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ON THE HOMOLOGY OF THE SPACE OF SINGULAR
KNOTS

HOSSEIN ABBASPOUR AND DAVID CHATAUR

ABSTRACT. In this paper we introduce various associative products on the
homology of the space of knots and singular knots in S™. We prove that
these products are related through a desingularization map. We also compute
some of these products and prove the nontriviality of the desingularization

morphism.
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1. INTRODUCTION

Various authors have tried to introduce a general framework for the structures
introduced by Chas-Sullivan [CS1] and Cohen-Jones [CJ] on the homology and
on the equivariant homology of the free loop space of a closed manifold. One
approach, first used in [KS] and then formulated in [GS], is the notion of fiber-
wise (homotopy) monoid. We use this formulation to introduce and calculate
various algebra structures on the homology of knots, immersions, and singular
knots with k£ double points.

In this paper the knot space Emb(S!, S™) is the space of all embeddings of
St in the n-sphere S™, and similarly Imm(S*, S™) is the space of all immersions
of S'in S™. For a knot or an immersion 7 : S' — S™, the point (1) is called

Key words and phrases. knots, singular knots, long knots, free loops space, string
operations.
The second author is partially supported by ANR grant 06-JCJC-0042 “Opérades, Bigebres
et Théories d’Homotopie”.
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the marked point of v. Here S™ is the unit sphere in R"*' and we make the
identification R" ~ {0} x R* C R""!'. We think of SO(n) C SO(n + 1) as
the stabilizer of (1,0,---,0) and SO(n — 1) C SO(n + 1) as the stabilizer of
(1,0,---,0) and (0,1,0,---0). US™ is the unit tangent sphere bundle of S™
which can be identified with SO(n+1)/SO(n —1). Let LUS"™ = C*(S*,US")
be the free loop space of S™.

The subspace Imm’(S',S") C Imm(S"', S™) consists of those immersions
which are not singular at the marked point and Immy(S*, S*) C Imm'(St, S™)
is the space of immersions with exactly & double points.

We will be considering uncompactified or long version of the objects defined
above which roughly corresponds to the one dimensional object obtained in R”
using the stereographic map with the marked point as the center point.

For instance, the space of long knots' in R is

Emb'(R,R") = {f : Rx{0} — R, supp(f) C (—1,1) and f([-1,1]x{0}*"") c B"}

where supp(f) = {t € R C R"|f(t) # (¢,0,---,0)} and B™ is the unit ball. Sim-
ilarly one defines Imm‘(R, R") the space of long immersions and Imm} (R, R")
the space of long immersion with & singular double points.

The purpose of this paper is to introduce various associative algebra struc-
tures on the homology of Emb(S!, "), Imm’(S', S") and Imm(S', S"), and
finally singular knot with double singular points [, Imm’(S*, S™). In the case
of singular knots, one naturally expects a compatibility with the Vassiliev spec-
tral sequences. However this issue is not addressed in this paper. In order to
introduce these products, for each space we consider a homotopically equivalent
model as the total space of a fibration whose fibres form a continous family of
homotopy associative monoids and the base space is a closed oriented manifold.
This should be compared with the loop space fibration QM — LM — M of a
closed oriented manifold.

Theorem 3.1. (H, 5, 1(Emb(S',5")), tiem(—, —)) is a graded commutative al-
gebra.

Theorem 3.2. (H, 9, (Imm'(S',S™)), ptim(—, —)) is a graded commutative
algebra.

The commutativity of the product follows from the computation of the ho-
mology by spectral sequences arguments.

Theorem 4.2. H, 5, (Imm(S*, S™)) is a graded commutative algebra and the
map induced by inclusion i, : H,yop_1(Imm'(S*, S™)) — H,y9n_1(Imm(S?, S™))
15 a map of algebras.

After restricting to knots with double singular points, one obtains:

IThere are some other models for the space of long knots, all homotopy equivalent to ours.
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Theorem 4.3. There is a collection of maps
pit s H, (Tmm', (ST, S™)) x H,(Imm';(SY, S™)) — H, 9,41 (Imm’, (S, S™)
such that

k+l,m o k,l k,+m I,m
,U,”: (:U’im(aa b)a C)) = :U’imJr (Cl, Mzm (ba C))

In order to compare the algebra structure on the homologies of knot and
singular knot spaces we introduce a desingularization map. Informally speaking,
we resolve a singular knot at a double point in all possible ways, parameterized
by unit vectors perpendicular to the tangent plane at the singularity. Of course
this map has a certain degree and it is not a map of algebras. However it verifies
a certain compatibility condition with respect to the number of singularities and
the product. More precisely,

Theorem 5.1. The desingularization morphisms oy, : H,(Imm/(S', S™)) —
H,_jn—3(Emb(S*,S™)), k > 0, are compatible with the products i.e. for x €
H,.(Imm' (S, S")) and y € H,(Imm’,((S*, S™)))

pem (0w (), a1(y)) = orripi (2, )

Emb’(R, R?) Long knots in R”

Emb(S!, S™) Embeddings in S™ (Knots)

Imm' (R, R") Long immersions in R”

Imm/(S?, S™) Immersions in S™ without singularity at ¢ =0
Imm! (R, R") Long immersions in R” with £ double points

Imm';, (S, S™) | Immersions in S™ with & double points away from ¢ = 0

TABLE 1. Notation

Acknowledgments: The first author would like to thank the Hausdorff
Research Institute and the MPI in Bonn for its support while this paper was
written up. The second author warmly thanks the Laboratoire Jean Leray at
the University of Nantes for their invitation throught the Matpyl program.

2. LONG IMMERSIONS AND LONG KNOTS

We start this section with a few remarks on the homotopy type of the space
of knots Emb(S?, S™) and immersions Imm’(S?, S™), in terms of the long knots
Emb!(R, R") and long immersions Imm'(R, R®). The main references are [Bl,
B2, BC).

Note that SO(n — 1) acts on SO(n + 1) x Emb’(R,R"), by the natural action
on the first factor. It acts on the second factor via the identification R x R*~! =
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R" ~ {0} x R* C R"*'. One may form the quotient SO(n + 1) Xgo(m_1)
Emb’(R, R”) which has the same homotopy type of Emb(S', S") (see [B2]).
A homotpy equivalence is given by the stereographic map with (1,0,---,0) €
S™ C R"! =R x R" as the center. Given a pair (A4,7) € SO(n+1) Xso(n-1)
Emb!(R, R") one can compactify v in R**! to get a knot in S” C R**! passing
thourgh (1,0,---,0). Then, we let A act on 7 to get an element of Emb(S!, S™).
This defines a homotopy equivalence map

(2.1) Pemb : SO(n 4+ 1) Xg0m-1) Emb'(R, R") — Emb(S', S™)

which makes the following diagram to commute.

(2.2) SO(n + 1) Xs0(n_1) Emb'(R, R”) 2% Emb(S*, 57
SO(n+1)/S0(n — 1) Us"

Here ev(y) = (7(0),7/(0)/]|7'(0)|| for v € Emb(S', S™). Therefore, we have the
isomorphism,

(2.3)  pem : Ho(SO(n +1) X50(s—1) Emb'(R,R")) — H,(Emb(S", S™)).

Similarly, one can consider the Borel construction SO (n+1)x So(n_l)lmml(R, R™)

and SO(n+1) X so(n—1)Immj, (R, R") the homotopy equivalences induced by the
stereographic map which gives rise to the commutative diagram

(2.4) SO(n + 1) X50(n_1) Imm" (R, R") > Tmm'(S", S™)
SO(n+1)/SO(n — 1) Usn

Similarly, one has the isomorphisms,
(2.5) pim + H.(SO(n + 1) Xs0(n_1) Imm' (R, R")) — H,(Imm'(S", S™))

(2.6)  pb,: H(SO(n + 1) Xs0(m—1) Immj(R,R")) — H,(Imm',(S", S™))

3. STRINGY OPERATIONS

In this section we recall the general framework where some of the string
topology operations can be defined. This was observed by several authors in-
dependently, including the authors of this article. However the main published
reference is [GS], therefore we follow their approach. Let F — E =5 M be a
fiber bundle over a closed compact manifold M of dimension d. We suppose
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that E is equipped with a fibrewise associative product, that is a fiber bundle
map m : E Xg E — E such that

(3.1) m(z,m(y, 2)) = m(m(z,y), z)

Since the associativity of the product is not achieved for most of the inter-
esting cases, one must adapt this definition to the case where the product is
homotopy associative and consider fiberwise homotpy monoids.

One can take one step further by acquiring an operadic approach in the
monoidal category of spaces fibered over M. This is simply done by introducing
the trivial bundles C, = C, x M — M where C, is the space of n little cubes
(see [GS]). Then, one may consider a fiber bundle E — M which is an algebra
over the bundle operad C = IL, C,, i.e. we have a collection of fibre bundle maps
E x C,, — E subject to the usual axioms for the algebras over an operad.

This formulation allows us to define a commutative and associative product
of degree —d

o: H.(F)x H,(E) = H._4(F)
and a bracket of degree (1 — d)

{= =} : H(E) x H.(E) = H.11a(E)

which satisfies the Jacobi identity for a Lie bracket of degree 1 — d. One could
be more ambitious and consider algebras over the bundle operad of framed little
cube operad in order to equip H.(F) with a BV-algebra structure. This feature
is not, discussed in this paper.

Applying this machinery to the fibration

Emb(S*, S") ~ SO(n+ 1) xso(m_1) Emb' (R,R") — SO(n +1)/SO(n — 1),
one obtains immediately a commutative and associative product of degree —2n+
1
(3.2)

prem (= =) = Pem(Pem (=) ® pen (=) :H.(Emb(S', S")) x H.(Emb(S", S")) —
H,_5p41(Emb(S", ™))

Theorem 3.1. (Gruher-Salvatore, ...) (H.(Emb(S',5™)), tiem) is a commuta-
tive and associative algebra.

This product is also introduced in Gruher and Salvatore’s paper for the case
n = 3 based on the R. Budney’s work [B1]. Note that for all n > 3, the little
cube operad acts on the space of long knots Embl(R, R™), therefore this product
is well-defined for all n > 3.



6 HOSSEIN ABBASPOUR, AND DAVID CHATAUR

Similarly, one can consider the fibration
Imm'(S', S™) ~ SO(n + 1) Xsom-1) Imm' (R, R") — SO(n +1)/SO(n — 1).

which accommodates a fiberwise homotopy associative product but not the ac-
tion of the full little cube bundle operad. For instance, we lose the homotopy
commutativity of the product. In the case of embeddings, the product at the
level of fibers is basically the connected sum of long knots.

(3.3)
pim (= =) = Pim(Pis (=) ® i (=) +H. (lonmn' (57, §)) x H, (Imnm'(', ")) —
H,_5nt1(Imm' (S, S™))

Theorem 3.2. H, 5, 1(Imm'(S', S™)) equipped with i, is a graded associative
algebra.

After restricting to immersions with k& and [ double points, it reads

(3.4)
i = pE ok (=) @ phy (=) sHL(Imm'g(S, ) x H.(Imm'y (S, §™)) —
H*—2n+1 (Immlk-l-l(sla Sn))

Remark 3.3. We observe that all these theorems are corollaries of Gruher-
Salvatore and Budney’s work, we therefore don’t propose a detailed proof.

4. COMPARISON WITH CHAS-SULLIVAN PRODUCT

So far we have only define the associative product on H,(Imm’(S*, S™)) and
not on H,(Imm(S*, S™)). The algebra structure of the latter will be discussed
in the last section where we prove Theorem 4.2 cited in the introduction.
What is discussed in this section is the comparison of the algebra structure
on H,(Imm’'(S', S™)) with that of H,(LUS™) equipped with Chas-Sullivan loop
product.The 1-jet map U : vy — (v,7'/[|7']|) is a map of the fiberwise homotopy
monoids making the following diagrams to commute

(4.1) Imm’(S1, 5") = LUS" ,

Usr —94 - pygn
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and
(4.2) SO(n +1) X 501, Imm! (R, R™) =22 176n
l evp
Usn K Usn

Recall that ev(y) = (v(0),7'(0)/[|7'(0)|| for v € Emb(S!, S™) and evy(ar) =
a(0) for a € LUS™.
An immediate consequence of Proposition 11 in [GS] is

Theorem 4.1. The map induced by 1-jet map (H,(Imm’(S*, S™)), ttim) — (H.(LUS™), o)
15 a map of graded associative algebras. Here, ® is the Chas-Sullivan loop prod-
uct.

Using Hirsch-Smale theorem, one can state the theorem above differently.

Theorem (Hirsch-Smale) The 1-jet map Imm(S*, S™) — LUS™, given by
v = (77 /117]), is a homotopy equivalence.

One can transfer the associative commutative product from H,(LUS™) to
H,(Imm(S*, S™)), and then Theorem 4.1 reads

Theorem 4.2. H, o, (Imm(S?, S™)) is a graded associative algebra and the
map induced by inclusion H, o, (Imm’(S*, S™)) = H,\9,_1(Imm(S!, S")) is a
map of algebras.

5. DESINGULARIZATION MORPHISM

We first introduce Q the desingularization spaces and the desingularization
morphism oy, : QF — Emb(R,R™). One should think of Q} as the space of
k-singular knots decorated with k tangent vectors at the singular points, to be
used to desingularize the knot (see [CCLY).

Let Gy, = SO(n)/SO(2) x SO(n — 2) be the Grassmanian manifold of ori-
ented 2-plane in R”. One has the canonical fibration (),, — G2, whose fibers
are S"3. Here @, is the space of pairs (7, v) where 7 is a 2-plane and v is a
vector perpendicular to m. More precisely,

Qn = SO(n) X(s0@)xs0m—2)) ™
where the action of SO(2) x SO(n — 2) is trivial for the first factor and for the
second factor is given by the natural action of SO(n—2) on S"3 C R* 2. Then
Qx* fibers over GQX]; through the map (m;, v;)1<i<k = (Ti)1<i<k-

Then we define QF to be the total space of the pull back of the fibration
Q% — G3¥ via the natural map ry, : Imm},(R,R") — G5, given by sending an
immersion with k£ singular double points to the k£ 2-planes define at the singu-
larities by the tangent vectors. We have the following commutative diagram of
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fibrations,

(5.1) Q Q"

| |

Imm), (R, R") —— G5 %

where the fibres are (S"=3)**.

The desingularization morphism o : [, QF — Emb/(R,R") is defined
by resolving the singularities using the normal vectors given at those points.
More explicitly, let (7, (v;)i<i<k) € Qi where 7 : R — R" is a long immer-
sion with double singular points v(t}) = y(t1), y(t2) = y(t3), -+, y(t¥) = ~(t5)

and vy, - -+, v, are the vectors normal to the tangent plane at the singularities.
Consider the bump functions,

0 ift ¢t —et, +e
(5-2) az’(t) = —1)ai§ -1 Cf i . i

(—1) exp(i(t_%l)g_ﬁ)UZ if t €[t — et +€

where each a; is 1 or 2. Let the embedding o((7v, (v;)%,)) : R — R" be
k

(5.3) o (7, () Z)) (1) = v (1) + Y ().
i=1
To define o} one has to make a choice for a;, but it turns out that these choices
give rise to homologous cycles. Moreover, our construction obviously depends
on good choices of ¢ and . One has to make sure that each | and t, are
at least € away from each other and ¢ is small enough not to create any new
singularity. To resolve this problem, one considers the space Q') consisting
of triples [(7, (vi)i<i<k),€,d] for which the construction works. One has the
fibration '), — QF, given by projecting on the first factor (7, (v;)i<i<k), whose
fibers are contractible. Therefore £’} and Q} have the same homotopy type.
Note that both Q) and Q} thought of long immersions decorated with the
some normal vectors at the singularities have a natural homotopy associative
product.
Thus we have,

Lemma 5.1. (See [CCL]) Desingularization morphism o : Q7 — Emb'(R, R")
15 homologically well-defined and by the abuse of notation we have

ol . H,(QF) — H,(Emb'(R,R")).

which is a map of associative algebras with respect to the product induced on the
homologies by the concatenation products on QF and Emb' (R, R™).

Moreover, o} is clearly SO(n — 1) equivariant, therefore it induces a homo-
logically well-defined map
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S7 o Ho (SO +1) Xsom-1) Q) — H (SO(n + 1) Xgo(m-1) Emb (R, R")).

We have a map

L ok

(5.4) 11, QF Emb'(R, R")

| l

[T, =
Hk SO(TL + 1) XS0(n—1) Z g SO(TL + 1) Xs0(n—1) Embl(]R, Rn)

| l

SO(n+1)/S0(n—1) i SO(n+1)/S0(n — 1)

of fiberwise monoids, hence:

Lemma 5.2.
DX (DR H.(SO(n+1) X 50m-1)Q7), *) —, (H(SO(n+1) X s0(n-1)Emb' (R, R™)), f1im)
s map of associative algebras.

We need another map in order to complete the construction of the desingu-

larization morphism from the homology of the space of immersions in S™ to the
homology of knot space.

Proposition 5.3. (See [BG]) Let F — E — M be an oriented fibration whose
fiber has the homotopy type of a closed manifold of dimension p. Then there is a
natural map f!: H (M) — H,.,(E). This is the dual of the map on cohomology
given by integration over fibres.

A description using spectral sequence is the following composite

By, = Hy(M, 1, (F)) = Hy(M,F) < E, = Hyn(E)

Here H,(F) stands for the local coefficient system which is trivial in this case
and has the fundamental class of F' as a generator (because the fibration is
oriented). In this description one can see clearly the naturality property.

Applying this construction to the oriented fiberation Q7 — Imm} (R, R") and
SO(TL + 1) XS0(n—1) Immfc(]R, Rn) — SO(TL + 1) X S0(n—1) QZ
Proposition 5.4. The fibration QF — Imm} (R, R") gives rises to maps

0% < H.(Imml, (R R")) — H.(ns)(2})

and

OF : H.(SO(n+1) X so(n—1) Immj, (R, R™)) — H,xn-3(SO(n+1) Xsom-1)Q})
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It follows immediately from the spectral sequence description of the Gysin
maps which can easily accomodates the multiplicative structure of the homolo-
gies involved.

Lemma 5.5. The Gysin maps O} ’s are multiplicative in the sense that

Ok (x) * O (y) = OF 1 (1im (7, 1))
Then the composition

S7oOF tH,(SO(n + 1) Xso(m1) Immj (R, R™)) —

(5.5)
H*fk(nf?)) (SO(’I’L + ].) XS0(n—1) Embl(]R, Rn))

defines the desingularization morphism

(5.6) ¢p =X} 0 OF : Ho(Immy(S", S™)) = H. k(3 (Emb(S', S™))

Theorem 5.6. The desingularization morphisms ¢} : H,(Imm'(S*, S™)) —
H, jn-3(Emb(S,S™)), k > 0, are compatible with the products i.e. for x €
H, (Imm',(S", S™)) and y € H,(Imm’;((S*, S™)))

Mem(qSZ(l‘)a d)ln(y)) = Z+l(#§$(l‘a y))

Proof. For x,y € H,(Imm',(S*, S™))

(5:7) e (D5 (), ' (4) = prem (Xf; © O (), Xf' 0 07 (y)) = ¥ 11(OF (x) + 67 (y))

by Lemma 5.2. The latter is X7, 0 O% (1 (z,y)) = ¢}, i (x,y)).

im

O

6. SOME COMPUTATIONS

Let us consider the canonical inclusion i : Imm/(S!, S™) — Imm(S*, S™), the
aim of this section is twofold
first we determine the morphism i, induced in singular homology
secondly we prove that the desingularization morphism is non-trivial.
Immersions in R"*!. As a baby example let us first consider the case of
long immersions Imm'(R, R**') and of singular knots Imm(S*, R**!) into an
Euclidean space. Thanks to the Hirsch-Smale’s theorem one knows that the
maps, v — D7 and v — (v, Dv) give homotopy equivalences between these

spaces and the spaces QS™ and LUR" ™| where D(v) := ﬁ
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(6.1) Imm'’ (R, R**!) Qsm

| |

id,D
Imm(Sl,R”H) _lLURn—l—l — LR « LSngn

T

STL

We identify UR"*! together with R**! x S™ and we consider the canonical
projection pry : UR™! — S™. Thus the spaces Imm' (R, R**!) and Imm(S*, R*+1)
are homotopy equivalent to 2S™ and LS™.
The concatenation of long immersions in Imm'(R, R"*!) obviously corresponds
to the composition of based loops in 25™, we recall that the singular homology
of these spaces together with this multiplicative structure is isomorphic to the
tensor algebra generated by an element u of degree n — 1. The evaluation map

Dy : Imm(S', R*+) B Lgm &8 gnt!

can be used to endow the singular homology of Imm(S!, R**!) with a product.
We consider the diagram

(6.2)

Imm(S!, R*™!) x Tmm(S', R**1) S Imm(S!", R*!) x go Imm(S!, R**1)

|

where Imm(S', R*"*!) x g» Imm(S', R**!) is the space of immersions (yy,72)
such that Dy(v1) = Do(72), the space Immyq_ g)(co, R**!) is the subspace of

.....

Imm(S, R*"!) X gn Imm(S*, R*™) such that v,(0) = v2(0) = (0,...,0). The
map T'r is a translation map, it is defined by using the unique translation 7}
that sends 71(0) to (0,...,0) and the unique translation 75 that sends ,(0) to
0,...,0), Tr(v,72) = (Ti(71), T2(72)). We also have a composition map

.....

As 7 is a finite codimensional embedding we can define a Gysin morphism j
and a product :

—eo—:=comp,oTr,ojo—x —.
This multiplicative structure is isomorphic to the Chas-Sullivan product on
H, . ,(LS™), the isomorphism is induced by the map D.
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The algebra H,,(LS™) has been computed by Cohen, Jones and Yan [CJY].
For a closed oriented manifold M they consider the Serre spectral sequence
associated to the evalution fibration

QOM — LM — M

enriched it with a multiplicative structure. Using the Pontryagin product on
H.(QM) and the intersection product on H, (M) = H,,(M) the second page
of this spectral sequence can be endowed with a product and

E;’q =H,(M,H,(QM)) = H,,,(LM) := H,,(LM).
For the spheres, they get

A(a) ® Z[u]  for nodd
(A(b) ® Z[a,v])/(a? ab,2av) for n even

with @ € H_,(LS™) = EX,, b e H_,(LS") = EX, |, u € H,_(LS") =

—n,0

H, (Imm(S*, R**1)) = H, (LS™) = {

Immersions in S". The computation of H, (Imm(S', S™)) has been completed
by Le Borgne and the second author in [CL]. In fact Le Borgne in [L] considers
the loop fibration

LF—- LE — LB

associated to a smooth fiber bundle of oriented closed manifolds
F—-F—B

then he enriches the Serre spectral sequence with a multplicative structure com-
ing from the Chas-Sullivan loop product on LB, LFE and LF :

B2, := H,(LB,H,(LF)) - H,,(LE).
He applies this new technique to the fibration
LS™ ' — LUS™ — LS™

and proves that in the case n is odd that this spectral sequence collapses at the
E2%-term. In the even case he proves that this is the Serre spectral sequence of

QUS™ - LUS™ - US™

that collapses at the E2-term. In each case there are serious extension issues
which are all solved in [CL] by using Morse theoretical techniques. We have the
following isomorphisms of algebras :

Even case. When n is even

H, (Imm(S*, S™)) & H, (US", H,(QUS™))
we also recall that
H. (US™) 2 Aa—ny1,b-2n11)/(20n11, 0 ny1b_2n11)
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and that
H* (QUSn) = Z[Un_g, 7)2”_2]/(2’&”_2).

The homology of US™ can be computed using the Serre spectral sequence of the
fibration

srt 5 US™ — Sm
and H,(QUS™) using the Serre spectral sequence of
QS = QUS™ — QS™,
Odd case. When 7 is odd we have
H, (Tmm(S*, S™)) & H, (LS™) ® H, (LS™1).

In order to determine i, : H,(Imm'(S',S")) — H,(Imm(S', S™)), we consider
the two fibrations

Imm’, (S*, ") — Imm’(S*, ™) — S”
Imm’, ,(S', S") — Imm’(S', S") — US™,

where Imm’, denotes the space of based immersions and Imm’, , is its subspace
consisting of those with a given unit tangent vector at the base point.

We notice that the second fibration admits a section geod this map sends the
unit tangent vector v € US™ to the unique great circle such that ¥(0) = v.

Theorem 6.1. For n even number then

H, (Imm'(S*, ™)) = H, (US™, H,(QS" ™)) 2 H, (US") ® H,(QS"™).
The morphism i, is induced by the canonical morphism

H, (US™, H, (25" 1)) — H,(US™, H,(QUS™)) = H, (Imm(S*, S™))
which is the indentity on H, (US™) and the morphism
Gu : H (QS™ ) — H,(QUS™)
given by the inclusion of a fibre j : S"* — US™. For n odd number then
H. (Imm’(S", $™)) = HL(S") @ HL (LS"™),
in this case the morphism t, s the injection
H, (S™) @ H, (LS"") 24 M, (LS™) ® H, (LS™"),

where ¢ : S™ — LS™ s the inclusion of the constant loops.
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Proof. (the even case). Let us consider the Serre spectral sequence associated
to the fibration

Imm’, ,(S*, S") — Imm/(S*, S™) — US™.
The E? term of this spectral sequence is given by
2 n 1 n
Ep,q - HP(US ?Hq(Imml*,v(S 75 )))
which is isomorphic to
H,(US™) @ H,(QS™1).
Let us recall that in the even case we have

H,(US") =2 AMa—pn+1,b-2041)/ (20 n31,0 pni1b_on41)

and

H,(QS™ 1 = Zu, o
In order to compute the other terms, we use the fact that this spectral sequence
is multiplicative. As it has a section one has that the differentials di(a_,11) =
di(b_2ny1) = 0 for k£ > 2, and we also have dj(u,_2) = 0 for degree reasons. We
conclude that this spectral sequence collapses at the E? term. Also for degree
reasons there is no extensions issues thus we have that

]HI* (Imml(sla Sn)) = A(a7n+1; b72n+1)/(2a7n+17 a7n+1b72n+1) ® Z[unf2]-

(The odd case). Let us consider the Serre-spectral sequence associated to the
fibration

Imm/, (S*, S") — Imm’(S*, S™) — S”
as in the even case for degree reasons this spectral sequence collapses at the
Es-term and there is no extensions issues. ]

6.1. Non-triviality of the desingularization morphism. Let us prove that
the desingularization morphism

¢? : Hy(Tmmy(S*, S™)) — Hy, ¢(Emb(S*, S™))

is non-trivial. We suppose that n > 4 and we follow R. Budney’s construction,
in [B3] he gives a generator of my,_¢(Emb'(R,R")) 2 Z which is the first non-
trivial homotopy group. Let us describe this generator geometrically, let us
take a long immersion 7 together with two regular double points : we have
v(t1) = v(t3) and y(ta) = y(t4) with ¢; < ty < t3 < t4, such that the resolution
is the trefoil knot. Associated to this long immersion we have a desingularization
map
des : S" 73 x S"% — Emb'(R,R").

If 59, ¢ is the fundamental class of S"™3 x S™~3 then in homology des, (s2, )
is the generator of Hgn,G(Embl (R, R™)).

Let us take a closure 7' € Imm, (S, S™) of v then by an easy spectral sequence
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argument one can show that

1) Hy,_6(Emb(S!, S™)) 2 Z by using the Serre’s spectral sequence of the fibra-
tion Emb(S!, S") — US™ and the fact that this spectral has a section we have
Hy,_6(Emb(S', ™)) = E9*"5,

2) If kop_g is a generator of Hy,_(Emb(S!,S™)) then we have @2 (1iver) = kan—o
where 1¢.f is the generator the 0-th homology group of the connected component
containing +'.
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