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Soft Dynamics simulation:
2. Elastic spheres undergoing a T1 process in a viscous fluid

Pierre Rognon and Cyprien (@y
Centre de Recherche Paul Pascal, CNRS UPR 8641 - Av. Dr. 8zbwé’essac, France
Matiere et Systemes Complexes, Université Paris-BideParis 7, CNRS UMR 7057 - Paris, France
(Dated: July 15, 2009)

Robust empirical constitutive laws for granular materialgir or in a viscous fluid have been expressed in
terms of timescales based on the dynamics of a single partidbwever, some behaviours such as viscosity
bifurcation or shear localization, observed also in foaamulsions, and block copolymer cubic phases, seem
to involve other micro-timescales which may be related eéodyinamics of local particle reorganizations. In the
present work, we consider a T1 process as an example of amgament. Using th8oft dynamicsimulation
method introduced in the first paper of this series, we desdheoretically and numerically the motion of four
elastic spheres in a viscous fluid. Hydrodynamic interastiare described at the level of lubrication (Poiseuille
squeezing and Couette shear flow) and the elastic defledtitve particle surface is modeled as Hertzian. The
duration of the simulatedy; process can vary substantially as a consequence of minateyes in the initial
separations, consistently with predictions. For the firset a collective behaviour is thus found to depend on
another parameter than the typical volume fraction in plesi

PACS numbers: 02.70.Ns, 82.70.-y, 83.80.1z

I. INTRODUCTION dynamics is qualitatively understood as the competition be
tween external solicitations that the particles expeeesed

Many materials are made of particles in a surrounding quid.their ability to move within their neighborhooEZZ]. Such a

Among them foams, emulsions, granular matter, colloids su mechanism is the core of the definition of the jamming tran-

: - : ition in glassy systems, which is a subject of intense de-
pensions and micro gels are of daily use. A great deal o X . e )
research revealed their complex behaviors including ielast Eate @E@BEM] Getting new insights into reerg

plastic and viscous charactefb [IL,[B.[B, 4]. This complexit;ﬁization micro-timescale should therefore clarify thegoriof
results from the wide range of pértiéle’properties and partiSUCh proper_ties ar.‘d.ShOU'd also provide usgful hints togefin
cle interactions involved. Great hints to comprehensive rh and generalize eX|st|ng models of the_materlal respgnse.
ological models were obtained by considering the dynamics A common reorganization process is the separation of par-
of a single particle. Thus emerged the tingém/RP for a ticles while other particles approach and fill the void. When
single grain of massn, accelerated by the normal streBs  they involve four particles, these events, usually refeoeals
(force PR?), to move over a distance comparable to its ownT1 processes when dealing with foams and emulsions, occur
sizeR [E, ﬂ], the timen /P for a grain immersed in a fluid in d_eformed regions at a frequency proportional to the defor
of viscosity p subjected to the same normal strefs [8], anghation rate (see for example J41] @ @ [47.[4B[4b, 50,
the relaxation time) R2/o for a bubble or a droplet with sur- B4, [52]). They relax some stress and dissipate some energy.
face tensioro in a viscous fluid [P[ o[ 31]. The effective The relation between the duration ofzand the local stress is
viscosity was expressed as an empirical function of these mthus expected to affect the rheological behaviour of theemat
croscopic timescale§][8], thereby providing robust sgpdir-  Tal. For dry foams, thd; dynamics has been shown to result
pressions for various properties ofgraiE [é 14]arsb from the surface tension and the surface VISCO [53]. The
bles [T [1p[ 7] 39, 19, pol. stretching ability of the interfaces avoids the need to sgae
Nevertheless, particulate materials exhibit some uncommgVi0lently the fluid between the approaching bubbles, and its

rheological properties which seem to involve other timé&sca viscous dissipation is thus negligible. By contrast, Thely-

Oscillatory shear experimentE| [4], and more generally thdramics is less well described in wet foams or other less con-

delayed adaptation of the shear rate to a sudden change ‘Fﬁ”‘fated systems. A comprehe_nsjve description. of t_heir dy
amics requires a careful description of the particle axter

the applied stres 2 15 27] reveal lon
Pp SEPDZD El 2E| E’ ] ion. For instance, visco-elastic and even adhesive ptieger

internal relaxation processes. Other observations such as _ .
critical shear rate below which no homogeneous flow exCf Particles were shown to be importaft][$4] §5, 56].

ists B, [, [B.[2R.[38], or the coexistence of liquid and In this paper, we show that squeezing the liquid between
solid regions (shear localization, shear banding, craoks) close particles (here in three dimensions) can give risertg |
emulsions [29[ 30], foamq [B{. |3%.]3B.] 34], wormlike mi- relaxation times. To this aim, we do not focus on a specific
celles , 6] and granular materialg [6) 38] alsamaterial which would include the interaction between solid
point to a complex internal dynamics. Usually, this intérna grains, bubbles, droplets or colloidal particles. Rathes,
address the ubiquitous situation of elastic-like parsidle a
Newtonian fluid. We consider a simple system of in-plane
spheres undergoing® process, as depicted on FE;. 1. We
*Electronic addresg: cyprien.gay@univ-paris-didefot.fr discuss under which circumstance§saprocess should in-
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deed occur and (if idoesoccur) the relative contribution to II. MODELLING PARTICLE INTERACTIONS

the dynamic of the normal approach and separat@aushe

tangential sliding of particleg [3]. In three dimensiofus,a When addressing the question dfgorocess between elas-
dry foam or a concentrated emulsion, such @rocess with ¢ spheres in a viscous fluid, see Hj. 1, most of the interac-

four topologically active particles can in fact be decongmbs  tions have already been described in the first pdpér [57]. The
into two topologically simpler processes involving five par oy new feature is particle sliding and, correspondingy:
cles. However, whatever the exact process, the dynamits wigential forces. Hence, quantities such as viscous friatmn
still involve normal motions and tangential sliding (as e efficients or spring constants are now tensorial. We express

rotation in general). Because normal motions are strorger, these interactions in the present section. Let us recdlitba
we show below, we believe that no essential new phenomenipa| with three dimensional particles.

will emerge from other reorganization processes as cordpare
to the time scale evidenced in the present work.

A. Pairwise interactions
This paper is the second of a series which presents the

physics of materials made of close-packed elastic-likéipar

;:Ies |mdmerser<]j ina V'S(I:OUS fImq. In ;Ehe first p"?‘dlg [57]aweconsider rather dense systems where each particle is dose t
ocused on the normal separation of two particles, and Wee g other particles (surface-to-surface gap muchlsmal
showed that the flow between their close surfaces mterplayﬁlan the particle size), we simply discard long-range, many

with the particle deformation in a non-trivial manner. Assth body interactions|E4] Furthermore, under such thin gap

fei\at_ure Wasr:gnoredl SO Tar In existing dgscrfete ellen_1ent SIMzonditions, the interacting region between particles isimu
u grt]lons such as l(\j/l_o e;u_gr nyganl]('B ] (for e_a@stlcggsa;m smaller than the particle size and the interactions betveeen
without a surrounding fluid) for Stokesian Dynamigs [S9F(fo o icle and its neighbours are mostly independent frorh eac

non-deformable grains in a viscous fluid), we are introdgCin qiner and can therefore be treated as a sum of pairwise inter-
a new simulation method, nam&wbft-Dynamicsto account actions

for it. In this paper, we include the tangential interaction Particlei is subjected to some forcﬁij by its neighbour-

and we proyide the main steps of the implementatipn of thE?ng particlesj, which can be decomposted in the local
Soft Dynan:jlcsn_ethod Lor th_e p_relsen; lcontext. Tlh's W'" }s;_rve pressure field in the fluid that results from a viscous lubrica
as an introduction to the principle of larger scale sSimolasl i jnteraction andii) a remote interaction (such as a damped

W't.h this dngw méathod, W;.'?h will ngclurc]i_ehbo:]h plglrtmle fO- electrostatic interaction, steric repulsion, van der \&/aater-
tation and boundary conditions, and which shou Cone“t“tactions, disjoining pressure, etc):

a promising tool for investigating the collective behagiof
many complex materials.

As discussed in detail in the first pap[57], because we

— — i —

Fij = FiP+ FI™ @)
As we shall see, the geometry addressed in the present pa-

per, although rather symmetric (the centers of the three di-

mensional particles are arranged within a plane, at thécesrt

of a losange), proves sufficiently rich to reveal how minute

changes in the system configuration have an essential influ—_tA ILaCt'OEOf the aﬁJovetformeijt hexertefd by p?rt'd?.t[gn&
ence upon its dynamics. sits through a small portion of the surface of particlen

deflects it elastically.

In practice, the viscous componeﬁt"iS of the force is en-
tirely transmitted by the surface of parti¢leThe effect of the

— . .
remote componenkE M is more subtle. Electrostatic forces
between surface charges act upon the surface and contribute

(a) (b) (C) entirely to the elastic deflection. By contrast, Van der Waal
interactions also act directly within partidleHowever, most
of such interactions occur within a depth comparable with
the inter-particle gap, which is always much smaller than th
depth of the region that is deformed elastically (see parzyr
. I below).

Hence, for simplicity, it is reasonable to assume that the

total force?i j between both particles entirely contributes to
the elastic surface deflection:

B. Particle surface deflection

FIG. 1: Schematic representation oTaprocess with four in-plane N N
spheres. Due to the applied forces, the group of four pestisivap F iej'a ~ Fijj (2)
neighbours. Two particles separate while two other padiestab-
lish contact. Meanwhile, the other particle pairs reoriest shown

_
. The expression oF £'2in terms of the corresponding surface
by the evolution of anglé from aboutf to about. P I P g

deflection is discussed in paragrdph Il F below.
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C. Force balance for each particle In order to specify viscous and elastic interactions, wé wil
need to deal with projectors and tensors. We will use the

The sum of all forces applied to partidlgooth the external  Symbol “” for the tensor product (contraction of one coordi-
force F & and the pairwise forceB j; is equal to the mags, ~ Nate index), andi " will denote the transposed of vectar.

. . g . T T :
times the acceleration. This is assumed to vanish due to tHdence, U -V =V - U will be the scalar product o and

dominant effect of the fluid viscosity over inertia: V,andT -V their outer product, which is a tensor. In par-
. ticular, we will make use of tensaer defined as the projector
Fedy Z Fij=m X;=0 (3)  onto the normal direction:
a=T-T" @)

Where?f”‘t is an external force acting on grdi(such as grav-

ity) and where the sum runs over the neighbours of particle (a)
In principle, there is another equation, similar to E@ 8y, !
the torques applied to partidleBut as mentioned earlier [63],
this is not needed for the present symmetiiconfiguration
such as that of Fid] 1.

The Soft Dynamicsnethod [5] .] simulates the dynamics of
such a system, determined by the system of E2{3.for all
interactions and Eq{l(3) for all particledn the present work,
for simplicity, we omit the remote interactions in EQ? as
we did before[[5]7].

In order to specify the elastic and viscous forces, let us now
describe the geometry and the kinematics of the interactin
region between a pair of neighbouring particles. —

D. Contact geometry and kinematics

FIG. 2: Model of interaction for two elastic spheres in a viss
Leti and | denote two interacting particles, as depicted onfluid. (a) elastic deflection of the surfaces (in tractior) iormal
Fig.[?. As compared to the first paper, the positions of thedissipation due to Poiseuille flow in the gap; (c) tangemtissipation

due to the Couette flow. The force is transmitted from a partic
partldes Centers are now vectors, labe@d and OXJ’ and another through the fluid and through a possible remote f@aeh

X ij = OXJ OX, is the center-to-center vector. The deflec-a system behaves like a Maxwell fluid (a dashpot and a spring in

tions of the particle surfaces are also vectors, Iab@éd&nd series). The effective friction is a function of the ga@nd of the
—. sizea of the surface through which the force is transmitted.
6' Since all particles are identical and since the (lubrica-

tlon) forces are palrW|se and act locally, facing deflectiare

symmetric: 6J + 6' = 0. Thus, for simplicity, we shall use
E. Viscous force

the total deﬂectlonc‘iIJ = 6i - 6'J- for each pair of interact-
ing particles. The unit vector normal to the contact can be ) .
expressed as For a pair of close spheres, as discussed eaffligr [57], the
fluid region that mediates most of the force between both par-
X—>. 3) ticles has a large aspect ratio, and the flow is essentiaily pa
— j ij . . . . K
Njj = —/——=— (4) allel to the solid surfaces: tHabrication approximatiorcan
Xij — 3ij be used (see for examplg J60]). As before, the fluid inertia

is negligible (low Reynolds numbers) and the viscous force
The gaphij between both part|cle surfaces depends on botﬁ;\,,s acting on the surfaces depends linearly on their relative

the center-to-center vect&(rJ and the total deflection | ij velocity Vs
e
hj = X — 8ij| ~ 2R (5) F* = 2.Vs (8)
Z = {a+i(l-a) 9)

Similarly, the relative velocity of the material points tltan- 3mad
stitute each particle surfac&]s, involves the translation ve- { = o (10)
locity of the particles (as already mentioned [63], the ipkes )
do not rotate in the present situation) and the evolutiomef t P (11)
surface deflection: h

- where the interparticle friction tensdf has two components
Vs= Xjj— 0ij. (6) (normal and in-plane), expressed in terms of the unity tenso
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1 and the projectoex defined by Eq.|]7). The normal viscous previously ], this generates a Maxwellian contact dynam
friction £ is related to the Poiseuille flow induced by squeez-ics through the combination of the elastic surface deflactio
ing or pulling ] (see Fig|]2b), while the in-plane frictio and the viscous response of the fluid in the gap: it is possi-
coefficientA reflects the tangential motion (sliding) between ple to move the center-to-center distarﬁg while keeping
both particles, which generates a Couette (shear) flow in th

gap (see FigﬂZc) Eonstant the deflectioﬁij, andvice-versa But as compared

to a classical Maxwell behaviour, the elastic element dbes a
ways behave linearly (Hertzian contact in the strong deflec-
tion regime), and the viscous element does not have a cdnstan
value, as it depend on the geometry of the gap, see E (8-11)

o . The Soft-Dynamics method consists in calculating the rate
Let us assume that the siag(discussed in the next para- L .
graph) of the interacting region between partidlesid j is ﬂchange of all center positior®@% and all gap deflections

known. Then, as befor§ [57], the force depends linearly ondij as a function of their current values, and integrating them
the surface deflection, but this time the relation is tergori ~ over a small time step.

F. Elastic force

—

Fea — aE. s, (12) . Eauations of mo
. Equations of motion
E = E(Ca+d(1-a)), (13) ‘
where the tensorial proportionality constafitis essentially The system satisfies one equation per interaction, namely

the (scalar) Young modulug, but incorporates geometrical EQ. (??), and one equation per particle, namely HY- (3). We
constants on the order of unig} andc' for the normal and shall now see how it is possible to derive equations of motion

. . —
tangential responses, respectively. For this, we need to express the unknowns velocifigsand
The elastic response of bubbles and droplets were found tg,

deviate from such a Hertz elasticiy [54] 55]. Although they Xii In terms of the current state of the system.

have no bulk elasticity, the surface tensionconfers them From_ Eqs.|Z|4),|]5) and (14), it appears that th? al_zgéthe

some elastic-like properties, and the elastic-like foreanty E}eractmg region can be expressed as a functiok;pand

depends on the deflectidnthe sizea of the interacting region  §;;. It then follows from Egs.[{4) and (JL2) that the elastic
. . . S

and an effective Young modulus which scales kkeR force F ®a can also be expressed as a functioXgfand & j;:

— = —-— =
Fela:FeIa T 15
G. Size of the interacting region .(X”’ i) (15)
As aresult, its time-derivativ?f-}'a can be expressed as a sum
The size of the interacting region, aga[57], depends ei- ) tthemis i W hile the other is i
ther on the gap thickne$s(Poiseuille regime) when the parti- two;'ferms. one ofthem s finear IN;; while the other s linear
cle surface is weakly deflected, or on the normal force (Hertan &;;. The (tensorial) coefficient of each of these two terms
regime) when the particle surface can be considered plamar. is a function of the current system configuratide,, of all

. . N =
the first case, it can be expressedas v 2R In the second 3 ticje and gap variableX, and 3 ;. Now, it follows from
case, it is essentially independent of the tangential fipde o ) _ R
and can thus be expressed in terms of the normal deflectiofas. [B). [B) and??) that &; is an affine function of;:

~ o —T % . : - :
a~r /Ro" =/RIT" -3 As explained e_arher@?], for 3)”_ _ 7” +Zijfl_ (E’ﬁla_firjem) (16)
the purpose of th&oft Dynamicsnethod, we interpolate be-

tween both behaviours afin a simple manner: whereZ;j, Eﬁ'a and?{jem depend on the current system con-
a(h,d") = /R(2h+ [d")). (14)  figuration. HenceF)iej'acan be expressed as an affine function

EN
The choice of this interpolation is not physically suppdrte of Xij:

but it does not affect assymptotic behavior in both limits. : .
ymP Fea—Gy-Xij - bjj (17)

.. —
lll. METHOD OF THE SOFT-DYNAMICS SIMULATION where the coefficientéri; and bi; depend only on the cur-
rent system configuration. The detailed calculation of eéhes

: . - : .__coefficients is provided in Appendﬂ A.
The Soft-Dynamics method aims at simulating the time ; ; ST .
evolution of a system of elastic particles and in a viscous From this, the time derivative of Ecﬂ(S) yields a system of

fluid, such as depicted in previous sections. Like usual disgg:]rzts'ogigzrtgheaef.‘g[igfag?ter velocities. The equatic

crete simulation methods, the motion of each particle cente P part :

results from the force balance, Eﬂ. (3). The specificity & th ) _ _

the interaction evolution results from the decompositién o Z {Gij .(62]. - &i)} = 25’ _ﬁiext_ (18)
]

the center-to-center distance given by E[h (5). As illustta i N
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where the sums run over all neighbours of particle pair of particles AD), implies some sliding of the diagonal
— — . :
Note that becaus€ji = —Gij and b jj = — bjj, and if we ~ Pairs (see Fig]1).
assume that the sum of all external forces vanishes, Atthe early stages of the process, witery 11/3, the exter-
R nal forcesNy andNy can be expressed in terms of the normal
>F =0, (19)  forces in the horizontalN,) and diagonally) pairs of parti-
I

cles, and in terms of the sliding for& in the diagonal pairs:
then the sum of Eqslzll8) for all particlesanishes. In other

words, these vector equations are not independent: one of - 1 V3
them must be replaced, for instance, by the condition thet th Ne = Mo +25Ns =25 (21)
average particle velocity is zero: 3 1
| REPLEIPEN (22)
= 2 2
Z OX;=0 (20)
|

In fact, as we shall now see, the tangential fdggés much

Let us consider the system of EEKZO) (or a similar one) to-smaller than the normal forces. To show this, let us firstagoti
gether with Eqs.@S), taken for all particlesxcept one. This that the tangential velocity is related to the anglelefined
system of equations can be inverted to obtain the particie ce on Fig.[}: v ~ —R6. In the Poiseuille regime, the particles
ter velocitieﬁ(i. The gap velocitie?ﬁ'aare then calculated surfaces are weakly deflected and the horizontal and didgona

from Eq. () gaps are related to angiethroughR+ %_hh = (2R+hg) cosf.
' ' Hence, the gap variations obéy, ~ hq cosé — 2R sin,

B. Choice of a numerical step

Gaining the center velocit@_)é requires to solve the linear !
system |(118). Standard and efficient procedures are awailabl *¢ (:83
to inverse it. We used a second order Newtonian scheme for ®)
the numerical integration of particle position and as wsll a | () to time
deflections. A typical time in the problem is the Stokes time Q.
T taken by a single particle submitted to a typical foFcéo @60 (:83 080 : :
move over a distandein a fluid with viscosityn, see Eq.@g) ' time Ny, 0 ®
below. The numerical time step is set to£0n units of T & —@Lo—
for all simulations. Other numerical schemes, such as Runge
Kutta method, should make simulations faster. Furtherpzore
study of the optimal required time step will be necessaryrwhe ) N

dealing with significantly more than only four particles. ) ™
~@o~ D 080 0 Q0

t
7 time 9 O
IV. T, DYNAMICS ®®@ O
O

V)

Let us now use the Soft-Dynamics method to simulate a o O
singleT; process. The system is depicted on lElg. 3: initially, %,0 O OO
particlesB andC are aligned horizontally, with a small gag, ] O ime O
while particlesA andD are aligned vertically. The diagonal
gaps (betweeA andB, etc) have thickneds, too.

A horizontal forcelNy is applied on particleB andC while
a vertical for(;d\]y is applied orA andD. Various evolutions FIG. 3: Schematic evolution of four particles subjectedtemal
are possible depending on these two forces, which may or mdgrces. Forcé\y is horizontal and acts on particl&sandD. Force
not give rise to & process (see Fiff]. 3). BasicallyJaoccurs Ny is vertical and acts upon particlésandC. Both Nx andNy can
only if the interaction between particlésandC s tensile. The D€ either compressive-(0) or tensile & 0). Regimes (1) and (1)
criterion for the occurrence of & process will be derived correspond to compressive forces. In regime (1), the cordigan

- . . . remains mostly unaltered. By contrast, a topological eeagement
beloyv, as well as a scaling for its dynam|c§. The duration of 4T, process) occurs wheM, > v/3N,, which corresponds to region
T, will then be measured from the simulation.

(I1). When Ny or Ny is tensile, the four beads do not remain together,
as can be seen from the time evolutions sketched for regitigs (
_ o (VI). On the whole, aT; process always occurs whédy > V3N
A. Theoretical predictions (regimes II, 1l and IV, white region). It is followed by pacte sep-
aration when\y is tensile (regimes Ill and 1V). By contrast, g
The T process, which consists in a separation of the horProcess occurs whely < v/3Ny (regimes |, V and VI, light grey
izontal pair of particlesgC) and an approach of the vertical "€9ion)-




i.e. Integrating these equations yields the typical téneequired
1. . _ to achieve the separation of the horizontal [Brof particles
zhh ~ hg cosB + 2v; sinf (23)  from an initial gaphg to a much larger gaps ~ R:
Let us now transform each term of the above equation by ex- hy
pressing it as a function of the corresponding normal or tan- A~ TIn (h—)
gential force by using the appropriate friction coefficiest o/
~T (Poiseuillehg > hup) (33)

defined by Eq.|(9):

s (R2 R h¢
INy  Ngl, _SV3 ANTK3<p—hT)+T'”<h—>
27772 2 @) 8 TP "

The relative magnitude of friction coefficienfsandA can be

Tk3 % >T (Hertz,hg < hup) (34)

Q

derived from Eqs[(10) anf (11): 0
{ 3/a\2 Once the gafy, of the horizontal paiBC becomes compa-
T3 (ﬁ) (25)  rable toR, the diagonal pairs such & slide rather quickly

) ) ) o (since theirA <« ), and soon the gah, of the vertical pair
where the size of the interaction region is given by E{.[14). Ap pecomes significantly smaller th& The time it then

Wenthgs_ have /A ~R/hin the Poiseuille regime anfl/A ~  takes to reach the same valugis again comparable .
Ro"/h”in the Hertz regime. Hence, except for very large 9aps  jgnce the order of magnitude given by Eqs] (38-34) for
hcomparable to th(_a part.|cl_e sigpthe normal friction is much the timeA is typically the expected order of magnitude for
larger than the sliding friction{ > A. It follows that the duration of the entir@; process. We will now test this
1 A prediction by comparing it with the simulation results.
S~ =5 (Na—Nn) (26)
2\/3¢

can be neglected in Eqf. [41}-22). Hence, the interactiae for

within the horizontal paiBC depends only on the applied B. Resultfrom simulations

forces:
1 We implement theSoft Dynamicsnethod to simulate @
Ny~ Nx— —=Ny (27)  process such as that depicted on lﬁg. 3, varying the two con-
V3 trol parameters we pointed out above: the initial gap®1Q

This implies that, as pictured on Fig. 3, the gap will openho/R < 0.8 and the reduced force 1< k < 0.1. For sim-
and theT; will proceed wheneveN, is tensile,i.e., when  plicity, there is no_horizontal forceNy = 0). The reduced
Ny, > Ny+/3 (white region of the diagram). By contrast, the force given by Eq.[(28) is then equal ko= |[Ny|/ER?\/3 and
particles will not swap neighbours whedy < Ny+/3 (light  the Stokes time is = 671v/3nR?/|Ny/.
grey region). FigureHl displays the variations of several quantities in

WhenN; is indeed tensile, we now wish to determine howthe course of ar; process with a given set of parameters
long it takes for the horizontal pair of particles to separat (ho =107?R, k = 3.107%). In order to avoid discontinuities

The dynamics of such a normal motion was detailed inin the simulation, the forcé\y is increased from zero to its
Ref. [51]. Let us define the reduced force nominal value within a timer, and remains constant there-
after. From a macroscopic point of view, for instance thitoug

K= [Nn] (28)  the variation of the angl@, the system seems to be almost
ER blocked @ = 11/3) for a significant amount of time £ 100r).
and the Stokes time It then starts moving to reach its final configuratiéneg 11/6)
61 R2 where it remains thereafter £ 250r). During the “blocked”
= N (29) phase, the applied fordd, is transmitted through the diag-

onal interaction such a&B, thereby inducing a tensile force
With the forceN, acting within the horizontal paiBC, the ~ Nn ~ —Ny/V/3 in the horizontal paiBC. Hence, despite the
initial configuration (gaphy) corresponds to the Poiseuille overall “blocked” appearance of the system, the horizontal
regime ifhg > hyp and to the Hertz regime ify < hyp, where  gaphy, between particle8 andC slowly increases from its
initial value hyg. Correspondingly, the horizontal friction de-
hyp = Rk?3 (30)  creases.

The corresponding rate of change of the @ [57] can be ex- The fast moving period starts as soon as this friction is low

enough. ParticleB andC then separate quickly while parti-

ressed as:
P clesA andD in the vertical pair approach each other, thereby
-~ h P giving rise to sliding friction on the diagonal interacteoms
h = T (Poiseuille > hyp) (31) particlesA and D approach, the corresponding ghp de-

. B s creases and the friction increases. This approach thers slow
h = reK 3 (Hertz,h <hyp). (32) ' down. Thus, although the system keeps movingpjteardo



reach a new “blocked” configuration, with no more sliding or central result of the present study and, as we show below, it

horizontal traction, but only a vertical compression. pleads towards going beyond the sole usual volume fraction
As the system subjected to a constant force keeps movingp describe the state of a particulate material.

we need to arbitrarily define the end of theprocess. Among

various possible choices, we shall here consider thaffthe

process is completed when the vertical interaction tratssmi A. Volume fraction and interparticle gap

most of the applied forceNy = 0.99Ny). The resulting du-

ration of theT; process is plotted on Fig[| 5 (other criteria

would yield similar results). The first observation is tiHfat,

the range of initial gaps and particle stiffnesses we canmsid

the duration of thd is distributed over a wide range of time

scales, roughly betweerr 2ind 181. Next, we observe that

these results match our theoretical predictions reasgnabl

Let us consider four particles in a compact configuration
such as that on Figﬂ la (angbe~ 11/3). More precisely, let
us consider two variants of this configuration, with two dif-
ferent values of the interparticle ghp, sayho ~ 10 2R and
ho ~ 10 3R. Let us now apply weak forces (say~ 10 2).
In both situations, because the force is weak and the gaps
e if the horizontal paiBC is in the Poiseuille regime, the are small, the center-to-center distances are almostiodé:nt
Ty durationA scales liket In(R/hp). It thus depends Hence, both situations cannot be distinguished at firstsigh
on particle radius, on the applied force and on the fluid Yet it can be seen from Fig] 5 that the duration of The
viscosity througtr, as can be seen from E{.}29), and process will then differ substantially.
slightly on the initial gap through the logarithmic factor. ~ Similarly, with a large, disordered assembly of grains, it
TheT; duration is then just a few times larger than theis anticipated that there will exist different situationbeve
Stokes timer; the volume fraction is almost identical but where a change in
. . . ) . the typical value of the interparticle gaps causes a dramati
o if pair BC is in the Hertz regime, thdy duration  ayteration of the delag after application of the stress for the
A scales essentially like k % (h—F;) , which implies a  System to set into appreciable motion.
much stronger dependence lag) and longer durations '_I'his cqnjecture will be tested in a future work, using simu-
since the particles are soft. In this caAe&an be much ations with a large number of particles.
longer than the Stokes tinte

Note that in the latter case, the separating pair of pasticle B. Dilatancy and permeation
leave the Hertz regime and enter the Poiseuille regime in the

late stages of separatioh & hyp). However, because the
evolution is much slower in the Hertz regime, see EE. (31
@), these late Poiseuille stages contribute very weakilgeo

_Ineven larger samples of granular materials in a compact
state, it is anticipated that the need for some additional flu
overall T, durationA. to enable reprganization processes (a phenomenor_l called di
In summary, the numerical result for the duration ofia latancy e.lnd |I_Iustrated on Fiff. 1) W!" become the main seurc
process presented on Fjy. 5 are compatible with @@3_3421‘ delay: fluid from loose or particle-free regions needs to
They demonstrate that the duration dfas hardly larger than ermeate th_rou h the gfar?“_'ar material which behaves as a
the Stokes time given by Eq. @9) as long as the surface de-POrous med'“m. 7.]' Describing Su‘?h a phenomen.on.requwes
flection is small compared to the inter-particle gap (Pdlkeu mtrqducmg the liquid pressure, and is notincluded in dur-s
regime) and thus depend mainly on the applied force, on thHIatlon so far.
fluid viscosity and on the particle size. Remarkably, in the o
posite regime where the deflection is larger than the gapgfHer
regime), theT; duration depends strongly on the interparticle C. Towards other materials
gap and can reach very large values, as illustrated b)ﬂFig. 5.
As such, the present work applies to soft, plain, elastie par
ticles (such as elastomer beads or latex particles) imrdénse
V. CONCLUSION: BEYOND VOLUME FRACTION a very viscous fluid. We showed that a possible physical ori-
gin for a delay in the system response is the viscous flow in
In this paper, we studied one of the simplest reorganizathe thin gap between neighbouring particle surfaces.
tion processes for immersed, closed-packed, elasticaty d In other materials, however, other ingredients may also in-
formable particles in a simple geometry. We showed that théluence this delay or even become dominant. For instance, for
time needed for this process results principally from the vi objects enclosed in fluid interfaces (vesicles, onionsblasg)
cous flow of the fluid into or out of the gap between pairs ofdroplets, etc), phenomena such as Marangoni effects caurfa
almost contacting particles: it is always mostly driven bg t  viscosity, the dynamics of surfactant adsorption and Gibb’
normal approach or separation, while the role of tangentiatlasticity should play a role. Finer phenomena should a¢so b
sliding is negligible. considered, such as the hydrodynamics involved either near
We also showed that the time needed camdyg longwhen  a moving “contact” line between two such objects or within
particles are close or soft (more explicitely, when the gap i Plateau borders. By contrast, for solid grains, very déifer
much thinner than the particle surface deflection). Thikés t phenomena may come into play, including solid friction.
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FIG. 4: Time evolution of various quantities in the coursead, process, with parameteks= 31073, hg = 10 2R andNy = 0. The gaph
(a), the normal and tangential forcés and the ratigd"|/h (d) are plotted for the vertical (solid black linesD), the horizontal (dotted black
lines, BC) and the diagonal (solid grey line&AB etc) pairs of particles. On gragh), the dotted grey line represents the tangential f&cef

a diagonal pair such asB (which is zero for the vertical paiD and horizontal paiBC). Graph(b) shows the anglé such as defined on
Fig.|1. On grapKd), a pair of particles for whichd"|/h > 1 is in the Hertz regime. If3"|/h < 1, itis in the Poiseuille regime.
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FIG. 5: (Color online) Typical duratioh of a T; process as a function of the initial gap and of the dimensionless applied foree The
data points were obtained through the Soft-Dynamics sitinlgpresented here. Blue open circles correspoidgavhere the horizontal pair
has remained in the Poiseuille regime during the entiregeaicFull red squares correspond’is, such as that represented on ﬂig. 4, whose
horizontal (separating) pair has been in the Hertz regim@aot of the time. The surface is that defined by the theaktiwdel for both
regimes (Eq @4 withy = 2.5R).

For each of these phenomena, a simplified yet realistic paimwise interaction law will need to be expressed and can then be



included in the simulation rather easily.

D. Perspectives

The present study suggests that further investigatiomgusi
the Soft-Dynamicsnethod with larger systems (including par-

ticle rotation as well as boundary conditions) should paevi
interesting results, not only with the present system oihpla
elastic beads in a viscous fluid, but also with different /pg
particle interactions. By testing ideas such as the inflaeric
the typical interparticle gap (or other quantities if theeirac-
tions are different), it should also provide hints for aniais
modelling beyond the role of the particle volume fraction.
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APPENDIX A: DYNAMICS OF PARTICLES

The second term involves the time derivative- E(ch—

9

G
of the contact stiffness expressed by E@ (13). U(Ai13),
can be expressed as:

a% 3 =-D> (AB)
B}Z:_wd.g (A7)

Note that this term vanishes fog = ¢;.
The third term involves the time derivative af which we

express through its partial derivativegd", ) a5n5“+ahh
(we used the notatioasn = ﬁd—g‘n and a,, = ah Replac-

ing 3n andh by their respective expressions in termsX)fJ,

Egs. [A1d) and[(A1]5) lead to:

E.- 3 :

a 2 :G3'Yij—?3 (A8)
G=2g. 5. 7" (A9)
._> —T - .
ba= ? [a5n (VJ-W— 5 -ﬁ’) —ahh} (A10)

Finally, substituting the three results of Eqp. (A3), [(A6)
and [A8) into Eq. [(AR) yields:

— =

G- x.,_ b+ Fga (A11)

In this Appendix we deduce the particle dynamics, given

by Egs. ) from the physical model of interactions and the

mechanical equilibria described in Sgd 11l. We start frdwa t
time derivative of the particle force balance given by @: 3

z Fe'a+ F ext_ (A1)

Let us express the above as a surr(i))f?{EXt which is sup-

posed to be knowitii) terms that are linear in the particle cen-

ter velocities, andiii) another term that is explicitly known
from the current state of the systene,, frpm Yi j andg. To
this aim, using Eq.[(32), let us expre?q"}'a in terms of the
partial derivative ofF el E, 3):

_

—>'|761 - a- = .E-9%
Fia=CE- 8+ B8 +a—

(A2)

1. Combination

whereG = G1+G3 and b= b1+ b2+ b3 are two ex-

plicit functions of 6 and X.J Then, for each particle sum-
ming on its interacting particlesand using the force balance
@) yields the system of equation [18).

2. Preliminary differentiations

According to the definition of the normal vectoy =

— =

‘2—% and to that of the associated projeciar= T - T ',
we obtain their time derivatives:
: v
= (-0 —— (A12)
Xij— 93|
s T = =T
a ="n-n +n-n (A13)

as two an explicit functions 05 and X ij. Indeed, according
to Eq. ') Vs can be expressed as a function of the elastic

We can now easily express each terms of Eq] (A2) as a fundorce: Vs=Z"*- (F da_F rem) :

tion of?ij. The first term is directly given b)[|(6):

a._ — N —

EE-5:G1-Xij—b1 (A3)
Glng (A4)
b1=Gi Vs (A5)

—T
The evolution of the ncimal deflectid? = & -1 canbe
expressed as a function ¥fij by using Eqs.[(A72) and](6):

o = 5 H+o
T T
X H-Vs T+3 -1 (Al4)



10

Finally, from Eq. ﬂS), we deduce the expression of the gap

evolutionh as a function ofX jj:

h:()?,-’—?)-;nwrvs-ﬁ. (A15)

[1] D. Weaire and S. HutzleiThe Physics of Foam®xford Uni-
versity Press, 2001).

[31] G. Debrégeas, H. Tabuteau, and J. di Meglio, Phys. Rev.
87, 178305 (2001).

[2] P. CoussotRheometry of pastes, suspensions, and granular maf32] A. Kabla and G. Debrégeas, Phys. Rev. L€.258303 (2003).

terials (Wiley-Interscience, 2005).
[3] J. stickel and R. Powell, Annu. Rev. Fluid MecB7, 129
(2005).

[4] H. Wyss, K. Miyazaki, J. Mattsson, Z. Hu, D. Reichman, and

D. Weitz, Phys. Rev. LetB8, 238303 (2007).
[5] GDR MiDi, Euro. Phys. J. B4, 341 (2004).

[33] E. Janiaud, D. Weaire, and S. Hutzler, Phys. Rev. L%7f.
38302 (2006).

[34] E. Janiaud, D. Weaire, and S. Hutzler, Colloids and &uwe$ A:
Physicochemical and Engineering Aspe?®®, 125 (2007).

[35] J. Salmon, A. Colin, S. Manneville, and F. Molino, Phizev.
Lett. 90, 228303 (2003).

[6] F.da Cruz, S. Emam, M. Prochnow, J.-N. Roux, and F. Clievoi [36] L. Bécu, D. Anache, S. Manneville, and A. Colin, PhydiRe-

Phys. Rev. E72, 021309 (2005).
[7] Y. Forterre and O. Pouliquen, Annu. Rev. Fluid Med®, 1
(2008).
[8] C. Cassar, M. Nicolas, and O. Pouliquen, Phys. Fluids
103301 (2005).
[9] D. J. Durian, Phys. Rev. Let?5, 4780 (1995).
[10] D. Durian, Phys. Rev. B5, 1739 (1997).
[11] P. Sollich, F. Lequeux, P. Hraud, and M. Cates, Phys. Rett.
78, 102020 (1997).
[12] P. Jop, Y. Forterre, and O. Pouliquen, Natd#dd, 727 (2006).
[13] P. Rognon, J. Roux, M. Naaim, and F. Chevoir, Phys dsiii®,
058101 (2007).
[14] P. G. Rognon, J.-N. Roux, M. Naaim, and F. Chevoir, Jid=lu
Mech.596 (2008).
[15] S. Tewari, D. Schiemann, D. J. Durian, C. M. Knobler, S. A
Langer, and A. J. Liu, Phys. Rev.@®, 4385 (1999).
[16] A. Gopal and D. Durian, J. Coll. Inter. S@13 169 (1999).
[17] B. Gardiner, B. Dlugogorski, and G. James88, 151 (2000).
[18] B. Gardiner, B. Dlugogorski, and G. Jameson, J. PhysandC
Mat. 11, 5437 (1999).
[19] B. Gardiner and A. Tordesillas, J. Rhed®, 819 (2005).
[20] M. Kern, F. Tiefenbacher, and J. McElwaine, Cold Regi&ui-
ences and Technolo@g, 181 (2004).
[21] F. da Cruz, F. Chevoir, D. Bonn, and P. Coussot, Phys. Rev
66, 051305 (2002).
[22] P. Coussot, Q. Nguyen, H. Huynh, and D. Bonn, J. Rh&)I1
(2002).
[23] F. Rouyer, S. Cohen-Addad, M. Vignes-Adler, and R. l¢gh
Phys. Rev. 57, 021405 (2003).
[24] P. Coussot, H. Tabuteau, X. Chateau, L. Tocquer, andv@ar-O
lez, J. Rheol50, 975 (2006).
[25] E. Eiser, F. Molino, G. Porte, and X. Pithon, Rheologhwzta
39, 201 (2000).
[26] E. Eiser, F. Molino, G. Porte, and O. Diat, Phys. Rev6E
6759 (2000).
[27] M. Pailha, M. Nicolas, and O. Pouliquen, Phys. FluRi}
111701 (2008).
[28] P. G. Rognon, F. Chevoir, H. Bellot, F. Ousset, M. Naaamgl
P. Coussot, J. Rhed$2 (2008).

view E 76, 11503 (2007).

[37] N. Huang, G. Ovarlez, F. Bertrand, S. Rodts, P. Coussud,
D. Bonn, Phys. Rev. Let@4, 28301 (2005).

[38] P. Mills, P. Rognon, and F. Chevo8], 64005 (2008).

[39] L. Isa, R. Besseling, E. Weeks, and W. Poon Journal of
Physics: Conference Seri€mstitute of Physics Publishing,
2006), vol. 40, pp. 124-132.

[40] M. Hecke, Scienc817, 49 (2007).

[41] P. Lu, E. Zaccarelli, F. Ciulla, A. Schofield, F. Scioi and
D. Weitz, Nature453 499 (2008).

[42] M. Cates and P. Clegg, Soft Matiér2132 (2008).

[43] P. Olsson and S. Teitel, Phys. Rev. L&8, 178001 (2007).

[44] C. Heussinger and J. Barrat, Arxiv preprint arXiv:090276
(2009).

[45] H. Princen, J. Coll. Inter. Sc@1, 160 (1983).

[46] T. Okuzono and K. Kawasaki, J. Rhe8l7, 571 (1993).

[47] J. C. Earnshaw and A. H. Jaafar, Phys. Red9F5408 (1994).

[48] Y. Jiang, P. J. Swart, A. Saxena, M. Asipauskas, and aziéi,
Phys. Rev. 59, 5819 (1999).

[49] S. Cohen-Addad and R. Hohler, Phys. Rev. L&#, 4700
(2001).

[50] A. D. Gopal and D. J. Durian, Phys. Rev. Le®tl, 188303
(2003).

[51] M. Dennin, Phys. Rev. E£0, 41406 (2004).

[52] S. Vincent-Bonnieu, R. Hohler, and S. Cohen-AddadroEu
physics Letterg4, 533 (2006).

[53] M. Durand and A. Stone, Phys. Rev. L&¥, 226101 (2006).

[54] M.-D. Lacasse, G. S. Grest, and D. Levine, Phys. ReG4E
5436 (1996).

[55] M. Lacasse, G. Grest, D. Levine, T. Mason, and D. Weitg,sP
Rev. Lett.76, 3448 (1996).

[56] S. Besson and G. Debrégeas, The European Physicailalour
E-Soft Matter24, 109 (2007).

[57] P. Rognon and C. Gay, Eur. Phys. RE 253 (2008).

[58] P. A. Cundall and O. D. L. Strack, Géote@9, 47 (1979).

[59] L. Durlofsky, J. Brady, and G. Bossis, J. Fluid Med&0, 21
(1987).

[60] G. K. BatchelorAn introduction to fluid dynamic&Cambridge
University Press, Cambridge, 1967).

[29] P. Coussot, J. Raynaud, P. Moucheront, J. Guilbaud, an6l] K. L. Johnson, Contact Mechanicg§Cambridge University

H. Huynh, Phys. Rev. Let88, 218301 (2002).
[30] L. Bécu, S. Manneville, and A. Colin, Phys. Rev. L3,
138302 (2006).

Press, Cambridge, 1985).
[62] G. Abade and F. Cunha, Computer Methods in Applied Me-
chanics Engineerin§)96, 4597 (2007).



[63] As the particle configuration we consider is symmettits not
necessary to include particle rotation at this stage: it bél
introduced in a forthcoming paper.

[64] As usualy done in the Stokesian-Dynam [59], long ®ng
many-body hydrodynamic interactions can be included in the

11

Soft-Dynamic method. While not relevent for the system dis-
cussed here, it must be included to simulate loose configura-
tions as well as material with sparse clusters. A detaileden-
tation of such interactions can be found in R [62].



