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Modélisation Mathématique et Analyse Numérique

A THREE-FIELD AUGMENTED LAGRANGIAN FORMULATION OF
UNILATERAL CONTACT PROBLEMS WITH COHESIVE FORCES*

DAvID DOYEN!, ALEXANDRE ERN? AND SERGE PIPERNO?

Abstract. We investigate unilateral contact problems with cohesive forces, leading to the constrained
minimization of a possibly nonconvex functional. We analyze the mathematical structure of the mini-
mization problem. The problem is reformulated in terms of a three-field augmented Lagrangian, and
sufficient conditions for the existence of a local saddle-point are derived. Then, we derive and analyze
mixed finite element approximations to the stationarity conditions of the three-field augmented La-
grangian. The finite element spaces for the bulk displacement and the Lagrange multiplier must satisfy
a discrete inf-sup condition, while discontinuous finite element spaces spanned by nodal basis functions
are considered for the unilateral contact variable so as to use collocation methods. Two iterative algo-
rithms are presented and analyzed, namely an Uzawa-type method within a decomposition-coordination
approach and a nonsmooth Newton’s method. Finally, numerical results illustrating the theoretical
analysis are presented.

1991 Mathematics Subject Classification. 65N30, 656K10, 74505, 74M15, 74R99.

January 4, 2009.

1. INTRODUCTION

The purpose of this work is to analyze augmented Lagrangian methods for solving static unilateral contact
problems with cohesive forces. Problems of this kind arise in fracture mechanics, such as crack initiation and
growth in brittle and ductile materials as well as delamination of composite materials [5,14]. Unilateral contact
problems without cohesive forces have been widely studied from both theoretical and numerical standpoints;
see, for instance, [16,20]. They can be formulated as the minimization of a convex functional or, equivalently, as
a monotone variational inequality. The presence of cohesive forces in addition to the unilateral contact makes
the functional to be minimized possibly nonconvex or, equivalently, the operator in the variational inequality
possibly non-monotone. This complicates substantially the problem.

Consider a prototypical unilateral contact problem with cohesive forces, as illustrated in Fig. 1. The domain
Q C R? (d =2 or d = 3) represents a deformable body. The material is assumed to be linear isotropic elastic,
with Lamé coefficients A and p. Let u : @ — R? be the displacement field. The linearized strain tensor and
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stress tensor, e(u) : Q — R%? and o(u) : Q© — R%4 are respectively defined as

e(u) = = (Vu+ Vu') and o(u) = Mtr e(u)l + 2ue(u).

N | =

An external load f is applied to the body. The boundary 92 is partitioned into three disjoint open subsets
00p, 00y, and T' (the measure of 9Qp is supposed to be positive). An homogeneous Dirichlet condition and
a Neumann condition are prescribed on 02p and 99y, respectively. The normal load on 9€y is denoted by g.

On I', we impose a unilateral contact condition with cohesive forces. The cohesive forces depend on the
displacement on I'. For the sake of simplicity, we restrict ourselves to a model where the cohesive forces are
normal and depend only on the normal displacement. Hence, the cohesive law is a function ¢ : RT — R, and we
define a cohesive energy 1 : Rt — R such that ¢/ = ¢ and, say, 1(0) = 0. For later convenience, we extend the
domain of ¢ to R by setting for s > 0, ¥(—s) = —(s). Let n be the outward normal to 2 and let vp :=v|p - n
and op := n - o|p - n respectively denote the normal displacement and the normal stress on I'. Then, (i) vp
cannot be negative; (ii) if vp is zero, oy must be lower than a yield o.; and (ii) if vp is positive, op obeys
the cohesive law op = t(vr). There is a large variety of cohesive models. Their common feature is a softening
behavior: when the displacement increases, the cohesive force decreases. Consequently, the boundary condition
is non-monotone and the cohesive energy is nonconvex. The function ¢ associated with a Barenblatt model is
represented on the right part of Fig. 1.
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FiGURE 1. Example of unilateral contact problem with cohesive forces.

Let V and H be function spaces on ) and I'; respectively, defined in Section 2 below. Consider the functionals

W:VBU»—>W(U):zé/ﬂo(v):e(v)—/ﬂf-v—/aﬂ g-veER, (1)
ViH3q— V@)= [ er, 2)

and the linear operator
B:V>v+— Bv:=vlp-n€H. (3)
The unilateral contact problem with cohesive forces can be expressed in the abstract variational form
in W v(B
{ min W (v) + ¥(Bv)

subject to Bv € H™

where H' := {q € H;q > 0}.
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Problem (4) is a constrained minimization problem. For solving numerically such a problem, the main tech-
niques are penalty methods, feasible direction methods, linear programming methods, and Lagrangian methods.
These techniques are thoroughly discussed in [4]. The main drawbacks of the first three methods can be sum-
marized in this way: penalty methods generally yield ill-conditioned problems, feasible direction methods are
often expensive due to the projection step, and linear programming methods are limited to linear constraints
and quadratic objective functions. In contrast, Lagrangian methods are based on a reformulation of the con-
strained minimization problem. The new problem consists in seeking a saddle-point (or a stationary point) of
a Lagrangian. This can be achieved efficiently by Uzawa algorithms or Newton methods. Uzawa algorithms
generally feature good global convergence properties (in the sense that they do not need an initialization value
close to the optimum), but their speed of convergence is only linear. Newton methods feature a quadratic
speed of convergence, but this is achieved only locally (that is, if the initialization is close to the optimum).
Furthermore, augmenting the Lagrangian offers some additional advantages. Whenever the objective function
is actually convex, this augmentation improves the performance of the algorithms. In the nonconvex case,
the ordinary Lagrangian formulation is not necessarily well-posed and the augmentation enables to recover
well-posedness. More details on augmented Lagrangian methods can be found in [3,4].

In the present work, we analyze two augmented Lagrangian methods for the problem of unilateral contact with
cohesive forces: a decomposition-coordination method and a nonsmooth Newton’s method. These two methods
are based on the same three-field augmented Lagrangian formulation. The decomposition-coordination method
has been proposed by Fortin and Glowinski [13] as a general method for solving nonlinear problems. The idea is
to solve separately the linear and nonlinear parts of the problem at each iteration. This method can be seen as
an Uzawa-like algorithm. It is closely related to the so-called Latin method [23] and also to splitting operator
methods. Such methods have been applied to various unilateral contact problems, as for instance in [6,15]. In
the case of a convex functional split into two convex parts, the convergence of the algorithm has been proved
in [13]. Furthermore, Newton’s method is a standard method for solving nonlinear systems of equations and, as
such, can be used to find a stationary point of the augmented Lagrangian. In the case of unilateral constraints,
the resulting system is only piecewise continuously differentiable and Newton’s method can be extended to this
class of nonsmooth systems [27]. Newton’s method for unilateral contact problems has been used for instance
in [1,22]. In particular, it has been applied to the problem of unilateral contact with cohesive forces in [25].

This paper is organized as follows. In Section 2, we specify the mathematical structure of the original
constrained minimization problem (4) and investigate its well-posedness. In particular, we establish an existence
result where the lack of convexity is compensated by a compactness argument. In Section 3, we introduce
the three-field augmented Lagrangian formulation and study its well-posedness, namely the existence of a
local saddle-point of the augmented Lagrangian. This result is well-known in the convex case [11]. In the
nonconvex case, a result is available only in a finite-dimensional setting [3]. Here, we extend this latter approach
to the (infinite-dimensional) problem of unilateral contact with cohesive forces, assuming the surjectivity of
the operator B defined by (3) and using a compactness argument in the (closure of the) cone of feasible
directions. Sections 2 and 3 are set in a general framework encompassing the particular case of unilateral
contact problems with cohesive forces. In Section 4, we analyze mixed finite element approximations of the
augmented Lagrangian formulation of unilateral contact problems with cohesive forces. Since a nonlinear
problem needs to be solved for the normal displacement on I', it is convenient to use a collocation method. In
the same way, numerical integration can be employed to build the Jacobian matrix in Newton’s method. A
key point is the use of discontinuous finite element spaces leading to a collocation method, while ensuring an
inf-sup condition which is the discrete counterpart of the surjectivity of the operator B. The resulting mixed
finite element approximation is nonconforming. Numerous works have been devoted to the error analysis of
mixed formulations for unilateral contact problems, especially for two-field formulations (bulk displacement-
displacement on I' or bulk displacement-normal stress on I'). To our knowledge, the only work dealing with
the three-field augmented Lagrangian formulation is [7] in a conforming and consistent case. Here, we prove a
priori error estimates in the present nonconforming setting for various finite element spaces under the simplifying
assumption that the cohesive forces are mild enough. In Section 5, we describe the algorithms. We prove the
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convergence of the decomposition-coordination method in the particular case of a convex functional split into
a convex part and a nonconvex part. Finally, numerical simulations illustrating the theoretical results are
presented in Section 6.

2. WELL-POSEDNESS OF THE CONTINUOUS PROBLEM

The main result of this section is the existence of a minimizer for problem (4). The lack of convexity
is compensated by a compactness argument. We also specify a sufficient condition for uniqueness based on
a-convexity and give some hints on the regularity of the solution.

We make the following assumptions on the mathematical structure of problem (4).

(H1) V and H are Hilbert spaces and B € L(V, H) (the continuity constant is denoted by c¢g);

(H2) W is a-convex on V (the a-convexity constant is denoted by apy);

(H3) H™ is a nonempty closed convex subset of H;

(H4) There is a Hilbert space M = M’ with scalar product (-, -)as such that H < M with compact imbedding
(the continuity constant of the imbedding is denoted by ¢ps) and ¥ : M — R is bounded and continuous;

(H5) W and ¥ are continuously differentiable on V' and M respectively, and ¥’ is Lipschitz continuous on M
(the Lipschitz constant of ¥’ is denoted by ky-).

Let VT :={v e V;Bve H"}, observe that VT is a closed convex subset of V, and define the functional

J:V3v— J():=W(v)+ ¥(Bv) € R. (5)
Problem (4) can be rewritten as
min J(v). (6)
veV+

Theorem 2.1. Assume (H1)-(H4). Then, there exists a solution to problem (4).

Proof. Let (vy)nen be a minimizing sequence of J in VT. Since the functional J is coercive (W is a-convex
and ¥ is bounded), the sequence (v, )nen is bounded in V. Hence, we can extract a subsequence, still denoted
by (v )nen, which converges weakly to vs, in V. The limit v, belongs to VT since a strongly closed convex set
is weakly closed. Moreover, owing to the continuity of B from V to H and the compactness of the imbedding
H < M, the sequence (Buv,)nen strongly converges to Bus, in M. Using the continuity of ¥ on M, we
conclude that lim,, .., ¥(Bv,) = ¥(Bvs). Furthermore, since the functional W is convex and continuous on
V, liminf, oo W(vn) > W(vs). Thus, ve € VT is a global minimizer of J in V7. O

Proposition 2.2. Assume (H1)-(H5). Then, J is differentiable on V' so that a solution u to (4) satisfies
(J'(u),v —u)yry >0, Yoe VT, (7)

Furthermore, if
aw — k\p/c?\/[c% > 0, (8)

then J is a-convex on V' and the solution to (4) is unique.
Proof. The first statement is evident. Concerning the second one, observe that for all (v,w) € V x V,
(J'(v) = T (w),v = w)y y > (W (v) = W(w),v —w)y, y + (¥(Bv) — ¥'(Bw), Bv — Bw)y
> aw v — wlf}, — kg || Bv — Bul3,
> awllv —wlf}, — ky || Bv — Bul|%

> (aw — kwcisch)|lo — wlff,

which proves the a-convexity of J under the condition (8), and hence the uniqueness of the solution. (]
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Remark 2.3. Relation (7) links problem (4) to the theory of variational inequalities. When J is convex, the
operator .J/ is monotone. In the general case, the proof of Theorem 2.1 shows that J’ is pseudo-monotone.

We now verify that the unilateral contact problem with cohesive forces defined in the introduction fits the
above abstract framework. Recalling the definitions (1)-(3) of W, ¥, and B, we also set

Vi={ve H(Q)% vjog, =0},  H:=H3(T,0T,), M :=LA(T),

where 9y := 0Qp NT (see Fig. 1). The space HO%O(I‘, dTg) is the space of functions of Hz (I') that are zero in a
certain sense on dTg. It can be built by interpolation between L?(T') and Hg (T, d'g); see [24] for more details.
Furthermore, H* := {q € H;q > 0 a.e. in I'} and observe that with the above notation,

¥(g) = (¥(a); 1) (9)

Finally, for further use, we set M+ = {q € M;q > 0 a.e. in I'}.

Proposition 2.4. Assumptions (H1)-(H3) hold. If ¢ is continuous and bounded on R, Assumption (H4) holds.
If ' is Lipschitz-continuous on R with Lipschitz constant ky, Assumption (H5) holds with kg = kyr.

Proof. Assumption (H1) holds by construction. Assumption (H2) is a direct consequence of Korn’s first in-
equality [8]. Assumption (H3) is readily verified. Concerning assumptions (H4) and (H5), we first observe that,
1

by construction, Hg (T, 0T) is compactly imbedded in L?(I'). Furthermore, to prove the regularity of ¥, we
use a basic result of nonlinear analysis [10]; see Lemma 2.5 below. Using this lemma with ¢ = ¢, p = 2, and
q = 1 along with the boundedness of 1 to verify condition (10), we infer that Sy is continuous from L?(T) into
LY(T). Since for all ¢ € L*(T"), ¥(q) = (Sy(q), 1), the operator ¥ is continuous on M. Moreover, since for all
q,r € L*(D),

¥lg +1) — V(o) ~ (Sua)as = [ ( [ wtato) + o)) - z//(q(x)))dt) r(2)dr

1
5 /|7“ |dm

owing to the Lipschitz-continuity of ¢, ¥ is differentiable on M with (¥'(q),r)m = (Sy(¢),r)m. Using
Lemma 2.5 with ¢ = ¢/ and p = ¢ = 2 along with the Lipschitz-continuity of ¢’ readily shows that ¥’ is
Lipschitz-continuous on M with Lipschitz constant ky/. Finally, the differentiability of W is obvious. (]

Lemma 2.5. Let ¢ : R — R be a continuous function. Consider a measurable function ¢ : T' C R™ — R. The
superposition operator (or Nemitsky operator) Sy maps g to ¢ o q. If g and r are measurable functions that
coincide almost everywhere on T, then S¢(q) and Sy(r) are measurable functions that coincide almost everywhere
on I'. Moreover, if ¢ satisfies the growth condition,

Ja,be R, VzeR, |p(z)] < a+ blz|P/9, (10)

then the superposition operator maps LP(T') into L1(T) and is strongly continuous (p,q € [1; +00]).

Remark 2.6. The a-convexity condition (8) can be interpreted in terms of the problem parameters. The
constant ay is proportional to the Young modulus of the material. The constant kys is larger when the
cohesive forces decrease fast. By a scaling argument, it can be seen that cp;cp decreases to zero with the
(d — 1)-dimensional measure |T'|. Thus, condition (8) is more likely to be met when the Young modulus is large,
the cohesive forces decreases slowly, or |T'| is small.
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A detailed study of the regularity of the solution to the minimization problem (4) is beyond the scope of
the present work. However, let us mention some results in particular cases. For a unilateral contact problem
without cohesive forces under body forces in L%(Q2), the displacement is in H2 _(QUT') [21]. Furthermore, for
a scalar elliptic problem in 2D with unilateral contact and homogeneous Dirichlet condition, the regularity of
the solution has been studied near the junction between these boundary conditions [26]. Under body forces in

L2(Q) and for a smooth junction, the solution is in H? (). For an angular junction (of internal angle w), the
solution is in H2(Q) if w < 7/2, and in H'*35(Q) otherwise.

3. A THREE-FIELD AUGMENTED LAGRANGIAN FORMULATION

We introduce a new unknown ¢ representing the normal displacement on I'. The decomposed problem is

(v,)EVXHT (11)

min ~ W(v) + ¥(q)
subject to Bv = ¢

The decomposed problem (11), which is obviously equivalent to the initial minimization problem (4), is a
minimization problem under a linear equality constraint. We treat this constraint by an augmented Lagrangian
method. Introduce the space Y :=V x H (equipped with its natural norm) and the convex set K :=V x H+.
Define

Jo:Y 3y :=(v,q) — Jo(y) == W(v) + ¥(q) € R,
B:Yayzz(v,q)HBy::Bv—qu,

so that (11) amounts to

min _ Jo(y). (12)
yeKnker B

The augmented Lagrangian associated with the decomposed problem is
LY x H' 3 (y,A) — Lo(y, N) := Jo(y) + O\ By) s + 511 Byllys € R, (13)
where 7 is an arbitrary non-negative constant. For y € Y, set
Je(w) = Jo(w) + 5| Byl (14)
A couple (z,0) € K x H' is said to be a local saddle-point of the augmented Lagrangian if it satisfies
VA€ H, Ly(z,\) < L.(z,0) < L,.(y,0), Yy e U, (15)

where U C K is a neighborhood of . The introduction of the augmented Lagrangian is motivated by the
following proposition whose proof is straightforward.

Proposition 3.1. If (,0) € K x H' is a local saddle-point of the augmented Lagrangian, then x is a local
minimizer of the decomposed problem (11).

The converse of this statement is more difficult to establish. We first prove, under the key assumption that B
is surjective from V to H, that if x € K Nker B is a local minimizer of Jy, there is (a unique) § € H’ such that
(x,6) is a stationary point of the augmented Lagrangian L,. Then, we prove, under an additional assumption,
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that such a stationary point is a local saddle-point of L,. A couple (z,6) € K x H' is said to be a stationary
point of L, if it satisfies
<ayLT(x79)7y_x>Y/7Y = <Jr/(x)ay_x>Y’,Y+<HaB(y_x)>H'7H Z Oa \V/yE Ka (16)
(OAL+(2,60),\) g 1y = (N, Bx)pr g =0, VYA e H'. (17)
Observe ~that being a stationary point of the augmented Lagrangian is a property independent of r since (17)
implies Bx = 0 so that J/.(z) = Jj(z). Notice also that (16) can be rewritten for = := (u,p) as
<W’(u),’u>vl7v + <9, BU>HI7H =0, Yv eV, (18)
W' (p),g—p)v = (0. =P 20,  Vge H*. (19)
Proposition 3.2. Let € K Nker B be a local minimizer of the decomposed problem (11). If B is surjective
from V to H, there exists a unique 6 € H' such that (x,0) is a stationary point of the augmented Lagrangian.
Proof. Let 2 € K Nker B be a local minimizer of the decomposed problem. Then, Bz =0 and (17) obviously
holds. Let us now prove (16). For all > 0, z minimizes J, over K Nker B and hence it satisfies

(J(x),y —x)y'y >0, Vye&KnNker B.

For all v € ker B, y := = + (v,0) belongs to K Nker B so that (J/(z), (v,0))y,y = 0. Since B is surjective,
(ker B)* = im B* by the closed range theorem. As a consequence, there exists § € H' such that

<J7I“(x)7 (Uv 0)>Y’,Y + <97 BU>H’,H = O, Yo e V.

Since J/.(x) = J|(z), 6 does not depend on r. Now let y := (v,q) € K and let w € V be such that Bw = q.
Then,

(Jr(2),y —z)yry + (0, By — 2))un = (Jp(2),y — @)y y + (0, Blv —w))n,n
= (T, (w,q) — )y >0,
since (w, q) is by construction in K N ker B. Hence, (16) also holds. Finally, the relation (J.(z), (v,0))y’y +
(0, Bv)pr. g = 0 for all v € V and the surjectivity of B from V to H imply that 0 is unique. O

Remark 3.3. In the context of unilateral contact problems, the Lagrange multiplier 6 can be interpreted as
the normal stress on I', namely 6 = o(u)|r where x := (u,u|r). This results from the relation (16).

Remark 3.4. A more general existence result for mixed linear variational inequalities can be found in [28].
We now examine whether a stationary point of the augmented Lagrangian is a local saddle-point. The cone
of feasible directions at the point = := (u,p) € K can be defined as (V' x C4(z)) Nker B where
Ci(zr):={d€ H; Ja>0,p+adec H'}. (20)

Proposition 3.5. Assume that W and ¥ are of class C?. Let (x,0) € K x H' be a stationary point of the
augmented Lagrangian. Assume that (x,0) satisfies the following second-order condition (indices on brackets
are dropped for second-order derivatives)

(J¥(x),(d,d)) >0, Vde (VxCy(xr))Nker B\ {0}. (21)

Then, there exists ro > 0 such that (x,0) is a local saddle-point of the augmented Lagrangian L,,. Furthermore,
for all v > rg, (x,0) is a local saddle-point of the augmented Lagrangian L.
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Proof. The left inequality in (15) is obvious for all > 0. If the right inequality holds for 7o > 0, then it holds
also for r > r9. Now we shall prove by contradiction that there exist ro > 0 and a neighborhood U of x such
that L,(z,0) < L.(y,0), Yy € U, ¥r > ro. Suppose there exists a sequence of positive reals (rx)ren tending to
infinity and a sequence (zx)ren of elements of K tending to x such that

L, (x,0) < Ly, (2,0). (22)

Consider the sequence (eg)ren such that ey := (e¥, el) := a; ' (vy—2) where oy, := |lz,—z|y. Since this sequence
is bounded in Y, there exists a subsequence, still denoted by (ex)ren, weakly converging to e := (e¥,e?) in Y.
To obtain a contradiction, we shall now prove that e € (V x C (z)) Nker B and that (J/(z), (e,e)) < 0. A
second-order Taylor expansion of Ly(-,6) at x in the Y-norm yields

Lo(z,0) = Lo(z,0) + (9yLo(z,0), zp — )y y + = <J (2), (zk — z, 26 — 7)) + o(a}).
Since zj = = + age + axex — €),
Lo, 0) = Lof@,0) + (0,Lal@.0). 21 — a)yy + 03 (4 2). ex — e.€))
4 SR @) e e)) + S (@), (e — ek — ) + ofad). 23)

Since (a: 0) is a stationary point of the augmented Lagrangian, (OyLo(z,0), xr, — z)y vy > 0. Now observe that
Bz, = Bx + ai,Bey, = a,Bey,. Hence, substituting (23) into (22), it is inferred that

o2 o2 r .
i (Jg (@), (er — e, €)) + —’“(J (@), (e,€)) + (I (@), (ex — e,ex — €)) + gkaillBekll?u +o(a}) <0 (24)

Since the sequence (ex)ken converges weakly toein Y, (J§(x), (e —e,e)) tends to 0. By convexity (W (x), (e} —
e, e} —e”)) > 0 and by compactness, e] tends to e? in M so that <\I'”( ), (ef —e?, el —e?)) tends to 0. Hence,
lim infy (J§ (z), (ex — e, e — e)) > 0. By compactness, the sequence (Bey)ren converges strongly to Be in M.
Dividing (24) by a?r; and passing to the limit, we obtain |Be[|3, < 0 and thus e € ker B. Moreover, since
Tk = T + ageg, it is clear that for all £ > 0, e € Cy(z). Observing that C, (x) is convex, it is inferred that
e? € Oy (x). Hence, e € (V x Oy (z)) Nker B; furthermore, by construction, e # 0. Finally, dividing (24) by a3,
dropping the positive terms, and passing to the limit leads to (J{ (), (e,e)) < 0. O

4. APPROXIMATION BY MIXED FINITE ELEMENTS

In this section, we discretize the augmented Lagrangian formulation of unilateral contact problems with
cohesive forces by a Galerkin method with finite element spaces. The augmented Lagrangian formulation is
a three-field formulation: the bulk displacement, the normal displacement on I', and the Lagrange multiplier
(which can be interpreted as the normal stress on I'). The two key ideas in the design of the mixed finite
element approximation are the following. Firstly, we want to solve the nonlinear part of the problem concerning
the normal displacement on I' by a collocation method. This leads to the use of discontinuous finite element
spaces spanned by nodal basis functions for approximating this quantity. Secondly, a surjectivity condition in
the form of a discrete inf-sup condition must be satisfied, linking the discrete spaces for the bulk displacement
and the Lagrange multiplier. In the sequel, we refer to a 3D/2D setting when  is 3D and IT" is 2D, and to a
2D/1D setting when €2 is 2D and I' is 1D.

4.1. The discrete setting

Let {71} n>0 be a shape-regular family of affine meshes covering exactly €2, where the parameter h stands for
the maximum size of the elements in 7;,. Without loss of generality, we assume h < 1. Let Fj collect the mesh
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faces located on T'. To alleviate technicalities, the mesh family {Fj}n>0 is assumed to be quasi-uniform on T,
but this assumption can be relaxed. Let V},, M}, and Ay, respectively denote the finite element approximation
spaces for the bulk displacement, the normal displacement on I', and the Lagrange multiplier. Henceforth, we
assume that

Vi, CV, and A, C My, C M. (25)

Thus, the approximation is conforming for the bulk displacement and the Lagrange multiplier, but not for the
normal displacement on I" since in general My, ¢ H. In fact, motivated by the use of a collocation method, we
will choose M}, as a discontinuous finite element space spanned by nodal basis functions; see Remark 4.6 below
for further insight. Let 1, denote the L2-orthogonal projection from M onto A, and define the operator

Bp:V3>v+— Bpv:= HA}LB’UEAh. (26)

The choice for the spaces V}, and Ay, is linked by the following discrete inf-sup condition

B A
Elﬂh > 07 V)\h S Ah, ﬂhhl/QH)\h”M < sup M

27
S T Telly (27)

This means that the restriction of the operator By to V), is surjective onto Aj,. Henceforth, we assume that this

condition holds.

Remark 4.1. The scaling factor h'/2 has been introduced since the natural norm for )\, is the H ~Z-norm.
Consider the following finite element spaces

PH(T) = {vp, € CO(Q);VT € Th,, vn|r € Pi}, (28)
PY(Fn) = {qn € L2(T);YF € Fn,qn|r € Pi}, Pr(FL) = PY(F,) nCO(D), (29)

where for an integer k, P;, denotes the space of polynomials with total degree < k. We are interested in analyzing
the following situations

Mthg(fh), Ay, ZMh, Vi DP&(Th)d, (30)
My, = ,P(}(fh)a Ah = Mha Vi D P?(ﬂ)da (31)
My =Pi(Fn),  An=Pi(Fn)s  Va=PoTn)" (32)

In (30) and (31), the most robust choice is to take for V},, respectively, the continuous first-order and second-
order finite element spaces augmented with suitable face bubbles on T', leading to an inf-sup constant 3y in (27)
independent of h in both 2D /1D and 3D /2D settings; see [2,17]. In 2D /1D whenever at least one of the endpoints
of I' is free, it is also possible to take Vj, = PL(7,)% in (30) or Vj, = P2(7,)? in (31); then, the discrete inf-sup
condition (27) still holds, but the constant G, is of order h. The choice (32) has been introduced in [25] and
differs from the two previous choices in the fact that Ay # Mj,. The idea is to avoid the use of face bubbles on
I' by simply taking Vj, = P2(73)¢, to ensure a robust discrete inf-sup condition (with 3, independent of h) by
restricting Ay, to PL(F), and to keep M), as a discontinuous finite element space to be able to use a collocation
method.

In all cases resulting from (30)—(32), there holds Mj, = PX(F,) with k € {0,1}, and it is readily verified that
there is a family of nodes (gf)léignm}?g]-‘h such that

e the associated shape functions form a basis of M}, (in 2D/1D, n, = k + 1 and the usual Gauss nodes
are used; in 3D/2D, if k =0, ny, = 1 and the barycenter of each F' € F}, is used, while if k =1, ny, =3
and the midpoints of the three edges of each F' € F), are used);



10 TITLE WILL BE SET BY THE PUBLISHER
e there are positive weights (Wf)lgignm}?g]-‘h such that for all g, r, € My,
'n,q
(grorn)r = > > wlan(€)rn(&h). (33)
FEF), i=1

In other words, on all F' € Fj, the quadrature with nodes (ﬁf)lgignq and weights (wf)lgignq is at
least of degree 2k. For further use, it is convenient to define the bilinear form

CO(Fn) x COFn) 3 (qn,mn) — (g ), = Y Y wlan(€)rn(&) € R, (34)
FeF, i=1
where CY(F,) denotes the space of functions whose restriction to every F € Fj, is continuous.

4.2. The discrete augmented Lagrangian formulation

Set Y, =V, x M, and K, =V}, x M;r where
M= {qn € My; YF € Fp,, Y1 < i <ng, qu(¢F) >0} (35)

Observe that M ,j C M+ if k =0 (that is, functions in M ,j are indeed non-negative), whereas this is no longer
the case if k = 1, thereby introducing an additional source of nonconformity in the approximation. Let

B 1 Yn 3 yn := (v, qn) — Bryn =T, (Bup, — qn) € Ap. (36)
Whenever Ay, # M}, we will also need the operator
B Yi 3 yn = (v, qn) — Blyn =Ty, Bop — qn € M, (37)

where Iy, denotes the L2-orthogonal projection from M onto M. We define the discrete augmented La-
grangian as

~ roo~
Ly 2 Yo X A 2 (Y, An) ¥ Ly n(Yny An) := Jon(yn) + (An, Bryn)ar + §IIBﬁth\QM ER, (38)

where 7 is a non-negative parameter. Here, for yj, := (vn,qn) € Y,

JO,h(yh) = W(Uh) + (w(qh)v ]‘)Mh’ (39)

that is, the energy associated with the cohesive forces is evaluated using a quadrature, and it is convenient to
set

Tra(yn) = Jon(yn) + 5| Byl (40)
Observe that the penalty term in (38) and in (40) is stronger than the usual penalty term associated with the
constraint By = 0 in Ay; indeed, owing to the fact that A, C Mj,, there holds

Vyn € Yo, [1Buynllar < | Biynllar. (41)
The discrete decomposed problem takes the following form

min Jrn(Yn). (42)

yn€KpNker By,
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Proposition 4.2. There exists a solution to the discrete decomposed problem (42).

Proof. The functional J, 3 is coercive and continuous, and the set Kj Nker Bh is nonempty and closed. In finite
dimension, this suffices for the existence of a global minimizer. O

We now investigate sufficient conditions for the functional J,.j, to be a-convex over Kj Nker Bh (and thus the
solution of (42) to be unique). Since we are working in a nonconforming framework (M, C M, but M;, ¢ H),
it is convenient to equip Yy C Z :=V x M with the natural norm of Z and to formulate duality products using
Z. We first treat the simpler case Ay = Mj,.

Proposition 4.3. Assume oy — kw/c?wc% > 0 and Ay, = My. Then, the functional J, is a-conver on
Ky Nker By, namely there is o > 0 such that for all v > 0,

Vyn, 2n € K Nker By, (T n(yn) = I w(Gzn)syn — 2n) 20z > allyn — 2|7 (43)

Proof. Let yp, zn, € KpNker By, with y;, :== (vp, qn) and zj, :== (wp,, 7). Set A = (T nyn) =] (zn)s yn—2n) 2,2
Since Aj, = M, the penalty term in (40) vanishes for yy, z), € ker By,. As a result,

A= (W' (vn) = W (wn),vn —wn)vrv + (' (qn) = ¥ (rh), qn — 1),

> awllon = wnlly — ke Y D wl(an(€) =€)’

FeF, i=1

where we have used the a-convexity of W, the Lipschitz-continuity of ¢, and the fact that the weights w/" are
positive. Moreover, since the quadrature is at least of degree 2k, since I, B(vp —wp) = gp, — rp, by assumption,
and owing to the conformity of V4, it is inferred that

A > awlon — wnl} = kyllgn —rall3
= aw|on — wally = ky [T, B(vn — wn)||3
> aw|lvn — wn |3 — k|| B(on —wa) |3
> (aw — kyrchicg)on — wallF,
whence the conclusion readily follows since ||qn — ru||m < enmrepllon — wp|v. O
Proposition 4.4. Assume aw — 2kyrc3c% > 0. Then, (43) still holds if r > 4ky and if h is small enough.

Proof. Proceeding as above leads to

A > awlon — wall} — ke llan — rall3 + | B (yn — 20) 1%
> awl|vn — wil|} — 2k | Ta, B(on — wi)||3 — 2k (T = TIa, ) (an — )13 + 711 B (yn — 20) 13

= (aw — 2ky circ)llvn — wa 3 — 2ky (I = o, ) (gn — ra)|3r + 7l Tag, B(ow —wn) — (g —a) |3,
since I, B(vp, — wp) = I, (gn, — 7). The last term in the right-hand side can be transformed into

1Mz, B(on — wr) = (gn — ra)l| 3 = [ Mag, B(vn — wp) — Oa, Bvp — wn) — (I = u, ) (gn — 1) |3
1
> §||(I —TIa, ) (an — ra)I3s — Mg, B(vn — wp) — a, B(vs — wa)l|3,

1
> ST =Tx,)(an = ra)ll3s = (7 = TIa, ) Bl = wa) 13
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since A, C My,. Moreover, in all cases for Ay,
I(I = TIa, ) B(on — wn) s S Y2 B(on — wh)llm S B2 (on — wallv-

To conclude, observe that ||IIa, (gn — 7n)||p = |1a, B(vn, — wp)||m < emesllvn — wilv. O

As in the continuous case, the discrete decomposed problem (42) is tackled by solving the stationarity
conditions for the discrete augmented Lagrangian L, p, that is, we seek zp, := (un,pn) € Vi X M;I|r and 6, € Ay,
such that

<Wl(uh)avh>vz’v + (0n, Bop) s + (g, Bup, — pr, Bop)amr = 0, Yoy, € Vy, (44)
(' (pn), an — Pr) sty — Onsan — pr)ar — 7(Bun — pryan —pr)m >0, Van € M, (45)
(An, Bun — pr)m = 0, YA, € Ap. (46)

By proceeding as in the continuous case (and using additional simplifications due to the finite-dimensional
setting), the following equivalence result is readily verified.

Proposition 4.5. If (z1,6r) is a local saddle-point of L, on Kjp X Ay, then x, € Kj N ker Bh 15 a local
minimizer of the discrete decomposed problem (42). Conversely, let x), € K, Nker By, be a local minimizer of
the discrete decomposed problem (42). Then, there exists a unique 6, € Ay such that (xp,0p) is a stationary
point of Ly on K x Ap. Moreover, if the following second-order condition holds,

(T8 (@), (dn, dp)) > 0, Vdy, € (Viy x Cy p(zn)) Nker By \ {0}, (47)

where Cy p(zp) = {dp € My;3a > 0, pr, + ady, € M,j'}, then (xp,0p) is a local saddle-point of the augmented
Lagrangian on Kj x Ay for r large enough.

Remark 4.6. In the decomposition-coordination method or when assembling the Jacobian matrix in Newton’s
method (see Section 5), the variational inequality (45) has to be solved with fixed uj, and 6p,. This amounts to
a nonlinear problem of size the dimension of M}, namely of size ny x Nt where n, is defined above and where
Nr stands for the cardinal number of the set Fj. The key point is that since the underlying quadrature is at
least of degree 2k, (45) is equivalent to

(W' (pr), an — pr) sy — Onsqn — pr)as, — 7(Bun — Phy g — Pr)m, > 0, Van € M, (48)

and using the nodal basis of M}, this leads to ny x Nr uncoupled one-dimensional nonlinear problems. Note
that (48) amounts to the minimization problem

. T
min (¢ (gn); 1), = (On, gn)nr + §|\Bg(yh, an)ll3r- (49)
qn €M,

It is readily verified that for r > ky, the above functional is convex so that the minimization problem (49) has
a unique solution.

4.3. Error analysis

This section is devoted to the error analysis for the three choices (30)—(32) of discrete spaces Vj,, My, and
Ap. Their analysis is of increasing complexity. In (30) and (31), Ay, = My, while M;" ¢ M* in (30), but
M;" ¢ M* in (31); finally, in (32), A, # M), and M,5 ¢ M ™. In all cases, the goal is to obtain error estimates
with (quasi)optimal convergence rates in the meshsize h under the assumption that the exact solution is unique
and smooth enough. We assume for the sake of simplicity that the functional J,j is a-convex on Kj Nker By,
so that the discrete solution is also unique. Sufficient conditions for a-convexity and uniqueness are given by
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Propositions 4.3 and 4.4 above. In the sequel, (z,0) with 2 := (u,p) denotes the exact solution and (xy,6y)
with xp := (up,pn) denotes the approximate solution. Henceforth, we assume that 0 € M. Then, using the
density of HT in M, (19) yields (¢'(p) — 60,9 —p)ar > 0 for all ¢ € M T, whence it is classically deduced that
' (p) — 0 € M and that supp(+’(p) — 0) Nsupp(p) has zero measure.

We introduce an additional regularity assumption regarding the topology of the subset of I" where the
unilateral constraint p > 0 is actually active, namely, letting

Lo(p) :={z €ip(x) =0},  and  I'y(p) =T \To(p), (50)

B J—

we assume that the set T'o(p) N T4 (p) is

e in 2D/1D, a finite union of points;
e in 3D/2D, a finite union of Lipschitz curves.

Under this assumption, henceforth referred to as A[p], a sharper error estimate can be obtained by using the
modified Lagrange interpolate introduced by Hiieber and Wohlmuth [19] in the piecewise affine case or its
piecewise quadratic extension in 2D /1D introduced in Lemma 4.13 below.

Since we are working in a nonconforming framework (M}, ¢ H and possibly M ,j ¢ MT) and recalling that
we have set Z := V x M, it is convenient to redefine the operator B as Z 3 y:= (v,q) — Bv—q € M and to
extend the domain of the functional J, to Z. Moreover, taking advantage that for the exact solution 6 € M,
the augmented Lagrangian is now redefined as

Ly :ZxM53 (y,\) — L.(y,\) := J.(y) + (\, By)as € R. (51)

4.3.1. An abstract error estimate

In the sequel, A < B means the inequality A < ¢B with a positive constant independent of the meshsize. The
proof of the following key abstract error estimate is postponed to Appendix A. Observe that the error (z — xyp,)
is measured in the |-|| z-norm, that is the H(£2)%norm for the bulk displacement and the L?(T')-norm for the
normal displacement on I', while the error (6 — ;) on the Lagrange multiplier is measured in the L?(T')-norm
scaled by the factor h'/2.

Lemma 4.7. For all y, := (vn, qn) € K, Nker BBL and for all ¢ € M™T, letting

Nanit(¢) == (V' (p) — 0,4 — pr) s (52)
nllnil(qh) = (W(p) - 0; qn — p)M7 (53)
Nquad (qn) = sup [(¥"(qn)s ra)ar — (@' (qn), ) ay, |, (54)

€My, TRl =1

there holds

72 (55)
v+ ||z — 2] 2, (56)

Iz —znll% < 1o — ynll% + anit(gn) + Nquad (Ya)? + Nunit (@) + 7°]|6 — TIa, 0
Brh'2(|10 = 0n)as S B0 — 114, 0

where s = 1 if A, = My, and s = 0 otherwise.

Remark 4.8. 7n,,1(g) measures the nonconformity error resulting from M, }JLF ¢ M™; indeed, if p, € M ™, taking
g = pp yields nunitl(¢) = 0. 7quad(gn) measures the quadrature error when evaluating the cohesive energy.
Finally, ||z — yn|lz + Nunit(gn) measures the interpolation error while accounting for the unilateral constraint.
To evaluate it, specific interpolants are constructed by modifying the usual Lagrange interpolant; see below.
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4.3.2. The case My, = PS(Fr), Ay = My, and Vi, D PL(T;)¢

Theorem 4.9. Let My, = PY(F4), Ay = My, and Vi, D PL(T,)Y. Assume u € H3/?1v(Q), p € H*V(T), and
9 € H"(T) with 0 <v < 3. Then, in the above framework, there holds

& — iz + Buh'/2(|0 — O]l ar S R/ (57)

Proof. We apply Lemma 4.7 in the setting A, = M} and Bg = By,. Since M;r C M because M), = PI(Fp),
we can take ¢ = p, to obtain nuni(q) = 0. Moreover, it is readily verified that for piecewise constant functions,
Nquad (¢n) = 0. It remains to select yp := (vn, gn) € KpNker By, to estimate Nunit(qn) and ||z —yp | z. Let Ty be
the piecewise affine interpolation operator introduced by Hiieber and Wohlmuth; see [19] and also the left panel of
Fig. 2. Recall that Zjyyp > 0 on I' and that supp(Z;wp) C supp(p). In particular, since supp(¢)’(p)—6)Nsupp(p)
has zero measure, it is inferred that (¢'(p) — 0, Zwp)m = 0. Hence, setting gy, := Iy, Zfwp, it is clear that
qn € M ,j since Ay, = ’Pg (F1). Moreover, observing that ¢, and Ill{wp have the same support yields

Nunil(qn) = 0.
Now, let Iﬁag be the usual piecewise affine Lagrange interpolation operator (the same notation is used for
interpolating vector-valued functions in € and scalar-valued functions on T'). Define v, € P(7;,)¢ from Iﬁagu

by just modifying the normal component of the nodal values located on I' so that Buv, = Ill{wp on I'. Then, by
construction, yy, := (vp,qn) € KpNker By,. In addition, since u € H3/?%7(Q), standard interpolation properties
(see, e.g., [12]) lead to

lu = Thogully S B2,
and using an inverse inequality, the triangle inequality, standard approximation properties of Iﬁag, and the fact
that p € H'TV(T) yields

1/2 1/2(h1+u

||ZI14agU’ - UhHV 5 h™~ |‘Iﬁagp - Ifllwp”M <h” + ||p - I%{WpHM)

Assumption Alp] is now used to infer that ||p — Zfwpllm S M5 see [19]. Collecting the above estimates yields
u — v llv < Y2+ and since

Ip = anllar < llp = Oa,pllar + 1Ma, (0 — Zirwp) s < llp = Ta,pllar + 1P — Thwellan S A,

it is inferred that

lz = yullz S B2

Finally, since 0 € H”(T'), ||6 — I, 0|a < R, whence the conclusion is straightforward. O

4.3.3. The case My, = PY(Fp), A, = My, and Vi, D PX(T)?

Theorem 4.10. Let Mj, = PY(Fn), Ap = My, and Vi, D P2(Tp)?%. Assume u € H**7(Q), p € H3/>*(T), and
0 € H'/?>T7(T) with v > 0. Then, in the above framework, there holds in 3D /2D,

2 — x|z + Buh'/2(|0 — Oy ny S R/ AFV/20) (58)

and in 2D/1D,
|z — 24z + Buh'/2(|0 — 04| ar < A (59)

Proof. Again, we apply Lemma 4.7 in the setting A, = M}, and Bg = By,. Consider first Nunit(¢). Taking
q= pz, the non-negative part of pj,, and observing that p vanishes in supp(y)’(p) — 0) yields

Manit(0) < ey (n — ) Iar S Y2 e yprlln = B |p — pulln.
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F1cUurE 2. Principle of the Hiieber—Wohlmuth interpolate; left: piecewise affine case; right:
piecewise quadratic case.

Moreover,
lp = prller = |1 Bu = Tla, Bupllmr < [|B(u = un)llar + [|(1 = T Bunllir S lu = unllv + 52| Bug | 1y,

and it is readily verified using triangle and inverse inequalities that || Buy || ) < | Bull sy + A=Y 2 [u—us v
As a result,

Nanit (4) S B2l —un|v + h.
Consider now nquad(gn) for ¢, € My. Let rp, € My, with ||rp|ar = 1. Then,

Nquad (qn) S > AW o anlm ) lIrall 2y S Blanlm o),
FeFy

since V(¢' o qn,) = (¢" o q»)Vqr and ¢ is bounded. Consider now nuni(gsn) and ||z — ypllz. In 3D/2D, we
set vy = Iﬁagu, the piecewise quadratic Lagrange interpolate of u, and g = HMhIEag. Then, g, € M}j'; see
Lemma 4.12 below. Moreover,

Nunit (qr) S|P — qnllp S pRG/2H02),

and ||z — ynllz < W™n(+2) - Collecting the above estimates yields (58). In 2D/1D, we consider the piecewise
quadratic extension, II%W, of the Hiieber—Wohlmuth interpolation operator; see Lemma 4.13 below. Then, we
set qn, =11 MhIIZ{Wp and vy, is obtained from Iﬁagu by just modifying the normal component of the nodal values
located on I' so that Bv, = Ilz{wp. Then, proceeding as in the proof of Theorem 4.9 yields 9unii(gn) = 0, and
lz —ynllz < Amin(+2) - Collecting the above estimates yields (59). O

Remark 4.11. The estimates (58) and (59) are suboptimal. A similar error estimate has been obtained for
quadratic approximations of two-field formulations of unilateral contact problems in [18]. The main bottleneck
is the sub-optimality of Nnonc(q) resulting from the fact that p, can take negative values.

Lemma 4.12. Let F be a triangle, let u € Py(F), and assume that u > 0 in F. Let Iyu be the L*-orthogonal
projection of u onto P1(F). Let (€')1<i<3 be the midpoints of the three edges of F. Then, for all 1 <i < 3,
Mu(g") = 0.

Proof. Let (¢f')1<i<3 be the (Crouzeix—Raviart) basis functions associated with the nodes (¢/");1<;<3. Observe
that for all 1 <i < 3,

1 oL F
§H1U(§i )= 7| /FU@ .
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Moreover, using the classical 7-point quadrature of degree 3 yields
[ ol = spua™) + fulel) + 5 (ulof) +ulof) — uto?))
r 20 15 20 3 ’

where v denotes the barycenter of F' and o/ is the vertex of F' opposite the edge containing £, Furthermore,
since u € Py(F),

u(r") = 3ulol) +ulof) + ulod)) + 5 ((el) +ulel) + u(ed)),

so that [, u¢{ is a linear combination of non-negative terms. The same holds for i € {2,3}. O

Lemma 4.13. Assume Q C R%. Then, there exists an interpolation operator iy, : H'(I') — P2(F,) such that
(i) if ¢ >0, then TAwq(EF) >0 for all 1 <i < n, and for all F € Fp;
(i) supp(Zfiywq) C supp(q);
(i) if p € H¥?*(T'), v < 3, satisfies Assumption Alp], then ||p — T3wpla S W3/,
Proof. Consider first the usual, piecewise quadratic Lagrange interpolate of ¢, say Iﬁagq. Since Q C R?, each
F € Fp, is a segment and the restriction of Iﬁagq to F can be specified by its values at the endpoints and
the midpoint of F. Two modifications need to be implemented. Firstly, as for Zjjy, if for a face F € Fy,
Fn{z € I';q(z) = 0} has nonzero measure, the three nodal values of Z#,q are set to zero on that face.
This suffices to guarantee Property (ii). However, contrary to the construction of Ill{w, this does not suffice to
guarantee Property (i). To this purpose a further modification is needed. Let F' € F}, and assume that Iﬁagq
is negative at one quadrature node (it cannot take negative values at the two quadrature nodes since it takes
non-negative values at the interval endpoints and midpoint and can have only one minimizer). Then, instead
of interpolating at the midpoint, we interpolate at this quadrature node; see the right panel of Fig. 2. To verify
that the resulting quadratic interpolate is still non-negative at the other quadrature node, consider the reference
interval [0, 1] with & = (1 + %) Let A\o(t) = 1—1t, A1(t) =t, and b(t) = 4t(1 — t) so that the usual quadratic

7
Lagrange interpolate of a non-negative function ¢ takes the form

aXo(t) + BAL() + (v — 5o+ B))d(L),

with non-negative coefficients v = ¢(0), 3 = g(1), and v = g(3). If this interpolate is negative at, say, &, this
yields %(a +0)+ %’y — ﬁ(a — ) <0, so that a > 3. Now, the Lagrange interpolate using the two endpoints

and the node &, takes the form

odolt) + BN (1) + 3(6 — aho(€+) — BA(E)b(1),

with § = ¢(£4) and evaluating this expression at £_ yields 6 + %(a — () > 0. This proves Property (i).
Finally, Property (iii) is established as in [19] using Assumption A[p] and the fact that a possible interpolation
at a quadrature node and not at a midpoint does not alter the asymptotic accuracy of the quadratic Lagrange
interpolate. O
4.3.4. The case My, = PY(Fn), A = PL(Fr), and Vi, = P3(T;,)?

Theorem 4.14. Let My, = PL(Fp), Ay = PLFy), and Vi, = P2(T;,)?. Assume u € H*V(Q), p € H3/?>T(T),
and 0 € HY(T') with 0 < v < 1. Then, in the above framework, there holds in 8D /2D,

lz = znllz + Buh' /2|16 — Oplar S REREIF2D, (60)

and in 2D/1D,
|z =zl 2 + Brh' 210 = Onllar < b (61)
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Proof. We apply Lemma 4.7 in the setting A, # Mp,. All the terms in the error upper bound are estimated as
above, except the interpolation error on the Lagrange multiplier for which there holds ||0 — IIa, 0||ar < h since
0 e HY(T). O

5. ALGORITHMS

In this section, we present two iterative algorithms for solving the discrete problem (44)—(46), namely a
decomposed version of a classical Uzawa algorithm and a nonsmooth Newton’s method.

5.1. A decomposed Uzawa algorithm

The first algorithm we propose is a decomposed version of a classical iterative Uzawa algorithm. FEach
iteration of the decomposed algorithm consists of the following steps:

uptt — arg min L, (vn, pj; O7), (62)
vp €V

pitt e arg min L, (u) ™, qn; 07), (63)
QhEM;T

Op ™ — Of + pIla, (Tag, Brup ™ — ppth), (64)

where p is an arbitrary positive parameter. Instead of minimizing directly the Lagrangian with respect to
the couple (u},p}), the Lagrangian is minimized with respect to u}’ and then with respect to pj. This is the
difference with the classical Uzawa algorithm.

Step (62) amounts to the solution of a linear system. Moreover, at each iteration, only the right-hand side
changes. Hence, this step can be efficiently solved once a factorization method has been initially performed
(LU factorization for instance). Step (63) is solved by the collocation method described in Section 4.1. Finally,
Step (64) is straightforward if A, = M) since it can be performed elementwise. Otherwise, it requires a
projection onto Ay by inverting a global mass matrix.

Remark 5.1. This algorithm corresponds to ALG2 in [13], where a slightly different version called ALG3,
equivalent to the LATIN method [23], is also proposed.

We now prove a global convergence result for the decomposed Uzawa algorithm in the case where Ay, = M},
and under the convexity condition (8). Recall that this condition implies the a-convexity of the discrete
functional J,; and thus the uniqueness of the discrete solution (up,pn,6r). The following proposition yields
sufficient conditions on the parameters r and p for global convergence. Its proof is postponed to Appendix B.

Proposition 5.2. Assume Ay, = M}, and that the convexity condition (8). If the parameters r and p are such
that
> p > 2ky and 7 > 2ky, (65)

Algorithm (62)—(64) is well-defined and converges to (up, pp,0r) for any initialization.

Remark 5.3. When the functional is nonconvex, a convergence result exists for the classical Uzawa algorithm
[3]. We did not try to extend it to the decomposed version described here.

5.2. A nonsmooth Newton’s method

Let (up, pn,0n) solve (44)—(46). Given uy and 6y, the variational inequality (45) is equivalent to the mini-
mization problem (49). Recall that for » > k-, this problem has a unique solution. Hence, pj, can be expressed
as a function of u;, and 6y, in the form py, := 7(up, 0). Equations (44) and (46) can then be recast as a nonlinear
system of equations

<W/(uh),vh>vlyv + (eh,vh)M + T(Buh — W(uh,ah),th)M =0, Yo, €V, (66)
()\h, B’U,h — 7'('(’(1,h7 9;,,))M = 07 V/\h S Ah, (67)
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or in a compact form with zj, := (up, 6p),

F(z) =0, (68)
where F' maps Vj, x Aj, onto Vi, x Aj. Equation (68) can be solved using a Newton’s method. However,
the function F' is continuous but non-differentiable owing to the unilateral constraint. F' is locally Lipschitz
continuous though, so that, according to Rademacher’s theorem, it is differentiable almost everywhere. Denote
by Dp C Vi, x Aj, the set where F' is differentiable. For the points where F' is non-differentiable, we introduce
the generalized Jacobian as defined in [9],

aF(z)zco{ lim VF(zi)}, (69)

zi—2z, 2;€DFp
where co stands for the convex hull of a set. The nonsmooth Newton’s method consists of the step
gt e g =GR (zp), (70)

where G,, € OF(z}}).

Proposition 5.4. Let (up, 0r) solve (68). Assume that all G € OF (up, 0r) are nonsingular. Then, if r > kyr,
Newton’s method (70) is well-defined and converges to (up,0p) for an initialization sufficiently close to (un,0p).

Proof. The function F' is said to be semi-smooth at a point z € V}, x Ay, if F' is locally Lipschitz at z and

lim Gd exists for all e € Vj, x Ay, (71)
GEIF (z2+td),d—e, t—0T

We can verify that F' is semi-smooth on Vj, x Ap and conclude using a convergence result [27] on Newton’s
method for semi-smooth functions. O

Remark 5.5. Newton’s method is a local method. To globalize it, a line-search technique with the augmented
Lagrangian as merit function can be used.
6. NUMERICAL RESULTS

To investigate numerically the proposed methodology, we build a 2D benchmark problem with analytical
solution. Let Q :=]0, L,[ x ]0, L[ and I" := ]0, L[ x {0}. Consider the cohesive law

P . YO [0,d,],
t(x) = az i (72)
0 if v >d..
Let n > 2 and let Ly € R be such that 0 < Ly < L,. Introducing the functions
de(1 —E)* if x € [0, Lo, t if z € [0, Ly,
S(Z‘) _ ( Lo) 1 X [ 0] and (b(l‘) _ ({E) 1 T [ 0] (73)
0 if x € [Lo, L], o. ifx € [Lo, Lyl

the bulk displacement in the analytical solution is set to

w0 = (Yoot ) ™

This solution is built to satisfy the boundary condition of unilateral contact with cohesive forces on I'. The
normal displacement on T" is given by the function s, and the contact zone corresponds to the interval [Lg, L,]. To
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h | llu—unllgr | llp—pnllez | 110 = Onllz>
2836422 - [295e2 - |L.0de2 -
1.54 | 2.49e-2 1.55 | 1.51e-2 1.09 | 5.93e-3 0.92
0.80 | 1.02e-2 1.36 | 7.60e-3 1.04 | 1.17e-3 2.6
0.40 | 4.98¢e-3 1.04 | 3.80e-3 1.01 | 2.50e-4 2.25
0.21 | 2.33e-3 1.13 | 1.90e-3 1.04 | 5.35e-5 2.31

TABLE 1. Errors and convergence rates with Vj, = P}(7;,)? and M, = Aj, = PLU(Fn).

h | lu—wunllgr | llp=pallez | 10— 0nlr
2834123 - [353e3 - |294ed -
1.54 | 8.60e-4 2.57 | 8.87e-4 2.26 | 1.10e-5 5.38
0.80 | 1.90e-4 229 | 2.22e-4 2.10 | 2.95e-6 2.00
0.40 | 5.31e-5 1.86 | 5.59e-5 2.01 | 7.52e-7 1.9
0.21 | 1.60e-5 1.80 | 1.48e-5 1.9 | 1.93e-7 2.03

TABLE 2. Errors and convergence rates with Vj, = P2(7;,)¢ and M), = Ay, = P(Fp).

p/r | r=ky |1 =2ky | r=10ky |r=20ky | r=100ky
0.5 00 13 12 9 )
1.0 00 32 7 6 3
1.5 00 00 11 7 5
2.0 00 00 00 00 00

TABLE 3. Number of iterations in the decomposed Uzawa algorithm for various couples (r, p).

complete the specification of the test case, it remains to choose suitable external load and boundary conditions
on 0\ T according to (74). We can readily verify that uw € H"1(Q).

First, we study the convergence rates for two choices of finite element spaces, namely V;, = P1(7;,)? and
My, = Ay, = PY(Fs) (referred to as P1/Pgy case) and Vi, = P2(7,)? and M), = Ay, = PI(Fp) (veferred to as
Py /Py case). The simulations are performed with the decomposed Uzawa algorithm. The Young modulus and
the Poisson ratio are £ = 2 - 10° and v = 0.2. Further parameters are L, = 20, L, = 6, Ly = 10, 0. = 0.001,
and d. = 0.1. Observe that the Young modulus is very large so that the continuous and discrete functionals are
expected to be convex. The analytical solution is chosen to be in H3(Q2) (n = 4). The results are summarized
in Tables 1 and 2. Optimal convergence rates are observed in both cases. In the P /Py case, this result matches
the estimate of Theorem 4.9. In the Py /P; case, the numerical result improves on the estimate of Theorem 4.10
which is suboptimal. Moreover, in both cases, the Lagrange multiplier super-converges although in the present
setting for Vj,, the discrete inf-sup condition is not robust with respect to meshsize.

We now address the convergence of the decomposed Uzawa algorithm. We consider that convergence is
reached when the difference between the exact solution and the approximate solution is below a given tolerance.
The simulations are performed with V,, = PL(7,) and M}, = Aj, = PI(F1). The numbers of iterations to reach
convergence for various couples of parameters (r, p) are collected in Table 3. The two criteria r > p and r > 2k
derived in Proposition 5.2 appear to be rather sharp.

Remark 6.1. Numerical results with Newton’s method and the choice V), = P2(7;,), M}, = P1(F,), and
A, = PL(Fy) are presented in [25], where optimal convergence rates are reported.
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APPENDIX A. PROOF OF LEMMA 4.7

Proof. Let yp, := (v, qn) € K Nker Bﬁ Since ker Bg C ker By, (because A, C My), yn € ker Bp. As a result,
it is inferred from (44)—(46) that

0 < (J.p(@n)syn — 1) 2,2 + (On, Buyn — xn))ar

)

= (J)n(xn), yn — Th) 21,2

Set 0y, = a5, — yn := (57, 07) and observe that 0, € ker By,. Then, since y;, € ker Bg,

(Jrn(@n) = 7 (yn), 0n) 2,2 < (=T n(Yn): 0n) 20,2 = (= Jo 1 (Yn): 0n) 2 2
= (=Jo(yn), 0n) 21,z +(Jo(yn) — Jo 1, (Yn), On) 2/, 2
= (=Jo(@),0n) 2.z + (Jo(x) = To(yn), 0n) 20,z + (Jo(yn) — Jo n(Yn), On)z' 2
= (=Jo(@),0n) 21,z + (Jo(x) = Jo(yn), On) 21,z + (¥'(an), 01 ) s — (¥ (qn), 0f ) aa,,
S A(=J5(@):0n) 20,z + (|2 = ynllz + Nquaa (an))[|0n]] 2,

using the Lipschitz-continuity of J) and the definition (54). Focusing on the first term in the right-hand side,
we observe that for all y := (v,q) € K,
T),Th —Y)z',z
= y))m — (OyLo(z,0),2n —y)z'.2

—Jo(@),x = yn)zr,z + (0, Blen = y))ar — (8yLo(x,0), 2 — y) 27,2
Th — ﬂf))M +(=J5(@), 2 = yn)z.z = (OyLo(x,0), 2n — y) 2,z
xh = yn))m — (OyLo(,0),x = yn)zr,z — (OyLo(x,0),xn — Y) 2.2,

(
(

where we have used the fact that (—J4(z),y — )2z < (6, B(y — ) since (z,0) is the exact solution and
y € K. Furthermore, using the definitions (52) and (53) and the fact that V}, C V| it is readily seen that

<ayLO(x79)a Yn — x>Z’,Z = (W(P) - 0; qh — p)M = nunil(qh)a
and

<8yL0(x7 9)7 Yy — xh>Z’,Z = (W(P) - 0; q— Ph)M = nunil(q)a
so that

<_J(I)(x)ﬂ 6h>Z’7Z < (0, B(xh - yh))M + nunil(qh) + nunil(q)'

Since H™ is dense in M T, the above estimate can be extended by continuity to ¢ € MT. Furthermore, observing
that (x — yn) € ker By, there holds

<—J(I)({E), On)zr,z < (0 —1Tly,0, B(mh — Yn))M + Nunit(qn) + Nunit (@)
= HAh9||M||B(xh —yu)lm + Dunit(gn) + Nunit(q)-
Moreover, if Aj, = My,

1B — yn)llar = (I = o, ) Blun —vn)llar S B2BCun — vl S 02 s = onllv,

while ||B(xn — yn)llar < |z — ynllz if An # My, Thus, in all cases, |B(zn — yn)llar < b2 ||xn — ynllz with
s=1if A, = M} and s =0 if Ay, # Mj, and this yields

(=J4(x), 0n) 20z S B*/2)10 = T, Ollasllzn — ynllz + anit (@) + Tanit(q)-
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Collecting the above estimates and using (43) together with a Young inequality, it is inferred that
lzn = ynllZ S llz = ynllZ + tunit(@n) + quad (Yr)? + Dunin(q) + 5[0 — I, 0],

whence the bound on ||z —x}|| 7 follows using a triangle inequality. Finally, to derive the bound on h'/2(|0—0} || s,
observe that for v, € V}, and since V), C V,

(0h — HAh0 Bhvh)M = (0h — HAh0 B’Uh)
(0h —0 BUh)M + (9 14,0, B’Uh)
<Wl( ) — (Uh) vp)vr v+ T(Bﬁ( —up), Bup)p + (0 — 1, 0, Bup, — p, Bup)m

S e = znllzllvnllv 4110 = Ta, 0l ar || Bon — Ta, Bon||m
S (lz = anllz +h'2(|6 —TLa, 6llar) onllv,
whence the desired estimate results from the discrete inf-sup condition and a triangle inequality. O

APPENDIX B. PROOF OF PROPOSITION 5.2

Proof. Set o := ayw — kyrc3;¢% and B:=r — kyr. The couple (up,pp) € Vi, x M, is such that

<W'(uh),vh>v,7v + (9},,, B’U}L)M + r(Buh — Dh, BUh)M =0, Yon € Vi, (75)
(" (pn)s an — pr)agy, — (On, an — pr)ar — 7(Bun — pr, qn — pr)m >0, Van € M), (76)
9h=0h+p (HMhBuh—ph)- (77)

The couple (u},plt) € Vi x M, is such that

(W' (up), vn)yr v + (0371, Bow)u + r(Buj, — pp =", Bo)m = 0, Yoy € Vi, (78)
W' (0R)s an — pi)ag, — (05" an — P ) — r(Buj, — pioan — pi)am =0, Van € MY, (79)
= 03" + p (Iag, Buj, — ). (80)

Set 01 := 01 — 0y, Pt := pi — pp, and @} := u} — up,. Applying (75) and (78) to v, = @} and subtracting yields
(W'(ap),ap)ye v + Op " Bap)ar + || Bug |3, — (@5, Bag)ar = 0, (81)

where the linearity of W’ has been used. Similarly, using (76) with ¢, = pj' and (79) with ¢, = p, and
subtracting leads to

W' (o) =¥ (on), P — pr) s, — (O B as + D3 130 — (PR By < 0. (82)
Adding (81) and (82) yields
—(0h ", By = pi)ar = (W' (up), )y y + (' (0) = ¥ (pr), b — i),
+rl[Buj; = g3 + (@ — 5 B
> awllap ¥ — ko lphllRs + rll By — pilla; +r(o; — by, Bag)u (83)
In (83), the last term can be written

—n—1 -n n—1 -n —n—1

(Bay,, py — py " )m = (Buy, — Buy =" py — by Dw + (Bay =y o — b v+ (B D — B
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Adding (79) written at iteration n — 1 with g, = p}! and (79) written at iteration n with ¢, = pil yields

e G e e DY (1 (o B o N e B B [ A sl "
—r(pn — Py -t , Buj, — Buh )M
> (r —ky)py — 2 |3 — r(op — B By — Bay ) (84)

Owing to (80),
0t =072+ p(Ily, Buy ' —pp '), (85)
whence, owing to (84),
r(py — b, N By — Buy > Blph — b S — p(Bag Tt =0y B — By (86)

This equation can be reorganized as

r(Buy, pp — by~ m = Blpy — i i+ (r = p) (Bt —pr by — i D

n—1

+T(p2 aph _ph )M
Using the identity 2(p) ", py — by~ ") = P23, — 105 13, — 155 — B34, we turn (86) into

2r(Bay, py, — Py = (26 =)} — 2y I3+ (5713 — 155 130)

+2(7‘—p)(Buh L pn LB =P
Squaring (85) leads to
1R~ 13e = 10k 13s = =200, Bay, — ph)ar — p* | Bay, — bl
Finally, collecting (83) and (87) yields
1R~ 13 = 1013, = 2pellaq ¥ + p(28 — p)| Bay, — pylla; + p(26 — r)lipk — 25" I3
+rp(lhI3s = 17h " 13,) + 2p(r — p) (B ™" — b~ 1132 PZ D
& (105713, +rollh 130 — (ORI, + ol I3 = 2pallapll + (26 — p)llBag, — by 113,
+p(28 = 1)|pi — B, I3+ 20(r — p) (Bt = BBy — By
= (105~ 13, + ol ~H 130 — (ORI, + ol I3 = 2pallaplly + (26 — p)llBag, — by 113, (88)

+p(28 = n)llpr, — b I3 — plr — pl(1BaR ™" = B 13, + 15 — 24" 130):
Set € = |03, + rpllprl3; + p(r — p)||Bay — p|3,. Since r > p, (88) can be rewritten as

"t — " > 2palluplly + p(28 — )| Buy — pyrllis + p(28 = 2r + p)llph — 27 s

By assumption, r > 2ky,, r > p > 0, and 26 —2r + p > 0. Hence, pa > 0 and 23 —r > 0. Thus, the
sequence (€"),en is positive and decreasing, thus it converges. As a consequence, the sequences (u})nen and
(p7)nen converge. The sequence (0})nen is bounded. According to the Bolzano—Weierstrass theorem, there
exists a converging subsequence. By uniqueness of the discrete solution (up, pp,0p), (uj) converges to up, (p})
converges to p, and the whole sequence (8}') converges to . 1
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