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O N H O FM A N N ’S B ILIN EA R EST IM AT E

PASCAL AUSCHER

A bstract. W egeneralizearesultofS.Hofm ann tosystem s,usingthefram ework

ofa previouspaperwith Axelsson and M cIntosh.
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1.Introduction

S.Hofm ann proved in [10]thatweak solutionsof

(1) divt;xA(x)r t;xU(t;x)=

n
X

i;j= 0

@iA i;j(x)@jU(t;x)= 0

on theupperhalfspaceR 1+ n
+ := f(t;x)2 R � R n ;t> 0g,n � 1,wherethem atrix

A = (A i;j(x))
n
i;j= 0 2 L1 (R

n;L(C 1+ n))isassum ed to be t-independent and within

som esm allL1 neighborhood ofa realsym m etricstrictly elliptict-independentm a-

trix,obey thefollowing bilinearestim ate

�
�
�
�
�

ZZ

R
1+ n

+

r t;xU � vdtdx

�
�
�
�
�
� CkU0k2(kjtr vkj+ kN �vk2):

ThetraceofU att= 0 isassum ed to bein thesenseofnon-tangentialconvergence

a.e.and in L2(R
n).Seebelow forthede� nition ofthesquarefunction kjkjand the

non-tangentialm axim aloperatorN �.In addition,heprovesthatthesolution oper-

atorU0 ! U(t;�)de� nesa bounded C0 sem i-group on L2(R
n)whose in� nitesim al

generatorA hasdom ain W 1;2(R n)with kA fk2 � kr fk2. Thisgeneralizesresults

ofB.Dahlberg [7]corresponding to the case where divAr is the pullback ofthe

Laplaceoperatoron a specialLipschitz dom ain.Hofm ann’sresultsutilizethedeep

resultsof[1]and in particularTheorem 1.11wheretheboundednessand invertibility

ofthe layerpotentials are obtained from a T(b)theorem ,Rellich estim ates in the

case ofrealsym m etric m atrices and perturbation. This also generalizes som ehow

the case where A 0;i = A i;0 = 0 fori= 1;:::;n corresponding to the Kato square

rootproblem .

Therecentpapers[3,4]allowsusto extend thisfurtherto system s,m aking clear

in particular that speci� cities ofrealsym m etric coe� cients and ofequations are

not needed: it only depends on whether the Dirichlet problem is solvable. W e

use the solution operator constructed in [3]and this also m akes transparent the

para-productlikecharacterofthisbilinearestim ate.W ealso statea necessary and

su� cientcondition tellingwhen thedom ain ofthein� nitesim algeneratorA isW 1;2.
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2 PASCAL AUSCHER

2.Setting

W ebeginbygivingtheprecisede� nitionofwellposednessoftheBVPsforsystem s.

Throughoutthisnote,weusethenotation X � Y and X . Y forestim atestom ean

that there exists a constant C > 0,independent ofthe variables in the estim ate,

such thatX =C � Y � CX and X � CY ,respectively.

W e write (t;x)forthe standard coordinatesforR 1+ n = R � R n,tstanding for

the verticalornorm alcoordinate. Forvectorsv = (v�i)
1� �� m

0� i� n 2 C (1+ n)m ,we write

v0 2 C m and vk 2 C nm forthenorm aland tangentialpartsofv,i.e.v0 = (v�0)
1� �� m

whereasvk = (v�i)
1� �� m

1� i� n .

Forsystem s,gradient and divergence act as(r t;xU)
�
i = @iU

� and (divt;xF)
� =

P n

i= 0
@iF

�
i,with correponding tangentialversionsr xU = (r t;xU)k and (divxF)

� =
P n

i= 1
@iF

�
i.W ithcurlxF k = 0,weunderstand@jF

�
i = @iF

�
j,foralli,j= 1;:::;n;� =

1;:::;m .

W econsiderdivergence form second orderellipticsystem s

(2)

n
X

i;j= 0

m
X

�= 1

@iA
�;�

i;j (x)@jU
�(t;x)= 0; � = 1;:::;m ;

on the halfspace R 1+ n
+ := f(t;x) 2 R � R n ; t> 0g,n � 1,where the m atrix

A = (A
�;�

ij (x))
�;�= 1;:::;m

i;j= 0;:::;n 2 L1 (R
n;L(C (1+ n)m ))isassum ed to bet-independentwith

com plex coe� cientsand strictly accretiveon N(curlk),in thesensethatthereexists

� > 0 such that

(3)

n
X

i;j= 0

m
X

�;�= 1

Z

R
n

Re(A
�;�

i;j (x)f
�

j (x)f
�
i (x))dx � �

n
X

i= 0

m
X

�= 1

Z

R
n

jf�i (x)j
2
dx;

forallf 2 N(curlk):= fg 2 L2(R
n;C (1+ n)m ) ; curlx(gk)= 0g. By changing m to

2m wecould assum ethatthecoe� cientsarereal-valued.Butthisdoesnotsim plify

m attersand weneed thecom plex herm itean structureofourL2 spaceanyway.

D e�nition 2.1.The Dirichletproblem (Dir-A)issaid to be wellposed ifforeach

u 2 L2(R
n;C m ),thereisa uniquefunction

Ut(x)= U(t;x)2 C
1(R + ;L2(R

n;C m ))

such thatr xU 2 C 0(R + ;L2(R
n;C nm )),whereU satis� es(2)fort> 0,lim t! 0Ut=

u,lim t! 1 Ut = 0,lim t! 1 r t;xUt = 0 in L2 norm ,and
Rt1

t0
r xUsds converges in

L2 when t0 ! 0 and t1 ! 1 . M ore precisely,by U satisfying (2),we m ean that
R1

t
((Ar s;xUs)k;r xv)ds= �((Ar t;xUt)0;v)forallv 2 C 1

0 (R
n;C m ).

Restricting to realsym m etricequationsand theirperturbations,thisde� nition is

nottheonetaken in [10].However,asu� cientcondition isprovided in [3]toinsure

thatthe two m ethods give rise to the sam e solution. See also [1,Corollary 4.28].

Itcoversthe m atriceslisted in Theorem 2.4 below. Thisde� nition ism ore akin to

well-posednessfora Neum ann problem (seeSection 4).

R em ark 2.2.In the case ofblock m atrices,ie A
�;�

0;i(x) = 0 = A
�;�

i;0 (x),1 � i�

n;1� �;� � m ,thesecond ordersystem (2)can besolved usingsem i-group theory:

V (t;�) = e� tL
1=2

u0 for L = �A � 1
00 divxA kkr x acting as an unbounded operator on

L2(R
n;C nm ) (See below for the notation). This solution satis� es Vt = V (t;�) 2

C 2(R + ;L2(R
n;C m ))\ C 1(R + ;D(L

1=2));lim t! 0Vt = u0,lim t! 1 Vt = 0 in L2 norm ,
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and (2)holdsin thestrongsensein R n forallt> 0(and in thesenseofdistributions

in R
1+ n
+ ). Hence,the two notionsofsolvability are nota priori equivalent. That

thesolutionsarethesam efollowsindeed from thesolution oftheKato squareroot

problem forL: D(L1=2)= W 1;2(R n;C nm )with kL1=2fk2 � kr xfk2. See [6]where

thisisexplicitly proved when A 00 6= I.

ThefollowingresultisCorollary3.4of[3](which,aswerecall,furnishesadi� erent

proofofresults obtained by com bining [11]and [8]in the case ofrealsym m etric

m atricesequations(m = 1)).

T heorem 2.3. LetA 2 L1 (R
n;L(C (1+ n)m )) be a t-independent,com plex m atrix

function which is strictly accretive on N(curlk) and assum e that (Dir-A) is well-

posed. Then any function Ut(x)= U(t;x)2 C 1(R + ;L2(R
n;C m ))solving (2),with

propertiesasin De�nition 2.1,hasestim ates
Z

R
n

juj2dx � sup
t> 0

Z

R
n

jUtj
2
dx �

Z

R
n

jeN �(U)j
2
dx � kjtr t;xUkj

2
;

where u = UjR n. Iffurtherm ore A isreal(notnecessarily sym m etric) and m = 1,

then M oser’slocalboundednessestim ate[14]givesthepointwiseestim ate eN �(U)(x)�

N �(U)(x), where the standard non-tangentialm axim alfunction is N �(U)(x) :=

supjy� xj< ctjU(t;y)j,for�xed 0< c< 1 .

W eusethesquarefunction norm

kjFtkj
2 :=

Z 1

0

kFtk
2
2

dt

t
=

ZZ

R
1+ n

+

jF(t;x)j2
dtdx

t

and thenorm keN �(F)k2,using them odi� ed non-tangentialm axim alfunction

eN �(F)(x):= sup
t> 0

t
� (1+ n)=2kFkL2(Q (t;x));

whereQ(t;x):= [(1� c0)t;(1+ c0)t]� B (x;c1t),forsom e� xed constantsc0 2 (0;1),

c1 > 0.

NextisTheorem 3.2 of[3],specialized to theDirichletproblem .

T heorem 2.4.The setofm atrices A for which (Dir-A) is well-posed is an open

subsetofL1 (R
n;L(C (1+ n)m )).Furtherm ore,itcontains

(i) allHerm itean m atrices A(x)= A(x)� (and in particular allrealsym m etric

m atrices),

(ii) allblock m atrices where A
�;�

0;i(x)= 0 = A
�;�

i;0 (x),1 � i� n;1 � �;� � m ,

and

(iii) allconstantm atricesA(x)= A.

M oreim portantly isthesolution algorithm using an \in� nitesim algenerator"TA.

W rite v 2 C (1+ n)m asv = [v0;vk]
t,where v0 2 C m and vk 2 C nm ,and introduce

theauxiliary m atrices

A :=

�

A 00 A 0k

0 I

�

; A :=

�

1 0

A k0 A kk

�

; ifA =

�

A 00 A 0k

A k0 A kk

�

in thenorm al/tangentialsplittingofC (1+ n)m .ThestrictaccretivityofA onN(curlk),

asin (3),im pliesthe pointwise strictaccretivity ofthe diagonalblock A 00. Hence
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A 00 isinvertible,and consequently A isinvertible [This isnotnecessarily true for

A.]W ede� ne

TA = A
� 1
D A

as an unbounded operator on L2(R
n;C (1+ n)m ) with D the � rst order self-adjoint

operatorgiven in thenorm al/tangentialsplitting by

D =

�

0 divx
�r x 0

�

:

Proposition 2.5.LetA 2 L1 (R
n;L(C (1+ n)m ))bea t-independent,com plexm atrix

function which isstrictly accretive on N(curlk).

(1) The operator TA has quadratic estim ates and a bounded holom orphic func-

tionalcalculuson L2(R
n;C (1+ n)m ).In particular,forany holom orphicfunc-

tion  on the leftand rightopen halfplanes,with z (z)and z� 1 (z)quali-

tatively bounded,one has

kj (tTA)fkj. kfk2:

(2) The Dirichletproblem (Dir-A)iswell-posed ifand only ifthe operator

S :R(�+ (TA))! L2(R
n
;C

m );f7! f0

is invertible. Here,�+ = 1 on the rightopen halfplane and 0 on the left

open halfplane.

Item (1)is[3,Corollary 3.6](and see[4]foran explicitdirectproof)and item (2)

can befound in [3,Section 4,proofofTheorem 2.2].

Lem m a 2.6.Assum e that(Dir-A) is well-posed. Letu0 2 L2(R
n;C m ). Then the

solution U of(Dir-A)in the sense ofde�nition 2.1 isgiven by

U(t;�)= (e� tTA f)0; f= S� 1
u0 2 R(�+ (TA))

and furtherm ore

r t;xU(t;�)= @te
� tTA f:

Proof.[3,Lem m a4.2](Seealso[2,Lem m a2.55]with aslightly di� erentform ulation

oftheDirichletproblem ). �

3.T he bilinear estimate

W earenow in position to stateand provethegeneralisation ofHofm ann’sresult.

T heorem 3.1.Assum e that(Dir-A) is well-posed. Letu0 2 L2(R
n;C m ) and U

be the solution to (Dir-A) in the sense ofde�nition 2.1. Then for allv:R 1+ n
+ !

C (1+ n)m such thatthe righthand side is�nite,
�
�
�
�
�

ZZ

R
1+ n

+

r t;xU � v dtdx

�
�
�
�
�
� Cku0k2(kjtr t;xvkj+ kN �vk2):

The pointwise valuesofv(t;x)in the non-tangentialcontrolN �v can be slightly

im proved to L1 averageson ballshaving radii� tforeach � xed t. See the end of

proof.
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Proof.Itfollowsfrom thepreviousresultthatthereexistsf2 R(�+ (TA))such that

U(t;�)= (e� tTA f)0 and

r t;xU(t;�)= @tF = �TA e
� tTA f; F = e

� tTA f:

Integrating by partswith respectto t,we� nd
ZZ

R
1+ n

+

r U � v dtdx = �

ZZ

R
1+ n

+

t@tF � @tvdtdx�

ZZ

R
1+ n

+

t@
2
tF � vdtdx:

Theboundary term vanishesbecauset@tF goesto 0 in L2 when t! 0;1 (thisuses

f2 R(�+ (TA)))and supt> 0kv(t;�)k2 < 1 from kN �vk2 < 1 .

Forthe � rstterm ,we use Cauchy-Schwarz inequality and thatkjt@tFkj. ku0k2
from Theorem 2.3.

For the second term ,we use the following identity: TA = A
� 1
D B A with B =

AA
� 1
,which by [3,Proposition 3.2]isstrictly accretive on N(curlk),and

t
2
@
2
tF = A

� 1
(tD B )2e� tD B (Af)

= A
� 1
(tD B )(I+ (tD B )2)� 1 (tD B )(Af)

= A
� 1
(tD B )(I+ (tD B )2)� 1A (tTA )(f)

with

 (z)= z(1+ z
2)e� (sgnR ez)z:

Thus,
ZZ

R
1+ n

+

t@
2
tF � vdtdx =

ZZ

R
1+ n

+

A (tTA )(f)� Qtvt
dtdx

t

with Q t = � tA
� 1�

and � t = (tB �D )(I+ (tB �D )2)� 1 acting on vt � v(t;�)foreach

� xed t[Thenotation A hasnothing to do with com plex conjugateand weapologize

forany con
 ictthism ay cause.] Itfollowsfrom the quadratic estim atesproved in

Proposition 2.5 that

kj (tTA)(f)kj. kfk2:

Itrem ainsto estim atekjQ tvtkj.To do thatwefollow theprincipalpartapproxim a-

tion of[4]applied to Q t instead of� t there.Thatis,wewrite

(4) Q tvt= Q t

�

I� Pt

t(�� )1=2

�

t(�� )� 1=2vt+ (Q tPt� 
tStPt)vt+ 
tStPtvt

where� istheLaplacian on R n,Ptisanicescalarapproxim ation totheidentity act-

ingcom ponentwiseon L2(R
n;C (1+ n)m )and 
tistheelem entofL

2
loc(R

n;L(C (1+ n)m ))

given by


t(x)w := (Q tw )(x)

forevery w 2 C (1+ n)m .W eview w on theright-hand sideoftheaboveequation as

the constantfunction valued in C (1+ n)m de� ned on Rn by w (x):= w .W e identify


t(x)with the(possibly unbounded)m ultiplication operator
t:f(x)7! 
t(x)f(x).

Finally,the dyadic averaging operator St :L2(R
n;C (1+ n)m ) ! L2(R

n;C (1+ n)m ) is

given by

Stu(x):=
1

jQj

Z

Q

u(y)dy

forevery x 2 R n and t> 0,whereQ istheuniquedyadiccubein R n thatcontains

x and hassidelength ‘with ‘=2< t� ‘.



6 PASCAL AUSCHER

W ith thisin hand,weapply thetriplebarnorm to (4).

Using theuniform L2 boundednessofQ t and thatof
1� Pt

t(� � )1=2
,the� rstterm in the

RHS isbounded by kjt(�� )1=2vtkj� kjtr xvtkj.

Following exactly the com putation ofLem m a 3.6 in [4],the second term in the

RHS isbounded by Ckjtr xPtvtkj� Ckjtr xvtkjusing the uniform L2 boundedness

ofPt.Thiscom putation m akesuseoftheo� -diagonalestim atesof�t,henceofQ t,

proved in [4,Proposition 3.11].

Forthethird term in theRHS,weobserve that
t(x)w = � t(A
� 1�

w )(x).Hence,

the square function estim ate on � t proved in [4,Theorem 1.1],the o� -diagonal

estim atesof� tand thefactthatA
� 1
isbounded im plythatj
t(x)j

2dtdx

t
isaCarleson

m easure. Hence,from Carleson em bedding theorem the third term contributes to

kN �(StPtv)k2,which iscontrolled pointwiseby thenon-tangentialm axim alfunction

in thestatem entwith appropriateopening. �

4.T he domain of the D irichlet semigroup

Assum e (Dir-A)in thesenseofde� nition2.1 iswell-posed.Ifweset

Ptu0 = (e� tTA f)0; f= S� 1
u0 2 R(�+ (TA))

forallt> 0,then Lem m a 2.6 im plies that(Pt)t> 0 is a bounded C0-sem igroup on

L2(R
n;C m )[Recallthatwell-posednessincludesuniquenessand thisallowstoprove

thesem igroup property].

Furtherm ore,with ourde� nition oftheDirichletproblem ,thedom ain ofthein� n-

itesim algeneratorA ofthissem i-group iscontained theSobolevspaceW 1;2(R n;C m )

and kr xu0k2 . kA u0k2.Indeed,from Lem m a 2.6 we have forallt> 0,@te
� tTA f=

r t;xU(t;�):Also@te
� tTA f2 R(�+ (TA))andtheinvertibilityofS tellsthatr t;xU(t;�)=

S� 1(@tU(t;�)).Therefore

kr xU(t;�))k2 . k@tU(t;�)k2:

By de� nition ofA ,@tU(t;�)= A U(t;�),thuswehaveforallt> 0

kr xU(t;�))k2 . kA U(t;�)k2

Theconclusion forthedom ain followseasily.

Thequestion ofwhetherthisdom ain coincideswith W 1;2(R n;C m )isanswered by

thefollowing theorem

T heorem 4.1. Assum e that(Dir-A) and (Dir-A �) are well-posed. Then the do-

m ain ofthe in�nitesim algenerator A of(Pt)t> 0 coincides with the Sobolev space

W 1;2(R n;C m )and kr xu0k2 � kA u0k2.

Thistheorem appliesto thethreesituationslisted in Theorem 2.4.

Proof.Com bining [4, Lem m a 4.2](which says that (Dir-A �) is equivalent to an

auxiliary Neum ann problem for A �), [2, Proposition 2.52](which says that this

auxiliary Neum ann problem isequivalentto a regularity problem forA:thisisnon

trivial) with the proofot Theorem 2.2 in [4](giving the necessary and su� cient

condition below forwell-posedness ofthe regularity problem forA),we have that

(Dir-A �)iswell-posed ifand only if

R :R(�+ (TA ))! L2(R
n
;C

nm );f7! fk
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isinvertible.Thisim pliesthatforf2 R(�+ (TA)),wehavethat

kfk2 � kfkk2:

Therefore,theconjunction ofwell-posednessfor(Dir-A)and (Dir-A �)gives

kf0k2 � kfkk2; f2 R(�+ (TA)):

From this,itiseasy to concludeforthedom ain ofA by an argum entasbefore. �

W ehaveseen thatinvertibility ofS reducesto thatofR (up to taking adjoints).

Theonlyknown way toproveitin such agenerality (exceptforconstantcoe� cients)

isvia a continuity m ethod and theRellich estim atesshowing thatkfkk2 � k(Af)0k2

forallf2 R(�+ (TA)):Thism ethod was� rstused in thecontextofLaplaceequation

onLipschitzdom ainsbyVerchota[15].ThisdependsstronglyofA.Variousrelations

between Dirichlet,regularity and Neum ann problem sin thesenseofnon tangential

approach forsecond orderrealsym m etric equationsarestudied in [12,13].
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