Extending the results obtained in the case N odd, the effect of slightly relevant perturbations of the second parafermionic field theory with the symmetry Z N , for N even, are studied. The renormalization group equations, and their infra red fixed points exhibit the same structure in both cases. In addition to the standard flow from the p-th to the (p -2)-th model, another fixed point corresponding to the (p -1)-th model is found.

Conformal field theories describe critical points of some statistical system, i.e. the fixed point of the renomalization group. In order to get some insights into the neighborhood of this critical point, one can study the effects of slightly relevant perturbations of the correponding conformal field theory, using a renormalization group approach. Parafermionic conformal field theories describe systems enjoying an extended conformal symmetry : they possess an additional cyclic symmetry Z N . While the first series of parafermionic conformal field theories [1] are well studied and applied in various domains [2,3,4], far less is known about the second parafermionic series [5,6,7,8]. These conformal theories have a richer structure than the first parafermions. For a given N ≥ 5, there are infinitetely many second parafermionic theories Z

(2) N (p), labeled by the integer p ≥ N -1. These theories are unitary and correspond to degenerate representations of the corresponding parafermionic chiral algebra. The presence of the parameter p, for a given Z N , opens a way to reliable perturbative studies. It allows in particular to study the renormalisation group flows in the space of these conformal theory models, under various perturbations. This problem has already been adressed for the case N odd [17,18], where the effect of two slightly relevant perturbations were studied. In this letter these results are generalized to the case N even.

A particular case of this problem has already been treated. The second parafermionic theory Z

(2) N (p) with N even is a particular exemple of symmetric coset on a simply laced Lie algebra, and as such its perturbation by one particular relevant operator has been studied in [15]. It is already known that the corresponding renormalization group equations describe a flow from Z

(2)

N (p) to Z (2)
N (p -2). Guided by the results obtained for the case N odd, we consider a more general perturbation, and an additional fixed point is found.

The theory Z

(2) N (p) perturbed by two appropriate fields will exhibit two different infrared (IR) fixed points :

• one of these fixed point is described by the expected Z

(2)

N (p -2)
• the other fixed point corresponds to Z

(2)

N (p -1)
The details of the second Z N parafermionic theory with N even , N ≥ 6 can be found in [8]. The main difference between the odd and even cases lies in the coset construction of these CFT [13]:

Z (2) N (p) = SO(N) k ⊗ SO(N) 2 SO(N) k+2 p = k + N -2 (1) 
Depending on the parity of N, the affine Lie algebra relevant to the coset construction will be either D

r , when N = 2r is even, or B

r , when N = 2r + 1. In both cases the central charge is :

c N (p) = (N -1) 1 - N(N -2) p(p + 2) (2)
The chiral algebra is made of

N -1 parafermionic currents Ψ k , k = 1..N -1 obeying
the following fusion rules :

Ψ k × Ψ l → Ψ k+l (3) 
where the Z N charges k, l, k + l are defined modulo N.

The primary operators Φ ( n| n ′ ) are labeled by two vectors n, n ′ belonging to the weight lattice of the X r Lie algebra, where X r denotes either B r or D r . Their conformal dimension is given by :

∆ ( n| n ′ ) = ((p + 2) n -p n ′ ) 2 -4 ρ 2 2p(p + 2) + B Q (4)
where B Q is the boundary term which depend on the sector of the theory, i.e. on the Z N charge of the primary field, and ρ = i ω i is the Weyl vector of the corresponding Lie algebra.

When N is even, the second parafermionic theory Z

(2) [15] proved in that general framework that the perturbation by an appropriate operator A :

N (p) is a coset of the form G k ⊗ G l /G k+l on a simply laced Lie algebra G = D r . Fateev
A = A 0 + g d 2 x A(x) (5)
is integrable, and leads for g > 0 to an IR fixed point described by

G k-l ⊗ G l /G k , provided k ≫ 1.
In terms of the GKO construction [19], this appropriate operator field A(x) correspond to the branching [(k, id) ⊗ (l, id)/(k + l, ad)], and has a conformal dimension :

∆ A = 1 - g k + l + g (6) 
g being the Coxeter number of the simply laced Lie algebra G. For the second parafermionic theory Z

(2)

N (p) theories (N even), this correspond to a Z N neutral field with dimension ∆ A = 1 -(N -2)/(p + 2). If the ultraviolet CFT is described by Z (2)
N (p), then the IR fixed point will correspond to Z

(2)

N (p -2).
In this letter a more general perturbation in considered, having in mind the results obtained for the odd case. Assuming A 0 to describe the second parafermionic field theory, the action of the perturbed CFT takes the following form :

A = A 0 + α g α d 2 x Φ α (x) (7) 
In order to preserve the Z N symmetry, the relevant fields Φ α have to be neutral w.r.t.

Z N . Perturbatively well controlled domain of Z

N (p) theories is that of p ≫ 1, giving a small parameter ǫ ∼ 1/p. This is similar to the original perturbative renormalization group treatment of minimal models for Virasoro algebra based conformal theory [9,10].

In this domain, i.e. for p ≫ 1, one finds, in the lower part of the Kac table of Z 

A =    Ψ -1 -1 3 Φ (111|122) for N = 6 Ψ -1 -2 N Φ (111...|121...) for N ≥ 8 (9) (8) 
The first one is a Z N singlet and the second is a parafermionic algebra descendant of a doublet. They both belong to the neutral sector of Z N and they are both Virasoro primaries.

Their labeling as S and A is just our shortened notations for these fields, and the field A is precisely the operator Fateev used as a perturbation.

Their conformal dimensions are given by (4) :

∆ A = 1 -(2r -2)ǫ ∆ S = 1 -2rǫ ( 10 
)
where ǫ is defined as follows:

ǫ = 1 p + 2 ≃ 1 p (11) 
The fields S and A have the same structure as in the case N odd [17,18]. Going back to the parameter N rather than r, their conformal dimension for both cases , N odd and even, read :

∆ A = 1 -(N -2)ǫ ∆ S = 1 -Nǫ (12) 
Perturbing with the fields S and A corresponds to taking the action of the theory in the form:

A = A 0 + 2g π d 2 xS(x) + 2h π d 2 xA(x) (13) 
where g and h are the corresponding coupling constants; the additional factors 2 π are added to simplify the coefficients of the renormalization group equations which follow; we recall that A 0 is assumed to be the action of the unperturbed Z The operator algebra of the fields S and A is of the form:

S(x ′ )S(x) = D 1 |x ′ -x| 4∆ S -2∆ A A(x) + ... (14) 
A(x ′ )A(x) = D 2 |x ′ -x| 2∆ A A(x) + ... (15) 

S(x

′ )A(x) = D 1 |x ′ -x| 2∆ 1 S(x) + ... (16) 
Only the fields which are relevant for the renormalization group flows are shown explicitly. The operator algebra expansions in ( 14)-( 16) and the constants D 1 and D 2 are obtained by the same fusion procedure as for the case N odd [17,18]. From these operator product expansions one derives in a standard way the renormalization group equations for the couplings g and h:

β g = dg dξ = 2(1 -∆ S )g -4D 1 gh (17) 
β h = dh dξ = 2(1 -∆ A )h -2D 1 g 2 -2D 2 h 2 (18) 
These are up to (including) the first non-trivial order of the perturbations in g and h.

All this analysis is valid for ǫ ≪ 1, and the above RG flow equations are valid in the region g, h ǫ.

These equations derive from a potential:

β g = ∂ g V (19 
)

β h = ∂ h V (20) 
with :

V (g, h) = (1 -∆ S )g 2 + (1 -∆ A )h 2 -2/3D 2 h 3 -2D 1 hg 2 (21)
This potential plays a central role in the renormalization group flows. Let us consider the function c(g, h) defined by c(g, h) = c 0 -V (g,h)

24

: this is the c-function introduced by Zamolodchikov, which decreases along the renormalization group flows, and coincide with the central charge at any fixed point. In order to analyse the presence of IR fixed points for the renormalization group, and predict the corresponding central charges, explicit values for the operator algebra constants D 1 and D 2 are required, at least in the leading order in ǫ : they are obtained by a fusion procedure. This amounts to relate the second parafermionic theory Z

N (p) to W D r theories through the coset identity :

SO k (N) × SO 2 (N) SO k+2 (N) × SO 1 (N) × SO 1 (N) SO 2 (N) = SO k (N) × SO 1 (N) SO k+1 (N) × SO k+1 (N) × SO 1 (N) SO k+2 (N) ( 22 
)
with Z

(2)

N (p) = SO k (N) × SO 2 (N) SO k+2 (N) p = k + N -2 (23) 
The two coset factors in the r.h.s., as well as the additional coset factor in the l.h.s. of ( 22), correspond to W D r theories [14]. For these theories the Coulomb gas representation is known. It is made of r bosonic fields, quantized with a background charge.

The equation ( 22) can be rewritten as

Z (2) 2r (p) × WD 1 r = WD k r × WD k+1 r p = k + N -2 (24) 
This equation relates the representations of the corresponding algebras. But this equation allows also to relate the conformal blocs of correlation functions. In doing so one relates the chiral (holomorphic) factors of physical operators. This later approach has been developped and analyzed in great detail in the papers [11,12], for the SU(2)

coset theories.

As it was said above, the chiral factor operators are related to the conformal bloc functions, not to the actual physical correlators. On the other hand, the coefficients of the operator algebra expansions are defined by the three point functions. These latter are factorizable, into holomorphic -antiholomorphic functions. So that, when the relation is 

The Coulomb gas representation of the WD r theory allows to calculate the operator product expansion of the fields in the r.h.s. of ( 25) and ( 26). The coefficient a and b in are determined in the process, by demanding consitency between the OPE ( 14),( 15), (16) and the decompositions (25),( 26) :

a = b = 1/ √ 2.
The following values, at the leading order in ǫ, are obtained for the constants D 1 and D 2 :

D 1 = 2 r 2r -1 (27) D 2 = 2(r -1) r(2r -1) (28) 
Despite the technical differences in evaluating these coefficients, in the end these results are very similar to those obtained for N odd, and in both cases it boils down to :

D 1 = √ 2 N N(N -1) , D 2 = √ 2 N -2 N(N -1) (29) 
At this point the analyse of the renormalization group flows becomes similar for all N, even or odd, and the phase diagram of constants g and h is essentially the same. It contains (Fig. 1) :

• the trivial UV fixed point g * 0 = h * 0 = 0, which corresponds to the unperturbed theory Z • the standard IR fixed point on the h axis:

(g * 1 , h * 1 ) = (0, N(N -1) 2 ǫ) (30) 
described by Z

N (p -2)

• two additional IR fixed points for non-vanishing values of the two couplings, with a central charge agreeing with Z

(2)

N (p -1) (g * 2 , h * 2 ) = ( 1 2 (N -2)(N -1) 2 ǫ, 1 2 N(N -1) 2 ǫ), (31) 
(g * 3 , h * 3 ) = (- 1 2 (N -2)(N -1) 2 ǫ, 1 2 N(N -1) 2 ǫ) (32) 
The CFTs describing the different fixed points are identified using the c function related to (21).

For all N ≥ 5, the (g, h) phase diagramm is thus the same. In addition to the expected flow from Z

(2)

N (p) to Z (2) 
N (p -2), another flow to Z

N (p -1) exists. However, to realize the last flow, a fine tuning of the coupling constants g, h is required.

It is interesting to compare these results with the case N = 3 [16]. The perturbation of the parafermionic model Z 3 (p) by two slightly relevant fields has been treated in [11,12] : the RG equations admit only one IR fixed point, corresponding to the expected

Z (2)
3 (p -4). No additional fixed point is present for N = 3. Finally, the case N = 4 is not considered here, since the corresponding second parafermionic theory can be factorized into two N = 1 superconformal theories, for which slighlty relevant perturbations have already been studied [20].

All the above analysis is valid for p large, and it would be interesting to know what happens for small values of p.
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  parafermionic theory, two Z N neutral fields which are slightly relevant and which close by the operator algebra. They are: S = Φ (11...|31...)

  established on the level of chiral factor operators, for the holomorphic three point functions, this relation could then be easily lifted to the relation for the physical correlation functions. With the relations for the chiral factor operators one should be able to define the square roots of the physical operator algebra constants.By matching the conformal dimensions of operators on the two sides of the coset equation (24) one finds the following decompositions for the operators S and A (here we give the results for N ≥ 8):
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 1 Figure 1: Renormalization group flows. Only the part g ≥ 0 is shown, since the RG flows equations and thus the phase diagramm is symmetric under g → -g.
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