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RUBINSTEIN DISTANCES ON CONFIGURATION SPACES

L. DECREUSEFOND, A. JOULIN, AND N. SAVY

ABSTRACT. In this paper, we provide upper bounds on several Rubinstein-
type distances on the configuration space equipped with the Poisson measure.
Our inequalities involve the two well-known gradients, in the sense of Malliavin
calculus, which can be defined on this space. Actually, we show that depending
on the distance between configurations which is considered, it is one gradient or
the other which is the most effective. Some applications to distance estimates
between Poisson and other more sophisticated processes are also provided, and
an investigation of our results to functional inequalities completes this work.

1. INTRODUCTION

Let A be a Lusin space and 'y be the space of configurations on A equipped with
a Poisson measure u. Defining and evaluating some distances between probability
measures on 'y is an important problem, both theoretical and for applications,
since it is equivalent to define distances between point processes (see for instance
Chapters 2 and 3 of [[F] for a thorough discussion and references about this topic).
Once a lower-semi-continuous distance p on the configuration space is defined, the
Rubinstein distance between p and some probability measure v on I'y is given by

L) = it [ [ e drm),
'YEE(U'vV) T'p JT)

where X (u, v) is the set of probability measures on I'y x I'y with first (respectively

second) marginal u (respectively v). According to the Kantorovich-Rubinstein

duality theorem, the distance rewrites as

L) = sw [ Fap-w)
Fep—Lip; JT5
where p — Lip; denotes the set of 1-Lipschitz functions on I'y with respect to
the distance p. This means that the distance between two fixed probability mea-
sures depends crucially on the distance on the base space as it changes the set of
Lipschitz functions. Since 7,(u,v) is given by a variational formula, its explicit
expression is of difficult access and one might estimate it from above. In partic-
ular, a convenient upper bound ensures its finiteness, which is not guaranteed a
priori. Such inequalities involving the Rubinstein distance like the ones we are
intended to prove is part of the domain of functional inequalities, which is by now
a wide field of research with numerous methods of proofs. See for instance the
very complete monograph [[f] and particularly Chapters 21 and 22 for a large
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2 L. DECREUSEFOND, A. JOULIN, AND N. SAVY

panorama on this topic, with precise references and credit. To derive our inequal-
ities, the two main ingredients at work are other representations of the Rubinstein
distance and the Rademacher property. On the one hand, one way to get such
representations is either to embed the two probability measures into the evolution
of a Markov semi-group, or to use the so-called Clark formula. On the other hand,
the Rademacher property formally states that given a distance p, there exists a
notion of gradient such that its domain contains the set p — Lip; and any function
in p — Lip; has a gradient whose norm is less than 1, i.e., that we can proceed as
in finite dimension.

For these two steps, we need a notion of gradient. In the setting of configura-
tion spaces, such a notion does exist within Malliavin calculus. In fact, we even
have two notions of gradient: a “differential” gradient (see [ll, [[J]) and a gradient
expressed as a finite difference operator (see [L1]). We show that depending on
the distance p chosen on the configuration space, one gradient or the other is more
convenient, i.e., the Rademacher property holds with one notion of gradient, or
the other.

The paper is organized as follows. After the preliminaries of Section [, we pro-
vide in Section | an abstract upper bound on the Rubinstein distance 7,(u, v)
via a semi-group approach, where p is the total variation distance, the Wasser-
stein distance or the trivial distance on the configuration space I'y. When dealing
with the total variation distance, such an estimate has a simplified expression,
which can be retrieved in Section | by using an alternative method, namely the
Clark formula. When the configuration space is equipped with the Wasserstein
distance, cf. Section [f], the upper bound we give on the Rubinstein distance relies
on a time-change argument together with the Girsanov Theorem. Finally, Sec-
tion [ is devoted to numerous applications: estimating distances between Poisson
processes, between Poisson and Cox processes, between Poisson and Gibbs pro-
cesses, etc. We thus hope to give a systematic treatment of the various situations
one may encounter in applications. We conclude this work by providing another
consequences of our results to various functional inequalities such as log-Sobolev,
concentration or isoperimetric inequalities.

2. PRELIMINARIES

Let X be a Polish space and p a lower-semi-continuous distance on X x X, which
does not necessarily generate the topology on X. Given two probability measures
w and v on X, the optimal transportation problem associated to p consists in
evaluating the distance

(1) Tp(p,v) = inf )/X/Xp(w,y) dvy(z,y),

YEL(p,v

where 3(u, v) is the set of probability measures on X x X with first (respectively
second) marginal u (respectively ). By Theorem 4.1 in [[If], there exists at least
one probability measure « for which the infimum is attained. According to the
celebrated Kantorovitch-Rubinstein duality theorem, cf. Theorem 5.10 in [Iq],
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this minimum is equal to

(2) L) = sw [ Fdu-w),

Fep-Lip, JX

FeL'(utv)
where p — Lip,,, is the set of bounded Lipschitz continuous functions F' from X to
R with Lipschitz constant m:

|[F(x) — F(y)| < mp(x,y), z,y€X.

In the context of optimal transportation, 7, is considered as a Rubinstein distance
since the cost function is already a distance (see for instance the bibliographical
notes at the end of Chapter 6 in [[[]).

In this paper, we consider the situation where X = I'p is the configuration
space on a Lusin space A, i.e.,

'y ={w C A; wN K is a finite set for every compact K C A}.

We identify w € I'y and the positive Radon measure ) . ., where ¢, is the
Dirac measure at point a. Throughout this paper, I'y is endowed with the vague
topology, i.e., the weakest topology such that for all f € Cy (continuous with
compact support on A), the following maps

wHAfw=Zﬂ@

TEW

are continuous. When f is the indicator function of a subset B, we will use
the shorter notation w(B) for the integral of 15 with respect to w. We denote by
B(I'p) the corresponding Borel o-algebra. Given o a o-finite measure on the Borel
o-algebra B(A), the probability space under consideration in the remainder of this
paper will then be the Poisson space (I'x,B(T'A), pts), where p, is the Poisson
measure of intensity o, i.e., the probability measure on I'y fully characterized by

E,., [exp (/Af dw)] :exp{/A(ef— 1) da},

for any measurable function f : A — (—00,0). Here E, stands for the expectation
under the measure pi, .

2.1. Distances on the configuration space I'y. Actually, several distance con-
cepts are available between elements of the configuration space I'y, cf. for instance
[[3] for a thorough discussion about this topic. We introduce only three of them
which will be useful in the sequel. Let w and 1 be two configurations in I'y.

Trivial distance: The trivial distance is simply given by

pO(w777) = 1{w;£77}'
Total variation distance: The total variation distance is defined as
prwn) = Y |lw{z}) —n{z})
zeEA
= wAn(A) +nAw(A),

where wAn = w\(wNmn).
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Wasserstein distance: If A = R* and x is the Euclidean distance, the
Wasserstein distance is given by

p2(w,n) =ﬁ€i§£m) \//A/Aﬁ(w,y)2 dB(z,y),

where ¥ (w, ) denotes the set of configurations 3 € 'y x o having marginals

w and 7, see [f, [[(J.

Let us comment these notions of distance on the configuration space I'.

First, the total variation distance p; is nothing but the number of different atoms
between two configurations. In particular, we allow them to be infinite so that
the total variation distance might take infinite values. Note that our definition is
a straightforward generalization of the classical notion of total variation distance
between probability measures, since it coincides with the usual definition when
the configurations are normalized by their total masses.

As the total variation distance p;, the Wasserstein distance py also shares the
property that it might takes infinite values. Indeed, if the total masses of two
configurations w and 7 are finite but differ, then there exists no coupling configu-
ration 3 in X(w,n), hence the distance should be infinite. If w(A) = n(A) < o0

with w = ng}) 0z; and n = E?(:Al) dy,, we can also write
w(A)
pa(w,m)® = inf k(T Yr()
r€Gun) ; 32 97(4)

where &5y denotes the symmetric group on the finite set {1,2,...,w(A)}. As
such po appears as the dimension-free generalization of the Euclidean distance.

In order to use the Kantorovich-Rubinstein duality theorem, the lower-semi-
continuity of the distances p; is required. This is the object of the next lemma.

Lemma 1. The distances p; are lower-semi-continuous on the product space I'p X
I'a equipped with the product topology.

Proof. 1t is immediate for the trivial distance pg and it is proved in Lemma 4.1 in
[[3] for the Wasserstein distance pa. To verify this property for the total variation
distance pi, let a be a real number and consider J,, defined by

Ja = {(Wﬂ?) € IWA X I‘A : Pl(Wﬂ]) < a}‘
Let ((wpn,mn), n > 1) converge vaguely to (w,n) and such that for any n, (wy,n,)
belongs to J,. By the triangular inequality, we have for any compact set K and
any n:
p1(Trw, mxn) < pr(TRW, TRWn) + @ + p1(TK 0, TEN),

where g denotes the restriction to K of a configuration. Hence using the vague
convergence, we obtain that (mgw, 7xn) € J,. Finally, the monotone convergence
theorem for an exhaustive sequence of compacts (K,)pen entails that

pr(w,n) = lim pi(rr,w,7r,n) < a,
p—-+o0

hence the set J, is vaguely closed. O
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In particular, Lemma [l| entails the lower-semi-continuity of the Rubinstein dis-
tances 7, with respect to the weak topology on the space of probability measures
on Ty, cf. for instance Remark 6.12 in [I§]. However for i € {1,2}, the Rubinstein
distances 7,, is not continuous and might be infinite since the distance p; is very
often infinite itself, as in the Wiener space situation of [§].

Actually, we mention that our definitions do not coincide with some of the
usual definitions of (bounded) distances between point processes, see for instance
B, B, [3). As mentioned above, it is customary to use the classical notion of total
variation by considering normalized configurations, i.e.,

N B w 7

Pl(Wﬂ?) =P <W(A) ) n(A)> ’
provided both configurations have finite total masses. It should be noted that
since p1 is not lower-semi-continuous, the Kantorovich-Rubinstein duality theorem
is no longer satisfied, so that we cannot use the identity (B]) in our framework. For
instance, let A = R, w = ¢g and n = 1. Choose w, = &y + &, and n, = &1 + &,.
As n goes to infinity, w, and n, tend vaguely to w and 7 respectively. However,
we have p1(w,n) = 2 whereas p1(wp,n,) = 1, for any integer n > 2.
It is also customary to replace py by ps defined by

) .
5oy — 3 oy 2w ) i w(d) =nA) #0,
p2(w,n) {\w(A) _ n(A)’ otherwise.

The normalization by the inverse of w(A) shrinks the po distance by a factor
roughly equal to the expectation of w(A)™!, see []. More important, the term
|w(A) —n(A)| has no dimension (in the sense of dimensional analysis) whereas the
term involving po has the dimension of a length. Furthermore, the distance po
has interesting geometric properties of the space I'j like the Rademacher property
(see Lemma f] below), not shared by py.

2.2. Malliavin derivatives and the Rademacher property. Before intro-
ducing the so-called Rademacher property on the configuration space I'y, we need
some additional structure.

Hypothesis I. Assume now that we have:

o Akernel @Q on Ty x A, i.e. Q(-,A) is measurable as a function on T'y for
any A € B(A) and Q(w, ) is a o-finite measure on B(A) for any w € Tx.
We set do(w,z) = Q(w, dr) dus(w).

o A gradient/Malliavin derivative V, defined on a dense subset Dom 'V of
L?(uy), such that for any F € Dom V,

/FA /A VoF (@)[* dafw,z) < +o0.

We say that a process u = u(w,x) belongs to Dom § whenever there exists a
constant ¢ such that for any /' € Dom V,

/FA /AVmF(w)u(w,;p) da(w, z)

For such a process, we define the operator ¢ by adjunction:

(3) /FA /AVxF(w) u(w,z) da(w,x) = F(w)du(w) duy(w).

T'a

< |l Fll L2 (uy)-
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Once the stochastic gradient has been introduced, let us relate it to the geometry
of the configuration space I'.

Definition 1. Given a distance p and a gradient V on I'p, we say that the couple
(V,p) has the Rademacher property whenever p — Lip; C Dom 'V and

V. F(w)| <1, a-ae.

To investigate the Rubinstein distance associated to a distance on I'y, it will
be of crucial importance to find the convenient notion of gradient for which the
Rademacher property holds.

Discrete gradient on configuration space. Given a functional F' € L?(p,), the
discrete gradient of F, denoted by VF, is defined by

VEF(w) = F(w+¢e;) — Flw), (w,z) €Tp x A,
In particular, Dom V* is the subspace of L?(p,) random variables such that

By | [ VPP doto) < 4.
A

We set Q¥(w, dz) = do(z) so that af = p, ® 0. The n-th multiple stochastic
integral of a real-valued square-integrable symmetric function f, € L?(c®") is
defined as

Tulfu) = /A fa@r, ) d(w = o) (1) d(w — o) (),

where A, = {(z1,...,2,) € A", z; # x;,1 # j}, and we have the isometry
formula

(4) By [n(fo)Jon(fon)] = 211 gy /A b do®

According to [[4, [[T], the Chaotic Representation Property holds on the configu-
ration space, i.e., every functional F' € L?(j,) can be written as

+o0
F =Ry, [F1+ ) Ju(fa).
n=1

Moreover the discrete gradient acts on multiple stochastic integrals as

“+o00
VEF = Z Ndn—1(fn(-,2)), o ® o-a.e.
n=1

Denote * the adjoint operator of V* in the sense of (B). Then the self-adjoint
number operator £f = 6*V* has the following expression in terms of chaos:

+00 +oo
LF = "ndu(fa), if F=Eu [Fl+> Julfa)-
n=1

n=1

Moreover, the associated Ornstein-Uhlenbeck semi-group (Ptﬁ)tzo, whose infinites-
imal generator is —L, acts on the multiple stochastic integrals as follows:

+0o0
PtﬁF =E,, [F]+ Ze_ntjn(fn)'
n=1
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Using the Chaotic Representation Property, we have the commutation relation
between gradient and semi-group:

(5) VEPIF = e 'PIVEF, z €A, t>0.

Such a property will be useful in the sequel.
By the isometry formula (), the semi-group is ergodic with respect to the Poisson
measure /i, in the sense that the semi-group converges in L?(j,) to pts.

Using the discrete gradient, the distances of interest on I'p are the trivial dis-
tance pg and the total variation distance p1, as illustrated by the following Lemma.

Lemma 2. Assume that the intensity measure o is finite on A. Then the pairs
(VE, po) and (V¥ p1) satisfy the Rademacher property.

Proof. Letting F' € p; —Lip,, ¢ = 0, 1, we have by the very definition of the discrete
gradient:

IVEF(W)| = [F(w + &) = FW)| < pi(w + e,w) < 1.

Since o is finite, it follows that

[ V@ dota) < a(a),
A
hence that F belongs to Dom V*. (]

Note that the converse direction holds for the total variation distance p;. In-
deed, consider two configurations w and n. If p;(w,n) = +oo, there is nothing to

prove. If p;(w,n) is finite, then since \VﬁxF(u))\ <1, at-a.e., we get
[F(n) = Fw)| < [F(nNw U nAw) = FnNw)| + [F(nNw U wAn) — F(nNw)|
< (nAw)(A) + (wAn)(A)
= p1(1, w)-

Differential gradient on configuration space. Let us introduce another stochastic
gradient on T'y which is a derivation, see [, [J]. Let V(A) be the space of C>
vector fields on A and Vp(A) C V(A), the subspace consisting of all vector fields
with compact support. For v € Vj(A), for any x € A, the curve

t— Vi (z) € A
is defined as the solution of the following Cauchy problem

{%vz%x) — (VY (),

(©) Vi () =z

The associated flow (V7,t € R) induces a curve (V})*'w = wo (VP)~!, t € R, on
Parifw=3",c, € then (V)'w =73, eyr(). We are then in position to define
a notion of differentiability on I'y. We take Q°(w, dz) = dw(z) =3_ , dey()
and dof(w,z) = dw(z) dus(w). A measurable function F': 'y — R is said to be
differentiable if for any v € Vj(A), the following limit exists:

iy LW W) = Flw)
t—0 t
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We then denote VS F(w) the preceding quantity. The domain of V¢ is then the set
of integrable and differentiable functions such that there exists a process (w, x) —
V¢ F(w) which belongs to L?(a¢) and satisfies

Ve F(w) = /A VC F(w)o(z) dw(a).

We denote by §¢ the adjoint operator of V¢ in the sense of (). Given the
self-adjoint operator L£¢ = §°V¢, the associated Ornstein-Uhlenbeck semi-group
(Pf)>0 is ergodic with respect to the Poisson measure p,, cf. Theorem 4.3 in
. However, in contrast to the case of the discrete gradient, there is no known
commutation relationship between the gradient V¢ and the semi-group Ff.

The distance we focus on in this part is the Wasserstein distance pa. We have
the following lemma.

Lemma 3. The couple (V€ p2) satisfies the Rademacher property.

Proof. The proof is straightforward. Indeed, letting F' € p — Lip;, we know from
Theorem 1.3 in [[3] that F' € Dom V¢ and that

S VEF (W) = /A VEPW)P do(z) <1, pio-as.

TEW

Hence we obtain immediately |V F(w)| < 1, aa.e., in other words the Rademacher
property is satisfied. O

3. BOUNDS ON 7, AND 7,, RUBINSTEIN DISTANCES VIA SEMI-GROUPS

Let us establish first an abstract upper bound on the Rubinstein distance by
using a semi-group method, provided the associated pair gradient/distance sat-
isfies the Rademacher property. Denote p one of the distances p; associated to
the gradient V in the sense of the Rademacher property of Lemmas ] or f. To
unify the notation, we use the notation of Hypothesis I, with also £ = 6V, and P;
denotes either the semi-group PtTj or Pf.

Theorem 1. Let L be the density of an absolutely continuous probability measure
v with respect to p,. Then the following upper bound on the Rubinstein distance
holds:

—+00

(7) T, (1o,v) < By, [ /A

V.PL dt‘ da(a:)} :
0

provided the inequality makes sense.

Proof. Since the o-finite case might be established by a simple limiting procedure
(use the lower-semi-continuity of the Rubinstein distance), let us assume that o
is finite for simplicity, so that Lemma [ is verified if (V, p) = (V¥ po) or (V¥ p1),
as Lemma [J in full generality if (V, p) = (V¢ p2).
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Letting F' € p — Lip;, we have by reversibility and using Fubini’s theorem:

Fd(/‘o_y) = / </ Fd/Lo—F>Ld/L0
T'a T'a Ca
+00 d
- S pFat)Ldu,
/FA </0 dt ! )

“+oo
= — / P.LF L dt du,
T'p JO

—+00
= —// SVF P.L dt dpe
T'pa JO

“+oo
= —/ /VmF V. P L dt da
' JA 0

“+oo
= —/ /VxF V.P.L dt do(z) dug.
T'a JA 0

Using then the Rademacher property, the result holds by taking the supremum
over all functions F' € p — Lip;. 0

The upper bound in the inequality (f]) is interesting in its own right, but seems
to be somewhat difficult to compute in full generality. One notices that such an
estimate might be simplified once a commutation relation is obtained between
gradient and semi-group. As mentioned above, it is only verified in the case of the
discrete gradient, so that we focus now on the pair (Vﬁ, p1)-

Theorem 2. Let L be the density of an absolutely continuous probability measure
v with respect to pi,, and assume that L € Dom V* and V*L € L'(ji, ® o). Then
we get the following estimate:

(%) Tolho) < By | [ 1952] doa)]
The same inequality also holds under the distance pg.

Proof. Using the commutation relation (f) in Theorem [ above, we obtain

tion (@) §
Talio) < B, | [ | [ riviz at] aoa)]

L 0
S
< E,, /A i e 'PHVEL| dt da(x)]

- oo
< E, /A/o e Y VEL| dt da(:n)}

- 5, | [Iviz da(az)},
LJ A

where we have used Jensen’s inequality and the invariance property of the Poisson
measure p, with respect to the semi-group Ptﬁ. O

Actually, the well-known relationship between semi-group and generator states
that for any G € L?(u,),

+0o0
/ e 'PIG At = (1d+£Y)7'G.
0
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Applying then such an identity in the first inequality of the proof of Theorem [}
above gives the following bound:

(9) T, (o, v) <E,, [ /A |(Id +£5)1VE L] do(x)

It seems theoretically slightly better than the upper bound of Theorem [ but often
yields to intractable computations, except when the chaos representation of L is
given, as noticed in Section [.]] below. Note that the very analog of () on Wiener
space was proved by a different though related way in Theorem 3.2 of [§].

4. CLARK FORMULA AND THE 7, RUBINSTEIN DISTANCE

In this part, we provide another method leading to Theorem [J which is based
on the so-called Clark formula. Instead of considering configurations in 'y, the
idea is to use multivariate Poisson processes, i.e., point processes on the line with
marks in an abstract Lusin space. Borrowing an idea of [I7, [J], we first explain
how to embed a Poisson process into a multivariate Poisson process.

Let zi be the Poisson measure of intensity A ® o on the new configuration space
I';, where the enlarged state space is A= [0,1] x A, and A denotes the Lebesgue
measure on [0,1]. Any generic element & € I'; has the form & = Z(m)e@ €tz
The canonical filtration is defined as

St =0{w0([0,s] x B),0<s<t, BeB(A)}.
For an element & € 'y, we define by 7l its projection on T'y, i.e.,
7w(B) =©([0,1] x B), B € B(A),
and given F': I'y — R, we define the functional F as
F I's—R

W r— F(7w).

In particular, if fo,x is the discrete gradient on the enlarged configuration space
'3, then we have clearly Vgxﬁ(@) = VE;F(T(@) for any (t,z) € A. Moreover, we
have E; [ﬁ } = E,, [F] since the image measure of fi by 7 is /i,

The total variation distance on FK is defined as

p@m= Y le({te}) -t}

(t,m)EK
The key point is the following lemma.

Lemma 4. For any F € p; — Lip,, the functional F belongs to p1 — Lip; .
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Proof. Given F' € p; — Lip;, we have for any 0,7 € I';:
[F(@) - F@) = [F(rw)— F(xn)]
< pl(ﬂ-aaﬂﬁ)

= > |nd({x}) — mi({x})]

TEN

= > | > od{t,zy) —a{t.z})

zeA |te[0,1]
> Bt a) =it}
(t,x)EIAX
= p(@,7).
The proof is complete. O

Let us recall the Clark formula, cf. for instance [[f] or Lemma 1.3 in [[7], which
states that every functional G : I'; — R belonging to Dom V¥ might be written as

(10) G:Eﬁ[G]—k/Ol/AEﬁ [vi,xc:ygr] d@ - A® o) (t, ).

Now we are able to give a second proof of Theorem J| by means of the Clark
formula.

IN

Proof. Letting 7 be the measure with density L with respect to [z, we obtain:

Tpi(posv) = sup By, [F(L—1)]
Fepy—Lipy

= sup Ej [F\(E — 1)}

Fepy—Lipy
= sup Ep [F\} —E; [ﬁ] .
Fep1—Lipy
Now using the Clark formula ([L() and taking expectation with respect to v,

E, {ﬁ] —E; ﬁ +E, / /EA Vi IF ] (w—A@a)(t,:p)}
= E; [F] +E5 E/O /AEﬁ (V5,15 d(@—A@a)(t,as)}

o ropel
= Eg |F| +Ep /0 /A E; [V§7IF|S,¢} Vi, L dt da(x)] :
By Lemma [, the pair (Vﬁ, p1) satisfies the Rademacher property on I';. Hence

Lemma ] implies that for F' € p; —Lipy, the quantity ‘Eﬁ [Vgxl?’ | &t,] ‘ is bounded
by 1, A ® o-a.e., so that we obtain finally

T (pov) < Ep [ / 1 /A VLIl dt da<x>]
_ E, [ /A Vi L da(x)].

The second proof of Theorem P is thus complete. O
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5. TIME-CHANGING AND THE 7,, RUBINSTEIN DISTANCE

As we have seen in Section [J, Theorem [ entails an upper bound on the 7, Ru-
binstein distance which is not really tractable, since no commutation relation has
been established yet between the differential gradient V¢ and the semi-group Fy.
Hence the purpose of this section is to provide another estimate on 7, through a
different approach relying on a time-change argument together with the Girsanov
theorem.

We consider the notation of Section ], with the slight difference that the state
space is now A := [0,00) x A. In this part, the distance of interest on the enlarged
configuration space I'; is the Wasserstein distance:

A@ = int /A /Km(w,y)%rt—srz) a6 ((s,2), (t,1)).

BeS(@n

Theorem 3. Let L be the (positive) density of an absolutely continuous probabil-
ity measure U with respect to 1. Then we get the following upper bound on the
Rubinstein distance T55 (i, V), provided the inequality makes sense:

L/A/O+oo /Otu(s,z) ds

=E; [L/A/O+OO ‘r—v_l(r,z)|2 dr da(z)} ,

where u(t, z) > —1 is the following square-integrable predictable process:
E |Vi.LI5: |
E [LI3:-]

and v=1(-, ) is the right inverse of the non-decreasing mapping t — v(t, z).

2

T (1, D)2 < Eg (1+wu(t,z)) dt do*(z)]

(11)

t
u(t,z) = , vty z) = t+/ u(s,z) ds, z€A,
0

Note that for z € A fixed, the term f0+°° ‘7‘ — v~ (r, z)|2 dr can be interpreted
as a (generalized) Wassertein distance between the infinite measures dr and (1 +
u(r,z)) dr, see [[d]. Then, the p» distance is bounded by the expectation under
v, of theses distances, integrated over A according to the marks distribution.

Proof. By the Girsanov theorem, there exists a predictable process u such that
for any compact set K € B(A), the process

t— &([0,t] x K) — /0 /K(l +u(s,z)) ds do(z)

is a v-martingale. Moreover, the conditional expectation L; := E [L|§;] might be
identified as follows:

Lt:exp{/ot/j\ln(l+u(s,z)) i (s, ) —/Ot/Au(s,z) ds da(z)}
:€</Ot/Au(s,z) d(@—A@J)(s,z))

:1+/0t/ALSu(S,z) d@ = A ® 0)(s, 2),
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where £ denotes the classical Doleans-Dade exponential. On the other hand, the
Clark formula ([L]) - extended to the set (0,+00) - induces that

t
Lt:1+/ /E [vgth\ssf] d@ - A® 0)(s, 2).
0 JA

By identification, we obtain:

1 1

u(s,2) = 7—E VAL, | = =

S S

8 [vi0. ]

since for any s € (0,t), we have a commutation relation between the discrete gra-
dient vi, » and the conditional expectation knowing §;, cf. for instance Lemma 3.2

in [[1].

Define on I'; the time change configuration & by
T(:} = Z ev(ti,zi),zia
(ti,zi)ea

where v(t, ) is given above. By Theorem 3 in [f], the distribution of 7& under 7 is
nothing but the law of the configuration @ under zi. Hence using Cauchy-Schwarz’
inequality in the second line below, we obtain:

T, v0) < Eplpa(®,70)]
r +00 1/2
< E; // it — v(t, 2)|? d@(t,z)]
LJA JO
r +oo dU 1/2
_ E, L// it — vt )2 2) at da(z)]
L JaJo dt

- E; :L/A/Om lr— v, 2)[? dr da(z)} 1/2,

by the change of variable r = v(t, z) for z € A being fixed. The proof of inequality
(1) is finished. O

6. APPLICATIONS

6.1. Distances estimates between processes. The purpose of the present part
is to apply our main results Theorems [] and [ to provide distance estimates be-
tween a Poisson process and several other more sophisticated processes, such as
Cox or Gibbs processes. See for instance the pioneer monograph [ff] or also [B, [L7]
for similar results with respect to another (bounded) distances on the configura-
tion space I'p. The three first examples below rely on the total variation distance
p1, whereas in the last one the Wasserstein distance po is considered.

Poisson processes on a Lusin space. Here the probability measure v is supposed
to be another Poisson measure on I'y.

Theorem 4. Let i, be a Poisson measure on Iy of intensity 7. We assume that
T admits an integrable density p with respect to o. Then we have

T (fio 117) < /A p(e) — 1] do(x).
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Proof. Since p; is a Poisson measure on 'y of intensity 7, it is well known that it
is absolutely continuous with respect to u, and the density L is given by

L:exp{/Alogpdw—F/A(l—p) da}.

It is then straightforward that V4L = L(p(z) — 1), hence by Theorem 28

Tolhosne) < By | [ 160) = 1] d0@)| = [ 19te) ~1] aota).

The proof is achieved. U

Note that in this very simple situation, the inequality (§) yields to the same
bound. Indeed, since p is deterministic, the density L has the following chaos
representation

_1+Z —Jn (p—1)%"),

cf. identity (7) in [[4], so that we have

[e.e]

(([d+£H)7'VEL = (p(x) = 1) ) ﬁJn—l (0= 1)*"7") = (p(z) — 1)L.

n=1

Cozx processes. A Cox process is a Poisson process with a random intensity. To
construct a Cox process, we need to enlarge our probability space. Denote by
M (A) the space of diffuse Radon measures on A endowed with the vague topology
and the corresponding Borel o-field. We denote by M the canonical random
variable on 9(A) and Py its distribution. On the space I'y x 9 (A), we consider
dplyy(w,m) = dp(w) dPas(m) and dpl(w,m) = dpe(w) dPar(m). We assume
that the application m +— p,, is measurable from 9t(A) into the set of probability
measures on I'y. It then follows that the application m +— 7, (tm, io) is lower-
semi-continuous, hence measurable. The distribution i, on I'y is said to be Cox

whenever
E,.., [exp </f dw) ‘M] :exp{/(ef—l) dM},
A A

for any measurable function f : A — (—00,0). In the definition of the distance
between piy, and p,, we do not include any information on M, so that the distance
p1 remains the same and we have:

Taldosth) = swp [ P diylom) = [ ) diyfwm)
Fep1—Lipy JTAXMM(A) TAX9M(A)

" Fep-lin /zm(A) </FA F(w) d(pm = /‘0)(00)) dPys(m).

Theorem 5. Assume that ul -a.s., the measure M is absolutely continuous with
respect to o and that there exists a measurable version of dM/ do. Then we have

dM

Tolbyottn) < By | [ |50 @) 1] dot)]
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Proof. We have:

Tt < [ sw [ e A~ 10)(©) ) AP ()

(A) Fepr—Lip,

/ o1 (Ko fim) dPpr(m)

do(z) dPy(m),

M(A)
where the last inequality follows from Theorem [. O
Gibbs processes. Let A = R* and assume that the measure v is a Gibbs measure

on I'y with respect to the reference measure y,, i.e. the density of v with respect
to pi is of the form L = e~V where

= /A/Aqﬁ(x —y) dw(z) dw(y) < 400, e —a.s.,

and where the potential ¢ : A — (0, +00) is such that ¢(x) = ¢(—x). We have the
following result.

Theorem 6. The Rubinstein distance 1,, between the Poisson measure py and
the Gibbs measure v is bounded as follows:

Ty (fi0v) < 2 /A /A bz — y) do(x) do(y).

Proof. Since V' is fio-a.s. finite, so does [, ¢(z —y) dw(y) for any x. We have:

Vi) = ~L) (1-ew {2 [ oo ) aut)} ). wen

Since 0 < L < 1, Theorem [ together with the inequality 1 — e~ < u imply:

e <5 1 (1-os0 {2 [ et} ot
ot
<28, | [ [ oo 1) dety) ao(a)]
_» /A /A 6z —y) do(z) do(y).

The proof is finished. U

Poisson processes on the half-line. In this example, we give a bound on the
Rubinstein distance between Poisson processes, with respect to the Wasserstein
distance po. Consider to simplify Poisson processes on R, (the generalization
to multivariate Poisson processes is straightforward). Letting u be a continuous
function on Ry such that u(t) ~ ¢t~ for ¢ going to infinity and o > 3/2, we have

clearly that
2

/0+°° </ot“(s) ds) (1 +u(t)) dt < +c.

Thus we obtain by Theorem ] the following result.
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Theorem 7. Let py be the Poisson measure of Lebesgue intensity X\ on the con-
figuration space I'r, , and consider the Poisson measure v of intensity (1 +u) dA.
Then we have the upper bound on Tp,(ux,v):

T, (1, v)? < /0+OO (/Otu(s) d8>2 (1+u(t)) dt.

6.2. Applications to functional inequalities. The aim of this final part is
to derive several functional inequalities such as log-Sobolev, concentration and
isoperimetric inequalities by means of Theorem [ above.

Modified log-Sobolev inequality and concentration. Define the entropy of a smooth
functional G with respect to the Poisson measure pu, by

G
EntoG:/Glo ) dpe

Theorem 8. Letting A > 0 and F € p; — Lip; such that e’ € Dom V*, we have
the L'-modified log-Sobolev inequality:

(12) Ent, (M) <\ E,, [ / IVEF| M da(x)] ,
A

Proof. By homogeneity, it is sufficient to establish the inequality for functionals
F € p1 —Lip, such that E,,, [e*f'] = 1. Note that we have in this case E,, [F] <0

by Jensen’s inequality. Denoting v* the absolutely continuous probability measure
with density e with respect to j,, we have by Theorem 23

Ent,, (eM) = )\/ F dv
T'a

< Ao, ) + AR, [F]
< AT,(Ho, V)\)
< AB,, | [ 1V ao(a)]
A
< MR, {/ |VEF|e M da(x)] ,
A
where we used the elementary inequality e — 1 < ze®, x > 0. O

Actually, such a modified log-Sobolev inequality has been established in [[[7],
through the inequality (3.4), with the slight difference that the gradient is replaced
by its square, i.e. a L2-type gradient is considered. However, we cannot expect
a L?-behavior in the log-Sobolev inequality ([[J) since our method relies on the
L'-inequality (). The same remark holds for the concentration results below.

As a by-product of the so-called Herbst’s method applied to the modified log-
Sobolev inequality above, see e.g. Propositions 10 and 11 in [d] or Proposition 3.1
in [[[7], we obtain the following L!-type concentration result:

Corollary 1. Given a Lipschitz functional F' € p; — Lip;, we have the following
concentration inequality: for any deviation level x > 0,

T X
1 o (F—E,, [F]>z)< e\ Ut R ) (-
(13) po (F —Ey, | ]—x)—exp{ > Og( +4HWFHL00)}
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where ||V*F 1,00 = po —esssup [, |VﬁxF| do(z).

Proof. By translation invariance, it is sufficient to prove the result for centered
functional. Letting H(A) = 5 logE,,, [e*'] with H(0) = E,,, [F] = 0, we have

Ent,,, (")

HOV =, 177

Denoting ¢ = |[[VF||; ., we obtain by Theorem J the inequality H'()\) < ce?, so
that H()\) < c(e* —1). In other words, we get the following bound on the Laplace
transform:

E., [e)‘F] < exp {c)\(e)‘ — 1)} .

Hence by Chebychev’s inequality,
o (F>2) < inf exp { Az + A~ 1)}
to ( >a:)_)1\1;0exp x +cA(e )
On the one hand, if z € (0,4c) then choose A = £ so that

po (F>x) < exp{—)\:n+c/\(e>‘ - 1)}

< exp{—)\:n+26)\2}
72
_ exp{_g}
< exp{—%log(l—i—i)}.

On the other hand, if z > 4¢, then choose A = log (%) so that

po (FF>2) < exp{—)\a:+c)\(e>‘ — 1)}

55 (3.)}
T x

IN
@D
[}
o
—

IN
(@}
"
o
—
|
o |
)
oz
VRS
[
_l_
3
N————
——

The proof is thus complete. O

The constants in the concentration inequality ([[J) have no reason to be sharp
since the choices of A in the proof above are far from optimal. For instance, to
obtain a slightly better behavior, we might proceed as follows. Let F' € p; — Lip,
be centered and let A > 0. Denote Z) = E,,_ [e)‘F ] and consider v* the absolutely
continuous probability measure with density e*"/Z, with respect to p,. Using a
somewhat similar argument as in the proof of Theorem ,

d
—log Z, = F vt
axn & /FA v

< 7—[)1(/‘077/)\)

< B | [ 198 dota)]
A

< (@ =DV Flliee,
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where in the last inequality we used the fact that the function = — (e* — 1)/x is
non-decreasing on (0, +00). Hence we obtain the following bound on the Laplace
transform:

E,, [eAF] — 7y < exp {||vﬂF||1,oo (=) — 1)} . A>0.

Finally using Chebychev’s inequality, we get the improved concentration inequality

available for any = > 0:
x
expqz — (z+[|[VF]; ) log | 1+ TVF -
1,00

e —Elo 1+L
A2 U TIvELL ) [

See also [H] for a somewhat similar concentration inequality, but however not com-
parable.

po (F = By, [F] > )

IN

IN

Isoperimetric inequality. Here the distance of interest is the trivial distance pg.
In the sequel, we assume that the intensity measure o is finite, so that the L!-
gradient is well-defined on Dom V¥,

Given a Borel set A € B(I'y), we define its surface measure as

1o (9A) = E,, [ / Ve 1] da(m)] .
A
Denote hy,, the classical isoperimetric constant that we aim at estimating:

he =2 i Ho(04)
Ho 0<po(A)<1 po(A)(1 — pg(A))

By the following co-area formula, available for any F' € Dom V*:

E, [/ IVEF| do(x ] E,. U /+OO!V Lipsgy| dt do(z )],

which might be deduced from the identity (b — a = f (Ma>ty — 1{b>t}) dt,
the constant h,, is also the best constant h in the L'-type functional inequality

(14)  hE,, [|[F —E,, [F]] < 2E,, UA ViR da(m)] . FcDom V.

We have the following theorem.

Theorem 9. ASSume that the measure o is ’inzte Then we have
C (1&)
< -~ 7

In particular, we have the asymptotic h,, =1 as o(A) is close to 0.

Note that Houdré and Privault established first the inequality h,, > 1 by using
Poincaré inequality, cf. Proposition 6.4 in [I(]. Hence we recover their result via
another approach. On the other hand, our estimate in the right-hand-side of ([[5)
is sharp for small values of o(A), but is worse than their estimate for large o(A)

since their upper bound is 8 + 81/ (A).
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Proof. In order to show h,, > 1, let us establish the inequality ([4) with h = 1.
By homogeneity, it is sufficient to prove the result for functionals F' € Dom V*
such that E,_ [F] = 1. Denote by v the absolutely continuous probability measure
with density F' with respect to the Poisson measure p,. Using duality,
Tp, (to,v) = sup E,, [G(F —1)]
Gepo—Lipy

_ 1 sup E,, [G(F —1)]

2 o —esssup |G|<1
1
= LE,IF-1].

Hence using Theorem J with pg (recall that the pair (V¥ po) satisfies the Rademacher
property by Lemma [), we get the inequality ([[4) with h = 1, thus obtaining the
desired inequality h,, > 1.

On the other hand, to provide the upper bound in (@), note that we have by the
very definition of h,, :

.- 20 (9{w(A) = 0))
P77 pe(w(A) = 0) (1 — po(w(A) = 0))
o)
T 1 ey
The proof is achieved. U
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