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G EO M ET R IC Q U A N T IZAT IO N FO R PR O PER M O M EN T M A PS

XIAO NAN M A AND W EIPING ZHANG

A bstract. W e establish a geom etric quantization form ula for Ham iltonian actions

ofa com pact Lie group acting on a non-com pact sym plectic m anifold such that the

associated m om entm ap isproper.In particular,weresolvetheconjectureofVergnein

thisnon-com pactsetting.

0.Introduction

The fam ousgeom etric quantization conjecture ofGuillem in and Sternberg [9]states

thatfora com pactpre-quantizablesym plecticm anifold adm itting a Ham iltonian action

ofa com pactLiegroup,theprincipleof\quantization com m uteswith reduction" holds.

Thisconjecture was� rstproved independently by M einrenken [14]and Vergne [23]for

thecasewheretheLiegroup isabelian,and then by M einrenken [15]in thegeneralcase.

The singularreduction case wasproved by M einrenken-Sjam aarin [16].There are also

an analytic approach to the originalconjecture developed by Tian and Zhang [20]as

wellasa proofdeveloped by Paradan [17]by m aking use ofthe theory oftransversally

ellipticoperators,seealso [24]foran excellentsurvey.

It is naturalto consider the generalizations ofthe above results to actions on non-

com pactspaces. One ofthe aspectsofthisissue hasbeen considered by W eitsm an in

[26],where the propernessofthe associated m om entm ap isassum ed. In herICM 2006

Plenary lecture[25],Vergnem adea quantization conjecture(undertheassum ption that

thezero pointsetofthevector� eld generated by the m om entm ap iscom pact),which

generalizesthe originalGuillem in-Sternberg conjecture to thisnon-com pactsetting. A

specialcaseofthisconjecturehad indeed been veri� ed already by Paradan in [18]where

heproved a quantization form ula valid forthecasewherea m axim alcom pactsubgroup

ofa non-com pact realsem i-sim ple Lie group acts on the co-adjoint orbits ofthe real

sem i-sim pleLiegroup itself.

Thepurposeofthispaperisto establish a generalquantization form ula in thisfram e-

work ofa com pactgroup acting on a non-com pactspacewith properm om entm ap.As

wewillsee,ourresultcould beviewed asan extended version oftheconjectureofVergne,

in the sense thatwe do notm ake any extra assum ptions beside the properness ofthe

m om entm ap.

To bem oreprecise,let(M ;!)bea non-com pactsym plecticm anifold with sym plectic

form !. W e assum e that(M ;!)isprequantizable,thatis,there exists a com plex line

bundle L (called a prequantized line bundle) carrying a Herm itian m etric hL and a
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2 XIAO NAN M A AND W EIPING ZHANG

Herm itian connection r L such that
p
� 1

2�

�
r L

�2
= !:(0.1)

W ealso assum ethatthereexistsan alm ostcom plex structureJ on TM such that

g
TM (u;v)= !(u;Jv); u;v 2 TM(0.2)

de� nesa Riem annian m etricon TM .

LetG bea com pactconnected Lie group with Liealgebra denoted by g.W eassum e

thatG actson thelefton M and thisaction can belifted to an action on L.M oreover,

weassum ethatG preservesgTM ,J,hL and r L.

Forany K 2 g,letK M bethevector� eld generated by K overM .

Let� :M ! g
� bede� ned by theKostantform ula [10]

2�
p
� 1�(K ):= �

L(K )= r L

K M � LK ;K 2 g:(0.3)

Then � isthecorresponding m om entm ap,i.e.forany K 2 g,

d�(K )= iK M !:(0.4)

W e callthe G action with a m om ent m ap � :M ! g
� verifying (0.4) a Ham iltonian

action.

From now on,weassum ethatthefollowing fundam entalassum ption holds.

Fundam ental A ssum ption. The m om ent m ap � :M ! g
� is proper,in the sense

thattheinverse im ageofa com pactsubsetiscom pact.

LetT bea m axim altorusofG,CG � g
� bea W eylcham berassociated to T,�� � g

�

betheweightlattice,and bG = ��\ CG bethesetofdom inateweights.Then thering of

charactersR(G)ofG hasa Z-basisV G
 , 2 bG :V G

 istheirreducible G-representation

with highestweight.

Takeany  2 bG.If isa regularvalueofthem om entm ap �,then onecan construct

the M arsden-W einstein sym plectic reduction (M ;!),where M  = ��1 (G � )=G is a

com pact(as� isproper)orbifold.M oreover,thelinebundleL (resp.thealm ostcom plex

structure J)inducesa prequantized line bundle L (resp.an alm ostcom plex structure

J)over(M ;!).Onecan then constructtheassociated Spin
c-Diracoperator(twisted

by L),D
L

+ :
0;even(M ;L) ! 
0;odd(M ;L) (cf. Section 1.6,(1.5)) on M  whose

index

Q(L):= dim Ker

�

D
L

+

�

� dim Coker

�

D
L

+

�

2 Z;(0.5)

iswell-de� ned. If 2 bG isnota regularvalue of�,then by proceeding asin [16](cf.

[17,x7.4]),onestillgetsa well-de� ned quantization num berQ(L)extending theabove

de� nition.1

On the otherhand,letg� be equipped with an AdG -invariantm etric. SetH = j�j2.

Then since � is proper,forany c > 0,Uc := H �1 ([0;c]) = fx 2 M :H (x) 6 cg is a

com pactsubsetofM .

1Seealso Section 2.1 fora standard perturbativede�nition.
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Recallthatby Sard’stheorem ,thesetofcriticalvaluesofthefunction H :M ! R is

ofm easurezero.

LetX H = � J(dH )� betheHam iltonian vector� eld associated to H .

Forany regularvalue c> 0 ofH ,one knowsX H isnowhere zero on @Uc = H �1 (c).

Thus,according to Atiyah [1,x1,x3]and Paradan [17,x3](cf. also Vergne [23]),the

triple (Uc;X
H ;L) de� nes a transversally elliptic sym bol(corresponding to the Spinc-

Diracoperator(twisted by L)on M )associated totheG-action on Uc.And accordingto

Atiyah [1,x1],itadm itsawell-de� ned transversalindex whosecharacterisadistribution

on G.

Forany  2 bG,letQ(L)c 2 Z denotethe-com ponentofthistransversalindex.

T heorem 0.1.Forany  2 bG,thereexistsc > 0 such thatQ(L)c 2 Z doesnotdepend

on c> c,with ca regularvalueofH .And Q(L)
= 0
c 2 Z doesnotdepend on c> 0,with

ca regularvalue ofH .

According to Theorem 0.1,forany  2 bG,we have a well-de� ned integerQ(L)c not

depending on theregularvaluec� 0.From now on wedenoteitby Q(L).

W ecan now stateourm ain resultasfollows.

T heorem 0.2.Forany  2 bG,the following identity holds,

Q(L) = Q(L):(0.6)

R em ark 0.3.Ifthezero setofX H iscom pact,then Theorem 0.1wasalready known in

[17]and [25],whileTheorem 0.2 wasconjectured by Vergnein [25,x4.3].ThusTheorem

0.2 can bethoughtofasan extended version oftheVergneconjecture.

Ifweset

Q G (L)
�1 =

M

2 bG

Q(L) V G
 ;(0.7)

then by Theorem 0.2,Q G (L)
�1 equalstotheform algeom etricquantization in thesense

of[26,De� nition 4.1]and [19,De� nition 1.2]. In particular,it veri� es the functorial

quantization property described asfollows.

ItisclearthatifM iscom pact,then Theorem 0.1 holdstautologically and Theorem

0.2 is the Guillem in-Sternberg conjecture proved in [16]. Let (N ;!N ) be such a pair

with N being com pact,F the notation for the prequantized line bundle over N ,etc.

Com bining Theorem 0.2 with theresult[26,Theorem 1](cf.also [19,Theorem 1.5])one

getsthefollowing functorialquantization result.

LetL
 F betheprequantized linebundleoverM � N obtained by thetensorproduct

ofthenaturalliftingsofL and F to M � N .

T heorem 0.4.Fortheinduced action ofG on (M � N ;!� !N )and L
 F,thefollowing

identity holds,

Q

�

(L
 F)
= 0

�

=
X

2 bG

Q(L) Q (F)
�
:(0.8)
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By takingN tobetheorbitsoftheco-adjointaction ofG on g�,onerecoversTheorem

0.2 from Theorem 0.4 im m ediately. ThusTheorem 0.2 and 0.4 are actually equivalent.

In thispaperwe willwrite outourproofforTheorem 0.4 directly. In thisway we also

get a new proofofthe following functorialquantization result due to W eitsm an [26,

Theorem 1]and Paradan [19,Theorem 1.5],withoutusing thesym plecticcuttechniques

there.

C orollary 0.5.Underthe assum ptionsin Theorem 0.4,the following identity holds,

Q

�

(L
 F)
= 0

�

=
X

2 bG

Q (L)Q (F� ):(0.9)

Now letK be a com pactsubgroup ofG such thatthe m om entm ap ofthe induced

Ham iltonian action ofK on M alsoveri� esthefundam entalassum ption ofbeingproper.

Then by com bining Theorem 1.2,(0.7)with [19,Theorem 1.3],one getsthe following

consequence on therelation between Q G (L)
�1 and Q K (L)

�1 .

C orollary 0.6.Anyirreduciblerepresentation ofK hasa�nitem ultiplicityin Q G (L)
�1 .

M oreover,the followingidentity holds,when both sidesare viewed asvirtualrepresenta-

tion spacesofK ,

Q G (L)
�1

�
�
K
= Q K (L)

�1
:(0.10)

OurproofofTheorem s0.1 and 0.4 isanalytic.Itm akesuse ofBraverm an’sanalytic

interpretation [5,x14]ofthe transversalindex ofa wide class oftransversally elliptic

operatorscoveringtheonesm entioned above.Them ain ideaisthatthrough theanalytic

interpretation ofBraverm an,onecan furtherexpressthistransversalindex by using the

Atiyah-Patodi-Singertype index2 forDiractype operatorson m anifoldswith boundary

[2]. One can then apply the analytic m ethodsdeveloped in [20]and [22]to study the

corresponding quantization problem .

Indeed,afterwe interpretthe transversalindex by the APS type index,itisalm ost

directto proveTheorem 0.1 by applying theanalytictechniquesin [20]and [22].

The proofofTheorem 0.4 needs m ore e� ort. Tautologically,one would adapt the

idea oftwo stepsdeform ationsappeared in [18,x3]to the currentsituation. The m ain

point com es from the fact that,after choosing the suitable (already non-trivial) � rst

step deform ation,in order to pass from the boundaries ofsubm anifolds ofM � N to

boundariesofspeci� c form sobtained by the productofa boundary in M with N ,one

m ay encounteralotofzeropointsofthevector� eldsused in thedeform ation.Itisthen

necessary to elim inatethepotentialcontributionscaused by thesepossiblezero points.3

Recallthat in the analytic proofofthe originalGuillem in-Sternberg conjecture de-

veloped in [20],one already encounters the localpointwise estim ates around the zero

pointsofthe Ham iltonian vector� eldsused in the deform ation there. Itisrem arkable

2W e willbriey callitasAPS index in whatfollows.
3Thesituation considered in [18]ism uch sim plerasthereisno zero pointofthevector�eldsused in

the corresponding deform ation,he can then apply directly the hom otopy invariance ofthe transversal

index.
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thatsuch kind oflocalestim atesstillhold in thecurrent(apparently m oresophisticated)

non-com pactsituation.

W e would like to point out that one m ay indeed form ulate Theorem s 0.1,0.2 and

0.4 directly using the APS type index which ism ore intrinsic (asthe de� nition ofthe

transversalindex involved depends on certain extra structures which go beyond the

sym plectic structuresinvolved).

It would also be interesting to give a direct analytic proofofCorollary 0.6 without

using thesym plectic cuttechniquesin [19].

The restofthispaperisorganized asfollows.In Section 1,we � rstapply theresults

ofBraverm an [5]to interpretcertain transversalindex asa kind ofAPS typeindex.W e

then apply the analytic approach ofthe quantization form ulas developed in [20],[22]

and prove Theorem 0.1. In Section 2,we present ourproofofTheorem 0.4 m odulo a

vanishing result,Theorem 2.4,whoseproofwillbecarried outin Section 3.

Som eresultsofthispaperhavebeen announced in [13].

A cknow ledgem ents.W ewould like to thank ProfessorJean-M ichelBism utform any

helpfuldiscussions. The work ofthe second authorwaspartially supported by M OEC

and NNSFC.Partofthe paperwaswritten while the authorwasvisiting the Schoolof

M athem atics ofFudan University during Novem ber and Decem ber of2008. He would

liketo thank ProfessorJiaxing Hong and otherm em bersoftheSchoolforhospitality.

1.T ransversal index and quantization for proper moment maps

In thissection,we prove Theorem 0.1. In doing so,we � rst express the transversal

index appearing in the context as certain APS type index,with the help ofa result

by Braverm an [5],then we apply the analytic m ethods developed in [20]and [22]to

com pletetheproofofTheorem 0.1.

This section is organized as follows. In Section 1.1,we recallthe de� nition certain

transversalindex in thesense ofAtiyah [1]and Paradan [17]forgroup actionson m an-

ifolds with boundary. In Section 1.2 we consider certain APS type index in the sam e

fram ework as in Section 1.1. In Section 1.3 we prove an invertibility result for som e

induced boundary operator.In Section 1.4 weintroducetheidea ofspectral ow in our

contextand useitto com pletetheproofofa resultstated in Section 1.2.In Section 1.5,

wegivean APS index interpretation ofthetransversalindex in Section 1.1 by applying

aresultofBraverm an [5].In Section 1.6,weproveTheorem 0.1by applyingtheanalytic

m ethod developed in [20]and [22].

1.1.Transversalindex. LetM beanevendim ensionalcom pactorientedSpinc-m anifold

with non-em pty boundary @M .LetE bea com plex vectorbundleoverM .

LetG bea com pactconnected Lie group with Liealgebra denoted by g.W eassum e

thatG actson thelefton M and thatthisaction can belifted to an action ofG on E .

Letthe tangentvectorbundle � :TM ! M carry a G-invariantm etric gTM . Then

oneidenti� esTM and T�M via gTM .

ForK 2 g,wedenoteby K M
x = @

@t
e�tK xjt= 0 thecorresponding vector� eld on M .
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Following [1,p.7](cf.[17,x3]),set

TG M =
�
v 2 TM :



v(x);K M (x)

�
= 0 forallK 2 g

	
:(1.1)

LetS(TM )= S+ (TM )� S� (TM )be the bundle ofspinorsassociated to the spinc-

structure on TM and gTM . For any V 2 TM , the Cli� ord action c(V ) exchanges

S� (TM ),theZ2-grading on S(TM ).

Let	 :M ! g bea G-equivariantm ap.Let	M denotethevector� eld overM such

that	 M (x)equalsto thevalueatx ofthevector� eld generated by 	 (x)2 g overM .

W em aketheassum ption that	 M isnowherezero on @M .

Let�ME ;	 :Hom (��(S+ (TM )
 E );��(S� (TM )
 E ))denotethesym bolde� ned by

�
M
E ;	 (x;v(x))= �

�
�p

� 1c(v+ 	M )
 IdE
��
�
(x;v(x))

for(x;v(x))2 TxM :(1.2)

Since 	 M isnowhere zero on @M ,by (1.1)and (1.2)one seesthatthe zero setofthe

restriction of�ME ;	 on TG M is contained in a com pact subset of cM � TG
cM (where

cM = M n@M istheinteriorofM ).Thus,itde� nesa G-transversally ellipticsym bolon

TG cM in thesenseofAtiyah [1,x1,x3]and Paradan [17,x3](seealso Vergne[23]),which

in turn determ inesa transversalindex4

Ind
�
�
M
E ;	

�
=
M

2 bG

Ind
�
�
M
E ;	

�
� V

G
 ;(1.3)

with each Ind(�
M
E ;	 )2 Z.

1.2.T he A tiyah-Patodi-Singer (A PS) index. W e continue the setting in Section

1.1.

LethE bea G-invariantHerm itian m etricon E ,r E a G-invariantHerm itian connec-

tion with respect to hE . Let hS(TM )
E be the m etric on S(TM )
 E induced by the

m etricson S(TM )and on E .

Let r S(TM ) be the Cli� ord connection on S(TM ) induced by the Levi-Civita con-

nection r TM ofgTM and a Herm itian connection on the line bundle de� ning the spinc

structure. Letr S(TM )
E be the Herm itian connection on S(TM )
 E obtained by the

tensorproductoftheconnectionsr S(TM ) and r E .

LetdvM betheRiem annian volum eform on (M ;gTM ).Fors2 C 1 (M ;S(TM )
 E ),

itsL2-norm ksk0 isde� ned by

ksk2
0
=

Z

M

jsj2S(TM )
E (x)dvM (x):(1.4)

Leth� ;� ibetheinnerproducton C1 (M ;S(TM )
 E )corresponding to k� k2
0
.

One can construct now the Spinc-Dirac operator(twisted by E )(cf. [11,Appendix

D])by

D
E =

dim MX

i= 1

c(ei)r
S(TM )
E
ei

:C 1 (M ;S(TM )
 E )! C
1 (M ;S(TM )
 E );(1.5)

where feig is an orthonorm albasis ofTM . Then D E is G-equivariant and form ally

self-adjoint.Denoteby D E
� therestrictionsofD E on C 1 (M ;S� (TM )
 E )respectively.

4W e willnotexploitthe distribution natureofthisindex here.
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Following [8,p. 139],let " > 0 be less than the injectivity radius ofgTM . W e use

theinward geodesic ow to identify a neighborhood oftheboundary @M with thecollar

@M � [0;"].Letedim M betheinward unitnorm alvector� eld perpendicularto @M .Let

e1;� � � ;edim M �1 bean oriented orthonorm albasisofT@M sothate1;� � � ;edim M �1 ;edim M

is an oriented orthonorm albasis ofTM j@M . By using paralleltransport with respect

to r TM along the unit speed geodesics perpendicular to @M ,e1;� � � ;edim M form s an

oriented orthonorm albasisofTM over@M � [0;"].

LetD E
@M :C 1 (@M ;(S(TM )
 E )j@M )! C 1 (@M ;(S(TM )
 E )j@M )betheinduced

(by D E )Diracoperatoron @M de� ned by (cf.[8,p.142])

D
E
@M = �

dim M �1X

i= 1

c(edim M )c(ei)r
S(TM )
E
ei

+
1

2

dim M �1X

i= 1

�ii;(1.6)

where

�ij :=


r TM

ei
ej;edim M

��
�
@M

; 16 i;j6 dim M � 1;(1.7)

isthesecond fundam entalform oftheisom etricem bedding {@M :@M ,! M .LetD E
@M ;�

betherestriction ofD E
@M to C 1 (@M ;(S� (TM )
 E )j@M ).

As in (1.4), we de� ne the inner product h� ;� i
@M ;0

and the L2-norm k � k@M ;0 on

C 1 (@M ;(S(TM )
 E )j@M ).

By [8,Lem m a 2.2],D E
@M isa form ally self-adjoint� rstorderellipticoperatorintrinsi-

cally de� ned on @M .5

On theotherhand,sinceG actson M and thuspreserves@M ,onehas

	 M
�
�
@M

2 C
1 (@M ;T@M ):(1.12)

5In fact,onehasforany s2 C 1 (M ;S(TM )
 E ),the following identitieshold on @M ,

D
E
s= c(edim M )r S(T M )
 E

edim M
s+ c(edim M )

 

D
E
@M �

1

2

dim M � 1X

i= 1

�ii

!

(sj@M );

c(edim M )D E
@M (sj@M )= � D E

@M c(edim M )(sj@M ):

(1.8)

In particular,letr T @M betheLevi-Civita connection on (T@M ;gT @M ),with gT @M them etricon T@M

induced by gT M ,we de�ne ec(X )= � c(edim M )c(X ),for any X 2 T@M ,then ec(� ) induces a Cli�ord

action ofthe Cli�ord algebra C (T@M )on (S(TM )
 E )j@M ,and theHerm itian connection

r
(S(T M )
 E )j@ M
X

:= r
S(T M )
 E

X
+
1

2

dim M � 1X

i;j= 1

�ijc(edim M )c(ej)hX ;eii;(1.9)

is the ec(� )-Cli�ord connection on (S(TM )
 E )j@M , verifying for exam ple that for any X ;Y 2

C 1 (@M ;T@M ),
h

r
(S(T M )
 E )j@ M
X

;ec(Y )

i

= ec
�
r T @M
X Y

�
:(1.10)

ThusD E
@M

isthe Diracoperatoron (S(TM )
 E )j@M associated to r (S(T M )
 E )j@ M ,i.e.

D
E
@M =

dim M � 1X

j= 1

ec(ej)r
(S(T M )
 E )j@ M
ej

:(1.11)

From (1.11),weunderstand thatD E
@M isform ally self-adjointand intrinsically de�ned on @M .
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By (1.12)and following[8,Lem m a2.2]and [22,x1c)](seealso[5,x2.8]),setforT 2 R,

D
E
T = D

E +

p
� 1T

2
c
�
	 M

�
:C 1 (M ;S(TM )
 E )! C

1 (M ;S(TM )
 E );

D
E
�;T = D

E
� +

p
� 1T

2
c
�
	 M

�
:C 1 (M ;S� (TM )
 E )! C

1 (M ;S� (TM )
 E );

(1.13)

and

D
E
@M ;T = D

E
@M �

p
� 1T

2
c(edim M )c

�
	 M

�

:C 1 (@M ;(S(TM )
 E )j@M )! C
1 (@M ;(S(TM )
 E )j@M );

D
E
@M ;�;T = D

E
@M ;TjC 1 (@M ;(S� (TM )
E )j@M ):

(1.14)

Then D E
@M ;T isalso form ally self-adjointand preservesC 1 (@M ;(S� (TM )
 E )j@M ).

For any � 2 SpecfD E
@M ;�;T g,the spectrum ofD E

@M ;�;T ,let E �;�;T be the correspond-

ing eigenspace. LetP> 0;�;T (resp. P> 0;�;T )be the orthogonalprojection from the L2-

com pletionsofC 1 (@M ;(S� (TM )
 E )j@M )onto � �> 0E �;�;T (resp.� �> 0E �;�;T ).

Forany T 2 R,let(D E
+ ;T;P> 0;+ ;T)(resp. (D

E
�;T ;P> 0;�;T ))denote the corresponding

Atiyah-Patodi-Singer boundary value problem [2]. M ore precisely,the boundary con-

dition ofD E
+ ;T is P> 0;+ ;T(sj@M ) = 0 for s 2 C 1 (M ;S+ (TM ) 
 E ) (resp. ofDE�;T is

P> 0;�;T (sj@M )= 0 fors2 C 1 (M ;S� (TM )
 E )).

Both (D E
+ ;T;P> 0;+ ;T) and (D E

�;T ;P> 0;�;T ) are elliptic,and (D E
�;T ;P> 0;�;T ) is the ad-

joint of(D E
+ ;T;P> 0;+ ;T) (cf. (1.8),[8,Theorem 2.3]). M oreover,it is clear that both

(D E
+ ;T;P> 0;+ ;T)and (D

E
�;T ;P> 0;�;T )areG-equivariant.

LetQ M
A P S;T(E ;	 )

 2 Z, 2 bG,bede� ned by
M

2 bG

Q
M
A P S;T (E ;	 )


� V

G
 = Ind

�
D

E
+ ;T;P> 0;+ ;T

�

:= Ker
�
D

E
+ ;T;P> 0;+ ;T

�
� Ker

�
D

E
�;T ;P> 0;�;T

�
:

(1.15)

Thefollowing im portantresultwillbeproved in thenexttwo subsections.

Proposition 1.1.Forany  2 bG,thereexistsT > 0 such thatQ M
A P S;T(E ;	 )

 doesnot

depend on T > T.

1.3.A n estim ate on the boundary. TheproofofProposition 1.1 consiststwo steps.

In the � rst step,we show that the boundary operator DE@M ;T,when restricted to the

-com ponent,isinvertible when T > 0 islarge.Then in the second step,we apply the

spectral ow idea to com pletetheproofofProposition 1.1.

In thissubsection,wecarry outthe� rststep.

Forany 2 bG,letC 1 (@M ;(S(TM )
 E )j@M )
 denotethe-com ponentofC1 (@M ;S(TM )


 E )j@M ).W edenotetherestrictionofD E
@M ;T onC 1 (@M ;(S(TM )
 E )j@M )

 byD E
@M ;T().

6

Proposition 1.2. For any  2 bG, there exists T > 0 such that for any T > T,

D E
@M ;T()isinvertible.

6SinceD E
@M ;T

isG -equivariant,D E
@M ;T

()iswell-de�ned.
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Proof.Letg (thusg�)beequipped with an AdG -invariantm etric.Leth1;� � � ;hdim G be

an orthonorm albasisofg� with itsdualbasisVi ofg.Then onehas

	 (x)=

dim MX

i= 1

	 i(x)Vi;(1.16)

where	 i,16 i6 dim G,aresm ooth functionson M .From (1.16),onegets

	 M (x)=

dim MX

i= 1

	 i(x)V
M
i (x):(1.17)

Recallthatfrom (1.12),	 M j@M 2 C 1 (@M ;T@M ).From (1.6),(1.14)and (1.17),one

� nds,

(1.18)
�
D

E
@M ;T

�2
=
�
D

E
@M

�2
�

p
� 1T

2

 
dim M �1X

i= 1

�ii

!

c(edim M )c
�
	 M

�

+

p
� 1T

2

dim M �1X

i= 1

c(edim M )c(ei)
�
r S(TM )
E

ei

�
c(edim M )c

�
	 M

���

�
p
� 1Tr

S(TM )
E

	 M +
T2

4

�
�	 M

�
�2:

Forany16 i6 dim G,letLVi denotetheLiederivativeofViactingonC 1 (M ;S(TM )


E )and thusalso on C 1 (@M ;(S(TM )
 E )j@M ).Then

r
S(TM )
E

V M
i

� LVi 2 C
1 (M ;End(S(TM )
 E ))

isa bounded operator.

By (1.17),wewrite

r
S(TM )
E

	 M =

dim GX

i= 1

	 iLVi +

dim GX

i= 1

	 i

�

r
S(TM )
E

V M
i

� LVi

�

:(1.19)

Itisclearthatwhen restricted on C 1 (@M ;(S(TM )
 E )j@M )
,each LVi isbounded.

On theotherhand,since	 M isnowherezero on @M ,thereexistsC > 0 such that
�
�	 M

�
�2 > 4C on @M :(1.20)

From (1.18)-(1.20),there exists a positive constant C > 0 such that for any s 2

C 1 (@M ;(S(TM )
 E )j@M )
,onehas


D

E
@M ;Ts


2

@M ;0
>


D

E
@M s


2

@M ;0
� TCksk

2

@M ;0 + T
2
Cksk2@M ;0:(1.21)

From (1.21),oneseeseasily thatProposition 1.2 holdsforT = 2C=C. �

1.4.Spectralow and a proofofProposition 1.1. Itisan easy m atterto extend

theidea ofspectral ow ([3,x7])to thecurrent-com ponentsituation.Recallthatsuch

an extension to theG-invariantcasehasalready been considered in [22,x4a)].

LetfD t; 0 6 t6 1g be a one param etersm ooth fam ily ofself-adjointG-equivariant

Diractypeoperatorsactingon C 1 (@M ;(S+ (TM )
 E )j@M ).W ede� nethe-com ponent

spectral ow offDt; 0 6 t6 1g,denoted by Sf

fD t; 0 6 t6 1g,to be the spectral

 ow ofthefam ily ofself-adjointFredholm operatorsfDt();06 t6 1g in thesense of
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Atiyah-Patodi-Singer[3,x7],where forany t2 [0;1],D t()isthe restriction ofD t on

C 1 (@M ;(S+ (TM )
 E )j@M )
.

In view of(1.15),onecan then proceed asin [22,Theorem 4.2](cf.also [6,Theorem

1.1])to getthatforany T > T,

Q
M
A P S;T (E ;	 )


� Q

M
A P S;T

(E ;	 )

= � Sf


�
D

E
@M ;+ ;t;T 6 t6 T

	
:(1.22)

By (1.22)and Proposition 1.2,wegetProposition 1.1.

R em ark 1.3.Indeed,since the induced boundary operatorsare invertible forT > T,

the APS boundary problem sinvolved form a continuousfam ily ofFredholm operators,

which im pliestheconstancy oftheassociated index.Bythisoneavoidstheconsideration

ofspectral ow in theproofofProposition 1.1.

1.5.Transversalindex and the A PS index. Denoteby Q M
A P S (E ;	 )


thequantiza-

tion num berQ M
A P S;T (E ;	 )


forT > T appearing in Proposition 1.1.

Thefollowing m ain resultofthissubsection identi� esthetransversalindex in Section

1.1 with theaboveAPS typeindex.

T heorem 1.4.The following identity holdsfor 2 bG,

Ind
�
�
M
E ;	

�
= Q

M
A P S (E ;	 )


:(1.23)

Proof.W e can enlarge the m anifold M a little bitto geta com pactSpinc-m anifold U

with boundary such that M � U n @U = bU,the interior ofU,and that everything

extendsin a G-invariantway to U from M ,m oreover,thecorresponding vector� eld 	U

isnowherezero on U n cM ,with cM theinteriorpartofM .Theexistence ofU isclear.

Then by proceeding asin [5,x14],onecan constructa com pletem etricgT
bU on bU such

thatgT
bU jTM = gTM ,aswellasan adm issible(G-invariant)function f on bU in thesense

of[5,De� nition 2.6]such thatfjM � 1,and f > 1

2
on bU n cM ,f ! +1 near@U.

Let

D
E
bU ;T

= D
E +

p
� 1T

2
fc(	 U )(1.24)

bethecorresponding (G-equivariant)Diractypeoperatoron bU.Then itisshown in [5,

x14]thatwhen restricted to a � xed -com ponent,forany T > 0,therestricted operator

D E
bU ;T
()isa Fredholm operator,m oreover,onehas

Ind

�

D
E
bU ;+ ;T

()

�

= Ind
�
�
U
E ;	

�
;(1.25)

whereD E
bU ;+ ;T

()istherestriction ofD E
bU ;T
()on the-com ponentofC1 (bU;S+ (T bU)
 E )

asin (1.13).

As	 U isnowherezero on U n cM ,by theexcision form ula ofthetransversalindex [1,

x3],

Ind
�
�
M
E ;	

�
= Ind

�
�
U
E ;	

�
:(1.26)

Now,theboundary @M cuts bU intotwom anifoldswith boundary@M :M and bU ncM .

LetD E
bU ncM ;+ ;T;A P S

(resp.D E
M ;+ ;T;A P S)bethecorresponding APS typeoperators(i.e.the
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APS typeboundary valueproblem s)on bU n cM (resp.M )respectively asin Section 1.2.

Let D E
bU ncM ;+ ;T;A P S

() (resp. D E
M ;+ ;T;A P S()) be the restriction onto the corresponding

-com ponents.

By proceeding asin [7,x3],which appliesto the Fredholm operatorshere (one m ay

deform the m etrics and operators involved in a G-invariant way to the situation of

productstructurenear@M ,which doesnotaltertherestriction ofD E
bU ;T

on @M (thusit

doesnotaltertheindicesconsidered),ifnecessary),onededucesthatifT > T so that

Proposition 1.2 holds,then onehasthefollowing splitting form ula,in which each index

doesnotdepend on T > T,

Ind

�

D
E
bU ;+ ;T

()

�

= Ind

�

D
E
bU ncM ;+ ;T;A P S

()

�

+ Ind
�
D

E
M ;+ ;T;A P S()

�
:(1.27)

Lem m a 1.5.The following identity holdsforT > T,

Ind

�

D
E
bU ncM ;+ ;T;A P S

()

�

= 0:(1.28)

Proof.LetU 0beaG-invariantopen subsetofU nM such thatU nU 0iscom pactin bU nM .

LetU 00beaG-invariantopen subsetof(U nM )[ @M such thatU 0[ U 00= U ncM and U 00

iscom pactin bU n cM .Letf1,f2 betwo G-invariantfunctionson U with supp(f1)� U0,

supp(f2) � U00 such that f1; f2 form s a partition ofunity associated with the open

covering U 0;U 00ofU n cM .Theexistence off1;f2 isclear.

Asthevector� eld 	U isnowherezeroon U ncM ,and f > 1=2on U ncM ,by proceeding

asin [5,x9.3]and [22,x2]respectively,one knowsthatforany sm ooth section s lying

in the-com ponentofC1 (bU ncM ;S(T bU)
 E jbU ncM
)with com pactsupportand verifying

theAPS boundary condition on @M asin Section 1.2,onehas



D

E
bU ;T
(f1s)




2

0

> C

�
D

E
bU
(f1s)


2

0
+ (T � b)kf1sk

2

0

�

;(1.29)



D

E
bU ;T
(f2s)




2

0

> C
0

�
D

E
bU
(f2s)


2

0
+ (T � b

0)kf2sk
2

0

�

(1.30)

respectively,forsom epositiveconstantsC;C 0;b0,and b.

From (1.29)and (1.30)and by taking T > T largeenough and proceeding thegluing

argum entsasin [4,pp.115-116],onegetsLem m a 1.5. �

On the otherhand,since fjM � 1,one seesdirectly,in view ofProposition 1.2,that

when T > T,

Ind
�
D

E
M ;+ ;T;A P S()

�
= Q

M
A P S (E ;	 )


:(1.31)

From (1.25)-(1.31),weget(1.23). �

R em ark 1.6.Theorem 1.4allowsustouseanalyticm ethod todealwith thetransversal

index problem s.Thisistheviewpointweadoptin thispaper.

1.6.A proofofT heorem 0.1. W e now apply Theorem 1.4 to the setting considered

in Introduction.W ehavethecanonicalsplitting TM 
 R C = T(1;0)M � T(0;1)M ,forthe
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com plexi� cation ofTM ,with

T
(1;0)

M =fu 2 TM 
 R C;Ju =
p
� 1ug;

T
(0;1)

M =fu 2 TM 
 R C;Ju = �
p
� 1ug:

(1.32)

LetT�(0;1)M bethedualofT(0;1)M .Forany � a 1-form on M ,wedenoteby �� 2 TM

itsm etricdual.

Thealm ostcom plex structureJ on M determ inesa canonicalSpinc-structureon TM

with theassociated Herm itian linebundledet(T(1;0)M )and wehave

S(TM )= �
�
T
�(0;1)

M
�
; S� (TM )= �

even

odd

�
T
�(0;1)

M
�
:(1.33)

Forany W 2 TM ,we writeitscom plexi� cation asW = w + w 2 T(1;0)M � T(0;1)M ,

letw � 2 T�(0;1)M bethem etricdualofw (cf.[4,x5]).Then

c(W )=
p
2(w � ^ � iw)(1.34)

de� nesthecanonicalCli� ord action ofW on � (T�(0;1)M ).Itexchanges�even(T�(0;1)M )

and �odd(T�(0;1)M ).

TheLevi-Civitaconnection r TM togetherwiththealm ostcom plexstructureJ induces

via projection a canonicalHerm itian connection r T (1;0)M on T(1;0)M . This induces a

Herm itian connection r det on det(T(1;0)M ). The Cli� ord connection r
�(T �(0;1)M ) on

�
�
T�(0;1)M

�
isinduced by theLevi-Civita connection r TM and theconnection r det (cf.

[20,x1a)],[12,x1.3],[11,Appendix D]).

W e take E = L and denote 
0;�(M ;L) = C 1 (M ;� (T�(0;1)M )
 L). W e denote by

L2(

0;�(M ;L))theL2-com pletion oftheelem entsin 


0;�(M ;L)with com pactsupport.

Recallthatwe assum e thatthe m om ent m ap � :M ! g
� is proper. Fora regular

valuec> 0 ofH = j�j2,denoteby M c theG-invariantm anifold with boundary

M c = fx 2 M :H (x)6 cg:(1.35)

Also recallthat X H is the Ham iltonian vector � eld ofH ,i.e. iX H ! = dH . As in

(1.16),wecan write

� =

dim GX

i= 1

�ihi;(1.36)

undertheidenti� cation ofg with g�,as

� =

dim GX

i= 1

�iVi;(1.37)

and from (0.4),onehas(cf.[20,(1.19)]),

X
H = � J(dH )� = � 2J

dim GX

i= 1

�i(d�i)
�
= 2

dim GX

i= 1

�iV
M
i = 2�M :(1.38)

Since c> 0 isa regularvalue ofH ,by (1.38)one knowsthatX H = 2�M isnowhere

zero on @M c = H �1 (c).

W ecan now restateTheorem 0.1 asfollows.
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T heorem 1.7.Forany  2 bG,there existsc > 0 such thatforany regularvaluesc0;c

ofH with c0;c> c,the following identity fortransversalindicesholds,

Ind
�
�
M c

L;�

�
= Ind

�

�
M c0

L;�

�

:(1.39)

If = 0,we can take c = 0.

Proof.Letc0 > c > 0 be two regularvaluesofH . LetM c;c0 denote the m anifold with

boundary M c;c0 = M c0 nM c.

By the additivity ofthe transversalindex (cf. [1,Theorem 3.7,x6]and [17,Prop.

4.1]),onehas

Ind

�

�
M c0

L;�

�

� Ind
�
�
M c

L;�

�
= Ind

�

�
M c;c0

L;�

�

:(1.40)

Thus(1.39)isequivalenttosaythatwhen c> 0islargeenough,onehasInd(�
M c;c0

L;�
)= 0;

which by Theorem 1.4 isequivalentto say that

Q
M c;c0

A P S
(L;�)


= 0:(1.41)

If = 0,by [22,Theorem 4.3],we get(1.41)forc0 > c> 0. Thuswe get(1.39)when

 = 0.

From (1.13),weseethatin thecurrentsituation,onehas

D
L
T = D

L +

p
� 1T

2
c
�
X

H
�
:
0;�(M c;c0;L)! 
0;�(M c;c0;L):(1.42)

Lete1;� � � ;edim M be an orthonorm albasisofTM c;c0. By [20,Theorem 1.6],one has

thefollowing Bochnertypeform ula,

(1.43)
�
D

L
T

�2
=
�
D

L
�2
+

p
� 1T

4

dim MX

j= 1

c(ej)c

�

r TM
ej

X
H

�

�

p
� 1T

2
Tr

h

r T (1;0)M
X

H jT (1;0)M

i

+
T

2

dim GX

i= 1

�p
� 1c

�
JV

M
i

�
c
�
V
M
i

�
+
�
�V

M
i

�
�2
�

+ 4�TH � 2
p
� 1T

dim GX

i= 1

�iLVi +
T2

4

�
�X

H
�
�2:

Let
0;�(M c;c0;L)
 denote the -com ponentof
0;�(M c;c0;L).Then each LVi,1 6 i6

dim G,acts on 
0;�(M c;c0;L)
 as a linear bounded operator A (Vi) and we denote its

operatornorm by kA (Vi)k.Set

F
L
T =

�
D

L
T

�2
+ 2

p
� 1T

dim GX

i= 1

�iLVi � 2
p
� 1T

dim GX

i= 1

�iA  (Vi):(1.44)

Lem m a 1.8.There existsc > 0 such thatforany c> c,and any s2 L2(

0;�(M ;L)),

supp(s)2 M nM c,one has
�
�
�
�
�

*
dim GX

i= 1

�iA  (Vi)s;s

+ �
�
�
�
�
6 hH s;si:(1.45)
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Proof.By (1.37),oneveri� esthat
�
�
�
�
�

*
dim GX

i= 1

�iA  (Vi)s;s

+ �
�
�
�
�
6
1

2

dim GX

i= 1

�
k�isk

2

0
+ kA  (Vi)sk

2

0

�

6
1

2
hH s;si+

1

2

dim GX

i= 1

kA  (Vi)k
2
ksk

2

0
:

(1.46)

From (1.46),onethen veri� eseasily thatLem m a1.8holdsforc =
P

dim G

i= 1
kA  (Vi)k

2.

Notethatc isbiggerthan theabsolutevalueoftheeigenvalueoftheCasim iroperator

ofG acting on the irreducible G-representation with highest weight ,and c = 0 i�

 = 0. �

By (1.43)-(1.45)and proceeding in exactly thesam eway asin theproofof[20,Propo-

sition 2.2],oneveri� esthatthefollowing resultholds.

Proposition 1.9. Let c0 > c > c be two regular values ofH . Then for any x 2

M c;c0n(@M c[ @M c0),there existsan open neighborhood Ux ofx in M c;c0n(@M c[ @M c0)

such thatthere existCx > 0,bx > 0 such thatfor any T > 1 and any s 2 
0;�(M ;L)

with supp(s)� Ux,one has

Re
�

F
L
T s;s

��
> Cx

�
D

L
s

2

0
+ (T � bx)ksk

2

0

�

:(1.47)

On the other hand,since X H is nowhere zero on @M c;c0,the estim ates described in

[22,Proposition 2.4]holds near@M c;c0 forthe -com ponent here as well. By this and

by Proposition 1.9,one can then proceed the gluing argum entasin [22,Theorem 2.6],

which goesback to [4,pp. 115-117],to the the sim ilarestim atesforthe -com ponent

(instead ofthe G-invariantcom ponentthere),to see thatthe sim ilarestim ates in [22,

Theorem 2.6]stillholdshereon M c;c0 forthe-com ponent.

To bem oreprecise,by Proposition 1.2,oneknowsthatthereexistsT > 0 such that

forany T > T,D
L
@M c;c0;T

isinvertible.

From (1.21)forD L
@M c;c0;T

and (1.43),and by thesam eargum entasin theproofof[22,

Proposition 2.4],we get:there existsan open neighborhood U of@M c;c0 and constants

T0 > 0,C,C1 > 0 such thatforany T > T0 and s 2 
0;�(M c;c0;L)
,with supp(s)� U

and P> 0;�;T sj@M c;c0
= 0,thefollowing inequality holds,

kD L
Tsk

2

0
> C

�

kD L
sk2

0
+ (T � C1)ksk

2

0

�

:(1.48)

On theotherhand,by (1.44)oneknowsthatforany s2 
0;�(M c;c0;L)
,onehas

�
D

L
T

�2
s= F

L
T s:(1.49)

By theseand by theabovediscussionsoneseesthatthereexistC 0> 0,b> 0 such that

forany T > T and any s2 
0;�(M c;c0;L)
 such thatP> 0;�;T (sj@M c;c0

)= 0,onehas


D

L
Ts

2

0
> C

0

�
D

L
s

2

0
+ (T � b)ksk20

�

:(1.50)

By taking T > T su� ciently large in (1.50),one gets (1.41),which com pletes the

proofofTheorem 1.7 and thusTheorem 0.1. �
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R em ark 1.10.Ifthezero setofX H = 2�M iscom pact,then Theorem 0.1 isknown in

[17]and [25]already.

R em ark 1.11.OurproofofTheorem 0.4in thefollowingtwosectionsfollowsthesim ilar

line ofthe argum entsasin the above proofofTheorem 0.1. However,we have to deal

with m oresubtledeform ationsand estim ates,som eofwhich arehighly non-trivial.See

thenexttwo sectionsform oredetails.

2.Q uantization for proper moment maps: a proof of T heorem 0.4

In thissection,we prove Theorem 0.4 m odulo a vanishing resultTheorem 2.4 which

willbeproved in Section 3.

Thissection isorganized asfollows:In Section 2.1,wegiveareform ulation ofTheorem

0.4 asTheorem 2.3.In Section 2.2,we statea vanishing resultTheorem 2.4 away from

��1 (0).In Section 2.3,wegivea proofofTheorem 2.3 by using Theorem 2.4.

2.1.A reform ulation ofT heorem 0.4. Forconvenience,werecallthebasicsetting.

Let(M ;!),(N ;!N )betwosym plecticm anifoldswith sym plecticform s!;!N respec-

tively.W eassum ethatN iscom pact.

Let (L;hL) be a Herm itian line bundle on M with Herm itian connection r L,and

(F;hF )a Herm itian linebundleon N with Herm itian connection r F .LetR L = (r L)2,

R F = (r F )2 betheassociated curvatures.

W esupposethat

! =

p
� 1

2�
R
L
; !

N =

p
� 1

2�
R
F
:(2.1)

LetJM ;JN bealm ostcom plexstructureson TM ;TN respectively such that!(� ;JM � )

de� nesa m etricgTM on TM ,and !N (� ;JN � )de� nesa m etricgTN on TN .

LetG be a com pactconnected Lie group with Lie algebra g,and g adm itsan AdG -

invariantm etric. Suppose thatG acts(by left)on M ; N and itsactionson M ; N lift

on L and F respectively. M oreover,we assum e thatthe G-action preserves the above

m etricsand connectionson TM ;TN ;L;F and JM ;JN .

Forany K 2 g,letK M 2 C 1 (M ;TM )denotethevector� eld generated by K on M .

Recallthatthem om entm ap � :M ! g
� hasbeen de� ned in (0.3).Let� :N ! g

� be

them om entm ap de� ned in thesam eway for(N ;!N )and (F;hF ;r F ).

W e willuse the sam e notation forthe naturalextension ofthe objects on M ,N to

M � N .In particular,L 
 F istheHerm itian linebundleon M � N induced by L and

F with theHerm itian connection induced by r L;r F .

The G-action on M � N isde� ned by g� (x;y)= (gx;gy)for(x;y)2 M � N . W e

de� nethesym plectic form 
 and thealm ostcom plex structureJ on M � N by


(x;y) = !x + !
N
y ; J = (JM ;JN ):(2.2)

Theinduced m om entm ap � :M � N ! g
� isgiven by

�(x;y)= �(x)+ �(y):(2.3)

Recallthatwehaveassum ed thatthem om entm ap � :M ! g
� isproper.SinceN is

com pact,oneseesthatthem om entm ap � isalso proper.
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Recallthatforany  2 bG,theindex Q(L
 F) hasbeen de� ned by applyingTheorem

0.1 on M � N ,while Q((L 
 F))isthe quantization num berde� ned in [16]which by

[17,x7.4],can bede� ned asfollows.

If is a regular value ofthe m om ent m ap �,then one can construct the M arsden-

W einstein sym plectic reduction ((M � N );
),where (M � N ) = ��1 (G � )=G isa

com pactorbifold.M oreover,L
 F (resp.J)inducesaprequantized linebundle(L
 F)

(resp. an alm ost com plex structure J) over ((M � N );
). One then constructs

the associated Spinc-Dirac operator(twisted by (L 
 F)) on (M � N ) whose index

Q((L 
 F))asin (0.5)iswell-de� ned.

If 2 bG isnota regularvalueof�,then take a 2 g
� su� ciently close to  such that

a isa regularvalueof�,and by replacing  by a,we gettheindex Q((L 
 F)a).Fora

a regularvalue of� and close enough to ,Q((L 
 F)a)doesnotdepend on a and we

denoteitasQ((L 
 F)).

The following result can be viewed as a quantization form ula for the  = 0 (or G-

invariant)com ponent.

T heorem 2.1.The following identity holds,

Q (L
 F)
= 0

= Q

�

(L
 F)
= 0

�

:(2.4)

Proof.IfM is com pact,this is the Guillem in-Sternberg conjecture proved in [15]and

[16].

In the generalcase,forany two regularvaluesc0 > c> 0 ofj�j2,letQ
(M �N )c;c0

A P S (L 


F;�)= 0 be the APS type index de� ned in Section 1.5 forthe currentsituation,where

(M � N )c;c0 = fx 2 M � N :c6 j�(x)j2 6 c0g.Then by [22,Theorem 4.3],one� nds

Q
(M �N )c;c0

A P S (L 
 F;�)= 0 = 0:(2.5)

By Theorem s0.1,1.4,(1.40)and (2.5),and by taking c0 > 0 large enough,one sees

thatforany regularvaluec> 0 ofj�j2,onehas

Ind= 0

�

�
(M �N )c

L
F;�

�

= Ind= 0

�

�
(M �N )c0

L
F;�

�

= Q (L
 F)
= 0

;(2.6)

where(M � N )c = f(x;y)2 M � N :j�j2 6 cg,and sim ilarly for(M � N )c0.

If0 is a regular value of�,then from [22,Theorem 4.3],Q
(M �N )c

A P S
(L 
 F;�)= 0 =

Q

�

(L
 F)
= 0

�

.From Theorem 1.4,(2.6),weget(2.4).

On the otherhand,ifwe take c > 0 sm allenough so thatthere isno criticalpoint

ofj�j2 besides ��1 (0),then by [17,Prop. 7.10]and [18]one knows thateven if0 is a

singularvalueof�,

Ind= 0

�

�
(M �N )c

L
F;�

�

= Q

�

(L
 F)
= 0

�

:(2.7)

From (2.6)and (2.7),onegets(2.4)which com pletestheproofofTheorem 2.1. �

R em ark 2.2.SeeRem ark 2.8 foran outlineofan analyticproofof(2.7).

By Theorem 2.1,onecan reform ulateTheorem 0.4 asfollows.
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T heorem 2.3.The following identity holds,

Q (L
 F)
= 0

=
X

2 bG

Q(L) Q (F)
�
:(2.8)

In therestofthissection,wewillpresenta proofofTheorem 2.3 m odulo a vanishing

resultaway from ��1 (0),which willbe stated in the nextsubsection and proved in the

nextsection.

2.2.A vanishing resultaw ay from ��1 (0). In thissection,westateavanishingresult

which can be thoughtofthe � rststep in the two stepsdeform ation proofofTheorem

2.3.

W eusetheAdG -invariantm etricon g to identify g and g
�.LetVi,16 i6 dim G,be

an orthonorm albasisofg,then wecan writethem om entm aps� and � as

� =

dim GX

i= 1

�iVi; � =

dim GX

i= 1

�iVi:(2.9)

For any 1 6 i 6 dim G, denote by V M
i ;V N

i ;V
M �N
i the Killing vector � elds on

M ;N ;M � N induced by Vi respectively.Then oneveri� eseasily from (0.4)that

V
M �N
i =V M

i + V
N
i ;

�
d
M
�i
��
=JM V M

i ;
�
d
N
�i
��
= J

N
V
N
i :

(2.10)

LetD L
F :
0;�(M � N ;L 
 F)! 
0;�(M � N ;L 
 F)be the Spinc Dirac operator

on M � N (cf.Section 1.6,(1.5)).

By Sard’stheorem ,the setofcriticalvaluesofthe functionsj�j2 and j�j2 on M � N

hasm easure zero in R.Especially,forany C > 0,thereexistsC 0> C such thatC 0isa

regularvalueforthefunctionsj�j2 and 1

2
j�j2 on M � N .

AsN isa com pactm anifold,thereexistsC0 > 0 such thatj�j6 C0 on N .

ForA > 6C 2
0
largeenough which isa regularvalue ofthefunctionsj�j2 and 1

2
j�j2 on

M � N ,wede� ne

M =f(x;y)2 M � N ;j�(x)j2 > A;j�(x;y)j2 6 2Ag� M � N ;

M A =fx 2 M ;j�(x)j2 6 Ag; @M A = fx 2 M ;j�(x)j2 = Ag;

M 1 =f(x;y)2 M � N ;j�(x)j2 = Ag;

M 2 =f(x;y)2 M � N ;j�(x;y)j2 = 2Ag:

(2.11)

By ourchoiceofA,weknow thatM 1,M 2 aresm ooth sub-m anifoldsofM � N .M ore-

over,as

j�j2 = j�j2 + j�j2 + 2h�;�i(2.12)

and A > 6C 2
0,we know that M 1 \ M 2 = ;.7 Thus M is a sm ooth m anifold with

boundary @M and

@M = M 1 [ M 2; M 1 = @M A � N :(2.13)

7Indeed,by (2.12),onegetsj�j> j�j� C0.Thus,ifj�j
2 = 2A,then j�j> A 1=2+ ((

p
2� 1)A 1=2� C0)>

A 1=2 when A > 6C 2
0.
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W e willintroduce a deform ation ofthe vector � eld
P

dim G

j= 1
�j(V

M
j + V N

j )on M 1 to

thevector� eld
P

dim G

j= 1
�j(V

M
j + V N

j )on M 2,where �j = �j + �j,j= 1;� � � ;dim G,are

thecoordinatesof� associated to thebasisVj,j= 1;� � � ;dim G,ofg.

Let j,j= 1;� � � ;dim G,besm ooth functionson M such thatthereexistsa strictly

positivefunction ’ 2 C 1 (@M )such that

 j(x;y)=

(

’(x;y)�j(x;y) on M 1;

’(x;y)�j(x;y) on M 2:
(2.14)

LetX � bethevector� eld on M de� ned by

X
� =

dim GX

j= 1

 j
�
V
M
j + V

N
j

�
:(2.15)

Asj�j2 and j�j2 areG-invariantfunctionson M � N ,M 1 and M 2 areG-subm anifolds

with boundary ofM � N ,in particular,

V
M �N
j (x;y)2 T@M ; X

�(x;y)2 T@M ; for (x;y)2 @M :(2.16)

AsA isa regularvalueofthefunctionsj�j2 and 1

2
j�j2 on M � N ,weknow that

X
� =

(

’
P

dim G

j= 1
�j
�
V M
j + V N

j

�
6= 0 pointwiseoverM 1;

’
P

dim G

j= 1
�j
�
V M
j + V N

j

�
6= 0 pointwiseoverM 2:

(2.17)

ThusX � isnowhere zero on @M .

Clearly,X � isinduced on M by theG-equivariantm ap eX � :M ! g de� ned by

eX
� =

dim GX

j= 1

 jVj:(2.18)

W ecan now statethem ain resultofthissubsection asfollows.

T heorem 2.4.W hen A > 0 is large enough,there existfunctions j,1 6 j 6 dim G,

verifying the above properties,such thatthe following identity for the APS type index

holds,

Q
M
A P S

�

L 
 F;eX
�

�= 0
= 0:(2.19)

TheproofofTheorem 2.4 willbegiven in thenextsection.

2.3.A proofofT heorem 2.3. W econtinuethediscussion in theprevioussubsection.

DenotebyM1 = M A � N = f(x;y)2 M � N :j�(x)j2 6 Ag,M2 = f(x;y)2 M � N :

j�(x)j2 6 2Ag. Then M1,M2 are subm anifolds with boundary ofM � N such that

@Mi= M i,i= 1;2.RecallalsoM2 = M1 [ M .

Let :M2 ! g be a G-equivariantm ap such thatthe induced vector� eld  M2 on

M2 veri� es 
M2jM = X �.Theexistence of isclear.

From (2.17),thepositivity of’ on @M and theadditivity ofthetransversalindex (cf.

[1,Theorem 3.7,x6]and [17,Prop.4.1]),onehas,

Ind= 0
�
�

M2

L
F; 

�
= Ind= 0

�

�
M

L
F; eX �

�

+ Ind= 0
�
�

M1

L
F; 

�
:(2.20)
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From Theorem s1.4,2.4 and (2.20),onegets

Ind= 0
�
�

M2

L
F; 

�
= Ind= 0

�
�

M1

L
F; 

�
:(2.21)

Lem m a 2.5.The following identitieshold

Ind= 0
�
�

M1

L
F; 

�
= Ind= 0

�
�

M1

L
F;�

�
;

Ind= 0
�
�

M2

L
F; 

�
= Ind= 0

�
�

M2

L
F;�

�
:

(2.22)

Proof.Forany t2 [0;1],set�t = (1� t) + t�,�t = (1� t) + t�. Let�
M1

t ,�
M2

t be

the induced vector� eldson M1,M2 respectively. Then by (2.17)and the positivity of

’,one seesthat�
M1

t (resp. �
M2

t )isnowhere zero on @M1 = M 1 (resp. @M2 = M 2).

Form ula (2.22)then followsfrom the hom otopy invariance ofthe transversalindex (cf.

[1,Theorem s2.6,3.7]and [17,x3]). �

Recallthatby ourassum ption,theinduced vector� eld �M of� :M ! g isnowhere

zero on @M A .

Proposition 2.6.The following identity holds,

Ind= 0
�
�

M1

L
F;�

�
=
X

2 bG

Ind
�
�
M A

L;�

�
Q (F)

�
:(2.23)

Proof.Proposition 2.6can beproved byusingthehom otopyinvarianceofthetransversal

index.Here,wewilldevelop an analyticproof.

Recallthat�M �N denotesthevector� eld generated by � on M � N .Onehas

�
M �N =

dim GX

j= 1

�j
�
V
M
j + V

N
j

�
:(2.24)

Forany t2 [0;1],wede� nethedeform ation

�
M1(t)=

dim GX

j= 1

�j
�
V
M
j + (1� t)VNj

�
:(2.25)

Forany t2 [0;1],T > 0,wede� nethefollowing Diractypeoperatorsasin (1.13),

D
L
F

T
(t)=D L
F +

p
� 1T

2
c
�
�

M1(t)
�

:
0;�(M1;L 
 F)! 
0;�(M1;L 
 F);

D
L
F

�;T (t)=D L
F

T (t)j


0;even

odd (M1;L
F )
:

(2.26)

Let (D L
F

+ ;T (t);P> 0;+ ;T(t)) denote the canonically associated (elliptic) APS boundary

valueproblem de� ned sim ilarly asin Section 1.2.LetInd= 0(D
L
F

+ ;T (t);P> 0;+ ;T(t))denote

theG-invariantpartofthecorresponding index.

Lem m a 2.7.ThereexistsT0 > 0 such thatforany T > T0,Ind= 0(D
L
F

+ ;T (t);P> 0;+ ;T(t))

doesnotdepend on t2 [0;1].
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Proof.ForanyT > 0,t2 [0;1],letD L
F

@M1;T
(t)betheDiractypeoperatorontheboundary

@M1 induced by D
L
F

T
(t)(cf.(1.14)).

In view ofSection 1.4, in order to prove Lem m a 2.7, we need only to show that

thereexistsT0 > 0 such thatwhen restricted to thesubspace ofG-invariantsectionsof


0;�(M1;L 
 F)j@M1
,D L
F

@M1;T
(t)isinvertibleforany T > T0,t2 [0;1].

On M 1,set

X (t)=
h�M1(t);�M �N i

j�M �N j2
�
M �N

; Y (t)= �
M1(t)� X (t):(2.27)

Then X (t),Y (t)areperpendicularto each other.M oreover,oneveri� esthatthefollow-

ing identity holdson M 1,

jX (t)j=

�
�
�
P

dim G

i= 1
�iV

M
i

�
�
�
2

+ (1� t)

�
�
�
P

dim G

i= 1
�iV

N
i

�
�
�
2

��
�
�
P

dim G

i= 1
�iV

M
i

�
�
�

2

+

�
�
�
P

dim G

i= 1
�iV

N
i

�
�
�

2
� 1=2

> cA > 0(2.28)

forsom epositiveconstantcA which m ightdepend on A.

Now wewriteD L
F

@M 1;T
(t)explicitly as,in view of(1.14),

(2.29) D
L
F

@M1;T
(t)= D

L
F

@M1
�

p
� 1T

2
c(edim M )c

�
�

M1(t)
�

= D
L
F

@M1
�

p
� 1T

2
c(edim M )c(Y (t))�

p
� 1T

2
c(edim M )c(X (t)):

Then asX (t),Y (t)2 T@M1 areperpendicularto each other,onehas

(2.30)
�
D

L
F

@M1;T
(t)
�2
= �

p
� 1T

2

�
D

L
F

@M1
;c(edim M )c(X (t))

�

+
T2

4
jX (t)j

2
+

�

D
L
F

@M1
�

p
� 1T

2
c(edim M )c(Y (t))

� 2

:

By (2.28)and proceedingsim ilarly asin theproofofProposition 1.2,especially (1.18),

(1.19),one getsthatthere existT0 > 0 and C > 0 such thatforany T > T0,t2 [0;1]

and any G-invariantsection s of
0;�(M1;L 
 F)j@M1
,onehas

��

�

p
� 1

2

�
D

L
F

@M1
;c(edim M )c(X (t))

�
+
T

4
jX (t)j

2

�

s;s

�

> Chs;si:(2.31)

From (2.31),oneseesthatforany T > T0,t2 [0;1],when restricted tothesubspaceof

G-invariantsectionsof
0;�(M1;L
 F)j@M1
,D L
F

@M1;T
(t)isinvertible,thus(D L
F

+ ;T
(t);P> 0;+ ;T)

form a continuousfam ily ofFredholm operators,which im pliestheconstancy oftheas-

sociated index.TheproofofLem m a 2.7 isthuscom pleted. �

Com ing back to theproofofProposition 2.6.Let�M A =
P

dim G

i= 1
�iV

M A

i bethevector

� eld on MA induced by � :M ! g.By (2.25),onehas

�
M1(1)=

dim GX

i= 1

�iV
M
i = �

M A ; on M1:(2.32)
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Now wedeform insideM A (leavingthedataon@M A unchanged)inG-invariantm anner

them etricsand connectionsaswellas�M A tothesituation thateverything isofproduct

naturenear@M A .W edenotealso thespinorS(TM A)ofM A (associated to theproduct

m etricneartheboundary now)obtained from � (T�(0;1)M ).Then when taking product

with N ,we also deform things on M1 to a situation which is ofproduct nature near

@M1 = M 1 = @M A � N .

W ethen attach an in� nitecylinder@MA � [0;+1 )along theboundary @MA and ex-

tend everything in M A to thenow com pletem anifold fM A with cylindricalend,and �
fM A

isconstantalong thedirection [0;+1 ).By taking productwith N ,wegetsim ilarcon-

struction fM1 forM1.W edenotetheextended subjectson theobtained m anifoldswith

cylindricalend by a \e" m odifying notation.Then S(T fM1)= S(T fM A)
 � (T�(0;1)N ).

Now sinceforT > T0,D
L
F

@M1;T
(1)isinvertibleon thesubspaceofG-invariantsubspace,

thestandard argum entsin [2,Prop.3.11]show that

eD
eL
F

+ ;T
= eD

eL
F
+ +

p
� 1T

2
c

�

�
fM A

�

:L2

�
fM1;S+ (T fM1)
 eL 
 F

�G
! L

2

�
fM1;S� (T fM1)
 eL 
 F

�G
;

(2.33)

where we use the superscript G to denote the subspace ofG-invariant sections,is a

Fredholm operator.M oreover,itsindex equalsto Ind= 0(D
L
F

+ ;T (1);P> 0;+ ;T(1)).

Lete1;� � � ;edim M (resp. f1;� � � ;fdim N )denote the orthonorm albasisofTM A (resp.

TN ).Then wecan write

eD
eL
F

T
=

dim MX

i= 1

c(ei)r
S(T fM1)
 eL
F
ei

+

p
� 1T

2
c

�

�
fM A

�

+

dim NX

j= 1

c(fj)r
S(T fM1)
 eL
F

fj
;(2.34)

where
P

dim M

i= 1
c(ei)r

S(T fM1)
 eL
F
ei +

p
�1T

2
c(�

fM A )(resp.
P

dim N

j= 1
c(fj)r

S(T fM1)
 eL
F

fj
)islifted

from a corresponding operatoron fM A (resp.N )denoted by eD
eL
T (resp.D F ).

By (2.34),onehas
�
eD

eL
F

T

�2
=

�
eD

eL
T

�2
+
�
D

F
�2
:(2.35)

from which onegets

KerL2

�
eD

eL
F

T

�

= KerL2

�
eD

eL
T

�


 Ker
�
D

F
�
:(2.36)

Since N iscom pact,dim (KerD F )isof� nite dim ension.From (2.33),(2.36)and the

standard argum ents in [2,Prop. 3.11],one then deduces that when T > 0 is large

enough,

Ind= 0
�
D

L
F

+ ;T
(1);P> 0;+ ;T(1)

�
=
X

2 bG

Q
M A

A P S
(L;�)


� Q(F)� :(2.37)

By taking A > 0 large enough,from Theorem 1.4,Lem m a 2.7 and (2.37),one gets

(2.23),which com pletestheproofofProposition 2.6. �

From (2.21)-(2.23)and by taking A > 0 large enough,in view ofTheorem s1.4 and

1.7,onegets(2.8)which com pletestheproofofTheorem 2.3.
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TheproofofTheorem 0.4 isthusalso com pleted.

R em ark 2.8.By com bining theargum entin thissubsection with thoseof[21]and [22],

oneisabletogetanew proofof(2.7).Indeed,ifc> 0isaregularvalueofj�j2,fora 2 g
�

closeenough to 02 g
� which isa regularvaluefor�,letOa betheco-adjointorbitofa

and considerthem om entm ap �a :(M � N )c� Oa ! g
� de� ned by �a(x;y)= �(x)� y

forx 2 (M � N )c and y 2 O a.Then asjajissm allenough,dj�taj
2,t2 [0;1],arenowhere

zero on @(M � N )c� Oa.Onecan then usetheargum entin thissubsection torelatethe

G-invariantAPS typeindex on (M � N )c tothaton (M � N )c� Oa,which in turn leads

to thecontribution on ��1a (0)=G = ��1 (Ga)=G,by com bining theargum entsin [22]and

[21].

3.Vanishing result: a proof of T heorem 2.4

In thissection,wewillestablish ourvanishingresult,Theorem 2.4.Assum ethatX � is

a suitablevector� eld on M (depend on theparam eterA)in (2.15)deform ing �M �N on

M 1 to�
M �N on M 2,weneed toprovethatwhen T > 0islargeenough,theG-invariant

com ponentoftheAPS typeindex ofthedeform ed DiracoperatorD M
T in (3.9)on M is

zero.In fact,wewillprovethatafterwe� x A largeenough,therestriction ofDMT with

APS boundary condition on theG-invariantsectionsisinvertible forT largeenough.

AsX � isnowhere zero on @M ,by the argum ent of(1.48)(cf. [22,Prop. 2.4]),we

havean estim ate(3.117)forD M
T on an open neighborhood of@M sim ilarto (1.48).By

thegluing argum entasin [4,p.115-116],ifweestablish thelocalestim ate(3.94)inside

M ,then wecan concludeTheorem 2.4.

Asweareinterested intherestrictionofD
M ;2

T totheG-invariantsubspaceof
0;�(M ;L


F),wewilltaketheterm  jLVj in (3.11)aszero.Ifz =2 zero(X �)= fz2 M ;X �(z)= 0g,

then from theBochnertypeform ula (3.11),theterm T 2

4
jX �j2 istheleading term and we

geteasily (3.94). Ifz 2 zero(X �),then we hope to adaptthe argum entin [20,x2b]to

getthelocalestim ate around z.Basically,we hope j�j willbea positive term ,and it

willcontrolallthetensorsin (3.11).Asthereisno assum ption on thevector� eldsVMj
and theircovariantderivativeson M ,wecan notexpectto getourestim ateby a sim ple

argum ent.TocontrollocallythecovariantderivativesofV M
j in (3.11)nearz2 zero(X �),

wewillusetheharm onicoscillatorargum entfrom [20,x2b)],thusweliketoim posethat

thevector� led  jV
M
j isa Ham iltonian vector� eld along thedirection M .

As N is com pact, the tensor V N
j and their derivatives are bounded. Thus if on

zero(X �),we can control
p
� 1(I1 + I2) which involve V M

j and (dM  j)
� in (3.10) by

 j�j,then basically,we can achieve ourlocalestim ate. W hatwe prove in Proposition

3.11(whoseproofoccupiesfrom Section 3.3untilSection 3.7)isthatforourchoice j in

(3.4),
p
� 1(I1+ I2)isbounded from below uniform lyon A > A 0,anyregularvalueofj�j

2

and 1

2
j�j2,and on zero(X �)� M . M oreover j�j ’ j�j2 > A on M ,thuswhen A > 0

islargeenough,theterm 2� j�j willreally controlthetensorswhich do notinvolvethe

derivative ofV M
j in (3.11).In thisway,we can obtain thelocalestim ate (3.94)around

each z2 zero(X �).Now from thegluing argum entof[4,p.115-116],(3.94)and (3.117),

weget(3.118),which im ply theinvertibility oftherestriction oftheoperatorD M
T with

APS boundary condition to theG-invariantpart.Especially weestablish Theorem 2.4.
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Thissection isorganized asfollows.In Section 3.1,we propose a construction ofthe

deform ed vector � eld X� in (2.15) which depends on two functions �;�. In Section

3.2,weestablish a Bochnertypeform ula (3.11)fortheDiracoperatordeform ed by X �.

In Section 3.3,we study the relation on the zero set ofX � in M ofthe vector � elds

generated by the group action,and in Section 3.4,we study the asym ptotics ofthe

functions appeared in the above relations when the param eter A ! +1 . In Section

3.5,wecom puteprecisely thetensorsinvolving thevector� eld VMj and (dM  j)
� on the

zero setofX � in the Bochnerform ula (3.11). In Section 3.6,we study the coe� cients

appeared in thecom putation in Section 3.5.In Section 3.7,weprovein Proposition 3.11

thatthe sum ofthe tensorsinvolving the vector� eld VMj and (dM  j)
� on the zero set

ofX � in the Bochner form ula isuniform ly bounded from below forour choice  j. In

Section 3.8,underthehelp ofProp.3.11,forA largeenough � xed,weestablish thelocal

estim atearound each pointinsideM .Finally in Section 3.9,weproveTheorem 2.4.

W eusethenotation asin Section 2,and when a subscriptindex appearstwo tim esin

a form ula,wesum up with thisindex.

3.1.T he construction ofthe deform ed vector �eld. W e� rstspecify thedeform a-

tion vector� eld used in Section 2.2.

Lete�;e� 2 C 1 (R)besuch that

e�(t)=

(

t2; for t6 1

3
;

1; for t> 2

3
;

e�(t)=

(

1� t3; for t6 1

3
;

2(1� t); for t> 2

3
;

e�(t)+ e�(t)>
29

27
; e�

0(t)< 0; for
1

3
6 t6

2

3
:

(3.1)

Theexistenceofe�;e� iseasy tosee.Forexam ple,onem ay sete�0(t)= t2,e�0(t)= 1� t3

on t6 3

8
;e�0(t)= 1,e�0(t)= 2(1� t)on t> 5

8
;and e�0,e�0 are linearon

3

8
6 t6 5

8
.By

an approxim ation argum entfrom e�0,e�0,onegetse�;e� verifying (3.1).

ForA > 0,set

�(t)= e�

�
t

A
� 1

�

; �(t)= e�

�
t

A
� 1

�

:(3.2)

Let� 2 C 1 (M � N ),� :M � N ! g
� ’ g bede� ned by

� = j�j2 + �
�
j�j2

� �
j�j2 � j�j2

�
; � = � � �(�)�:(3.3)

RecallthatV1;� � � ;Vdim G isan orthonorm albasisofg,V M
i ;V N

i aretheKilling vector

� eldson M ;N induced by Vi.Forany function Q with valuesin g,wewilldenoteQ i its

i-com ponentwith respectto thebasefVig.Set
8

j =2
�
1+ �

0
�
j�j2

� �
j�j2 � j�j2

��
�j + 2�(j�j2)�j;

 j =2�j � 2�0(�)�i�ij:
(3.4)

LetX � bethevector� eld on M in (2.11)de� ned by

X
� =  j

�
V
M
j + V

N
j

�
:(3.5)

8SeeLem m a 3.7 fora possible m otivation ofintroducing the  j’shere.
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Then oneveri� es,

X
� =2�j

�
V
M
j + V

N
j

�
on M 1;

X
� =

�

2+
8

A
�i�i

�

�j
�
V
M
j + V

N
j

�
on M 2:

(3.6)

W ecan now statethem ain resultofthissection,which preciseTheorem 2.4,asfollows.

T heorem 3.1.W hen A > 0 large enough isa regularvalue forboth j�j2 and 1

2
j�j2,X �

isnowhere zero on M 1 and M 2.M oreover,we have

Q
M
A P S (L 
 F;X

�)
= 0

= 0:(3.7)

W edevotetherestofthissection to theproofofTheorem 3.1.

3.2.A B ochner type form ula for the deform ation by X �. W e will� x the sym -

plectic form !M and the alm ost com plex structure JM on M induced from M � N .

Then theassociated Riem annian m etricgTM isalso induced by gTM and gTN .Letr TM

betheLevi-Civita connection on (M ;gTM ).

Forany function  on M � N ,we denote by dM  ,dN  itsdi� erentialalong M ;N

respectively.

W edenotealso V M
j theKilling vector� eld on M induced by Vj 2 g,then

V
M
j = V

M �N
j = V

M
j + V

N
j :(3.8)

Let r T (1;0)M ,r T (1;0)N be the connections on T(1;0)M ,T(1;0)N induced by the Levi-

Civita connections r TM ,r TN as explained in Section 1.6. Let r � 0;�

be the Herm it-

ian connection on � (T�(0;1)(M � N ))
 L 
 F induced by the Cli� ord connections on

� (T�(0;1)M )and on � (T�(0;1)N )and theconnectionsr L,r F .

D e�nition 3.2.ForT 2 R,letD M
T betheoperatorde� ned by

D
M
T = D

L
F +

p
� 1T

2
c(X �):
0;�(M ;L 
 F)! 
0;�(M ;L 
 F):(3.9)

Recallthatwhen a subscriptindex appearstwo tim esin a form ula,we sum up with

thisindex.Set

I1 =
1

4
c
��
d
M
 j
���

c
�
V
M
j + 2V N

j

�
+
1

2
c
��
d
N
 j
���

c
�
V
M
j

�
;

I2 =
1

4

��

1+
JM
p
� 1

�

V
M
j ;

�
d
M
 j
��
�

;

I3 =
1

2
c
��
d
N
 j
���

c
�
V
N
j

�
:

(3.10)

Let fekg
dim M
k= 1 (resp. ffig

dim N
i= 1 ) be an orthonorm alfram e ofTM (resp. TN ),then

feag
dim M
a= 1 := fekg[ ffig isan orthonorm alfram eofTM .

Thefollowing Bochnertypeform ula holdsfor(D M
T )2.
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T heorem 3.3.The following Bochnertype form ula holds

(3.11) D
M ;2

T
= D

L
F;2 +

p
� 1T

4

dim MX

k= 1

c(ek)c
�
r TM

ek

�
 jV

M
j

��

+

p
� 1T

4

dim NX

i= 1

c(fi)c
�
r TN

fi
V
N
j

�
 j �

p
� 1T

2
Tr

h

r T (1;0)M
�
 jV

M
j

�
jT (1;0)M

i

�

p
� 1T

2
 jTr

h

r T (1;0)N
V
N
j jT (1;0)N

i

+ 2�T j�j �
p
� 1T jLVj +

T2

4
jX �j2 +

p
� 1T (I1 + I2 + I3):

Proof.Forany 16 a 6 dim M ,itisclearthat

r � 0;�

ea
c(X �)= c(X �)r � 0;�

ea
+ c

�
r TM

ea
X

�
�
:(3.12)

By (3.9),(3.12),wehave

(3.13)

D
M ;2

T = D
L
F;2 +

p
� 1T

2

dim MX

a= 1

�

c(ea)r
� 0;�

ea
c(X �)+ c(X �)c(ea)r

� 0;�

ea

�

+
T2

4
jX �j2

= D
L
F;2 +

p
� 1T

2

dim MX

a= 1

c(ea)c
�
r TM

ea
X

�
�
�
p
� 1Tr�

0;�

X � +
T2

4
jX �j

2
:

By [20,Lem m a 1.5],

(3.14) r � 0;�

V M

j

= LVj + 2�
p
� 1(�;Vj)

+
1

4

dim MX

a= 1

c(ea)c
�
r TM

ea
V
M
j

�
+
1

2
Tr

h

r T (1;0)M
V
M
j jT (1;0)M

i

:

Thusby (3.5),(3.14),

(3.15) r � 0;�

X � =  jLVj + 2�
p
� 1 j�j

+
1

4

dim MX

k= 1

c(ek)c
�
r TM

ek
V
M
j

�
 j +

1

4

dim NX

i= 1

c(fi)c
�
r TN

fi
V
N
j

�
 j

+
1

2
 jTr

h

r T (1;0)M
V
M
j jT (1;0)M

i

+
1

2
 jTr

h

r T (1;0)N
V
N
j jT (1;0)N

i

:

Thusfrom (3.5),(3.10),(3.14)and (3.15),weget

(3.16) r � 0;�

X � =  jLVj + 2�
p
� 1 j�j +

1

4

dim MX

k= 1

c(ek)c
�
r TM

ek

�
 jV

M
j

��

+
1

4

dim NX

i= 1

c(fi)c
�
r TN

fi
V
N
j

�
 j �

1

4
c
��
d
M
 j
���

c
�
V
M
j

�

+
1

2
Tr

h

r T (1;0)M
�
 jV

M
j

�
jT (1;0)M

i

+
1

2
 jTr

h

r T (1;0)N
V
N
j jT (1;0)N

i

� I2:
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Also by (3.5),

(3.17)

1

2

dim MX

a= 1

c(ea)c
�
r TM

ea
X

�
�
=
1

2

dim MX

k= 1

c(ek)c
�
r TM

ek

�
 jV

M
j

��
+
1

2
c
��
d
M
 j
���

c
�
V
N
j

�

+
1

2

dim NX

i= 1

c(fi)c
�
r TN

fi
V
N
j

�
 j +

1

2
c
��
d
N
 j
���

c
�
V
M
j + V

N
j

�
:

By (3.10),(3.13),(3.16)and (3.17),theproofofTheorem 3.3 iscom pleted. �

3.3.R elations betw een term s in (3.11) near zero(X �): Part 1. In thissubsec-

tion,aswellasthenexta few subsections,weestablish certain form ulasconcerning the

relationshipsbetween theterm sappearing in (3.11),on thezero setofX � in M .These

relationsarecrucialfortheproofofTheorem 3.1.

Set

�1 =1+ �
0(j�j2)(j�j2 � j�j2);

�2 =1� 2�0(�)�i�i�1;

�4 =1� �(�)� 2�0(�)�(j�j2)�i�i;

�5 =(1� �(�))�1 � �(j�j2)

=1� �(�)� �(j�j2)+ (1� �(�))�0(j�j2)(j�j2 � j�j2):

(3.18)

These functions appear naturally on zero(X �),as is clear from the following (3.19)

and Lem m a 3.4.

From (3.4),(3.18),onegets

j = 2�1�j + 2�(j�j2)�j:(3.19)

From (3.4),(3.18)and (3.19),onesees

 j = 2�j + 2(1� �(�))�j� 2�0(�)�i�i
�
2�1�j + 2�(j�j2)�j

�

= 2�2�j + 2�4�j:
(3.20)

Lem m a 3.4.On zero(X �)= fx 2 M :X �(x)= 0g,we have

�2�jV
M
j = � �4�jV

M
j ; �2jV

M
j = � 2�5�jV

M
j ;(3.21)

and

�2�jV
N
j = � �4�jV

N
j ; �2jV

N
j = � 2�5�jV

N
j ; �2�jV

N
j = (�2 � �4)�jV

N
j :(3.22)

Proof.By (2.15),oneseesthat

X
� = 0 ifand only if

X

j

 jV
M
j = 0 and

X

j

 jV
N
j = 0:(3.23)

From (3.20),the equation
P

j
 jV

M
j = 0 in (3.23)isequivalentto the � rstequation

of(3.21).
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By (3.18),(3.19)and the� rstequation of(3.21),wehaveon zero(X�),

(3.24) �2jV
M
j = 2�1�2�jV

M
j + 2�(j�j2)�2�jV

M
j

= � 2
��
1� �(�)� 2�0(�)�(j�j2)�i�i

�
�1 � �(j�j2)(1� 2�0(�)�i�i�1)

�
�jV

M
j

= � 2
�
(1� �(�))�1 � �(j�j2)

�
�jV

M
j = � 2�5�jV

M
j :

In thesam eway,by (3.20),
P

j
 jV

N
j = 0 in (3.23)isequivalentto the� rstequation

of(3.22).

By (2.3)and the� rstequation of(3.22),asin (3.24),wehave

�2jV
N
j =2�1�2�jV

N
j + 2�(j�j2)�2�jV

N
j = � 2�5�jV

N
j ;

�2�jV
N
j =�2�jV

N
j + �2�jV

N
j = (�2 � �4)�jV

N
j :

(3.25)

TheproofofLem m a 3.4 iscom pleted. �

3.4.Estim ates of�i;i= 1;2;4;5,w hen A > 0 is large. Recallthat�,� have been

de� ned in (3.2),(3.3).

Lem m a 3.5.There existsA 0 > 0 such thatforA > A 0,we have

A < � < 2A; on M n@M :(3.26)

Thus

0< �(�)< 1 on M n@M :(3.27)

M oreover,uniform ly on M and the param eterA,we have

�1 = 1+ O (A �1=2 ); �2 = 1+ O (A �1=2 );(3.28)

�4 = (1� �(�))(1+ O (A�1=2 ));(3.29)

�5 =
�
1� �(�)� �(j�j2)

�
(1+ O (A �1=2 )):(3.30)

Finally,forany A > A 0,we have

1� �(�)� �(j�j2)< 0 if(x;y)2 M n@M ;

= 0 if(x;y)2 @M :
(3.31)

Proof.AsN iscom pact,thereexistsC0 > 0 such that

j�j6 C0:(3.32)

From (2.11),(2.12)and (3.32),oneseesthaton M ,onehas

2A > j�j2 + j�j2 + 2h�;�i

> j�j2 + j�j2 �

�
1

3
j�j2 + 3j�j2

�

>
2

3
j�j2 � 2C2

0
:

(3.33)

From (3.33),oneknowsthatwhen A > 0 islargeenough,onehason M that

A
1=2

6 j�j<
p
3:5A 1=2

:(3.34)

From (2.3),(2.11),(3.1)-(3.3)and (3.34),one deduces thatforA > 0 large enough,

onealso has

j�j< 2A1=2;j�j2 � j�j2 = O (A 1=2);� = j�j2 + O (A 1=2)on M :(3.35)
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Ifj�j2 < 1:3A,then by (3.35),when A > 0 islargeenough,onehas� < 4A

3
.Then by

(3.1)-(3.3),onehasfor� < 4A

3
,

�

A
� 1=

�
j�j2

A
� 1

��

1+
1

A

�
j�j2

A
� 1

�

(j�j2 � j�j2)

�

=

�
j�j2

A
� 1

�

(1+ O (A �1=2 )):

(3.36)

Ifj�j2 > 1:3A,then by (3.35),onehas

� > A +
�
0:3A + O (A 1=2)

�
> 1:2A;(3.37)

when A > 0 islargeenough.

From (3.1),(3.2),(3.3),(3.35),(3.36)and (3.37),onegets(3.26)and (3.27).

From (2.11),(3.2),(3.3)and (3.32),onegets

j�j< 2A1=2 on M :(3.38)

From (3.2),(3.18),(3.32),(3.35)and (3.38),weget(3.28).

On theotherhand,ifj�j2 < 1:3A and A > 0 islargeenough so that� < 4A

3
,then by

(3.1)and (3.2),onehas

1� �(�)=

�
�

A
� 1

�3
;

�
0(�)= �

3

A

�
�

A
� 1

�2
; �

00(�)= �
6

A 2

�
�

A
� 1

�

:

(3.39)

From (3.1),(3.2),(3.32),(3.38)and (3.39),one� nds

�
0(�)�(j�j2)=(1� �(�))4=3O (A �1 );

�
00(�)�(j�j2)�i�i=(1� �(�))O (A�3=2 ):

(3.40)

By (3.32), (3.38) and (3.40), we see that (3.29) holds for A > 0 large enough and

j�j2 < 1:3A.

W hile ifj�j2 > 1:3A,by (3.37),when A > 0 is large enough,� > 1:1A,and thus

by (3.1) and (3.2), one has 1 � �(�) > 1 � �(1:1A) > 0, from which (3.29) holds

tautologically.

Theproofof(3.29)isthuscom pleted.

Ifj�j2 > 5A

3
,then from (3.1),

�(j�j2)= 1;�0(j�j2)= �
00(j�j2)= 0;(3.41)

from which,onegets

1� �(�)� �(j�j2)= � �(�); �5 = � �(�):(3.42)

Thusfrom (3.18)and (3.42),weget(3.30)and (3.31).

Now by (3.1),(3.2),(3.3)and (3.35),itisclearthatwhen A > 0 islargeenough,

�(�)= �
�
j�j2

�
+ �

0
�
j�j2

�
O
�
A
1=2
�
:(3.43)

Let0< �0 <
1

9
besuch that

e�(t)+ e�(t)>
28:5

27
; for

1� 2�0

3
6 t6

2

3
:(3.44)
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By (3.1),theexistence of�0 isclear.

If
(4�� 0)A

3
6 j�j2 6 5A

3
,then from (3.1),(3.43)and (3.44),one sees thatforA large

enough,

1� �(�)� �
�
j�j2

�
6 �

1

27
(3.45)

thuswegetagain (3.30)and (3.31)from (3.18).

Ifj�j2 <
(4�� 0)A

3
,then by (3.35),one seesthatwhen A > 0 islarge enough,one has

� < 4A

3
.Thus,by (3.1),(3.2),(3.36)and (3.39),onehas

�
0(j�j2)(1� �(�))=

�
j�j2

A
� 1

� ��
j�j2

A
� 1

�

(1+ O (A �1=2 ))

� 3

O (A �1 )

=

�
j�j2

A
� 1

� 4

O (A �1 );

1� �(�)� �(j�j2)= �

�
j�j2

A
� 1

�2�

1�

�
j�j2

A
� 1

�

(1+ O (A �1=2 ))

�

:

(3.46)

from which and (3.18)wegetagain (3.30)and (3.31).

Theproofof(3.30)and (3.31)isnow com plete,aswellasLem m a 3.5. �

Thefollowing Lem m a willalso beused in theproofofProposition 3.11.

Lem m a 3.6.There existsA 0 > 0 such thatforany A > A 0,

1<
(1� �(�))2 � �(j�j2)

1� �(�)� �(j�j2)
< 12 on M n@M :(3.47)

Proof.In fact,by (3.27)and (3.31),

(1� �(�))2 � �(j�j2)< 1� �(�)� �(j�j2)< 0 on M n@M :(3.48)

Thusweneed to provethat

11� 10�(�)� 11�(j�j2)� �(�)2 < 0 if(x;y)2 M n@M :(3.49)

Ifj�j2 > 5A

3
,then �(j�j2)= 1,thus(3.49)holds.

Let�0 > 0 bede� ned asin (3.44).

IfA < j�j2 <
(4�� 0)A

3
,then by (3.2),(3.36)and (3.39)

(3.50) 11� 10�(�)� 11�(j�j2)� �(�)2

=

�
j�j2

A
� 1

� 2�

� 11+ 12

�
j�j2

A
� 1

�

�

�
j�j2

A
� 1

�4
+ O (A �1=2 )

�

:

From (3.50),weknow (3.49)holdsforA largeenough.

If
(4�� 0)A

3
6 j�j2 6 5A

3
,then by (3.45),as0 < �(�)< 1,we get,when A > 0 islarge

enough,that

11� 10�(�)� 11�(j�j2)� �(�)2 6 �
11

27
+ �(�)� �(�)2 < �

4

27
:(3.51)

Thus(3.47)holdson M n@M . �
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3.5.R elations betw een term s in (3.11) near zero(X �): Part 2. The � rstoftwo

relationswewould includein thissubsectionsis

Lem m a 3.7.W e have

 jV
M
j = � J

M (dM j�j2)�:(3.52)

Proof.By (2.3),(3.3),wehave

d� =2

�

1+ �
0(j�j2)(j�j2 � j�j2)� �(j�j2)

�

�jd
M
�j + 2�(j�j2)�jd�j

=jd
M
�j + 2�(j�j2)�jd

N
�j;

d�j =d�j � �
0(�)�jd� � �(�)dN �j:

(3.53)

From (2.10)and (3.53),weget

(d�)� =JM V M
j + J

N
V
N
j ;

(d�)� =kJ
M
V
M
k + 2�(j�j2)�kJ

N
V
N
k ;

(d�j)
� =JM V M

j � �
0(�)�jkJ

M
V
M
k

+ (1� �(�))JN V N
j � 2�0(�)�(j�j2)�j�kJ

N
V
N
k :

(3.54)

From (3.4),(3.54),weget

 jV
M
j = 2�j

�

V
M
j � �

0(�)�jkV
M
k

�

= � J
M (dM j�j2)�:(3.55)

Thusweget(3.52). �

On theotherhand,by Lem m a 3.5,weseethatwhen A > 0 islargeenough,�2 > 1=2:

To state the second relation we would include in this subsection,we introduce the

following two functions,

I4 = � 2�0(�)�00(j�j2)�i�i(j�j
2 � j�j2)

�
�4

�2

� 2

+ 4�0(�)�0(j�j2)�i�i
�4

�2

+ 2

�

� �
00(�)�i�i+ (�0(�))2�2i

��
�5

�2

� 2

+ 2�0(�)
�5

�2
;

I5 =2�
0(�)�0(j�j2)�i�i

(�2 � �4)�4

�22

�

�

� 2�00(�)�(j�j2)�i�i+ 2(�0(�))2�(j�j2)�2i

�
(�2 � �4)�5

�2
2

+ �
0(�)

�
(�2 � �4)�5

�22
+

�

1� 2�(�)

�
�5

�2
� �(j�j2)

�2 � �4

�2

�

;

(3.56)

which appearnaturally in thefollowing lem m a.
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Lem m a 3.8.On zero(X �)� M ,we have

(3.57)
1

4
c((dM  j)

�)c(V M
j )+

1

4

��
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p
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�
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M
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�

�

=
1

2
�2 �

�

c(JM V M
j )c(V M

j )+
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p
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jV M
j j2

�
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c(�kJ
M
V
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k )c(�jV
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�kV
M
k
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and

1

4
c((dM  j)

�)c(V N
j )=

1

2
�2 � c(JM V M

j )c(V N
j )+ I4 � c(�kJ

M
V
M
k )c(�jV

N
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1

4
c((dN  j)

�)c(V M
j )=
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2
�4 � c(JN V N

j )c(V M
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(3.58)

Proof.By (2.3),(3.4),wehave

dj =
�
2�00(j�j2)(j�j2 � j�j2)�j � 2�0(j�j2)�j + 2�0(j�j2)�j

�
2�kd

M
�k
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�

d
M
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From (2.10),(3.59),weget
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Now from (3.4),(3.54)and (3.60),weget
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Thusfrom (3.18)and (3.61),
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By (3.62),
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and by using thefactthatJM isanti-sym m etric,h ion TM isC-bilinear,weget

(3.64)
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Fortheterm c((dM  j)
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j ),from (3.18),(3.62),wehave
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:

M oreover,from (2.10),(3.54),(3.60)and �i= �i� �(�)�i,weget
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From (3.18)and (3.66),
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� = 2�4J
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From (3.67),onehas
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On zero(X �),from (3.21),(3.63)and (3.64),wethen get

(3.69)
1

4
c((dM  j)

�)c(V M
j )+

1

4

��

1+
JM
p
� 1

�

V
M
j ;(dM  j)

�

�

=
1

2
�2 �

�

c(JM V M
j )c(V M

j )+
1

p
� 1

jV M
j j2

�

+
1

4

�

� 8�0(�)�00(j�j2)�i�i(j�j
2 � j�j2)

�
�4

�2

�2

+ 8�0(�)�0(j�j2)�i�i
2�4

�2
+ 2

�

� �
00(�)�i�i+ (�0(�))2�2i

��
2�5

�2

�2

+2�0(�)
4�5

�2

�

�

 

c(�kJ
M
V
M
k )c(�jV

M
j )+

1
p
� 1

�
�
�

X

k

�kV
M
k

�
�
�
2

!

:

From (3.69)weget(3.57).

On zero(X �),from (3.21),(3.22)and (3.65),asin (3.69),we getthe� rstequation of

(3.58).

On zero(X �),from (3.21),(3.22)and (3.68),weget

(3.70)
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From (3.70),wegetthesecond equation of(3.58). �
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3.6.Estim ates ofI4 and I5. In thissection,weestablish thefollowing estim ateresult

fortheterm sI4,I5 appeared in Subsection 3.5.

Lem m a 3.9.W hen A > 0 islarge enough,we have

I4 =2�
0(�)

�

1� �(�)� �(j�j2)

�

(1+ O (A �1=2 ));

I5 =�
0(�)

�

(1� �(�))2 � �(j�j2)

�

(1+ O (A �1=2 )):

(3.71)

M oreover

I4 > 0 if(x;y)2 M n@M ;

I4 = 0 if(x;y)2 @M = M 1 [ M 2:
(3.72)

Proof.Ifj�j2 6 5A

3
,by Lem m a 3.5,(3.2),(3.35),(3.36)and (3.38),weget

(3.73) I4 = �
0(�)O (A�1 )(1� �(�))2 � �

0(�)O (A�1=2 )(1� �(�))

+ 2

�

� �
00(�)�i�i+ (�0(�))2�2i

��

1� �(�)� �(j�j2)

�2
(1+ O (A �1=2 ))

+ 2�0(�)

�

1� �(�)� �(j�j2)

�

(1+ O (A �1=2 )):

By (3.1),(3.36),(3.39),(3.45)and (3.46),there existC > 0 such thatforany A > A 0,

ifj�j2 6 5A

3
,then

1� �(�)6 Cj1� �(�)� �(j�j2)j; �(j�j2)6 Cj1� �(�)� �(j�j2)j;

jA�0(�)j6 Cj1� �(�)� �(j�j2)j:
(3.74)

By (3.39),(3.73)and (3.74),weget(3.71)forI4.

Ifj�j2 > 5A

3
,then by (3.1),(3.41),(3.42)and (3.56),

I4 = O (A �3=2 )�(�)2 � 2�0(�)�(�)(1+ O (A�1=2 ))

= � 2�0(�)�(�)(1+ O (A�1=2 )):
(3.75)

Thuswegetthe� rstequation of(3.71).

As e�0(t)< 0 fort> 0,thus�0(�)< 0 on j�j2 > A,from (3.31),(3.71),weget(3.72).

Ifj�j2 6 5A

3
,by (3.1),(3.43),forA largeenough,�(�)> �(5A

3
)+ O (A �1=2 )> 1

3
,and

so by (3.28)and (3.29),

�2 � �4 = �(�)+ O (A�1=2 ):(3.76)

Thusifj�j2 6 5A

3
,by Lem m a 3.5,(3.1),(3.38),(3.40)and (3.76),wehave

(3.77) I5 = �
0(�)(1� �(�))O (A�1=2 )+ (1� �(�))

�

1� �(�)� �(j�j2)

�

O (A �3=2 )

+ �
0(�)

�

1� �(�)+ O (A�1=2 )

��

1� �(�)� �(j�j2)

�

� �
0(�)�(j�j2)

�

�(�)+ O (A�1=2 )

�

:

Now by (3.39),(3.48),(3.74)and (3.77),weget(3.71)forI5.

Ifj�j2 > 5A

3
,then by (3.18)and (3.41),wehave�1 = 1 and

�2 � �4 = �(�):(3.78)
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Thusifj�j2 > 5A

3
,by (3.1),(3.2),(3.38),(3.41),(3.42),(3.56)and (3.78),weget

(3.79) I5 = (�0(�))2�(�)2O (A 1=2)+ �
0(�)

h

� �(�)2(1+ O (A �1=2 ))

� (1� 2�(�))�(�)(1+ O (A�1=2 ))� �(�)(1+ O (A�1=2 ))

i

:

As0< �(�)< 1 on M n@M ,from (3.2)and (3.79),wegetifj�j2 > 5A

3
,

I5 = � �
0(�)�(�)(2� �(�))(1+ O (A�1=2 )):(3.80)

From (3.41),(3.80),wegetagain (3.71)forI5.

TheproofofLem m a 3.9 iscom pleted. �

3.7.Estim atesofI1+I2. Inthissubsection,weestablish anestim ateresultonzero(X
�).

Beforedoing this,we� rstprovethefollowing lem m a.

Forany x 2 M ;y 2 N ,W 2 TxM ,letB (W )2 End(� (T�(0;1)(M � N )))(x;y) bede� ned

by

B (W )=
p
� 1c(JM W )c(W )+ jW j2:(3.81)

Lem m a 3.10.ForanyW 2 TxM ,V 2 TyN ,theendom orphism sB (W ),
p
� 1c(W )c(V )

of� (T�(0;1)(M � N ))(x;y) are self-adjointand forany k > 0,

B (W )> 0;

p
� 1c(W )c(V )> �

1

2k
B (W )� kjV j2:

(3.82)

Proof.AsW ;V areorthogonalto each other,B (W ),
p
� 1c(W )c(V )areself-adjoint.

ForW 2 TxM ,V 2 TyN ,we writetheircom plexi� cation asW = w + w,V = v+ v,

with w 2 T(1;0)M ,w 2 T(0;1)M ,v 2 T(1;0)N ,v 2 T(0;1)N . Let w � 2 T�(0;1)M ,v� 2

T�(0;1)N bethem etricdualsofw;v.Then wededucefrom (1.34)that

B (W )= c(� w + w)c(w + w)+ jW j2

= � 2(w� ^ +iw)(w
� ^ � iw)+ 2jwj2 = 4w � ^ iw:

(3.83)

Thuswegetthe� rstequation of(3.82)which hasbeen obtained in [20,(2.9),(2.13)].

M oreover,
p
� 1c(W )c(V)= 2

p
� 1(w� ^ v� ^ � w

� ^ iv � iw v
� ^ +iw iv):(3.84)

If� 2 � (T�(0;1)(M � N ))(x;y),then wecan write

� = w
� ^ v� ^ �1 + w

� ^ �2 + v
� ^ �3 + �4;(3.85)

and �i (i= 1;2;3;4)do notcontain theterm sw � orv�.Then weget

B (W )� =4jwj2w � ^ v� ^ �1 + 4jwj2w � ^ �2;
p
� 1c(W )c(V )� = � 2

p
� 1jwj2jvj2�1 + 2

p
� 1jwj2v� ^ �2

� 2
p
� 1jvj2w � ^ �3 + 2

p
� 1w� ^ v� ^ �4:

(3.86)

From (3.86),

hB (W )�;�i= 4jwj4jvj2j�1j
2 + 4jwj4j�2j

2 = 4jiw�j
2
:(3.87)
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From (3.86),(3.87),wegetforany k > 0,

h
p
� 1c(W )c(V )�;�i= 4jwj2jvj2Im h�1;�4i� 4jwj2jvj2Im h�2;�3i

> �
2

k
jiw�j

2 � 2kjvj2j�j2:
(3.88)

From (3.87),(3.88),wegetthesecond equation of(3.82). �

Recallthat the term s I1,I2 have been de� ned in (3.10). W e now state the crucial

estim ateforI1 + I2 asfollows.

Proposition 3.11.There existC > 0,A 0 > 0 such thatfor any A > A 0 and (x;y)2

zero(X �)� M ,we have

p
� 1(I1 + I2)> � C Id:(3.89)

Proof.By (3.10),and apply Lem m a 3.10 to (3.57)and (3.58)with k = 8,weget

p
� 1(I1 + I2)>

1

2

�

�2 �
1

8
�2 �

1

8
�4

� dim GX

j= 1

B (V M
j )� (8�2 + 8�4)

dim GX

j= 1

jV N
j j2

+

�

I4 �
1

8
I4 �

1

8
I5

�

B

 
dim GX

j= 1

�jV
M
j

!

� (16I4 + 16I5)

�
�
�
�
�

dim GX

j= 1

�jV
N
j

�
�
�
�
�

2

:

(3.90)

By Lem m a 3.5,0< �(�)< 1 on M n@M ,wegetforA largeenough

�2 �
1

8
�2 �

1

8
�4 =

3

4
+
1

8
�(�)+ O (A�1=2 )> 0:(3.91)

From Lem m as3.6,3.9,weknow thatwhen A > 0 islargeenough,

I4 �
1

8
I4 �

1

8
I5 >

1

8
I4 > 0 if(x;y)2 M n(M 1 [ M 2):(3.92)

AsjV N
j j,j�jhaveupperbound notdepending on x 2 M ,thus

�
�V N

j

�
�2,

�
�
�
P

dim G

j= 1
�jV

N
j

�
�
�
2

areuniform ly bounded on M .

Aszero(X �)� M n@M ,from (3.82),(3.90),(3.91)and (3.92),there existA0 > 0,

C > 0 such thatforany A > A 0,and (x;y)2 zero(X �)� M ,(3.89)holds. �

3.8.A localpointestim ate around zero(X �). RecallthatD M
T isthedeform ed Dirac

operatoron M de� ned by (3.9)according to the functions de� ned in (3.1),(3.2)and

(3.3).Forany T > 0,letF M
T :
0;�(M ;L 
 F)! 
0;�(M ;L 
 F)bede� ned by

F
M
T = D

M ;2

T
+
p
� 1T jLVj:(3.93)

Thepurposeofthissubsection istoprovethefollowinglocalpointwiseestim atearound

each x 2 zero(X �).
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Proposition 3.12.There exists A 0 > 0 such thatfor any A > A 0 a regular value of

both j�j2 and 1

2
j�j2,and thatifM isconstructed asin (2.11),then forany z2 M n@M ,

there existan open neighborhood Uz ofz and Cz > 0; bz > 0 such thatfor any s 2


0;�(M ;L 
 F)with supp(s)� Uz and T > 1,one has

Re
�

F
M
T s;s

��
> Cz

�
D

L
F
s

2

0
+ (T � bz)ksk

2

0

�

:(3.94)

Proof.Recallthatffig isan orthonorm alfram eofTN .Set

R j =

p
� 1

4

dim NX

i= 1

c(fi)c(r
TN
fi
V
N
j )�

p
� 1

2
Tr

h

r T (1;0)N
V
N
j jT (1;0)N

i

:(3.95)

By (3.11),(3.93)and (3.95),

(3.96) F
M
T = D

L
F;2 +

p
� 1T

4

dim MX

k= 1

c(ek)c
�
r TM

ek
( jV

M
j )

�

�

p
� 1T

2
Tr

h

r T (1;0)M ( jV
M
j )jT (1;0)M

i

+ T
�
2� j�j +  jR j +

p
� 1(I1 + I2 + I3)

�
+
T2

4
jX �j2:

By (3.10),(3.18),(3.19),(3.35),(3.67),� = � + � and � = � � �(�)�,we know that

thereexistsC > 0 such thatforany A largeenough,on M

�
�
�(d

N
 j)

�

�
�
�6 C; thusjI3j6 C:(3.97)

Recallthatby (3.20), j = 2�2�j+ 2�4�j.Thusfrom Lem m a 3.5,(2.3),(2.12),(3.32)

and (3.34)

j jj= O (A 1=2);

 j�j = 2�2j�j
2 + 2�4j�j

2 + 2(�2 + �4)h�;�i

= 2j�j2(1+ O (A �1=2 )):

(3.98)

By Proposition 3.11,(3.2),(3.38),(3.97)and (3.98),there exists A 0 > 0,such that

forany A > A 0 which isa regularvaluesofthefunctionsj�j
2 and 1

2
j�j2 on M � N ,and

(x;y)2 fX � = 0g� M ,wehave

2� j�j +
1

2
 j(R j + R

�
j)+

p
� 1(I1 + I2 + I3)> A;

j�0(�)�i�ij<
1

4
:

(3.99)

Let’s� x z= (x0;y0)2 M n@M .

IfX �(x0;y0)6= 0,then (3.94)followstrivially from (3.96).

IfX �(x0;y0)= 0,wewilladapttheargum entin [20,x2b)].
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Lete1;� � � ;edim M bean orthogonalfram eofTM .Set

� M =

dim MX

j= 1

�

(r � 0;�

ej
)2 � r�

0;�

r T M
ej

ej

�

;

� N =

dim NX

j= 1

�

(r � 0;�

fj
)2 � r�

0;�

r T N
fj

fj

�

; � M �N = � M + � N
;

(3.100)

betheBochnerLaplaciansacting on 
0;�(M ;L),
0;�(N ;F),
0;�(M � N ;L 
 F).From

theLichnerowiczform ula forD L
F;2 [12,Theorem 1.3.5],[11,Appendix D],one� ndson

M ,

D
L
F;2 = � �M �N + O (1):(3.101)

Let e1;� � � ;edim M be an orthogonalbase ofTx0M . Let (x1;� � � ;xdim M ) be the nor-

m alcoordinate system with respect to fejg
dim M
j= 1 near x0. Certainly, we can choose

e1;� � � ;edim M such thatthefunction j�j2(� ;y0)hasthefollowing expression nearx0,

j�j2(x;y0)= j�j2(x0;y0)+

dim MX

j= 1

ajx
2

j + O (jxj3);(3.102)

wheretheaj’sm ay possibly bezero.

Thefollowing Lem m a isan analogueof[20,Lem m a 2.3].

Lem m a 3.13.The following inequality holdsatthe point(x0;y0),

p
� 1

4

dim MX

k= 1

c(ek)c
�
r TM

ek
( jV

M
j )

�
�

p
� 1

2
Tr

h

r T (1;0)M ( jV
M
j )jT (1;0)M

i

> �

dim MX

j= 1

jajj;

(3.103)

where the inequality isstrictifatleastone ofthe aj’sisnegative.

Proof.Letee1;� � � ;eedim M bean orthonorm alfram eofTM nearx0 so thatatx0,eej = ej

for16 j6 dim M .From Lem m a 3.7 and (3.102),we� nd that

( jV
M
j )(x;y0) = � 2

dim MX

j= 1

tj(x;y0)J
M
eej; and tj(x;y0)= ajxj + O (jxj2):(3.104)

From (3.81),(3.83),(3.104),wededucethatatthepoint(x0;y0),

p
� 1

4

dim MX

k= 1

c(ek)c
�
r TM

ek
( jV

M
j )

�
�

p
� 1

2
Tr

h

r T (1;0)M ( jV
M
j )jT (1;0)M

i

= �

p
� 1

2

dim MX

j= 1

ajc(ej)c(J
M
ej)�

p
� 1

2

dim MX

j= 1

��

1+
JM
p
� 1

�

(� ajJ
M
ej);ej

�

=
1

2

dim MX

j= 1

aj(B (ej)� 2)> �

dim MX

j= 1

jajj;

(3.105)

wherethelastinequality isstrictifatleastoneoftheaj’sisnegative. �
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Let(y1;� � � ;ydim N )bea norm alcoordinatesystem neary0 on Uy0 � N .LetFM �
T be

form aladjoint ofF M
T . From (3.96),(3.99),(3.101),(3.103) and (3.104),we � nd that

near(x0;y0),

(3.106)
1

2
(F M

T + F
M �
T )> � �M �N � T

dim MX

j= 1

jajj+ T
2

dim MX

j= 1

tj(x;y0)
2

+
T2

4

�
�
�

dim GX

j= 1

 jV
N
j

�
�
�
2

+ TA + O (1+ Tjxj):

Following [20,x2b)],let" > 0,which willbe further� xed later,be su� ciently sm all

so thattheorthonorm alfram efeejg
dim M
j= 1 iswellde� ned over

B "(x0)= fx 2 M ;d(x;x0)< "g:(3.107)

Let(r ej)
� betheform aladjointofr � 0;�

ej
on B "(x0).Set

� �MT =

dim MX

j= 1

�
(r ej)

� + T(sgnaj)tj(x;y0)
��

r � 0;�

ej
+ T(sgnaj)tj(x;y0)

�

:(3.108)

Clearly,� �MT isnonnegativewhen acting on com pactly supported sectionsoverB "(x0).

M oreover,weverify from (3.104)that

� �MT = � �M � T

dim MX

j= 1

jajj+ T
2

dim MX

j= 1

tj(x;y0)
2 + O (@x + 1+ Tjxj);(3.109)

whereby O (@x + 1+ Tjxj)wem ean a � rstorderdi� erentialoperator

dim MX

j= 1

bj(x)
@

@xj
+ d(x) with bj(x)= O (1); d(x)= O (1+ Tjxj):(3.110)

W ewillalso usesim ilarnotation forotheroperators.

From (3.106),(3.108),(3.109),weget,when acting on sectionswith com pactsupport

in B "(x0)� Uy0,forany k > 1,

1

2
(F M

T + F
M �
T )> � �N � �MT + TA + O (@x + 1+ Tjxj)

> �
1

k
� N �

1

k
� M �

T

k

dim MX

j= 1

jajj+ TA + O (@x + 1+ Tjxj):

(3.111)

Forany s 2 
0;�(M ;L 
 F)with supp(s)� B"(x0)� Uy0,by (3.101),itisstandard

thatthereexistC1;C2;C3 > 0 such that

� h�M �N
s;si> C1kD

L
F
sk2

0
� C2ksk

2

0
;

�
�
�hO (1+ Tjxj)s;si

�
�
�6 C3(1+ T")ksk20:

(3.112)

Also by theellipticestim ateand Cauchy inequality,thereexistC4;C5 > 0 such that
�
�
�hO (@x)s;si

�
�
�6 C4"kD

L
F
sk2

0
+
C5

"
ksk2

0
:(3.113)
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From (3.111)-(3.113),weget

(3.114) Re
�
hF M

T s;si
�
>

�
C1

k
� C4"

�

kD L
F
sk20 + T

�

A � C3"�
1

k

dim MX

j= 1

jajj

�

ksk20

�

�
C5

"
+
C2

k
+ C3

�

ksk20:

Now,wetakek largeenough such thatA � 1

k

P
dim M

j= 1
jajj> A=2,then wechoose"sm all

enough such that

C1

k
� C4"> 0; A=2� C3"> A=4:(3.115)

W ith thischoiceof",by (3.114)-(3.115),wegetProposition 3.12 at(x0;y0). �

3.9.ProofofT heorem 3.1. W enow assum e thatA > A 0 isa regularvalueforboth

j�j2 and 1

2
j�j2,with A 0 verifying the conditions in Proposition 3.12. In particular,by

(3.6),X � isnowhere zero on @M = M 1 [ M 2.

Lete
n
betheinward pointing unitnorm alatany boundary pointofM .Set

D @M ;T =D
L
F

@M
�

p
� 1T

2
c(e

n
)c(X �)

:
0;�(M ;L 
 F)j@M ! 
0;�(M ;L 
 F)j@M

(3.116)

betheDiractypeoperatoron @M induced by D M
T .

Since X � isnowhere zero on @M ,in view of(3.5),by Proposition 1.2,we know that

when restricted to the G-invariantsubspace of
0;�(M ;L 
 F)j@M ,there existsT1 > 0

such thatforany T > T1,D @M ;T isinvertible. M oreover,a sim ilarform ula like (1.21)

holds.

One can then proceed as in the proofof(1.48),to see that there exists an open

neighborhood U@M ofM and positiveconstantsC1 > 0,b1 > 0such thatforT > T1 and

anyG-invariantelem entof
0;�(M ;L
 F)such thatsupp(s)� U@M andP> 0;�;T (sj@M )=

0,whereP> 0;�;T aretheAPS projectionsassociated to D @M ;T (cf.Section 1.2),onehas


D

M
T s


2

0
> C1

�
D

L
F
s

2

0
+ (T � b1)ksk

2

0

�

:(3.117)

From (3.93),(3.117)and Proposition 3.12,one can then proceed as in the proofof

(1.50)to see thatthere exist C > 0,b > 0 such thatforany T > T1 and G-invariant

elem entof
0;�(M ;L 
 F)such thatP> 0;�;T (sj@M )= 0,onehas


D

M
T s


2

0
> C

�
D

L
F
s

2

0
+ (T � b)ksk2

0

�

:(3.118)

By taking T > T1 largeenough,wegetTheorem 3.1.
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