobenius operator on L%
defined as the adjoint of the composition by 7' on LP. This operator P is
quasicompact on V. The construction of the tower can be adapted in such a
way that its dominating eigenvalue on V is 1 and is simple. This choice will
be convenient for our proof and we will adopt it, although it is not essential.
The cell shift function & is centered in the sense that

/ kdit =0
and its asymptotic covariance matrix

¥?:= lim lCOVM(S K) (13)

n—oo N



BACK TO BALLS IN BILLIARDS 27

is well defined and non-degenerated. Since x: M — Z? is constant on the
local stable manifolds, there exists &: M — 72 such that & o & = K o 7.
For any u € R%, we define P,(f) = P(e™*f). The method introduced
by Nagaev [[§, [[9] and developed by Guivarc’h and Hardy [[4] and many
other authors has been applied in this context by Szdsz and Varju [R] (see
also [R1]). They have established the following key result:

Proposition A.2. There exist a real a € (0,7), a C3 family of complex
numbers (Au)ye[—q,q)?, tWO C? families of linear operators on V: () ye[—a,q)?
and (Ny)yg[-a,q2 Such that
() for all u € [—a,a)? we have P* = 'L, + N”; Moreover Ilyf =
fod,& for any f € LY;
(ii) there exists v € (0,1) such that
sup [[[Ny/ ||| = O(v") and sup [P = O@W™);
u€[—a,a)? u€[—m,m)2\[—a,a]?
(iii) we have Ay, =1 — $5%u-u = O(|ul?);

(iv) there exists o > 0 such that, for any u € [—a,a)?, |\| < e=olul® and
e U

Note that by taking © = 0 in the proposition we recover the estimate on
the rate of decay of correlations below. We state it here in a form suitable
for our purpose, in particular to prove the results of Section fj.

Theorem A.3 ([9]). There exist some constants C > 0 and 6 € (0,1) such
that for all Lipschitz functions f and g from M to R,

/ fo T gdfi — / fdn / gdii < CO™|fllLipllgll i (14)

Moreover, if f is the indicator function of a union of components of §]jk
and g is the indicator function of a union of components of 51';0 then the
covariance in ([4) is simply bounded by CO™~2.

However this information is not sufficient to control the recurrence for the
extended billiard map T, therefore we need a finer version.
A.2. Conditional uniform local limit theorem.

Here we prove the local limit theorem, Proposition [E.1], concerning the
billiard map 7' and its Z2-cocycle S, k.

Proposition 4.1. Let p > 1. There exists ¢ > 0 such that, for any k > 1,
if A C M is a union of components of 551@ and B C M is a union of £,
then for any n > 2k and { € 72

Be~ 2(ni2k) (Z%)~tee

(n — 2k)

chii(B)?

(AN {Sak = 0} N T~"(B)) ey

p(A)a(B)| <

1

where 3 = vk
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Proof. The set T~*A is a union of components of £8k and T~FB is a union
of components of (°. Let A = #(7 1T kA) and B = #(7~'T~*B). Note

that 7~ 17%*A = %14 and 7 'T-*B = #~1B. Setting
Cn(A, B,{) == i(A; Spk = ;T B),
we have

Cn(A,B,E) = /A 1A1{5n%=£} o Tklé o Tn dﬂ
M
e /M Pk(lA)l{Sn,%:g}lé o Tn—k dﬂ

/ —zué/ Pk zu Snnl Tn—k d,a du.
(27‘(’ )2

a(u)

We have
:/ PR(PH(1 )1, 0 T" %) di
M
- / PH(1, PP R PE(L ) di
M
— / PE(1, P20 d,
M
with bF := PFPk(1 ;). Set
au)i= [ PGP di
M
We have, since |||P¥ — P¥||[p1_ 0 < |ulk||&|oo,
a(u) — ay(w)] < [|PF — P¥|llap /M 1| P2 (08

< |lwllocklul| P~ b5 )12 (B)/7

by the Holder inequality and since the norm ||-|| dominates the L¢ norm. Let
us notice that by the Markov property sup,c(_r )2 65| = O(1), uniformly
in A and k. We have by Proposition [A.J (i) and (ii)

—1 n— n— n—
e R = [ o)
In addition, by Proposition [A.3 (iv) we have
ul| A" du < S o= dy = 0 o , (15
3 3
[—a,a? (n—2k)2 Jr (n—2k)2

with the change of variable v = v/n — 2ku. Therefore

1

1 i _ . ki(B)?
C,(A, B,/ :—/ eM/ 1P 2R (8Y djudu + O | —/———
( ) (27T)2 [—m,m]? M B ( ) (n—Zk)%
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By the Holder inequality and since the norm || - || dominates the L? norm
and according to points (i) and (ii) of proposition [A.d, we have :

1
1 L _ . ki(B)»
Cn(A, B, ¢ :—/ e M/ 1N 2RI, (0F) djy du+O | ——— | .
( ) (27T)2 [—a,a]? M B ( ) (n—2k)%

We will use here and thereafter the notation f, = O(g,) to mean that there
exists some constant c, such that for all u € [—a, a]?, we have |f,| < c4|gul-
The differentiability of u — IL, gives |||II, — Io||| = O(|u|). Hence using
formula ([5), we get

1 —iu-l yn—2k k k(B )
Cn(A, B,E) = W /[\_a’a}2 e )\u du,u / b d +O n _ 2k)% .

2

For any u € [—a,al*, we have

/A vEdp = / e oEpR(1 4) dji = / e SR o T*1 4 djy = fi(A) + O(Jul).
N M M
Again, using formula ([[§) we have

Co(A, B, 0) = — kEUB) ) .

- e—iu~é n—2k wii =
@m2fﬂﬂz AL d;mmum»+0<m_2m

According to the point (iii) of proposition [A.3, we have

Njw

_n—2kx2_
5 XU

n—2k
A, T —e

u < *(n_2k)e—a\u|2(n—2k—l)0(’u‘i’)).

Hence, proceeding similarly as in formula ([[5), we get

@m)? a2 n— 2k)3
1
ﬂ(B)ﬂ A) / —1— 19290 kN(B)p
= e VnIke 2 dv+ O
2m)2(n — 28) Jyo n— 2k}

with the change of variable v = uv/n — 2k. Finally, using the formula of the
characteristic function of a gaussian, we get

€u0.0.0 = ) o IR S o (H2E ),

which proves the result after obvious simplifications. O
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