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Abstract — Recently, a new class of Space-Time Trellis Codes was easly generalised forPSK andn; transmit antenna is given.

proposed as having the best performance. These csdare
‘balanced’ because they use the points of the coe#ition with

the same probability. In this correspondence, we mpose a new
and simpler method than exisiting method to desigthese class
for QPSK modulation and several transmit antennasNew and
better balanced codes for 3 and 4 transmit antennaare also
proposed.

Keywords: space-time trellis codes, balanced codes, MIMO
systems, design method.

1. INTRODUCTION

Space Time Trellis Coded Modulation (STTCM) was

introduced in 1998 by Tarokh et al. [1] by combgichannel
coding with the Multiple Input Multiple Output (MIK)
concept to improve the data rate and the relighilitwireless
communications.
established to maximize both diversity and codiragn gof
STTC. The rank and determinant criteria for slowdirig
channels with the Euclidian distance and the prodistance
criteria for fast fading channels have been progasd1l]. In
[2] Chen introduced the trace criterion which gmsethe
coding for systems with a great product of the nerabof
transmit (Tx) and receive (Rx) antennas.

Based on above criteria, many different STTC foll»2
antennas have been found by a systematic codehsi@ai].
The performance study of these codes was carri¢r
slow and fast Rayleigh fading channels to identiifg most
efficient ones [7]. It has been shown that ovemwsfading
channels, the codes constructed with the tracerinit give
similar or even better results that the codes coctgd with
the rank and the determinant criteria. Over fadini;
channels, “trace criterion codes” as Chen’s codépesform
the other tested codes. In the same way, some ¢od8sTx
antennas have been published in [5], [8]. One earark that
all the codes which achieve the best performance lilae
same property: they use the points of the consitatlavith the
same probability if the data are generated by aarpin
memoryless source with equally probable symboleréfore,
these codes where called “Balanced-STTC” (B-STT9J) A
first construction method of B-STTC has been prepads [9-
11]. Thus, the search of good STTCs can be redteélis
class. In this paper, a new and simple method wbarh be

Many performance criteria have bee

Besides, new Balanced STTC are presented with rbette
performance than the previously published codes.

The rest of the paper is organised as follows:icec?
presents briefly the Space-Time Trellis Codingséttion 3,
the performance criteria of STTC are reminded.dctisn 4,
the properties of balanced codes are introducedmiples of
published balanced codes are given It is also shbamnmost
of them are balanced. In section 5, a method tagdeB-
STTC is presented for QPSK modulation amd transmit
antennas. Finally, the paper compares the perfarenarf
published codes and new optimal balanced codes.

2. SPACE TIME TRELLIS CODING
We consider the general case 8fPBK space-time trellis

Igncoder. Fig. 1 shows this encoder for n=2.
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Figure 1. ST trellis encoder with 4-PSK and antennas.

This encoder has one input block of n bits anehemory
blocks of n bits. At each timéOZ , the bits of a block are
replaced by the n bits of the previous block. Titfe bit
b, i = 1. . .n, of thej"™ block,j = 1. .. ¢ + 1), is

associated to-nmultiplier coefficients:i‘fj O0Z,,,k=1...ng

on 1



where ny is the number of transmit antennas. A ST trellis

encoder is thus usually defined by its generatotrim& of
nyx n(v + 1) coefficients:

Cll,l (%‘1 (ﬁ.)ﬂl h q11w1
C= Cfl c:,l Cll<)/+1 N q:wl (1)
T

The encoder outputs for th& antenna are computed as

n v+l
@)

ytk — zz I:]t—j+1qk,j

i=1 j=1

mod 2

and sent to th&" antenna. The modulated streams for all

antennas are then transmitted simultaneously.

3. DESIGN CRITERIA

Design criteria have been proposed in [1-2] to exghe
spatial diversity and to offer optimal coding galases of
slow and fast Rayleigh fading channels are maitiglied.

.
The transmittedhy dimension symbol:S =|:$1§ Sl,_f +1} ,

where[-] T denotes the transpose operator, are assumed to be
grouped in a frame of lengthy . For each case, criteria are X =

2

Iy n | LTl
tr(A) = ZAK = z z etk+q - §<+q (4)
k=1 k=1{ ¢=0

For each pair of coded frames, the mag&iand thertr(A)
can be computed.The minimum trace is the minimunalbf
these valuesr(A). Whenrank(@)ng > 3, the minimization of
the PEP amounts to use a code which has the maxiralua
of the minimum trace. In [12], it is also statedtttp minimize
the FER, the number of error events with minimuatér has
to be minimized.

4. BALANCED CODES

4.1. What is a ‘balanced code’?

This concept of ‘balanced codes’ has been propased
[9-11]. It is based on the observation that thet K&ETC
proposed in the literature present the same prapéne
generated symbols of the MIMO constellation are adigu
probable.

If the binary input data is generated by a memessylanary
source S = {0, 1} with equally probable symbolsrhin the
case of 2PSK modulation, from a given state

[%%...% ]" OZ4 of theL=n(v+1) length shift register

derived from the minimization of the Pairwise Errorrealized by (v+1) blocks of n bits, the MIMO symésl

Probability (PEP), i.e. the probability of transtmigy the

T
ny X L¢ dimension coded frame$ =[$ $"'§+Lf+1J and

deciding erroneously in favour of anotherx L; dimension

.
coded frameqz[éé---ﬁhﬂ} . The ny x n; product

matrix A = B.B* is introduced, whereB* denotes the
hermitian of theny x L; difference matribB = E — S

ql— # é,rq - éq ...e{1+L,—1_ $1+L,—1

B=| .. .. .. .. 3)

q"r - $‘r équ - gq gL,A_ tgL,—1

For slow Rayleigh fading, ifank(A).nx < 3, two criteria
are proposed [1], [12]:

- A has to be a full rank matrix for any codewar@nd
e

- The coding gain is given by :ZN(d )d™ where
d

T
Y = [ylyz...ynTJ DZ';Tn generated by the STTC encoder
shown in fig. 1 is

Y=GX (5)

where G is the generator matrix (1). This is a mieigistic
relation. Therefore, the STTC is defined by a map :

®:Z5 - 7% (6)

which associates to the state unique codeword. Note that
GD(ZIé) O Zrz‘fn represents the set of generated codewdrds

By definition, a STTC is balanced, if and only iaah
generated codewonYDCD(ZE) has the same number of
occurrences:

n(Y)=nON ,0 YOZ, (7)

If dJ(Z;):Zng the code is fully balanced i.e.

N(d) is defined as the average number of error event: | j=L

with determinantd. The best code must has the

minimum value of7 .

In [2], Chen proposes a new criterion valid in tiese of
slow and fast Rayleigh fading channelsrank(A)rr > 3.
Under this assumption, the PEP is minimized ifghm of all
the eigenvalues of the product matrix is maximizEdr a
square matrix, the sum of all the eigenvalues isaktp the
trace of the matrix A.

Z(xjej) mod 2' /x {0, =27 where G is the |'
i=1
column of thematrix G.

card(dJ(Z’;Tn ))

If card(®(Zs)) = and eachY O®(Z5)

has the same number of occurrences, the code fs hal
balanced.



The number of different codewords generated bytiogla
(5) is given by card(CD(Z'é)) which is a power of 2.
Due to the random memoryless soue {0, 1} with

those noted by “B” are balanced and those noted”B{”
are fully balanced.

TABLE Il. SOME KNOWN QPSK STTC (p= 3 and r = 4)

p(0)=p(1)=1/2, from a given state, the shift-register the [ || gies Code G
encode can has onlg" equally probable next states. The 7 21 2 3 3
matrix T of the transition probabilities between these state Chen (trace
corresponds to a Markov chain. Due to the symmefrihe 3 16 criterion) 203220 B
matrix T, the steady-state probabilities of the statemre all 1 22012
equal. For a balanced code, by using (5), the aégr 0 2 0 1 2 7
codewordsY are also equally probable. In other words, the Chen (rank 0012 3 3 NB
generated symbols of the constellation are eqpatipable. criterion) 2020 1 3
4.2. Published codes 0232303
. Chen (trace
Most of the good published and best STTCs belonip¢o 64 criterion) 22123602 FB
class of balanced codes. In this section, a noustive list of 2002231
known codes is presented for some configurationSTofCs. 5 02032220
In table I, several known QPSK codes, 2 transmieramas i
. . - 256 Bernier 223002212 FB
with 4-state and 16 states are presented. It isteagerify that 32020020212
all these codes are fully balanced. For each 4-s@de given
in Table 1, the 4 columnS; of the generator matri create 1 21 2 3 9
_ i=4 ) 4 16 | Chen (trace 203220 B
the group Z: i.e. (ijj) mod 4/>§ 0{0,18;=25. criterion) 1220 1 2
i=1 1220 32
4 H 2
Therefore, for eachX 0Z,, a differentY 0Z; is generated, 0O 223230 3
so n(Y)=1 OYDOZ;. The 16-state code are also fully 64 | Chen (race 2212302 \B
balanced and each point of constellation, is uséithds, so criterion) 2002231
n(Y)=4 0 YDOZ3. 1220213
TABLE |. SOME KNOWN QPSK B-STTC (= 2) 202320021
128 Bernier 321222102 FB
Code 4-state 16-state 322230221
n _ _ 121202021
Tarokh 0021 002102
2 1 0 0 210220¢Q There exists some no-balanced published codes \iaich
- S - . good performance. However, it is possible to firettdr codes
Chen (rank | |0 2 1 0 21120 in the class of balanced codes. In fact, in a sextion, for
criterion) | |22 0 1] | |2 0 2 1 2 2 each published no-balanced code, an example ofaadsal
n - . code which better performance is given.
Chen (trace 0 2 2 1 212 3 2
criterion) | |2 3 2 0] | [2 03 2 20 5. A GENERAL METHOD TO DESIGN QPSK
] 2 013 | 720210 3 BALANCED STTC WITH nr ANTENNAS
aro
220121210002 5.1. General properties of balanced codes
Hong, 0223 |[202322 Property 1: If a MIMO code wih a L-length shift register is
Fabregas | |2 2 2l | |2 2 20 2 fully balanced thenL>L.;, = n.n.. One can observe that
. . . L =dim(zZ™
SJundll 203372 202332 mn (23
ung/lee .
g 12 212 ||2102 22 Property 2: Let us consider a fully balanced MIMO code

Table Il shows some QPSK STTCs for 3 and 4 Tx ar@sn
proposed by Chen in [8] and Bernierin [13]. Irsthase, fully

balanced codes generate respectively the elemérit§ and
Z; with the same number of occurances: n(Y)£l OZ}

with a L-length shift-register. Then, for any additionalwon
matrix G ,, 0ZY , the resulting MIMO code with a (L+1)-

2r| 1
length shift-register is also balanced.

Property 3: A code matrixG with L,-length shift register is
fully balanced if and only if the set of generatstiMO

and OYOZ;. The codes noted by “NB” are no-balanced,symbols He. :GJ(Z;”“) is the group Z;E with i.e. :



i=Lonin elements ofH; can also be added as columns of the m&rix

Z (x;G) mod 2 /x O{ 0.} = Z7, . In this case, the The resulting code is also balanced but not fuiilabced.
=

set of columns(Gy, ..., G, }is a base ofZ" . 5.3. Example : design of fully balanced QPSK STTC with
min 2 transmit antennas

Property 4: Cy =223 is a subgroup ofZy such as The partition ofZ3 in 4 cosets is given in table Il.

v=-v,0vl G, - Each elementvlGg can be written as TABLE Ill : PARTITION OF Z2 IN COSETS
v=2p, with pOZJ. The cosetC[p] = p+ Cfo] is called cH olo|2]2
“relative to v". ° 10]2]0f2
a |0]o]2]2
5.2. Design of QPSK fully balanced codes CM 113(1]3
Due to Property 2, it is enough to design fullyamaled codes CH 111]38]3
with L = Lyin. This new method to design fully balanced codes ° 102|002
must respect the rules: C[l 1]11]3]3
J 13|13

1. Choose a first no null cquerI:Zpquo]. Due to

Property 4, G; = -G;, SOH, :{0,61} is a subgroup of The algorithm used to generate a fully balanceck owith
L=L nn is proceed as follows :

ZT- In agrement with rule 1, the first no null vec@®r = 2p,;

2. Each new chosen column Gf must contribute to create a must be selected iy, . Thus, the subgroupi, :{O’Gl} of

2
new subgroupt;.; of Z with card(H.,) = 2card(H). Z is generated. At least one elementGyf must be chosen.
Two types of B-STTC were introduced in [11] :
Thus, in order to obtain a fully balanced STTC, toumns ]
of G can be selected as follows: * Types I: codes with only 1 no null vector@luo] .

- if i<L min columns ofG have been already chosenZ:jT and «  Types II: codes with 2 no null vectors @M _

j=i
{ij G, mod 4/x O{ 0}=H is a subgroup ofZy ,  Fortype | codes:

= The second elemen®, has to create a new subgroup
then the columiG,.; of G must belong toZ}y \ H; and must H, ={0,G,,G,, G, + G} . For this type of code, because no

be selected in cosets relative to vectors whicltorzelto  other element ofCIO] can be selected, therefg@Zqu_

Hi. Thi thod that th ted .
C[O]m ' 'S method ensures a e creake Se{'he choice of G; must create a new subgroup

Hi. =H; U(H +G.,) is a subgroup ofZ); . The algorittm ~ H, = H,U(H,+G;)  without adding a vector ofCy.
ends when = L qn. ThereforeG; must be also selected i@[pl] among the two

Remark: It is easy to note that to create a fully bahc elements which do not belong . Due to the combinations
code withLy-length shift register, the opposite elements ofoetweenG,, G, and Gs, Hs = G, UG, is created. The last

chosen and generated elements must not be selsetedse \oc(orG, is selected among the two no generated cosets, i.e

the sum between one element and its opposite iglémdity 2 , ) .
element. Thus, in the method in [11], after theioch®f one Z3\Hg. Thus, Gy, ..., G} is a base o, and the matriG

vector, the opposite of this element must be ditar(i.e. it 0f a fully QPSK B-STTC is obtained.
must not be further selected). The new method has t

advantage that for each chosen element, its ogpasialso  For type Il codes:

generated and so, no vector must be discarded., Thas

construction of B-STTC is simplier than the methogl 1] The matrix G of these codes have 2 no null columns

Gy, G, 0G, soH, =G . Itremains to select two different
In order to obtain balanced codes (not necessdlty fu

balanced) the algorithm can be stoppedyat L, — 2. The

obtained code is balanced but not fully balancetk €an add

a new columnG,_,; OZ} \H, . Once again, the obtained code H; =C, U(Gy +G) is a new subgroup ofZ;. Finally,

o+l

is balanced but not fully balanced. If necessamyeml becauseG, OH,, H,=H,U(H,+G,)=7%

cosets between the 3 remaining cosets. In eaclectusset,
one vector must be selected. Indeed, becaBselCy ,



5.4. Example: design of fully balanced QPSK STTC ®&ith For type lll codes:

transmit antennas In this case, 3 no null columi®,, G, and G selected in
Cq 9enerate entirehG . The 4" column of G is selected

For these codes, each generated element belor@% dt
among one of the other cosets. After this choibe, whole

coset is generated. Th& Bolumn ofG is selected in one of
normal subgroupCy =273 of Z3 and 7 cosets such as the 6 other cosets. After this choicg; and three other

. ith o073 \{ 00 T} ' cosets are generated. It remains fqur no ggnexamelts to
Cp) = P+ G with pUZ3 [ g selecte the last columBg of the coding matrG of a fully
balanced code with=L ..

is possible to make the partition of the additiveup Zf} ina

In this case, there are three types of fully B-STIQ:
e Types I: codes with only 1 no null vector@M . 6. CODE PERFORMANCE

In section 4.2. it was shown that many good publish
codes are balanced. Only two presented codes ile Tiahre
- Type llI: codes with 3 no null vectors @ . not balanced : _ _

- The Chen’s code with 16 states, 3 transmit antennas

For tvoe | codes: obtained by using the rank and determinant criteria
Fortype I codes: - The Chen’s code with 64 states, 4 transmit anteands

Only the first columnG,=2p, of G belongs 10 Gy . It obtained by using the trace criterion.

A systematic computer search in the class of tdlianced
. ) codes of type Il and Ill with 16 states and 3 tralsntennas
chosen in the cosef, relative toG,. Thus, {G;, Gi+G2}  was carried out to detect better fully balancedesod able IV

which is a quarter oG, is also generated. Because no newshows some parameters of the Chen’s code and efvdutly
balanced code .

e Type Il: codes with 2 no null vectors '(qo] .

generatesH, ={0, Gj}. According to the rule 2, must be

element of C[O] is generated, the third column must be
TABLE IV. CODES BASED ON THE RANK AND DETERMINANT

selected in the same cos@t,, . After the choice of this third CRITERIA
column G, G, \ H,, half of the coseG; ,, and half ofC[O] Chen New code
are generated. There are two solutions to choose4th Generator 020122)/203 220
| . . 001233 102002
column: matrix
_ 202013 222010
1) G,0G,;\ H,. In this case, the cose,; and Cg are 5 —=
completely generated. The colur@®g of G is selected in Rank min 3 3
another coset. Then, two new cosets are generated a Det min 32 32
remains four cosets to select the last col@gn " 2465 198.2

2) G, is chosen in the cosets relative to the two new The minimum rank, the minimum determinant anchave
generated vector$5,+Gs=2p, and Gi+Gy+G3=2p; Of  peen evaluated for a 8-bit input binary sequenazth Bull-
Gy - After this choice, half off; and half of three cosets 3k generator matrices have the same minimum rdistant
Ciy» Gy and G, are generated. Thé'sectorGs is ~ Put the new code has a lowerAccording to [12], in the case

- of one receiving antenna, the new code must berbtian
selected in the not generated half of the co§gfs and  Chen's code becausein{rank(A)}.rk < 3.

C,, - After the choice 06s, C[O] and the three cosets are  In the same way, a systematic computer searcheircléss
of balanced codes with 64 states has been effectuatfind
code with greater trace than Chen’s codes for 3amdnsmit
antennas. Table V present two new codes. The wa@loes of
these new balanced codes are respectively 32 ancr40s

totally generated. The last colur@gis chosen in one of
the four other cosets.

For type Il codes: 28 and 38 for Chen’s code.
G=2p; and G,;=2p, generate H, ={0,G,,G,,G,+ G} . The performance of the new STTCs and the best Ghen’

The third columrG; of G is selected in one of the three cosetscode was evaluated by simulation. For each codenae of
c[pl], c[pz] and (;[plD ol (where O is the sum modulo 2 ) 130 QPSK symbols was used. We assume that the &hann
fading coefficients are independent samples of mptex
Gaussian process with zero mean and variance 05 pe
choice, half of the selected coset and half (% are dim_ension. The si_mulation has been effectuated claw
fading channels. Fig. 2 shows the performance efQPSK
16-state codes with 3 transmit antennas and omlycéived
antenna. In this case, rank and determinant @itenist be

relative to the 3 no null generated elementfﬂf. After this

generated. The choice of the last three colummsnidar to
the case of type | codes.



predominant. This new fully balanced code outpenfto the
corresponding best known code by Chen.

TABLE V. CODES BASED ON THE TRACE CRITERION

nr | States Code G dz,
N (2 302 2 2 2
ew
3 64 code 2121230 FB 32
0202232
(2 02012 2
4 64 New 1212321 B 40
code 121220 3
3220201

—&— New 3 tx 16 states

FER( %)

SNR (dB)

Figure 2. Performance of QPSK STTC with 3 Tx /1 Rx antsnn

=| —©— New 3 tx 64 sates
—| —%— Chen 3 tx 64 states
—24— New 4 tx 64 states
| —+— Chen 4 tx 64 states
-

FER (%)

Figure 3. Performance of QPSK 64 states STTC with 3 Tx 84 / 2 Rx
antennas

In fig 3. the performance of new codes with 64estdbr 3
and 4 transmit antennas is compared to correspgriclien’s
code given in Table Il . The simulation is effed¢acawith 2
receive antennas. For 3 and 4 transmit antennasnéw
balanced code outperform the code prposed by Chij.i

7. CONCLUSION

In this paper, a new and simpler method to desiB8IQB-
STTC for several antennas has been proposed. Tuekes
generate the points of the MIMO constellation vilte same
probability. It has been shown that most of thedyinown
codes belong to this class of codes. For good ranbed
codes, balanced codes with better performance edonund.
This method can be simply generalized for arlyP8K
modulation, any number of transmit antennas andnanyber
of states of the encoder.
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