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Abstract— Recently, a new class of trellis codes called “balanced”
space-time trellis codes has been proposed. Thesedes are

“balanced” because they use the points of the MIMO
constellation with the same probability. In this paer, we propose

a new and simple method to design these codes foP%K and 8-

PSK modulations and several transmit antennas. Thiglesign

method can be easily extended to "PSK modulations.

Furthermore, new balanced STTC with 3 and 4 transnii

antennas are given with better performance than thereviously

published codes.

Keywords — space-time trellis codes, balanced codes, MIMO
systems, design method.

|. INTRODUCTION

construction method to design B-STTC has been meghdn
[8]. In this paper, we present a second methodegigd this
class of codes which is simpler than the previmes Besides,
we propose new balanced codes with better perfarentran
the previously published STTC.

The rest of the paper is organised as follows:icedt
presents briefly the space-time trellis codingseation 1lI, the
performance criteria of STTC are reminded. In sectV, the
properties of balanced codes are introduced. Itiose¥, the
new method to design B-STTC is presented for 4-R8HK
8-PSK and several transmit antennas. Finally, tlapep
proposes new balanced codes which outperform tre be
known STTC.

Il. SPACETIME TRELLIS CODING

Space time trellis coded modulation (STTCM) was e consider the case o-RSK ST trellis encoder [8]. This

introduced in 1998 by Tarokh et al. [1] by combgichannel
coding with the multiple input multiple output (MI®)
concept to improve the data rate and the religholitwireless
communications. Several performance criteria hawenb
established to maximize both diversity and codiragngof
STTC. The rank and determinant criteria for slowdirfig
channels with the Euclidian distance and the prbdistance
criterion for fast fading channels have been predds [1]. In
[2] Chen introduced the trace criterion which goethe
coding for systems with large transmit or/and reedliversity.
Based on above criteria, many different STTC fofl @
antennas have been found by a systematic codehsa@].
The performance study of these codes was carri¢er
slow and fast Rayleigh fading channels to identifg most
efficient ones. It has been shown that over slodinfa
channels, the codes constructed with the tracerimit give
similar or even better results that the codes cocsd with
the rank and the determinant criteria. Over fadlinig

channels;trace criterion codésas Chen’s codes outperform

the other tested codes. In the same way, some ¢od8sTx
antennas have been published in [5], [7]. All tbeles which
achieve the best performance have the same progieetyuse

the points of the MIMO constellation with the sam

probability if the data are generated by a binagmuoryless
source with equally probable symbols. Therefores¢hcodes

where called “Balanced-STTC” (B-STTC) [8]. Thus,eth

search of good STTC can be reduced to this clasfirsi

encoder has one input block mbits andv memory blocks of
n bits. At each timg 0Z , the bits of a block are replaced by

then bits of the previous block. Th' bit X ™/*, i =1.. .n,
of thej™ block,j = 1. .. ¢ + 1), is associated to; multiplier
coefficients gi‘fj DZzn ,k=1...n1, whereny is the number of

transmit antennas. A ST trellis encoder is thusillsdefined
by its generator matrig of nyx n(v + 1) coefficients:

gil gi,l giw—l @,vn
G: : N (1)
g1k,1 g:,l gll(wl g:,wl
9 o O e Oher e Gy
The encoder outputs for th& antenna are computed as
K n v+l P
— -j+l
W=D KT mod2” 2)
i=L j=1

and sent to th&" antenna. The modulated streams for all

gntennas are then transmitted simultaneously.

I1l. DESIGNCRITERIA

Design criteria have been proposed in [1-2] to exphe
spatial diversity and to offer optimal coding galdases of



slow and fast Rayleigh fading channels are mainlglied. The

T
transmittedn; dimension symbols= [ésﬁl§] , where
[-]T denotes the transpose operator, are assumedgioiyeed

in a frame of lengthL;. For each case, design criteria are

derived from the minimization of the pairwise erpsobability
(PEP), i.e. the probability of transmitting ther x L

dimension coded frameS= [s[ Sa1-- $eL, _J and deciding
erroneously in favour of another x L; dimension coded
frame E= [q Qi1 Bl _1] The ny x ny product matrixA =

B.B* is introduced, wher8* denotes the hermitian of tmg
x L¢ difference matriB=E - S

ql - §1 é+q - érq ...q1+L, 1 $1L+|_f -1

@ g e B S

For slow Rayleigh fading, ifank(A).nz < 3, criteria based
on rank and determinant (called RDC) are propoedbtain

®)

good performance, the matricARshave to be full rank matrices

X=[x%..x ]' OZ5 of the L=n(v+1) length shift register
realized by (v+1) blocks of n bits, the MIMO symbol
Y:[ylyz...ynr T DZ';Tn generated by the STTC encoder is

Y =G.X (5)
where G is the generator matrix (1). This is a determiaist
relation. Therefore, the STTC is defined by a map :

©:Z5 - Z3, (6)
which associates to the statea unique codewordl. Note that
GJ(ZIé) O Zrz‘fn represents the set of generated codewérds

By definition, a STTC is balanced if and only ifcka
generated codewornYDdJ(Z'g) has the same number of
occurrences:

n(Y)=nON ,0YDZY @)

For balanced codes, the nhumber of generated codsvi®r
card(®(Z3,))

card(®(2})) = o=

. If ng=1, the code is called

and min(det@)) computedfor all couples of coded frames fully balanced. In this casdJ(Z;):Zgg i.e:

(S, E) must be maximum [1]. Besides, the coding gaigiven

by 7= N(d)d™ , whereN(d) is defined as the average
d

number of error events with determinanfThe best code must

have the minimum value af [9].

In [2], Chen proposes a new criterion to be useithéncase
of slow and fast Rayleigh fading channelsahk(®).nz > 3.
Under this assumption, the PEP is minimized ifshe of all
the eigenvalues of the product matrix is maximizEdr a
square matrix, the sum of all the eigenvalues isaktp the
trace of the matriA.

2

Ny n | Ll
w(A)=> A=D1 > leig—siq (4)
k=1 k=1| =0

For each pair of coded frames, the ma&i&and thertr(A)
can be computed. The minimum trace is the minimdrallo
these valuesr(A). Whenrank(A).ng > 3, the minimization of
the PEP amounts to use a code which has the maxiralua
of the minimum trace. In [9], it is also statedttt@minimize
the frame error rate (FER), the number of erromevevith
minimum trace has to be minimized. This criterigncalled
euclidian distance criterion (EDC).

IV. BALANCED CODES

A. What is a “balanced code”?

{ji(xj .G;) mod 2 /x O {0,1}}:222 (8)

wheregG; is the | column of the matrisG.

Due to the random memoryless sou®e= {0, 1} with
p(0)=p(1)=1/2, for a given stat¥, the shift-register of the
encoder has onlp" equally probable next states. The matrix
T of the transition probabilities between these state
corresponds to a Markov chain. Due to the symmetrhe
matrix T, the steady-state probabilities of the stateare all
equal. For a balanced code, by using (5), the gésr
codewordsY are also equally probable. In other words, the
generated symbols of the MIMO constellation are aflgu
probable.

B. General properties of balanced codes
Property 1: If a MIMO code with a L-length shift register is
fully balanced theh > L, = dim(Z%, )=n.n.
Property 2: Les us consider a fully balanced MIMO with a
L-length shift-register. Then, for any additionalwoh matrix
G DZ’; , the resulting matrixG'=[G G;] code corresponds to
a new balanced code with(la+1)-length shift-register.

Property 3: Each permutation of the rows/columns of the
generator matrixG of a B-STTC gives the generator matrix of
another B-STTC.

This concept of'balanced codeshas been proposed inproperty 4: A code with Ly-length shift register is fully

[8]. It is based on the observation that the b8t proposed
in the literature present the same property: theegged
symbols of the MIMO constellation are equally prolea

If the binary input data are generated by a meressyl

binary source S = {0, 1} with equally probable sytd) then,

balanced if and only if the set of columns of thenegrator
matrix G is a base onrz‘Tn .

Property 5: C[O] =2"'Z% is a subgroup onrz‘Tn such as

in the case of 2PSK modulation, from a given state v=-v, Ov0 CEO]‘ In the case of 4-PSK modulation, each



elementvO C[O] can be written ay =2p, with pDZET. The

cosetC[p] =p+ qo] is called “relative tov”. So, it is possible

to write : Zj =C[0]UE1 with E; the set of the cosets

c[p] # C[O]. In the case of 8-PSK modulatioeach element
vOGy = 477 can be written av =2p, with pOd2Z% . For

elements ofH, can also be added as columns of the m&rix
The resulting code is also balanced but not fudilabced.

B. Example: design of fully balanced STTC with &R&d
3 transmit antennas

For these codes, each generated element belon@§ tdt
is possible to make the partition of the additiveup Zi ina

8-PSK, we note b, the set of cosets which can be written ayormal  subgroup C[o] =273 of z3 and 7 cosets

G = P+Gg With pO2Z3 \{[0 qT} So, each coset

o =P+ QU E
v=2p0O C[O]. Each elementqO E can be written asg|=2r,

is called ‘“relative to v”, with

with r OZJ \2Z% and a new s, of cosetsCy =r+Gy

can be created. Thus, each coseEpis also “ relative to a
element of E,". Therefore, it is possible to write:

Zg :C[o]UElu E.

V. A GENERAL METHOD TODESIGN4-PSKAND 8-PSK
BALANCED STTCWITH ny ANTENNAS

A. Design of fully balanced codes for 4-PSK arfdlSik

Due to Property 2 of the previous section, it iwgh to
design fully balanced codes with L s, This new design
method must respect the rules:

1. Choose a first no null columrﬁ31:2pquO]. Due to

property 4 G; = -Gy, so H,; ={0, G} is a subgroup of

Z;L with n=2 for 4-PSK modulation and=3 for 8-PSK
modulation.

Hi,q Of Z';Tn with H; O H;,; andcard(H,;)=2card(H;) .
Thus, in order to obtain a fully balanced STTC, toumns
of G can be selected as follows:

- if i<L min columns ofG have been already chosenZ@L
i

and ZXJG]- mod 2 /% 0{ 0,
=1

of z™,
2

Zrz‘fn \H, and must be selectéulthe cosets relative to the

}}: H is a subgroup

then the columnGi,; of G must belong to

vectorswhich belong toH; or in the cosetC[O]. This
thatH;,; = H; U(H; +G )

subgroup on'z'Tn . The algorithm ends when i Fk.

method ensures is a

Each new chosen column @fmust create a new subgroup

Gy = P+ G With png\{[o 0 o]T} :
In this case, there are three types of fully B-ST8C

Types |: codes with only 1 no null vector@rol .

Type II: codes with 2 no null vectors tﬁ[o] .

Type llI: codes with 3 no null vectors @[O] .

For type | codes:
Only the first columnG;=2p; of G belongs to C[O]. It

generatesH, ={0, C} . According to the rule 2G, must be
chosen in the cosetm] relative toG;. Thus, G,, G1+Gy}

which is a quarter ofG;,, is also generated. Because no new
element ofC, is generated, the third column must be selected
in the same cosef, ,; . After the choice ofG, UG, \ H,, half

of the coselC,, and half of G are generated. There are two

solutions to choose thd'£olumn:

1) G,0G,;\ H;. Inthis case, the cose§,, and C[O] are
completely generated. The colur@g of G is selected in
another coset. Due to the choiceGaf two new cosets are
generated and it remains four cosets to selectlabie
columnGeg.

2)
generated vector$G,+Ga=2p, and G;+G,+Gz=2p; of
G - After this choice, half ofG; and half of three cosets

C[pl] , C[pz] and C[m are generated. Thd' YectorGs are
selected in the not generated half of the cosgfs and
C[pd . After the choice 06:s, C[O] and the three cosets are

totally generated. The last colun@g is chosen in one of
the four other cosets.

For type Il codes:
The different no null columnsG, =2p, and G, =2p,

generateH, ={0,G,,G,, G+ G} . The third columrG; of G

In order to obtain balanced codes (not necessally fuis selected in one of the three cos€lg,, G, and G,

balanced) the algorithm can be endedyat Ly, — 2. The
obtained code is balanced but not fully balancete €an add

where 0 is a sum inZJ . After this choice, half of the

a new columnG, ., 0Z% \H, . Once again, the obtained codeselected coset and half G are generated. The choice of the

is balanced but not fully balanced. If necessamyegl

last three columns is similar to the case of typedes.

G, is chosen in the cosets relative to the two new



For type lll codes:
In this case, 3 no null columr,, G, and G; selected in
C[O] generate entireI)C[O]. The 4" column of G is selected

among one of the other cosets. After this choibe, whole
coset is generated. Th& Bolumn ofG is selected in one of
the 6 other cosets. After this choic& and three other

cosets are generated. It remains four no geneiaiedts to
selecte the last colum@g of the coding matrixG of a fully
balanced code with = Ly,

C. Example: design of fully balanced STTC with &R&d

2 transmit antennas

With this configuration, each MIMO symbol belongs Z§
i.e. Y OZ2. Itis possible to split this group in 16 cosets:

* the coset G =4Z;.

the set E; of three cosets: C[p] = p+ C[O] ., Wwith

po2z3\{[o d'}.
- the selE; of twelve cosetCy = g+ G with g O7Z3\275,.

To generate a fully balanced code with LLi.e. a code
with 6 columns, we can proceed as follows :
In agrement with rule 1, the first no null colur®=2p;

with p 0272 \{[0 O]T} must be selected i€, . Thus, the

subgroup H, ={0, G} of Z} is generated. As for 4-PSK
B-STTC andn;= 2, there are two types of 8-PSK B-STTC:

* Types |: codes with only 1 no null vector@fo] :

* Types Il: codes with 2 no null vectors Rfo] :

For type | codes

L]
The second element must create a new subgroup

H,={0, G, G,, G+ G} . For this type of code, no other
element can be chosen @, , thereforeG, I G, . There are

two choices to sele€; :
* In the same coset & G, G, (G, .G+ G} . The cosets

C[O] and C[m] are entirely generate@, can be chosen :
o0 either in one of two other cosetsif In this caseE; is

totaly generatedss is chosen in one of 12 cosetskf
After the choice ofSs0E,, 4 cosets oE; are entirely

C[pl] . It remains 8 no-generated cosets to selectste |

vector. Hence, a fully balanced code is created.

* In one of two cosets OE, relative to two generated
elements ofC[pl]: G1=2q; and G;+G,=20,. The half of

C[O], of C[pl] and of two cosetﬁ[ql] and C[qZ] of E; are

generated.G,4 is selected in the other half dt[ql] or

C[qz] . Due to the choice d&s, C[O], C[pl], C[ql] and C[qZ]
are entirely generatetscan be selected :

o either in C[pz] OF with C[pz] % C[pl]. Clo], E; and 4
cosets ofE, are entirely generated. The last vector is
chosen in one of 8 no-generated cosets,of

o either in one of the cosets B relative to the two new
generated elements @f[pl] . Thus C[O] , E; and 4 cosets

of E, are entirely generated. The last column is chosen
in one of 8 no-generated cosetdof

For type Il codes
The second column dB must be selected i . These

two selected elements generaqzo]. The third column is
selected in one of cosets Bf. Hence, G and this coset are

totaly generated. There are two choices to s&gct

» either in one of two other cosets®f C[O] and the sef;
are totaly generatebs is chosen irk,. Thus C[O] , Erand

4 cosets ofE, are generated. The last column Gfis
chosen in one of the no-generated cosets,dflence, a
balanced code of Type Il is created.

either in one of 4 cosets relative to the generateshents
of E;. Then C[O] , one coset oE; and 2 cosets dE, are

generated. It remains 2 no-generates cosets eelatithe
generated elements &;. Gs must be selected in these

cosets.ClO] , E1and 4 cosets dE, are entirely generated.

The last column is chosen in one of the 8 no-geedra
cosets oE,.

VI. CODE PERFORMANCE

After the systematic search in the class of baldrumles,
new codes with good performance have been found &ond 4

generated and the last column is selected in the-8 transmit antennas and several number of statesevh 16
generated cosets &. Thus, a fully balanced code is States 4-PSK STTC is reported in Tablebtained with rank

created.
o either in one of 4 cosets &} relative to the generated
elements ofC[pl] . HenceC[O] , C[pl] and two cosets of

and determinant criteria.

Table Il presents new codes with larger trace than

Chen’s code [10]. The codes noted by “FB” are folljjanced,
those noted by “B” are not balanced and those noyetNB”

E, are generatedss must be selected in one of the Iasa_re not balanced. Each new code is bala_nced anchds is
two no-generated cosets Bf relative to a elements of higher than the trace of Chen’s corresponding code.



TABLE I. CODES BASED ON THE RDC

nr States Chen [10] New 1
02012 2 0122 2(
3 16 001233 020122
20201 3 220230
NB FB
Rank min 3 3
Detmin /g 32 / 2465 32 / 198.2
TABLE Il. CODES BASED ON THE EDC
nr | States Code G Trac
[o221120
3 32 Chenio] 2232230 B 24
2032210
[2323000
New 2 5321210 FB 26
2102230
[02 32303
64 Chenuo] 9212302 FB 28
2002231
[23 23212
New 3 0202230 FB 32
2102232
[02 32303
4 64 Chenio] 2212302 NB 38
2002231
1220213
[2 0122001
New 4 32302322 B 40
3220123
|1 220203
[1]

The performance of each code is evaluated by stioaolan
a slow Rayleigh fading channel. The fading coeffits are
independant samples of a complex Gaussian procébs vy
mean zero and variance 0.5 per dimension. Eachefram
consists of 130 4-PSK symbols. Fig. 1 shows théopmance

of the 4-PSK 16-state codes with 3 transmit antemfaable [3]
I. The new fully balanced code outperform the Chexdde in
the case of one receive antenna. [4]

Fig 2. shows the performance of Chen’s codes amd ne
codes based on the euclidian distance criteriorBfansmit s
antennas and 2 receive antennas, for 32/64 sta#es.
previously, the new balanced STTC codes outperftnm

corresponding best known codes proposed by Chen. (6]
[71
VII. CONCLUSION
It has been noticed that the good space-time drebides
belong to the class of balanced STTC. These cgeesrate (g

the points of the MIMO constellation with the same
probability. In this paper, a general and simplethoé to
design 4-PSK and 8-PSK STTC with transmit antennas and [9]
several numbers of states has been proposed. Fltestic
search of good STTC can be reduced to this classlly
some new balanced 16/32/64 states codes which réutpe
the best previously published codes have also pexgosed.

[10]

FER (%)

SNR (dB)

Fig. 1. Performance of 4-PSK STTC with 3 Tx/1 Rx antenna

10°

—4— New 2 32 states
—+— Chen 32 states
—+— New 3 64 states
—©O©— Chen 64 states

FER (%)

SNR (dB)
. 2.Performance of 4-PSK STTC with 3 Tx/2 Rx antennas
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