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DIFFERENTIABILITY OF THE ARITHMETIC VOLUME
FUNCTION

Huayi Chen

Abstract. — We introduce the positive intersection product in Arakelov geometry
and prove that the arithmetic volume function is continuously differentiable. As
applications, we compute the distribution function of the asymptotic measure of a
Hermitian line bundle and several other arithmetic invariants.

Résumé. — On introduit le produit d’intersection positive en géométrie d’Arakelov
et on démontre que la fonction volume arithmétique est continuement dérivable.
Comme applications, on calcule la fonction de répartition de la mesure de probabilité
asymptotique d’un fibré inversible hermitien ainsi que quelques d’autres invariants
arithmétiques.

Contents

. Introduction. ... o i
. Notation and preliminaries........... ... ..o,
. Positive intersection product........... ... .o it
. Differentiability of the arithmetic volume function...............
. Applications and compariSons...............coooiiiiiiiiiiiaa...
References. ... ..o

T W N~

1. Introduction

Let K be a number field, Ok be its integer ring and 7 : X — Spec Ok be an
arithmetic variety of relative dimension d. Recall that the arithmetic volume of a
continuous Hermitian line bundle L on X is by definition

—~ RO(X,I°")
(1) VOl(L) = llglésolip m,

where
RO(X, ") = log #{s € m.(L%") | Vo : K = C, ||s|losup < 1}-
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The properties of the arithmetic volume vol (see @, @, E, @, E, ) are quite
similar to the corresponding properties of the classical volume function in algebraic

geometry. Recall that if Y is a projective variety defined over a field k£ and if L is a
line bundle on Y, then the volume of L is defined as

. rky HO(Y, L®")
vol(L) := llr?Lsolip T (dm V)

In [H], Boucksom, Favre and Jonsson have been interested in the regularity of the
geometric volume function. They have actually proved that the function vol(L) is
continuously differentiable on the big cone. The same result has also been indepen-
dently obtained by Lazarsfeld and Mustata [@], by using Okounkov bodies. Note
that the geometric volume function is not second order derivable in general, as shown
by the blow up of P? at a closed point, see [E, 2.2.46] for details. In the differ-
ential of vol appears the positive intersection product, initially defined in [ﬂ] in the
analytic-geometrical framework, and redefined algebraically in [E]

Inspired by [, we introduce an analogue of the positive intersection product in
Arakelov geometry and prove that the arithmetic volume function vol is continuously
differentiable on P§1\C(X ). We shall establish the following theorem:

Theorem 1.1. — Let L and M be two continuous Hermitian line bundles on X.
Assume that L is big. Then

—~ — 1(L M) — vol(L
Dpvol(M1) = lim — (L& 3 vol(l )
n—-+o0o n
exists in R, and the function Df;c;l is additive on f/’;:(X) Furthermore, one has

Dyvol(M) = (d + 1) (& (T)?) - & (M).

Here the positive intersection product <81 (f)d> is defined as the least upper bound
of self intersections of ample Hermitian line bundles dominated by L (see §B.3 infra).
In particular, one has (¢1(L)4) - ¢1(L) = (¢ (L)1) = \7(;1(3), which shows that the
arithmetic Fujita approximation is asymptotically orthogonal.

As an application, we calculate explicitly the distribution function of the asymp-
totic measure (see [E, @]) of a generically big Hermitian line bundle in terms of
positive intersection numbers. Let L be a Hermitian line bundle on X such that L is
big. The asymptotic measure v is the vague limit (when n goes to infinity) of Borel
probability measures whose distribution functions are determined by the filtration of
HO(Xg, L") by successive minima (see infra). Several asymptotic invariants
can be obtained by integration with respect to v. Therefore, it is interesting to
determine completely the distribution of 1, which will be given in Proposition @
by using the positive intersection product.

The article is organized as follows. In the second section, we recall some positivity
conditions for Hermitian line bundles and discuss their properties. In the third
section, we define the positive intersection product in Arakelov geometry. It is in the
fourth section that we establish the differentiability of the arithmetic volume function.
Finally in the fifth section, we present applications on the asymptotic measure and
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we compare our result to some known results on the differentiability of arithmetic
invariants.

Acknowledgement: I would like to thank R. Berman, D. Bertrand, J.-B. Bost, S.
Boucksom, C. Favre and V. Maillot for interesting and helpful discussions. I am also
grateful to M. Jonsson for remarks.

2. Notation and preliminaries

In this article, we fix a number field K and denote by Of its integer ring. Let K
be an algebraic closure of K. Let 7w : X — Spec O be a projective and flat morphism
and d be the relative dimension of w. Denote by 1§;C(X ) the group of isomorphism
classes of (continuous) Hermitian line bundles on X. If L is a Hermitian line bundle
on X, we denote by m.(L) the Ox-module 7, (L) equipped with sup norms.

In the following, we recall several notions about Hermitian line bundles. The

references are [E, , E, .

Assume that € X(K) is an algebraic point of X. Denote by K, the field of
definition of  and by O, its integer ring. The morphism x : Spec K — X gives rise
to a point P, of X valued in O,. The pull-back of L by P, is a Hermitian line bundle
on Spec O,. We denote by hy(z) its normalized Arakelov degree, called the height of
x. Note that the height function is additive with respect to L.

Let L be a Hermitian line bundle on X. We say that a section s € m,(L) is
effective (rvesp. strictly effective) if for any o : K — C, one has ||s|ssup < 1 (resp.
|8]lo.sup < 1). We say that the Hermitian line bundle L is effective if it admits a
non-zero effective section.

Let L; and Lo be two Hermitian line bundles on X. We say that L; is smaller
than Ly and we denote by Ly < Ly if the Hermitian line bundle Z\l/ ® Lo is effective.

We say that a Hermitian line bundle A is ample if A is ample, ¢;(A) is semi-positive
in the sense of current on X (C) and ¢;(L|y)4™Y > 0 for any integral sub-scheme Y
of X which is flat over Spec Ok . Here the intersection number ¢ (L|y )™ Y is defined
in the sense of [2§] (see Lemma 6.5 loc. cit., see also [R9]). Note that there always
exists an ample Hermitian line bundle on X. In fact, since X is projective, it can be
embedded in a projective space PY. Then the restriction of Op~ (1) with Fubini-Study
metrics on X is ample. Note that the Hermitian line bundle L thus constructed has
strictly positive smooth metrics. Thus, if M is an arbitrary Hermitian line bundle
with smooth metrics on X, then for sufficiently large n, M ® %" is still ample.

We say that a Hermitian line bundle N is wvertically nef if the restriction of N on
each fiber of 7 is nef and c¢;(N) is semi-positive in the sense of current on X (C).
We say that N is nef if it is vertically nef and ¢ (N|y)4™Y > 0 for any integral
sub-scheme Y of X which is flat over Spec Og. By definition, an ample Hermitian
line bundle is always nef. Furthermore, if A is an ample Hermitian line bundle and if
N is a Hermitian line bulgile such that N°" ® A is ample for any integer n > 1, then
N is nef. We denote by Nef(X) the subgroup of Isl\C(X ) consisting of nef Hermitian
line bundles.
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If f: X(C) — R is a continuous function, we denote by O(f) the Hermitian line
bundle on X whose underlying line bundle is trivial, and such that the norm of the
unit section 1 at x € X (C) is e~/ (®). Note that, if f is positive, then O(f) is effective.
If f is positive and plurisubharmonic, then O(f) is nef. In particular, for any a € R,
O(a) is nef if and only if @ > 0. If L is a Hermitian line bundle on X, we shall use
the notation L(f) to denote L ® O(f).

We say that a Hermitian line bundle L is big if its arithmetic volume ;gl(f) is
strictly positive. By [@, E], L is big if and only if a positive tensor power of L can
be written as the tensor product of an ample Hermitian line bundle with an effective
one. Furthermore, the analogue of Fujita’s approximation holds for big Hermitian

line bundles, cf. [L2}, 7).

The arithmetic volume function vol is actually a limit (cf. [LT)): one has

=) = i POGTT)
volll) = i @

Moreover, it is a birational invariant which is continuous on P/’1\C(X ), and can be
continuously extended to Pic(X)g, cf. 1], BF. The analogue of Siu’s inequality and
the log-concavity hold for vol, cf. , @]

Remark 2.1. — 1) Tn [2§] and [20], the notions of ample or nef line bundles were
reserved for line bundles with smooth metrics, which is not the case here.

2) Note that there exists another (non-equivalent) definition of arithmetic volume
function in the literature. See [B}, §10.1] and [B], §5] where the “arithmetic volume”
of a Hermitian line bundle L was defined as the following number:

—®n
o X))
) Sy = lm T a1
which is also called sectional capacity in the terminology of [@] However, in the
analogy between Arakelov geometry and relative algebraic geometry over a regular
curve, it is that corresponds to the geometric volume function. Note that one
always has

€ [—o0, o0,

—®n
- L X(m(L)
)2 B R
and the equality holds when L is nef. Under this assumption, both quantities are

equal to the intersection number ¢; (L)**t!. This is a consequence of the Hilbert-

Samuel formula. See [[Ld, fil, B8, B, B4}, B1]] for details.

In the following, we present some properties of nef line bundles. Note that Proposi-
tions @ and @ have been proved in , §2] for Hermitian line bundles with smooth
metrics. Here we adapt these results to continuous metric case by using the continuity
of intersection numbers.

Proposition 2.2. — Let N be a Hermitian line bundle on X which is vertically nef.

Assume that for any x € X (K), one has hy(x) > 0, then the Hermitian line bundle
N is nef.
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Proof. — Choose an ample Hermitian line bundle ‘A on X such that h— has strictly
positive lower bound. For any integer n > 1, let L, := (Lp, (|| - |lo)o:x—c) be
the tensor product N ® A. The height function hz is bounded from below by
a strictly positive number ¢,. Note that the metrics of L, are semi-positive. By
19, Theorem 4.6.1] (see also [R4, §3.9]), there exists a sequence of smooth positive
metric families (@ )m>1 with am = (|| © llo,m)o:k—c, such that || - ||sm converges
uniformly to || - ||, when m tends to the infinity. Denote by Ly = (Ln, ). For
sufficiently large m, hy is bounded from below by &, /2. Thus , Corollary 5.7
implies that, for any intéger subscheme Y of X which is flat over Spec O, one has
n~dim Yz (Zn7m|y)dimy > 0. By passing successively m and n to the infinity, one
obtains ¢; (N |y )4™Y > 0. Therefore N is nef. O

We say that a Hermitian line bundle L on X is integrable if there exist two ample
Hermitian line bundles A; and A, such that L = 4; ® Z; . Denote by Int(X) the

subgroup of Isl\C(X ) formed by all integrable Hermitian line bundles. If (L;)%_, is a
family of integrable Hermitian line bundles on X, then the intersection number

¢1(Lo) - --¢1(La)
is defined (see [, Lemma 6.5, [RY, §1] and [@ §5). Furthermore, it is a symmetric

multi-linear form which is continuous in each L;. Namely, for any family (M;)%, of
integrable Hermitian line bundles, one has

. —d—1~ (7ON _ =F ~ FTON _ or ~ T ~
lim n 978 (L, @ My)---c1(Ly & Mg) =7c1(Lo)---¢1(La).

n—-+oo

Proposition 2.3. — Let (L;)%=} be a family of nef Hermitian line bundles on X
and M be an integrable Hermitian line bundle on X which is effective. Then

(3) (Lo)---c1(La—1)er (M) =0

Proof. — Choose an ample Hermitian line bundle A on X such that h is bounded
from below by some strictly positive number. By virtue of the proof of Proposition
@, for any ¢ € {0,---,d — 1} and any integer n > 1, there exists a sequence of

nef Hermitian line bundles with smooth metrics (fz(-)?)m% whose underlying line
bundle is L?" ® A and whose metrics converge uniformly to that of f;@ "®4. By B4,
Proposition 2.3], one has

ALy @A) &Ly © Aa (M) > 0.

By passing to limit, one obtains (ff). O
Remark 2.4. — Using the same method, we can prove that, if (Zi)f-lzo is a family
of nef Hermitian line bundles on X, then

(4) é1(Lo)---¢1(La) > 0.

Proposition 2.5. — Let L be a Hermitian line bundle on X such that c1 (L) is semi-
positive in the sense of current on X (C). Assume that there exists an integer n > 0
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such that L®™ is generated by its effective sections. Then the Hermitian line bundle
L is nef.

Proof. — Since L®" is generated by its sections, the line bundle L is nef relatively
to w. After Proposition @, it suffices to verify that, for any z € X(K), one has
hi(x) = 0. For any integer m > 1, let B, = m.(L®™) and let BY be the saturated
sub-Og-module of B, generated by effective sections. Since L®" is generated by its
effective sections, also is L™ for any integer p > 1. In particular, one has surjective

homomorphisms z*m* B — x*L}e}Zp . By slope inequality (see [ﬂ, Appendix A),

pn, Ky
one has nphy(x) = [imin (Fﬂ). By passing to limit, one obtains hy(x) > 0. O

We say that a Hermitian line bundle L on X is free if ¢1(L) is semi-positive in
the sense of current on X (C) and if some positive tensor power of L is generated by
effective global sections. We denote by ].E\‘r(X ) the subgroup of Isl\C(X ) consisting of
free Hermitian line bundles. After Proposition P.5, one has FA‘r(X ) C Ne\f(X ).

Unlike the ampleness, the properties of being big, nef, or free are all invariant by
birational modifications. That is, if v : X’ — X is a birational projective morphism,
and if L is a Hermitian line bundle on X which is big (resp. nef, free), then also is
v*(L).

3. Positive intersection product

In this section, we shall define the positive intersection product for big (non-
necessarily integral) Hermitian line bundles. When all Hermitian line bundles are
nef, the positive intersection product coincides with the usual intersection product.
Furthermore, the highest positive auto-intersection number is just the arithmetic
volume of the Hermitian line bundle. We shall use the positive intersection product
to interpret the differential of the arithmetic volume function.

3.1. Admissible decompositions. —

Definition 3.1. — Let L be a big Hermitian line bundle on X. We call admissible
decomposition of L any triplet (v, N,p), where

1) v: X’ — X is a birational projective morphism,

2) N is a free Hermitian line bundle on X’

3) p > 1 is an integer such that v* (f®p) @ N is effective.

Denote by ©(L) the set of all admissible decompositions of L.

We introduce an order relation on the set ©(L). Let D; = (v; : X; — X, N;,p;)
(i = 1,2) be two admissible decompositions of L. We say that D; is superior to D
and we denote by Dy > D5 if po divides p; and if there exists a projective birational
morphism 7 : X; — X, such that von = v; and that N ® (n*NQ)V‘@(pl/p?) is effective.

Remark 3.2. — (1) Assume that D = (v : X' — X, N,p) is an admissible decom-
position of L. Then for any birational projective morphism n : X" — X', the
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triplet n* D := (vn,n* N, p) is also an admissible decomposition of L, and one has
n*D > D.

(2) Assume that D = (v, N,p) is an admissible decomposition of L. Then for any
integer n > 1, D, = (v, N®n,np) is also an admissible decomposition of L.
Furthermore, one has D,, > D.

(3) Assume that D; = (v, Nq,p) and Dy = (v, N2, q) are two admissible decomposi-
tions of L whose underlying birational projective morphisms are the same. Then
D1 ® Dy := (v,N1 ® No,p + q) is an admissible decomposition of L.

(4) Assume that M is an effective Hermitian line bundle on X. By definition, any
admissible decomposition of L is also an admissible decomposition of L ® M.

In the following proposition, we show that the set ©(L) is filtered with respect to
the order .

Proposition 3.3. — if D1 and Dy are two admissible decompositions of L, then
there exists an admissible decomposition D of L such that D = D1 and D > D,.

Proof. — After Remark B. (1)(2), we may assume that the first and the third
components of D; and Ds are the same. Assume that Dy = (v, N1,p) and Dy =

(v, Na,p), where v : X’ — X is a birational projective morphism. Let M; = I o
N;/ (i = 1,2). Since M; and M3 are effective, there exist homomorphisms u; : MY —
Ox corresponding to effective sections s; : Oxs — M; (i = 1,2). Let n: X" — X'
be the blow up of the ideal sheaf Im(u; @ usz). Let M be the exceptional line bundle
and s : Ox» — M be the section which trivializes M outside the exceptional divisor.
The canonical surjective homomorphism n*(M; ® My) — MY induces by duality
an injective homomorphism ¢ : M — M; & My;. We equip M; & M with metrics
(I - lls)o:xk—c such that, for any € X/ (C) and any section (u,v) of M , & Mz,
over a neighbourhood of x, one has ||(u,v)|s(z) = max{|ulls1(x),||v]|s2(x)}. As
ws = (n*s1,n*s2), and the sections s; and sy are effective, one obtains that the

section s is also effective. Let N = (Vn)*fgp ® M’ . One has a natural surjective
homomorphism
Y "Ny ®n*Ny — N.

Furthermore, if we equip n* Ny @ n* N2 with metrics (|| - ||»)s:x —c such that, for any
x € X!/(z), |[(u,v)]|s(z) = ||lullo(x) + ||v|lo(x), then the metrics on N are just the
quotient metrics by the surjective homomorphism %, which are semi-positive since
the metrics of n* N and of n* Ny are. As both Hermitian line bundles N; and N, are
generated by effective global sections, also is N. Therefore, (vn, N, p) is an admissible
decomposition of L, which is superior to both D; and Ds. O

3.2. Intersection of admissible decompositions. — Let (L;)%_, be a family of
Hermitian line bundles on X. Let m € {0,---d}. Assume that L; is big for any
i € {0,---,m} and is integrable for any i € {m +1,--- ,d}. For any i € {0,--- ,m},
let D; = (v; : X; — X, N;,p;) be an admissible decomposition of L;. Choose a
birational projective morphism v : X’ — X which factorizes through v; for each
i €{0,---,m}. Denote by 7; : X; — X the projective birational morphism such that
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v=uvm; (0 <i<m). Define (Dg---Dy) - ¢1(Lims1)---¢1(La) as the normalized
intersection product

amgNo) - (0 Nm)&r (v Lnga) & (v Ta) [ 7
=0

This definition does not depend on the choice of v.

Proposition 3.4. — Let (L;)o<i<a be a family of Hermitian line bundles on X.
Let m € {0,---,d}. Assume that L; is big for i € {0,---,m}, and is nef for
i€ {m+1,---,d}. For any i € {0,---,m}, let D; and D) be two admissible
decompositions of L; such that D; = D!. Then

(5) (Do Dm)-ei(Limt1) - C1(La) = (Dh -+ D) - €1 (Lint) -+~ €1(La)
Proof. — By substituting progressively D; by Dj, it suffices to prove that

(Do -Dy---Dy,) .gl(ZmH) .. '51(Zd) > (D6 -Dy - 'Dm) .gl(ZmH) .. .gl(fd)7
which is a consequence of Proposition @ O

Corollary 3.5. — With the notation and the assumptions of Proposition , the
supremum

(6) sup {(Do o Dp) & (Lmsr) - 1(Ta) ‘ 0<i<m D;e e@)}
exists in Ryg.

Proof. — For any i € {0,---,m}, let A; be an arithmetically ample Hermitian line

bundle on X such that A; ®f;/ is effective. Then all numbers of the set () is bounded
from above by 61 (Zo) . '61 (Zm) . /C\l (Zerl) o '/C\l (Zd) O

3.3. Positive intersection product. — Let (L;)™ be a family of big Hermitian
line bundles on X, where 0 < m < d. Denote by (¢1(Lo)---¢1(Ln)) the function

on Ne\f(X )4=™ which sends a family of nef Hermitian line bundles (fj)?:m 41 to the
supremum

sup{(Do---Dm) e (Tmsr) & (La) ‘ 0<i<m, D€ e@)}.

Since all ©(L;) are filtered, this function is additive in each L; (m + 1 < j < d).

Thus it extends naturally to a multi-linear function on I/n\t(X ) which we still denote
by (¢1(Lo) - ¢1 (L)), called the positive intersection product of (L;)1™,.

Remark 3.6. — (1) If all Hermitian vector bundles (L;)™, are nef, then the posi-
tive intersection product coincides with the usual intersection product.

(2) The positive intersection product is homogeneous in each L; (0 < i < m).
However, in general it is not additive in each variable. If we consider it as a

function on Ne\f(X ), then it is super-additive in each variable.
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(3) Assume that all Hermitian line bundles (L;)™, are the same. That is, Lo = --- =
L., = L. We use the expression <El (L)m+1> to denote the positive intersection
product

(a(L)---a(l)).
~—_————
m++1 copies

With this notation, for any (L;)}_,, ., € Ne\f(X)d*m, one has

(& (L)™) e (L) a1 (La) = sup (D---D) €1 (Lmy1) -+ ¢1(La).
DeO(T)

This equality comes from the fact that the ordered set ©(L) is filtered (Proposition
@) and from the comparison (E) In particular, the Fujita’s approximation

theorem (see [[[2] and [27]) implies that (¢1 (L)) = \781(3).

Lemma 3.7. — Let (L;), be a family of big Hermitian line bundles on X, where
m € {0,--- ,d}_. For any i € {0,---,m}, let M; be an effective Hermitian line bundle
on X and let N, = L; ® M;. Then one has

(7) (&1(Lo) - c1(Lm)) = (1(No) - - a1 (N ),

where we have considered the positive intersection products as functions on
Nef(X)d—™,

Proof. — By Remark B.q (4), if D; is an admissible decomposition of L;, then it
is also an admissible decomposition of L;. Hence by the definition of the positive
intersection product, the inequality (E) is true. O

The following proposition shows that the positive intersection product is continuous
in each variable.

Proposition 3.8. — Let (L;)o<i<m be a family of big Hermitian line bundles on X,
where m € {0,--- ,d}. Let (M;)o<i<m be a family of Hermitian line bundles on 2 .
Then

. —m e~ O BN = ~ ~
(8) nhﬂngon (&1(Ly @ Mg)---e1(L,, ® Mp))=(c1(Lo)-- ¢1(Lm))
Proof. — We consider firstly both positive intersection products as functions on

ﬁe\f(X). Let o, = (¢ (f?n ® My) ¢ (Zfin ® M,y,)). Since L; is big, there exists
an integer ¢ > 1 such that the Hermitian line bundles Z?q ® M; and Z?q ® sz are
both effective. Thus the Lemma B.7 implies that

an > (A5 A TETY) = (n— @™ (To) - 1 (L)),

an < (&L @) = (4 9™ @ (L)@ (L))

By passing to limit, we obtain (E) as an equality of functions on Ne\f(X y4=m. The
general case follows from the multi-linearity. O
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Remark 3.9. — Proposition implies in particular that, if (fff))ngl (i =
0,1,---,m) are families of continuous functions on X (C) which converge uniformly
to zero. Then one has

lim (€1(Lo(f0))++ Cm(Lm(fm))) = (€1(Lo) -+ Cm(Lm))-

n—-+o0o

In particular, the mapping
t— (C1(Lo(t)) - --C1(Lim(t)))

is continuous on the (open) interval that it it well defined.

Proposition 3.10. — Let (fi)fz_ol be a family of big Hermitian line bundles on X.
If M is an effective integrable Hermitian line bundle on X, then

<El(fo) = -El(fd_1)> -a(M) = 0.
Proof. — This is a direct consequence of Proposition @ O

Remark 3.11. — Proposition permits us to extend the function <El (Lo)--- 1 (fd_1)>
on P/’1\C(X ). Let M be an arbitrary Hermitian line bundle on X. By Weierstrass-Stone
theorem, there exists a sequence (fn)n>1 of continuous functions on X (C) which
converges uniformly to 0, and such that M(f,) is of smooth metrics for any n. Thus
M(fy,) is integrable and a, = (¢1(Lo)---¢1(La—1)) - ¢1(M(fn)) is well defined. Let
€n.m = ||fn — fmllsup- Choose an ample Hermitian line bundle A such that A ® Z;/ is
effective for any ¢ € {0,---,d — 1}. Note that

an — am = (€1(Lo) -+ -€1(La-1)) - €1 (O(fn = fm))

< (@ (Lo) -1 (Zd71)> -1 (O(en,m))

<(@A)?) @ (0(enm)) = enmer (Ax)?

By interchanging the roles of n and m in (E) and then combining the two inequalities,
one obtains |a, —am| < en.me1(Ax ). Therefore, (a,),>1 is a Cauchy sequence which
converges to a real number which we denote by (¢1(Lo) - --¢1(La-1)) - ¢1(M). By an
argument similar to the inequality (E), this definition does not depend on the choice of

(9)

the sequence (fy)n>1. The extended function is additive on ISI\C(X ), which is positive
on the subgroup of effective Hermitian line bundles, and satisfies the conclusion of
Proposition @

4. Differentiability of the arithmetic volume function

In this section, we establish the differentiability of the arithmetic volume function.
We begin by presenting the following lemma, which is analogous to [E, Corollary 3.4].

Lemma 4.1. — Let L and N be two nef Hermitian line bundles on X. Let M be
an integrable Hermitian line bundle on X . Assume that M @ N and ' ®@ N are nef
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and that T" ® N is effective. Then there exists a constant C > 0 only depending on
d such that

VOl(Z®" @ M) = n™'vol(T) + (d + 1)ney (T) %61 (M) — Cvol(N)n?—.

Proof. — Recall that (see [R€, Theorem 2.2], see also [R1], Theorem 5.6]) if A and B
are two nef Hermitian line bundles on X, then

(10) volBoA') = a(B)* —a(B)e(A).

Let B=L""® M ®N. It is a nef Hermitian line bundle on X. If one applies (La)
on B and on A = N, one obtains

VT @ M) =vol(B@ N') > & (B)*! — (d + 1)& (B)*e (V)
= ndt12 (D)4 4 (d 4 1)n'e (D)% (M) + O(n?™1),

where the implicit constant is a linear combination of intersection numbers of Hermi-
tian line bundles of the form L or M ® N, and hence can be bounded from above by

a multiple of ¢ (N)*! = JEI(N), according to Proposition P.3. O

Remark 4.2. — In , Yuan has actually proved a stronger inequality by replacing
the vol(B ® Zv) in ([Id) by

—V&n

lim X0 (5™ 4
n—-+4oo ndJrl/(d —|— 1)'

)

In fact, this quantity is always bounded from above by \751(? ® Zv).

Proof of Theorem . — We first assume that the metrics of M are smooth. Choose
an ample Hermitian line bundle N such that N @ M and N ® M are ample, and
that N® L' is effective. Let D = (v: X' — X, A p) be an admissible decomposition
of L. One has

Vol(T¥" @ M) = p~ ol(v* T @ v M) > p~ ol (A" @ ILT).

Note that N7 @ M and N°7 @ M " are nef and
NPeA =(NoL ) e (T 4"
is effective. After Lemma [£.1], one obtains
vol(A®" @ M) = nH 18 (D)™ + (d + 1)nper (A)%e, (1) — Cp+vol(W)nd—.

Therefore,

vol(Z®" @ M) = n™ (DY) + (d + 1)n? (DY) - 21 (M) — Cvol(N)n .
Since D is arbitrary, one has
(11)  vol(T®" @ M) = n*'Vol(T) + (d + 1)n* (&, (T)?) - & (M) — Cvol(N)nd .
By passing to limit, one obtains

-~ —®n — - FQ®n
lim_iirnf vol(L & Mg —vol(l ) > (d+1){(a (L)Y - & (M).
n—-+oo n
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If we apply (EI) in replacing L by o @M, M by M and N by N®2n, we obtain
—~ —Qn? =N __— ~ RN _ == ~ oxYani _
VO™ ) = n®Nol(T¥" @ M) — (d+1)n® (& (T @ M) )21 (M) —C (2n) “Hvol (W),
or equivalently

VOI(L™™) = vol(T™" @ M) — (d+ 1)(e1 (™" @ D)) - & (M) — 29+ Cvol(N)n 1.
Thus

1(L M) — vol(L —on  — o
lim sup Y€ 3 VUL ) « i nd(d + 1)(@ (T © M%) - & (M)
n— oo n n—oo
= (d+ 1)(@(@)?) - & (M).
Therefore, one has
_ volT®" ® ) — vol(T®")
lim 7
n—-+o0o n

= (d+1)(er(L)7) - e (M).

For the general case, by Weierstrass-Stone theorem, for any € > 0, there exist

two Hermitian line bundles with smooth metrics M.; = (M, (]| - I5.c)o:x—c) and
Mo = (M, (| -] f,’ys)g;KH@) such that
-l <l lle < I+ 1l7c, and max sup |log|-[[5c(2) —logl| - [I7 .(z)| <,
z€X(C)

where || - ||, is the norm of index o of M. Note that M. < M < M. ;. By the
special case that we have proved, one has

vol(L®" @ M) — vol(L®™)

d

(d + 1)</C\1 (Z)d> -C1 (M€)2) < hmﬁl_nf
n—+oo n

- +Q®n = - 5N

vol(L™" @ M) —vol(L™") < (d+ 1)@ (D)"Y -8 (o)

< limsup 7

n— 400 n

Let f. : X(C) — R be the function such that log|| - || _(x) = log|| - ||/, .(z) + fe ().
Denote by O(f.) the Hermitian line bundle on X whose underlying Hermitian line
bundle is trivial, and such that ||1||(z) = e~ /<(®). Tt is an effective Hermitian line

Vo A

bundle since f. > 0. Furthermore, one has M. 1 ® M, , = O(f.). Let F be an ample
Hermitian line bundle on X such that F ® T is effective. One has

(@ (D)) - (@(Me) —e1(Me 1)) = (& (D)) - & (O(f2))

<@DY a0E) <aFaoE) - [ af)
X(C)
where in the first inequality, we have applied Proposition (see also Remark ),
and in the second inequality, we have used the fact that O(e) is nef and then applied
Lemme @ Since € is arbitrary, we obtain that

vol(Z®" @ M) — vol(Z™™)
d

Dyvol(M) := lim

n—-+o0o n
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exists in R. Since

(d+1){c (Z)d> e1(Mep2) < Df\?&l(ﬁ) < (d+1){(G (Z)d> (M y),
by virtue of Remark B.1], we obtain Df;(;l(ﬁ) = (d+ 1)(c (L)) - & (M), which is
additive with respect to M. O

A direct consequence of Theorem E is the asymptotic orthogonality of arithmetic
Fujita approximation.

Corollary 4.3. — Assume that L is a big Hermitian line bundle on X. One has
(12) (@ (D)%) - & (T) = vol(D).

Proof. — By definition,

vol(Z"h) — vol(T®™)

d

Dvol(T) = li
ollh) = Iy, "
- 1 d+1 _ ,d+1
— i) tim Y "
n—-+oo n

So ([[J) follows from Theorem [L.1. O

= (d + 1)vol(T).

Remark 4.4. — As mentioned in Introduction, the differentiability of the geometri-
cal volume function can be obtained by using the method of Okounkov bodies devel-
oped in [23). See for a proof of this result and other interesting results concerning
geometric volume functions. Recently, Yuan [@] has proposed a partial analogue of
the construction of Lazarsfeld and Mustata in Arakelov geometry. In fact, he has de-
fined the Okounkov bodies of a Hermitian line bundle with respect to so-called “ver-
tical flags”. This permits him to obtain the log-concavity of the arithmetic volume
function and the analogue of Fujita’s approximation theorem in Arakelov goemetry,
where the latter has also been independently obtained by the present author [@],
using asymptotic measures. Quite possibly, an analogue of Lazarsfeld and Mustata’s
construction with respect to “horizontal flags” could also imply the differentiability
of the arithmetic volume function.

5. Applications and comparisons

In this section, we shall apply our differentiability result to study several arithmetic
invariants of Hermitian line bundles.

5.1. Asymptotic measure. — Let fhe a Hermitian line bundle on X such that
Ly is big. The asymptotic measure of L is the vague limit in the space of Borel
probability measures

d 1k (VectK ({s € mL®™ | Vo, ||8]|osup < e_’\"}))
13 =— 1l —
(13) 'L oo dt rk(7m, L) ’
where the derivative is taken in the sense of distribution. It is also the limit of
normalized Harder-Narasimhan measures (cf. [[Ld, L1, [2)).
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Note that the support of the probability measure v is contained in | — oo, T .. (L)],
where 7%, (I) is the limit of maximal slopes (see [L0, Theorem 4.1.8)):
~ —Q®n
T . Hmax(m L)
(L) = 1 _
Finax(L) = lim -

Recall that in [[1], Theorem 5.5], the present author has proved | that 77, (L) > 0 if

and only if Ly is big. Furthermore, by definition, one has a7 (L(a)) = gt . (L) +a

for any a € R. Therefore, 7 . (L) is also the infimum of all real numbers € such that
L(—e¢) is big.

The asymptotic measure is a very general arithmetic invariant. Many arithmetic
invariants of L can be represented as integrals with respect to vr. In the following,
we discuss some examples. The asymptotic positive slope of L is defined as

g 1 vol(T)
(L) := .
L) = e Qi T DvolTr)
In [[11], the author has proved that fi7, (L) is also the maximal value of the asymptotic

Harder-Narasimhan polygon of L and that the asymptotic positive slope has the
following integral form:

(14) ir(L) = / max(z,0) v(dz).
R
More generally, for any a € R, one has
(15) / max(z — a,0) vz (dz) = 47 (L(—a)).
R

Another important example is the asymptotic slope of L, which is
pomp 1 S(L)
(L) :=
L) = e Ol T DvolTm)

where S(L) is the sectional capacity of L as in (f)). The asymptotic slope has the
following integral form

€ [—OO, +OO[7

(D) = [ 2vp(da).

Observe that we have

(16) fimax(L) = A5(L) = @™ (L).

Using Theorem @ and the differentiability of geometric volume function in [E],
we prove that the asymptotic positive slope u7 is differentiable and calculate its
differential.

Proposition 5.1. — Assume that L is a big Hermitian line bundle on X. For any
Hermitian line bundle M, one has

~r AT . ~r TN 7 (TON
Dep (M) == lim (@f(L° @ M)—pi(L "))

n—-+o0o
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exists in R. Furthermore, one has

</C\1 (f)d> '/C\l (M) B d<Cl(LK)d71> - (MK)
[K : Q]vol(Lk) vol(L)

where (c1(Lk)? ) - e1(Mk) is the geometric positive intersection product (B, 52]).

D= (M) :=

LF+ ﬁi (Z)a

Proof. — This is a direct consequence of Theorem E and [E, Theorem A], where the
latter asserts that

vol(L&™ @ My) — vol(LE" _
( K ndli)l ( K ) :d<Cl(LK)d 1>'CI(MK)'

lim

n—-+o0o

O

We then deduce from Proposition f.1 the expression of the distribution function of
the measure v

Proposition 5.2. — The distribution function Fy of v satisfies the equality

(CL(L(=a))?) -&1(0(1))
[K : QJvol(Lk)

Fr(a) :==vg(] —o0,a]) =1- . a<pm, (D).

Proof. — One has
d

Fr(a )—1+—/max:v—a 0)v (d:v)—l—i-d—A”(Z( a)).

By Proposition @, one obtains

Az (@) a@0)
da A (L(=a)) = [K : Q)vol(Lg)

O

Remark 5.3. — 1) Since the support of v is bounded from above by fimax(L), one
has Fi=(a) = 1 for a > fimax(L).
2) As a consequence of Proposition @, one obtains that the function

(&1(L(—a))?) - 21(0(1))
[K : Q]vol(Lk)

is decreasing with respect to a on | — oo, i, (L)[, which is also implied by Lemma
@. Furthermore, this function takes values in ]0,1], and converges to 1 when
a — —00. _
3) Let a €] — oo, il (L)[. The restriction of
1 —
— = le(L(=a))?
Qo) DY)

on C°(X(C)) (considered as a subgroup of P/’1\C(X) via the mapping f — O(f))
is a positive linear functional, thus corresponds to a Radon measure on X (C).
Furthermore, by 1), its total mass is bounded from above by 1, and converges to
1 when a — —o0.
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4) After Remark @, we observe from Proposition @ that the only possible discon-
tinuous point of the distribution function Fr(a) is a = %, (L).

As an application, we calculate the sectional capacity in terms of positive intersec-
tion product.

Corollary 5.4. — Lel L be a Hermitian line bundle on X such that Ly is big. Let
A=npnr, . (L). One has

A
S(L) = (d+1)A Tim <51(f(—$))d>-51(5(1))—/ (d+ 1)z d(@(L(~2))?)- e (O(1)).
5.2. Lower bound of the positive intersection product. — Our differentia-
bility result permits to obtain a lower bound for positive intersection products of the
form (¢,(L)*) - ¢1(M), where L is a big Hermitian line bundle on X and M is an
effective Hermitian lien bundle on X, by using the log-concavity of the arithmetic
volume function proved in [@]

P’r‘op_osition 5.5._— Let L and M be two Hermitian line bundles on X. Assume
that L is big and M is effective. Then
(17) (& (T)?) - & (M) = vol(L) 75 vol (M) 7.

Proof. — Theorem DI shows

_ vol(Z®" @ M) — vol (3T o —
Jim ( ®nd) ():(d+1)<c1(L)d>~c1(M).

By [B7, Theorem B], one has

—~ — —~ o~ d+1
vol(Z®" @ 1) > (vol(L®")#1 + Vol(M)ﬁ) .
By passing to limit, we obtain the required inequality. 1

Remark 5.6. — The inequality ([17) could be considered as an analogue in Arakelov
geometry (suggested by Bertrand [4]) of the isoperimetric inequality proved by Federer
) 3.2.43]. See , §5.4] for an interpretation in terms of intersection theory, and

, §1.2] for an analogue in geometry of numbers.

5.3. Comparison to other differentiability results. — We finally compare our
results to several differentiability results on arithmetic invariants.

Intersection number. — Recall that the self-intersection number ¢ (L)% is well
defined for integrable Hermitian line bundles L. See , @, @] Furthermore, it
is a polynomial function. Therefore, for any integrable Hermitian line bundles L and
M, one has

~ 70N _ == 1 ~ 7On
all oM™=t ) _ (4 1y @yte (o)

lim 7
n—-+oo n

This formula shows that the intersection number is differentiable at L along all
directions in Int(X).
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Sectional capacity. — By using the analogue of Siu’s inequality in Arakelov geometry,
Yuan has actually proved that the sectional capacity S is differentiable along
integrable directions at any Hermitian line bundle L such that L is ample and that
the metrics of L are semi-positive. Furthermore, for such L, one has

—Rn —_— —QRn
D;S(M):= lim S eM) =S

n—-+o00 nd

) _ (d+ D& @y e @),

where M is an arbitrary integrable Hermitian line bundles. This result has been
established by Autissier [ in the case where d = 1. Recently Berman and Boucksom
] have proved a general differentiability result for the sectional capacity. They have
proved that the function S is differentiable along the directions defined by continuous
functions on X (C) on the cone of generically big Hermitian lien bundles. Namely, for
any continuous function f on X (C) and any Hermitian line bundle L on X such that
Ly is big and that S(L) is finite, the limit

i ST - ST

im -
n—-+4oo n

exists. They have also computed explicitly the differential in terms of the Monge-
Ampere measure of L (see Theorem 5.7 and Remark 5.8 loc. cit.).

Our differentiability result for arithmetic volume function (Theorem [L.1)), combined
with ([1§), implies the differentiability of arithmetic invariants which can be written
as the integration of a (fixed) smooth function of compact support with respect to
the asymptotic measure of the Hermitian line bundle, by using integration by part. It
would be interesting to know if a similar idea permits to deduce the differentiability
of the sectional capacity, which can be written as the integral of the function f(x) =
with respect to the asymptotic measure, along any direction at any Hermitian line
bundle L such that Lk is big and that S(L) is finite.
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