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THE SPEED OF A BIASED RANDOM WALK ON A
PERCOLATION CLUSTER AT HIGH DENSITY

ALEXANDER FRIBERGH

ABSTRACT. We study the speed of a biased random walk on a percolation
cluster on Z¢ in function of the percolation parameter p. We obtain a first
order expansion of the speed at p = 1 which proves that percolating slows
down the random walk at least in the case where the drift is along a
component of the lattice.

1. INTRODUCTION

Random walks in reversible random environments are an important sub-
fields of random walks in random media. In the last few years a lot of work
has been done to understand these models on Z?, one of the most challenging
being the model of reversible random walks on percolation clusters, which
has raised many questions.

In this model, the walker is restrained to a locally inhomogeneous graph,
making it difficult to transfer any methods used for elliptic random walks in
random media. In the beginning results concerned simple random walks, the
question of recurrence and transience (see [I3]) was first solved and latter on
a quenched invariance principles was proved in [H] and [20]. More recently
new results (e.g. [I9] and [5]) appeared, but still under the assumption that
the walker has no global drift.

The case of drifted random walks on percolation cluster features a very
interesting phenomenon which was first described in the theoretical physics
literature (see [§] and [9]), as the drift increases the model switches from a
ballistic to a sub-ballistic regime. From a mathematical point of view, this
conjecture was partially addressed in [6] and [24]. This slowdown is due to
the fact that the percolation cluster contains arbitrarily large parts of the
environment which act as traps for a biased random walk. This phenome-
non, and more, is known to happen on inhomogeneous Galton-Watson trees,
cf. [17], [B] and [2].

Nevertheless this model is still not well understood and many questions
remain open, the most famous being the existence and the value of a critical

2000 Mathematics Subject Classification. primary 60K37; secondary 60J45, 60D05.
Key words and phrases. Random walk in random conductances, Percolation cluster,
Electrical networks, Kalikow.
1



2 A. FRIBERGH

drift for the expected phase transition. Another question of interest is the
dependence of the limiting velocity with respect to the parameters of the
problem i.e. the percolation parameter and the bias. This last question is not
specific to this model, but understanding in a quantitative, or even qualitative
way, the behaviour of speed of random walks in random media seems to be a
difficult problem and very few results are currently available on Z? (see [22]).

In this article we study the dependence of the limiting velocity with respect
to the percolation parameter around p = 1. We try to adapt the methods
used in [22] which were introduced to study environments subject to small
perturbations in a uniformly-elliptic setting. For biased-random walk on a
percolation cluster of high density, the walk is subject to rare but arbitrarily
big pertubations so that the problem is very different and appears to be more
difficult.

The methods rely mainly on a careful study of Kalikow’s auxilary random
walk which is known to be linked to the random walks in random environ-
ments (see [27] and [26]) and also to the limiting velocity of such walks when
it exists (see [22]). Our main task is to show that the unbounded effects of
the removal of edges, once averaged over all configurations, is small. This
will enable us to consider Kalikow’s auxilary random walk as a small pertur-
bation of the biased random walk on Z¢. As far as we know it is the first
time such methods are used to study a random conductance model or even
a non-elliptic random walks in random media.

2. THE MODEL

The models presented in [6] and [24] are slightly different, we choose to
consider the second one as it is a bit more general, since it allows the drift
to be in any direction. Nevertheless all the following can be adapted without
any difficulty to the model described in [6].

Let us describe the environment, we consider the set of edges F(Z?) of the
lattice Z< for some d > 2. We fix p € (0,1) and perform a Bernoulli bond-
percolation, that is we pick a random configuration w € Q := {0, 1}2®")
where each edge has probability p (resp. 1 — p) of being open (resp. closed)
independently of all other edges. Let us introduce the corresponding measure

P, = (pdy + (1 — p)d) 2.

Hence an edge e will be called open (resp. closed) in the configuration w
if w(e) =1 (resp. w(e) = 0). This naturally induces a subgraph of Z¢ which
will be denoted w and it also yields a partition of Z¢ into open clusters.

It is classical in percolation that for p > p.(d), where p.(d) € (0,1) denotes
the critical percolation probability of Z? (see [12]), we have a unique infinite
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open cluster K (w), P,-a.s.. Moreover the following event has positive P,-
probability

7 = {there is a unique infinite cluster K., (w) and it contains 0}.

In order to define the random walk, we introduce a bias ¢ = A of strengh
A > 0 and a direction ¢ which is in the unit sphere with respect to the
Euclidian metric of R?. On a configuration w € €2, we consider the Markov

chain of law P on Z< with transition probabilities p*(x,y) for z,y € Z¢
defined by

(1) Xo =z, P¢-as.,

(2) p(x,z) = 1, if x has no neighbour in w,
“(z,y)

(x,z)

(3) p¥(z,y) = 5

zZ~T

where 2 ~ y means that = and y are adjacent in Z? and also we set

et if g~y and w({z,y}) = 1,

for all =,y € Z°, & (x,y) =
' oY (z.9) {0 otherwise.

We see that this Markov chain is reversible with invariant measure given
by

w(x) =) (x,y).
Yy~

Let us call ¢*(z, y) the conductance between x and y in the configuration w,
this is natural because of the links existing between reversible Markov chains
and electrical networks. We will be making extensive use of this relation and
we refer the reader to [I0] and [I6] for a further background. Moreover for
an edge e = [x,y] € E(Z%), we denote ¢*(e) = ¢*(x,y) and r*(e) = 1/c*(e).

Finallye the annealed law of the biased random walk on the infinite perco-
lation cluster will be the semi-direct product P, = P,[- | Z] x PY[-].

The starting point of our work is the existence of a constant limiting ve-
locity which was proved in [24] and with some additional work Sznitman
managed to obtain the following result

Theorem 2.1. For any d > 2, p € (p.(d),1) and any ¢ € R, there exists
ve(p) € R? such that

X
forw—"Py[-|T]—as., lim — =uv,p), Py — a.s..

n—oo N

Moreover there exist M\ (p,d, l), \a(p,d, £) € Ry such that

(1) for A= 100 < \(p,d,l), we have vy(p) - € > 0,
(2) for A\=10-0> Xo(p,d,!), we have v,(p) = 0.
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Our main result is a first order expansion of the limiting velocity with
respect to the percolation parameter at p = 1. As in [22], the result depends
on certain Green functions defined for a configuration w as

for any x,y € Z¢, G“(z,y) == EY [Z 1{X, € y}}
n>0
Before stating our main theorem we recall that v,(1) = > ., p°(0,e)e,
where wy is the environment at p = 1 and v is the set of unit vectors of Z.

Theorem 2.2. Ford > 2,p € (pc(d) 1) and for any ¢ € R, we have
(L —e) =ve(1) =& > (ve(1) - €)(G*(0,0) — G“b(e,0)) (ve(1) — de) + o(e),

ecv

where for any e € v we denote

for f € E(Z%), we(f)=1{f #e} and d. = pr5(0, e')e
e'ev
are respectively the environment where only the edge [0,¢€] is closed and its
corresponding mean drift at 0.

Proposition 2.1. Suppose that for e € v such that vy(1) - e > 0 we have
ve(1) - e > [fug(1)||3 then
v(1) - vg(1) > 0,
which in words means that the percolating slows down the random walk at
least at p = 1.
The previous condition is verified for example in the following cases

(1) = v, i.e. when the drift is along a component of the lattice,

(2) € = A, where X < A(€) for some A (0) > 0, i.e. when the drift is
weak.

Remark 2.1. The property of Proposition [Z] is expected to hold for any
drift and this is why we chose a megative sign in front of the first order of
the expansion in Theorem [ZA. But for technical reasons we were unable to
carry our the computations. More generaly the previous should be true in
a great variety of cases, in particular one could hope it holds in the whole
supercritical regime. For a somewhat related conjecture, see [T].

Remark 2.2. Another natural consequence which is not completely obvious
to prove is that the speed is positive for p close enough to 1.

Remark 2.3. Finally, this result can give some insight on the dependence
of the speed with respect to the bias. Indeed, fix a bias ¢ and some p > 1,
Theorem [Z4 implies that for eg = eo(€, 1) > 0 small enough we have

V(1 =€) > ve(1 —€) fore < e.
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Before turning to the proof of this result, we introduce some further nota-
tions. Let us also point out that we will refer to the percolation parameter
as 1 — e instead of p and assume € < 1/2. In particular we have 1 —& > p.(d)
for all d > 2.

We denote by {x <> y} the event that x and y are connected in w. If we
want to emphasize the configuration we will use {x < y}. Accordingly, let
us denote K“(x) the cluster (or connected component) of z in w.

Given a set V of vertices of Z¢ we denote by |V| its cardinality, by E(V) =
{[z,y] € E(Z%) | x,y € V} its edges and

OV ={x eV |yeZ\V, z~y}, 0gV ={r,y] € E(Z) | 2 €V, y¢ V},
and also for B a set of edges of F(Z?) we denote
OB ={z| 3Jy,z [zv,y] € B,[z,2] ¢ B}, 0gB ={[z,y| | v € 0B,y ¢ 0BUV(B)},

where V(B) = {z € Z* | 3y € Z¢ [z,y] € B}.

Given a subgraph G of Z? containing all vertices of Z%, we denote dg(z, )
the graph distance in G induced by Z? between z and y, moreover if z and
y are not connected in G we set dg(x,y) = oo. In particular d,(z,y) is the
distance in the percolation cluster if {x < y}. Moreover for z € G and
k € N, we denote the ball of radius k£ by

Bg(w,k) = {y € G, dg(v,y) < k} and Bg (x,k) = E(Bg(, k),
where we will omit the subscript when G = Z¢.
Let us denote by (e(i))izl,,,d an orthonormal basis of Z? such that e®) . ¢ >
e@ . 0>...>e. >0, in particular we have eV . £ > 1/+/d.
In order to control volume growth let us define p; such that
for all > 1, |B(x,7)| < pgr® and |0B(z,7)| < pgr®™".
We will need to modify the configuration of the percolation cluster at

certain vertices. So given Ay, Ay € E(Z%), By € {0,1} and B, € {0,1}42
let us denote wﬁ;ﬁ; the configuration such that

(1) warp ([, y]) = w([z,y]), i [2,y] & A1 U As,

(2) Wiy ([o,y) = Uz, 9] & Bi}, if [2,y] € Ay,

(3) waym([w.y]) = L[z, 9] & Bo}, if [2,] € A2\ Ay,
which in words means that we impose that the closed edges of A; (resp. As)
are exactly those of B; (resp. Bs), and in case of an intersection between
A; and A, the condition imposed by A; is most important. For ki, ko > 1,
21,20 € Z% and By, By € {0,1}B7G0R) 5« {0, 118724 we introduce
(2.1)

(Zlvkl)vBl P BE(Zlvkl)vBl v Zl,Bl O (2171)7Z+B1
(ook1).Bs = WEE (o k) 5, 80 for By, By € {0, 1}, wl) g, = Wiz 1) ot By
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to describe configurations modified on balls. Moreover
(2.2) wht = A and W0 = WA,

to denote in particular the special cases where all (resp. no) edges of A are
open. We will use of combinations of these notations, for example, w(*#):! .=
WwBF (k)0

In connection with that, for a given configuration w € €2, we call configu-
ration of z and denote

C(z) ={eev, w(zz+e€]) =0},

the set of closed edges adjacent to z.
Hence we can denote e € v and A € {0,1}”

23)  pMe) =p*"""(0,€), cle) = "' (e) and 7t = 7"7(0).
Furthermore the pseudo elliptic constant kg = ko(¢,d) > 0 will denote

2.4 = i A
(2.4) Fo =, nin P (e),
which is the minimal non-zero transition probability.
Similarly we fix k1 = k1(¢,d) > 0 such that
1 z, v Z,
(2.5) —7* A(z) < e < gy A(z),
R1
for any A € {0,1}"\ v and z € Z.
Finally 75 will denote a geometric random variable of parameter 1 — §
independent of the random walk and the environment moreover for A C Z¢
set

Ty=inf{n >0, X, € A} and T{ =inf{n > 1, X, € A},

and for z € Z* we denote T, (resp. T.") for T{,; (resp. T{J; 1)

Concerning constants we choose to denote them by C; for global constants,
or ~y; for local constants and will implicitely be supposed to be in (0, o0). Their
dependence with respect to d and ¢ will not always be specified.

Let us present the structure of the paper. In the Section B, we will introduce
the central tool for the computation of the expansion of the speed: Kalikow’s
environment and link it to the asymptotic speed. Then, we will concentrate
on getting the continuity of the speed, mathematically the problem is simply
reduced to giving upper bounds on quantities depending on Green functions,
on a more heuristical level our aim is to understand the slowdown induced by
unlikely configurations where “traps”appear. Since getting the upper bound
is a rather complicated and technical matter we will first give a quick sketch,
as soon as further notations are in place, and try to motivate our approach
at the end of the next section.
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In Section Bl and Section B, we will respectively give estimates on the be-
haviour of the random walk near traps and on the probability of appearence
of such traps in the percolation cluster. Then in Section @ we will put together
the previous results to prove the continuity of the speed.

The proof of Theorem will be done in Section [ In order to obtain
the first order expansion, the task is essentially similar to obtaining the con-
tinuity, but the computations are much more involved and will partly be
postponed to Section B

Finally Proposition 11 is proved in Section [

3. KALIKOW’S AUXILIARY RANDOM WALK

We denote for =,y € Z¢ P a Markov operator and § < 1, the Green
function of the random walk killed at geometric rate 1 — § by

oo

GY(w,y) = BE[S"6'1{X, = y}] and G5 (2,9) = GF(x,9),

k=0

where P“ is the Markov operator associated to the random walk in the envi-
ronment w.

Then we introduce the so-called Kalikow environment associated with the
point 0 and the environment P,_.[- | Z], which is given for z € Z%, § < 1
and e € v by

El—a[Gg)(Oa Z)pw(z> 6)|I]
El—E[G§(07 Z)|I]

The familly (p5(2,€)).czd e, defines transition probabilities of a certain
Markov chain on Z?. It is called Kalikow’s auxiliary random walk and its
first appearence in a slightly different form goes back to [I4].

This walk has proved to be useful because it links the annealed expectation
of a Green function of a random walk in random media to the Green function
of a Markov chain. This result is summarized in the following proposition.

ps(2,¢) =

Proposition 3.1. For z € Z* and § < 1, we have
E,_. [Gj;(o, 2) |z] = G7 (0, 2).

The proof of this result can be directly adapted from the proof of Propo-
sition 1 in [22]. We emphasize that in the case 6 < 1, the uniform ellipticity
condition is not needed.

Using the former property we can link the Kalikow’s auxiliary random walk
to the speed of our RWRE through the following proposition.
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Proposition 3.2. For any 0 < & <1 — p.(Z%), we have

lim ZzeZd G(:S}é (g; Z>d§(z> — lim E[Xﬂs]
e Gir(0,2) o Elnl

where c%(z) = Z]’f;(z, e)e.

ecv

= 'Uf(l - 5)7

Let C5 be the convex hull of all c?f;(z) for » € Z% then an immediate
consequence of the previous proposition is the following

Proposition 3.3. Fore > 0 we have that ve(1 —¢) is an accumulation point
of C5 as d goes to 1.

The proofs of both propositions are contained in the proof of Proposition
2 in [22] and rely only on the existence of a limiting velocity, which is a
consequence of Theorem E.T1

In order to ease notations we will from time to time drop the dependence
with respect to ¢ of the expectation E;_.[-].

Let us now give a quickAsketch of the proof of the continuity of the speed.
A way of understanding d5(z) is to decompose the expression of Kalikow’s
drift according to the possible configurations at z

. E|1{Z}1{C(z) = A}G%(0, z)p(z, e)e
oy Eo-y v O o]

e€v Ae{0,1}¥ E [1{1}@“{(07 Z)}
) E [1{1}1{(:@) — AYG¥(0, z)] )
ot BLDG02]

E[1{I}Gg;(o, 2)|C(z) = A}

= Y Pl =4

aciom s E[1{Z}G3(0,2)]

where ds = Z p?(e)e is the drift under the configuration A.
ecA
Since P[C(z) = A] ~ &Ml for any A € v, if we want to find the limit of

d5(z) as € goes to 0, it is natural to conjecture that the term corresponding to
{C(z) = 0} is dominant in (B]). For this, recalling the notations from (EII),
we may find an upper bound on

E[l{I}Gg’(O,z)\C(z) - A] ) E[l{I(wZvA)}Gj;Z’A(O, z)}
E [1{1}@3;(0, z)] E [1{1}@5;(0, z)]

dA7

(3.2)




9

for z € Z%, A € {0,1}¥ \ v and § < 1 which is uniform in z for § close to 1,
to be able to apply Proposition B3 and show that |v,(1 — &) — dy| = O(e).
Let us show why the terms in (B2) are upper bounded. It is easy to
see that the denominator is greater than v E[1{Z(w*")}G¥™' (0, 2)], so we
essentially need to show that closing some edges adjacent to z cannot increase
the quantity appearing in ([B2) by a huge amount. That is: for A € {0, 1}",

(33)  B[UIW)Gr(0.2)] < nB[UZ@)}es™ 0,2)].

In order to show that closing edges cannot have such a tremendous effect,
let us first remark that the Green function can be written as G%(0,2) =
PYIT, < 15]GY(2,2). When we close some edges we might create a trap,
for example a long “corridor”can be transformed into a “dead-end”and this
effect can, in the quenched setting, increase arbitrarily G¥(z, z), the number
of returns to z .

The first step is to quantify this effect, we will essentially show in Section @l
that G¥""""(2,2) < G¥™' (2, 2) 4+ L.(w) (see Proposition E2) where L. (w) is
in some sense, to be defined later, a “local” quantity around z (see Proposi-
tion 21l and Proposition (2). With this random variable we try to quantify
how far from z the random walk has to go to find a “regular”environment
without traps where the effect of the modification around z is “forgotten”.
In this upper bound, we may get rid of the term G‘g’z’l(z, z) which is, once
multiplied by 1{Z} P¥[T,, < 75] < 1{Z(w*")}P¥"" [T, < 73], of the same type
as the terms on the right-hand side of (B3).

The second step is to understand how the “local”’ quantity L, is correlated
with the hitting probability. The intuition here is that the hitting probabil-
ity depends on the environment as a whole but that a very local modifica-
tion of the environment cannot change tremendously the value of the hitting
probability. On a more formal level this corresponds to (see Lemma [G]])
EM{Z} Py [T, < 15]L.(w)] < »E[L{Z}Py[T, < 75]] where 73 is some moment
of L., which is a sufficient upper bound.

Before turning to the proof, we emphasize that the aim of Section Bl and
Section [, is mainly to introduce the so-called “local” quantities, which is done
at the beginning of Section B, and prove some properties on these quantities,
see Proposition B2, Proposition and Proposition EE1l The corresponding
proofs are essentially unrelated to the rest of the paper and may be skipped
in a first reading, to concentrate on the actual proof of the continuity which
is in Section

4. RESISTANCE ESTIMATES

In this section we shall introduce some elements of electrical networks
theory (see [I6]) to estimate the variations on the diagonal of the Green
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function induced by a local modification of the state of the edges around a
vertex x. Our aim is to show that we can get efficient upper bounds using
only the local shape of the environment.

Let us denote the effective resistance between x € Z¢ and a subgraph H’
of a certain finite graph H by R¥(x « H'). Denoting V(H') the vertices of
H', it can be defined through Thomson’s principle (see [16])

Rf(r — H') = inf{z r(e)6?(e),0(-) is a unit flow from x to V(H’)},

ecH

and this infimum is reached for the current flow from = to V/(H’). Under the
environment w, we will denote the resistance between x and y by R¥(z < vy).

For a fixed w € ), we add a cemetary point A which is linked to any vertex
x of Ky (w) with a conductance such that at = the probability of going to
A is 1 — § and denote the associated weighted graph by w(d). We denote
7@ (1) the sum of the conductances of edges adjacent to z in w(§) and we
define R“®(z « A) to be the limit of R*©®)(z < w\ w,) where w, is any
increasing exhaustion of subgraphs of w. In this setting we have,

(s ™ () (s 1 1 1 J

(A1) 7*0(e) = —5= and 0 ([, A)) = 0 (2)1—0 mo(x)l—0

We emphasize the fact that changing the state of an edge [z,y]| changes
the values of r*([x, A]) and 7“® ([y, A]), it can nevertheless be noted that
Rayleigh’s monotonicity principle (see [I6]) is preserved, i.e. if we increase
(resp. decrease) the resistance resistance of one edge of the graph the effective
increases (resp. decreases).

There is no ambiguity to simplify the notations by setting R¥(z < A) :=
RO (z « A) for x € Z and r¥(e) := 7“0 (e) for e any edge of w(d). It is
classic (and can be found as an exercice in chapter 2 of [T6]) that

Lemma 4.1. For any 6 < 1, we have
G% (z,x) = 7O (2)R*(z — A).

Hence to understand, in a rough sense, how closing edges might increase
the number of returns at z, we can concentrate on understanding the effect of
closing edges on the effective resistance. By Rayleigh’s monotonicity princi-
ple, given a vertex x, the configuration in A = B¥(z,r) which has the lowest
resistance between any point and A is the one here all edges are open. Hence,
for configurations B € {0, 1}, we want to get an upper bound R“"” (2 — A)
in terms of R**’(z < A) and of “local” quantities.

Let us begin with a heuristic description of configurations which are likely
to increase strongly the number of returns when we close an edge. There are
mainly two situations that can occur (see Figure 1)
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(1) the vertex x is in a long corridor, which is turned into a “dead-end”if
we close only an edge, hence increasing the number of returns,

(2) if closing an edge adjacent to = creates a new finite cluster K, the
number of returns to x can be tremendously increased. Indeed because
of the geometrical killing parameter, when the particle gets stuck in
K for a long time it may die (i.e. go to A), hence by closing the edge
linking x to K, we can remove this escape possibility and increase the
number of returns to x.

,,,,,, deleted edge

T — infinite cluster

x A T

K

FIGURE 1. Configurations where one deleted edge increases Gs(x, )

We want to find properties of the environment which will quantify how
strongly the number of returns will increase. In order to find a quantity
which controls the effect of the first type of configurations we denote, for
A= BE(z,r),

(4.2)

00 if Vy € 0A, y ¢ Koo (w??),

max da0(y1,y2)  otherwise,
Y1,Y2 €0 ANK o0 (wA:0)

Ma(w) =

which is the maximal distance between vertices of 9A N K (w??) in the
infinite cluster of w™?. It is important to notice that the notation K, (w*?)
makes sense, since it is classical that P-a.s. modifying the states of a finite
set of edges does not create multiple infinite clusters.

This quantity will help us give upper bounds on the number of returns to x
after having closed some adjacent edges. Indeed even if the “best escape way
to infinity”is closed, My tells us in some sense how much more the particle
has to struggle to get back onto this good escape route, even though some
additional edges are closed.
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In order to control the effect of the second type of bad configurations, we
first want to find out if we are likely to go to A during an excursion into the
part we called K. For this we introduce a way to measure the size of the
biggest finite cluster of w™? which intersects 9A,

0 if Vy € 0A, y € Koo(w??),

max Op K, otherwise,
y€OA, y¢ Koo(w0) | E AO(y)|

(4.3) Ta(w) =

which gives an indication on the time of an excursion into K, hence on the
probability of going to A during this excursion.

The idea now is to find an alternate trap close to x, in which the walker is
likely to go to A before returning to = to replace the role of K. This alternate
trap ensures that the number of return to x cannot be too big even in the
case where all the accesses to parts such as K adjacent to x are closed. For
this let us denote 7 > 1 depending on d and ¢ such that

(4.4) forallm >1,  *@=Dn > k21 +|B(0,n)]),

and H';(w) the hyperplane {y, vy - (>ax-0+ nTa(w)}. Any point of this
hyperplane can be seen as an alternate trap since the particle is very unlikely
to return to « when it reaches H’;. Then a relevant quantity to control the
effect of the second type of configurations is the distance between x and this
hyperplane, which quantifies the difficulty to reach an alternate strong trap.
In order to define these quantities we need to know the infinite cluster
K, hence they are not “local” quantities. Nevertheless we are able to define
random variables which are “local”’and fulfill the same functions. For A =
BFP(z,r), we denote L', (w) the smallest positive integer such that all y € A
which are connected to dB(z, LY (w)) in w??, are connected to each other
using only edges of BE(x, LY (w)) Nw?®. We always have LY(w) < oo by
uniqueness of the infinite cluster. Consequently there are two types of vertices
in A, first those which are not connected to dB(z, LY (w)) in w?? (hence
in a finite cluster of wY) and then those which are, the latter being all
inter-connected in B(x, LY (w)) Nw?P.
Set H4(w) to be the hyperplane {y, y - (>2-0+ nL(w)} and finally let
us define L4(w) the smallest integer such that
(1) either DA is connected to H,(w) using only edges of BE(x, L4(w)) N
A0,
(2) or OA is not connected to B (x, La(w)), which can only happen if
OANK, =10,

and in order to make the notations lighter we use

(45) LZJQ = LBE(z,k) and Lz = Lz,l-



13

Using this definition for L4 we get an upper bound for the quantities M4
and d,(z, H) on the event that © € K, which is the only case we will need
to consider. Now we can easily obtain, the proof is left to the reader, the
following proposition

Proposition 4.1. For a ball A = BF(z,r), set F,,, the o-field generated by
{w(e),e € B¥(x,n)}, we have the following

(1) La(w) does not depend on the state of the edges in A,

(2) La(w) is a stopping time with respect to (Fyn)n>0, in particular the
event {La(w) = k} does not depend on the state of the edges of
BF(x,k)° = E(Z%) \ B®(z, k),

(3) r < Ly(w) < o0, P-a.s..

The second property is one of the two central properties for what we call
a “local”quantity. Recalling the notations (Z1I) and (Z3Z), let us prove the
following

Proposition 4.2. Set A = BE(z,r) withr > 1, § < 1 and w € Q. Suppose
that y € Koo(w) and AN Koo(w) # 0. We have

Ry = A) < R (y o A) + CiLy(w) B a0,
where C7 and Cy depend only on d and .

Here the correcting term is essentially of the same order as the largest
between

(1) the resistance of paths linking the vertices of 9A N K (w™?) inside
B(SL’, LA),
(2) the resistance of paths linking x to H, inside B(x, Ly).

Proof. Let us introduce
At = B(z,r) U U K,a0(a) and A™ = | ] {[a, A},
a€0A,a¢ Koo (w:0) a€At
moreover we set
A™ = B(z,r —1)U U K,a0(a) and A7 = | | {[a, AJ}.
a€0A,a¢ Koo (wA:0) a€A~

Let w,, be an exhaustion of w and ng such that B(z, La(w)) Nw C wy,, and
y is connected to A in w,,. Set n > ng, we denote () any unit flow from
y to w(d) \ w, using only edges of w, (). By Thomson’s principle, we get

(4.6) ROy o w(8) \ wn) — RO (y o w1(6) \ with)
<N ((e)b(e)? — " (e)io(e)?),
(0)

ecw
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where ig(+) denotes the unit current flow from z to wA1(§) \ wl. We want
to apply the previous equation with a flow 6(-) which is close to the current
flow ig(-). Since the latter does not necessarily use only edges of w we will
need to redirect the part flowing through A.

For a vertex a € A, we denote i} (a) = > cevjaateeatolla,a + €]) the
quantity of current entering A through a. Hence we can partition A into

(1) ay,...,ax the vertices of 9A N K (w™?) such that i{'(a) > 0,
(2) apy1,- - -, a the vertices of A N Ko (w??) such that if'(a) < 0,
(3) ait1, ..., an the vertices of 0A \ K (w™?).

Moreover we denote

ig(A) = > dole) and ig (A) = Y ip(e).

e€ At e€A—9
Let us first assume y € K, (w™??), in particular y ¢ B(x,r — 1). The
following facts are classical (see e.g. [16] chapter 2)

(1) for any e € E(Z%), we have [ig(e)] < 1,
(2) the intensity entering B(z,r — 1) is equal to the intensity leaving

B(z,r —1), i.e.
Sida) =i (A= S ida).
1<k jelk+1,1]

Using the two previous remarks, we see it is possible to find a collection
v(i,j) with i € [1,k] and j € [k + 1,1 U {A} such that

(1) for all i, 7, we have v(i,j) € [0, 1],

(2) for all j € [k + 1,1], it holds that Y7, v(i,7) = —ig (a;),
(3) for all i € [1, k], we have > 0y yuay (0, 7) = it (as),
(4) it holds that } ., v(i,A) =15 (A),

which should be seen as a way of matching the flow entering and leaving
B(z,r —1).

Let us denote P(i, j) one of the directed paths between a; and aj in w
BE(z, LY (w)). Let Q be one of the directed paths from 0A to Hu(w) in
wANBE (2, L4(w)) and let us denote a;, (with necessarily jo < 1) its starting
point and h; its endpoint. The existence of those paths is ensured by the
definitions of LY, L4 and H4 and the fact that 04 N K, # 0.

Finally let us notice that the values of the resistances ([a, A]) and " ([a, A])
might differ for a € 0A so that to get further simplifications in (E6), it is con-
venient to redirect the flow using these edges too. We introduce the unique

A0 A
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flow (see Figure 2) defined by

(0 if e e AT,
0 if e € F(AT),

i0(€) + D i<k jeler1) V@_: j){ee P(i.j)} .
+2 i v (6 A){E € P(i, o)} +ig (A)1{e € Q}
L+ i< do([as, Al)1{E € P(4, jo) } else.

B(:L', LA)

FIGURE 2. The flow () in the case where y € K, (w??)

In words, we could say that we have redirected parts of ig(+) in order to go
around A and the flow going from A to A is first sent to a;,, then to hy and
finally to A. We have the following properties

(1) 6p(+) is a unit flow from y to w(d) \ wp,

(2) |6o(e)| < 5|0A| for all e € E(Z%),

(3) 6o(+) coincides with 7g(-) except on the edges of E(A1), A*° Q. [hy, Al
and P(i,j) fori,j < k+1,

(4) 7(-) coincides with r**"(-) except on the edges of E(A1) and ATS.

Hence recalling (EE6) we get
(47) ROy o w(®) \wn) = B Oy o w(5) \wpt?)

< Y @) Bo(e)” —io(e)”) + r([hn, A (g (A) +io([hn, A)))?
e€P(1,)UQ

— Z (e)io(e)* — ¢([h1, A))io([h1, A])?

e€A*I
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<504 |0A[° L4 Ea=wD v ([hy A (ig (A) + do([he, A]))?
— > r(e)in(e)® — r([hy, Al)io([ha, A])?,

e€CAtI

where we used that r(e) < e2AEa==0 for e € P(i,7) U Q and that there are
at most (1 + |0A|*)paL% < 2pq|0A|* L% such edges in those paths. These
properties being a consequence of the fact that P(i,j) and Q are contained
in BE(z, LY (w)).

Since |0A| < par? < pyL% by the third property of Proposition B, the
first term is of the form announced in the proposition, the remaining issue is
to control the remaining terms. First, we have by definition

D rlediole)” = Y r¥(la, Al)io([a, A]),

e€At:d acAt
and since for a € K (w), we have using (1)) and () that
J 1 ;0
—2xa-l > Al > — —2Xa-¢ )
me g 2 e Al) 2 e

Furthermore, since for any a € AT we have a - I < zx- v + Lz and since
hy € Ha(w) we have hy - € > x- {4+ nLYy > a- 0+ (n — 1)L} so that the
definition of n at (E4) yields

ie—z\aiz i6—2)\h1f€2>\(n—1)L}4(w) > k(1 + }B(O, Li)})e‘”hl'[.
K1 K1
Since AT is contained in B(z, LY (w)), the two previous equations yield
)
(0, A > a1+ A e T (1 4% (b, A),

and hence

S (eiole)? + ([, ADio([hn, A])?

> ([, AL+ [AT]) (o[, A2 + Y doe)?)

>7¢([hy, A])(ig (A) 4o ([, A])),

where we used Cauchy-Schwarz in the last inequality.
Hence the remaining terms in (7)) are non-positive and we have shown
that

RO (y o w(8) \ wa) = ROy o w1 (8) \wy!) < 50p5LT e =0,

and letting n go to infinity yields the result in the case where y € Ko (w?™?).
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Let us come back to the remaining case where y € K (w) \ Koo(w?).
Keeping the same notations, we see that obviously there exists 7; < [ such
that a;, € Ku(w™?) which is connected in w to y using only vertices of AT,

let us denote R path connecting a;, and y in w N A™T.

Introducing the unique flow (see Figure 3) defined by
(1 ifee R,
0 if ec AVYUE(AY)\ R,
io(A) +ig([h1, A)) if €= [hy, A]
io(€) + 32«0 (7)1

+Zi§l iO([aiaAj) { (4,70)} .
L +26(A)1{§€ P(]l,jo)} + ZJ(A)1{€€ Q} else,

for which we can get the same properties as for y(+).

0o(€) =

FIGURE 3. The flow 6(-) in the case where y € K (w) \ Koo (w™?)

The computation of the energy of 6((+) is essentially similar to that of 0(-)
and we get

RO (y > w(8) \ wa) — RO (y 5 wA1(6) \ wtY)

<OLYA A=D1 N7 )
e€ER

SCL;d62)\(LA —z-L) ’

since [R| < |AY] < pgLd and r¥(e) < e2Ea==D for ¢ € R. The result
follows. O
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We set for z,y € Z% and Z C 79,
Tz
(4.8) Gazla,y) = B2 |3 0" 1{x, = v},
k=0

and similarly we can define R*(z < Z U A) to be the limit of R“©)(z «
Z U{w(0) \ wy,}) where w, is any increasing exhaustion of subgraphs of w.
We can get

Lemma 4.2. For any § < 1, we have for x,z € 74,
G5 oy(m,x) = 1O ()R (x — z U A).
In a way similar to the proof of Proposition B2, we get

Proposition 4.3. Set A= BF(x,r), B€{0,1}4,0<1,2€ Z% andw € Q.
Suppose that y, z € Koo(w) and 0AN Ky (w) # 0. We have

Re(y <> zUA) < RWA,l(y = zUA) + CILA(M)CQQZ)\(LA(M)_;B.[)’
where Cy and Cy depend only on d and (.

We assume without loss of generality the constants are the same as Propo-
sition

Proof. This time let us denote ig(-) by the unit current flow from y to z U
{w(0) \ wn}.

The case where 2z € K (w??) can be treated using the same flows as in
the proof of Proposition and we will not give further details.

In order to treat the case where z ¢ K. (w??) and y € K (w™*?). We keep
the notations of the previous proof for the partition (a;)1<;<m of A, ig (A),
ig (A), AT and A9, We set

iy = Zio([z +e,z2]).
ecr
Similarly, we can find a familly v(,7) with ¢ € [1,k] and j € [k + 1,]] U
{A} U{z} such that
(1) for all i, 7, we have v(i,j) € [0, 1],
(2) for all j € [k + 1,1], it holds that Y, v(i,7) = —ig (a;),
(3) we have Zigk v(i, A) =g (A),
(4) it holds that ., v(i, 2) = i,
(5) for all i € [1, k] we have 3. 1 noqayua V(6 J) = it (ay).
We use again the same notations for P(i, 7), Q, jo and hy and add an index
J2 < I such that z is connected inside A" to aj, and S the corresponding
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directed path. We set

(i2(¢) if e,
0 if e € AT U E(AT)\ S,
io(A) +io([h1, A]) it &= [h, Al

i0(8) + it (A)1{e € O} .
+ D i<k jelkrL] V(iaj)lﬁ{é’e P(i,5)}
+ Zigk v(i,A)1{e € ?(i>j0)}
Yo vl 2)1E € B, o))
\ + > i< to([as, AD)1{E € P(i, jo)} else,

which is similar to the flow considered in Proposition except that the
flow naturally supposed to escape at z is, instead of entering A, redirected
to aj, and from there sent to z. Using this flow with Thomson’s principle
yields similar computations as in Proposition .2 and thus we obtain a similar
result.
The case where z ¢ K, (w??) and 0 ¢ K. (w??) can be easily adapted
from the proof above and the second part of the proof of Proposition EE2.
O

5. PERCOLATION ESTIMATE

We want to give tail estimates on L and L4 for some ball A = B(x,r).
More precisely we want to show for any C' > 0, we have E;__[e“F4] < oo for
¢ small enough, the exact statement can be found in Proposition Let us
recall the definitions of M4 and Ty at (L2) and [E3]). We see that all vertices
of DA are either in finite clusters of w4, which are included in B(x,r + Ty),
or inter-connected in B(xz, 7+ M,). Hence we get by the remarks above (3
that

(51) L114 <r+ max(MA, TA).

Recalling the definitions of L and H 4 below (4), our overall strategy for
proving the existence of arbitrarily large exponential moments is the follow-
ing: if L, is large then there are two cases.

(1) The random variable LY is large. This means by (&) that either
My or Ty is large. The random variable Ty cannot be large with
high probability, since the distance in the percolation cluster cannot
be much larger than the distance in Z¢ (see Lemma [F2) and neither
can M4 since finite cluster are small in the supercritical regime (see
Lemma B.3)).

(2) Otherwise the distance from z to H 4 in large in the percolation cluster
is large even though it is not large in Z¢. Once again this is unlikely,
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in fact for technical reasons it appears to be easier to show that the
distance to Hy N'T, is small, where T, is some two-dimensional cone.
For this we will need Lemma B3

The following is fairly classical result about first passage percolation with
a minor twist due to the conditioning on the edges in A, we will outline the
main idea of the proof while skiping a topological argument. To get a fully
detailled proof of the topological argument, we refer the reader to the proof
of Theorem 1.4 in [I1].

Lemma 5.1. Set A = B¥(z,r) and y,z € Z%\ B(x,r — 1), there exists a
non-increasing function oy : [0, 1] — [0, 1] such that for e < ;

A0

P, [y “o 2, dyao(y, 2) >+ 2dga\ p(or—1) (Y, z)} < 2@1(6)”+dzd\B(z,r71)(y,Z)7

and
A,0

P, [y “o z,dya0(y, 2) > n+ 2dga(y, z) + 4d7‘] <2m (6)”+dzd(y7z)7
where €1 and a;(-) depend only on d and lir% ap(e) = 0.

The main tool needed to prove Lemma Bl is a result of stochastic dom-
ination from [I8]. We recall that a familly {V,,u € Z} of random vari-
ables is said to be k-dependent if for every a € Z% Y, is independent of
{Yo:[lu—all; = k}.

Proposition 5.1. Let d, k be positive integers. There exists a non-decreasing
function o/ : [0, 1] — [0, 1] satisfying lim,_,; /(1) = 1, such that the following
holds: if Y = {Y,,u € Z%} is a k-dependent familly of random variables
satisfying

for all v € 72, PY,=1)>r,

then Py > (o/(1)01 + (1 — &/(7))80) %%, where “~"means stochasticaly domi-
nated.

Two vertices u, v are *-neighbours if ||ju — v||_ = 1, this topology naturally
induces a notion of *-connected component on vertices.

Let us say that a vertex u € Z% is w-wired if all edges [s,t] € F(Z?) with
llu—s||,, <1and |Ju—t|| <1areopen in w™ (recall that A = B¥(x,r)),
otherwise it is called w”-unwired.

We say that a vertex u € Z\ B(x,r — 1) is w”-strongly-wired, if all
y € Z*\ B(z,r — 1) such that ||[u—y||. < 2 are w”-wired, otherwise u is
called w?-weakly-wired. It is plain that 1{u is w”-strongly-wired} defines a
~v1-dependent site percolation where v; depends only on d. We can thus use
Proposition B0l with this familly of random variables since we have

for all u € Z°, P,_.[1{u is w'-strongly-wired} = 1] > (1 — &)™,
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and that lir%(l — )™ = 1. This yields a function «/(-) which solely depends

on d.

Proof. Let v be one of the shortest path in Z? \ B(x,r — 1) connecting y
to z. For u € Z%\ B(z,r — 1), we define V(u)(w?) to be the *-connected
component of the wA-unwired vertices of u and

V() = [J V).

uey

Since y and 2z are connected in w??, a topological argument (see Section

3 of [T1] for details) proves there is an w*%-open path P from y to z using
only vertices in y U (V(w??) 4+ {—2,—1,0, 1,2}9). On the event d,a0(y,2) >
n+2dza p(yr—1) (Y, 2), this path P has m > n+2dzan g, ,—1)(y, 2) + 1 vertices
and all vertices which are not in v are w?-weakly-wired thus there are at least
m — dga\g(zr—1)(y, ) — 1 of them .

Since there are at most (2d)* paths of length k in Z¢\ B(x,r — 1) we get,
through a straightforward counting argument, that

WA
Pl—a|: = 2,dya0(y, 2) > n+ dzga\pr—1) (Y, 2)
< 2. (2)™(1 = o/ (1 = &))" atroer (0271

m2”+2dzd\B(z,r—1) (y,2)+1

< 2. ((2)3(1 = /(1 = e))))"atroer 0@

m2”+2dzd\B(z,r—1) (y,2)+1

where o/(+) is given by Proposition 1] and verifies liné 1—d'((1—e)")=0.

Thus, the first part of the proposition is verified with a;(g) := 1—a/((1—¢)™)
and &, small enough so that 1 — o/((1 — &)™) < (2d)73/2.
The second part is a consequence of

d(yv Z) < dZd\B(:c,r—l) (yv Z) < d(y7 Z) + 2dr.
U
An easy consequence is the following tail estimate on M4 (defined at ([E2)).

Lemma 5.2. Set A = BE(x,r), there exists a non-increasing function oy :
[0,1] — [0, 1] such that for e < e,

P, _.[M, > n+4dr] < Csr*®ay(e)”,

where Cs, €1 and aq(+) depend only on d and liII(l] ay(e) =0. The function

aq(+) is the same as in Lemma [Z
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Proof. Since |0A| < pgrd, we have
P, [My > n+ 4dr]

A,
<(pgr?)? max P, . [a L b,d,a0(a,b) >n+ 4dr] < 1oy (e)",
a,be

where we used Lemma Bl since dza\ g, ,—1)(@,b) < 4dr for a,b € 0A. O

A set of n edges F' disconnecting x from infinity in 7Z, that is any infinite
simple path starting from z uses an edge of F', is called a Peierls’ contour
of size n. Asymptotics on the number u, of Peierls’ contours of size n have
been intensively studied, see for example [I5], we will use the following bound
proved in [21] and cited in [15],

fn < 3.
This enables us to prove the following tail estimate on T4 (defined at (3))).

Lemma 5.3. Set A = B¥(z,r), there exists a non-increasing function s :
[0,1] — [0, 1] such that for e < eq

P, [Ty >n] < C47’d042(5)n7
where Cy, €9 and as(-) depend only on d and lir% as(e) = 0.
Proof. First we notice that for n > 1,

Py [Ty > n] < par max P, [a ¢ Koo(w™?),
aec

8EK°"A’O(a)‘ > n]

For any a € OA such that a ¢ K.(w®), we have that K" (a) is a

finite Peierls’ contour of size ’OEK “’A’O(a)’ surrounding a which has to be

closed in w?°.

Because A is a ball at least half of the edges of dpK“"’(a) have to be
closed in w as well. Indeed, take [z,y] € AN 0EK“’A’O(a) and denote z its
endpoint in K“"’(a), then by definition of a Peierls’ contour there is i > 0
such that [z +i(z —y), z+ (i + 1)(z —y)] is in dg K"’ (a), let ig(x, y) be the
smallest one. If [z +io(z,y)(z —y), x + (io(z,y) + 1)(z — y)] were in A, since
A is a ball all edges between = and x + iy(x, y)(x — y) would too. This would
imply that all edges adjacent to y are in A which would contradict the fact
that 7 is connected to a € 0A in w?°. See Figure 4 for a two dimensionnal
drawing.

Hence

_ {A NOsK“""(a) — 9pK“""(a)\ A
| [, 9] = [z +ido(2,y)(z — y),x + (io(z,y) + 1)(z — y)],
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I I I I IpA
— =6 b b b
I
A0
-- b= - OpK“"" (a)
- P
I
— =4 - — o KWA’O (a)

[z, 9]

FIGURE 4. Half of the edges of 9z K“""(a) have to be closed in w

is an injection so that at least half of the edges of dgK“"’(a) are indeed
closed in w. There are at most ((m7721) < 2™ ways of choosing those edges,
thus we get for any a € 0A

P,_. [CL ¢ KOO(WA’O), ’8EK°’A’O (a)‘ > n] < Z (M:;Q_D,u(n)gm/2

m>n

< " Z 6m€m/2 < ,}/2671/2’

m>n
for & such that £¥/2 < 1/12. O

A direct consequence of (BJl), Lemma B2 and Lemma B3 is the following
tail estimate on LY, defined below (B4

Lemma 5.4. Set A = B¥(z,r), there exists a non-increasing function s :
[0,1] — [0,1] such that for e < e3

P, [LY > n+ Csr] < Cor*laz(e)”,
where Cs, Cg, e3 and az(-) depend only on d and lir% as(e) = 0.
Recalling the definition of H4 above (fEH), let us introduce

, 00 if Vy € 0A, y ¢ Koo (w??)
5.2 L =
(5.2) a) {de,o (0A, Hy(w)) otherwise,
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it is plain that L4 < L.

We need one more estimate before turning to the tail of L/, (and thus
Ly). Define the cone T = {ae™ 4 be®,0 < b < a/2 for a,b € N}. It is
a standard percolation result that p.(T) < 1 (see Section 11.5 of [I2]) and
well-known that the infinite cluster is unique. We denote KX (w) the unique
infinite cluster of T induced by the percolation w, provided € < 1 — p.(T).

Lemma 5.5. There ezists a non-increasing function oy : [0,1] — [0,1] so
that for e < ey

P, [dT(O, KT (W) > 1+n|< Crau(e)",

where C7, ay(-) depend only on d and lirré ay(e) = 0.

Proof. Choose ¢ < 1 — p.(T), so that KX (w) is well defined almost surely.
We emphasize that the following reasoning is in essence two dimensional, so
we are allowed to use duality arguments (see [I2], Section 11.2). We recall
that an edge of the dual lattice (i.e. of Z? + (1/2,1/2)) is called closed when
it crosses a closed edge of the original lattice.

If dr(0, KX (w)) = n + 1, then let z be a point for which this distance is
reached, x is one among at most n + 2 possible points. Consider an edge
e = [z, y] where dr(0,y) = n, let € denote the corresponding edge in the dual
lattice. From each endpoint of this edge there is a closed path in the dual
lattice which has to cross out of T, so that the sum of the lengths of these
two paths is at least n — 1. Thus there has to be a closed path P in the dual
lattice of length m > |(n + 1)/2] (including ¢’ in the largest of the previous
two paths) starting from one of the endpoints of e’ and crossing out of T (see
Figure 5).

Thus since there are at most 4™ paths of length m, we get for € small
enough

Py [dn(0, KL () = 1+n] <2(n+2) 3 47" < d(n+2)(42)"2,

and the result follows from n + 2 < 2"t gince

P [dT(o, KL(w)>1+ n] <3 4(n+2) ) < (4,

m>n

Now we turn to the study of the asymptotics of L 4.

Proposition 5.2. Set A = BE(z,r), there exists a non-increasing function
a:[0,1] — [0,1] so that for e < g

P, .[Ls > n+ Csr] < Cor*®na(e)”,
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o o endpoints of e
____ open edges

-—-» P closed in the dual lattice
F1GURE 5. The closed path in the dual lattice

where Cs, Cy, g9 and «(-) depend only on d and ¢ and lim a(e) = 0.

e—0

Proof. Let us notice that two cases emerge. First let us consider that we are
on the event {0A N K = (0} in which case we have

La(w) =min{n >0, A is not connected to B(x,n)} <1+ Ta(w) < LY,
hence because of Lemma B4 we have for Cy > (5
(5.3) P[OAN K, =0, Ly >n+ Csr] < Cr*as(e)™.

We are now interested in the case where 0A N Ko, # 0. Tt is sufficent
to give an upper bound for L/, (defined at (£2)) since Ly < L/;. Set € <
g1 A eg A g3 A g4, we notice using Lemma (.4 that

(5.4)
P, [0ANK. #0, L'y > n+ Cyr]

<P, .[LY > n/(8nd) + Cs7
+ P [0ANK, #0, LY <n/(8nd) + Csr, L'y > n+ Cyr]
<P, [0ANK, #0, Ly <n/(8nd) + Csr, L'y > n+ Cyr]
+ Cgr2day (e)/Bnd)
We denote h?, the hyperplane {y, v - (>z 0+ m}, we have
(5.5) P, [0OANK, #0, L) <n/(8nd)+ Csr, L'y > n+ Cygr]
<P,_. [aA N Koo # 0, dyro(0A, B gy sncar) > 1+ Car
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U.)A'O =
<|0A] max P, . [y e 00, dyao(Y, by ysaypmr) =1+ C’gr].

Set y € A and let us denote v a constant which will be chosen large
enough. Using the uniqueness of the infinite cluster we get

(5:6)  Pi.|du (y, Koo @™) N RE giyins O {0 + "JI‘}) > n/2+ W}
SPl —€ dy—i—']l' (y, Ky+T( AO) N hn/ 8d +'ylr> Z n/2 + 72T]

<P,_. dy—i—’]I‘ <y7 Kgo+T( ) N hn/ 8d +'ylr) > n/2 + 7271] )

where we have to suppose that v > 2 for the last inequality. Indeed then

dysr(y, K& (W) = dyrr(y, K& (@) on the event {dy r(y, K& (w)) >

~or} since the distance to the infinite cluster is greater than the radius of A.
Moreover since e - £ > 1 /V/d, we notice that

>
yEIB%LanHT(a: y) > 2Vdm.

Applying this for m = n/(8d) + 17, we get that
(5.7) Py |dyr(y, K@) MR gy ) = 12+ 707 ]
<P |dyer(y, KLT(w)) > n/2+ar],

where 7y, is large enough so that 2v/d(n/(8d) + v17) < n/2 + Yor.
The equations (Bf) and (1) used with Lemma [0 yield that for 73 large
enough and any y € 0A,

P, [dzd <y7 Koo(w™) N hZ/ sdytyar (VY + T}> >n/2+ 737”} < yaay(e)"”.

If we use Lemma B and the previous inequality, for Cy large enough so
that n + Cgr > 2(n/2 + ~3r) + 4dr,

(5:8)  Pi|0AN Ka 0, duro (9,0 50y, ) = 1+ Cor]
<P (3, Kool™) N0 4oy Oy + TY) 2 0/2 4+ 707 |

w40
+ Z P, E[z — y,dya0(z, )Z2d(y,z)+4dr}
2€0By4(y,[n/2+y3r )N {y+T}
<yaau(e)? + y5(n + ysr)on (€)' < yernas(e)”,
where € < €5 depends only on d and ¢ for some a;(-) such that liII(l) as(e) =0.
Adding up (&4),[EH) and [BJ) we get
P, _[0AN K #0,L > n+ Csr] < ymr(ay(e)” ) 4 ag(e))



27
S 78nrda(€)na
where a(g) = a; ()@ +a5(g). As we have lim a(g) = 0, this last equation
E—
and (B3] completes the proof of Proposition B2 O

Essentially by replacing (Z%, E(Z%)) by (Z*, E(Z%\ [z, 2z + €])) and w by
w®* along with some minor modifications we obtain

Proposition 5.3. Set A = BE(x,r), 2 € Z? and e € v, there exists a non-
increasing function o : [0,1] — [0, 1] so that for e < g

P, [Li(w*®) > n+ Csr] < Corina(e),
where Cs, Cy, g9 and «(-) depend only on d and ¢ and lim a(e) = 0.

e—0

Here we assume without loss of generality that the constants are the same
as in Proposition 22

6. CONTINUITY OF THE SPEED AT HIGH DENSITY

We now have the necessary tools to study the central quantities which
appeared in (B2).

Proposition 6.1. For0<e <e;, A€ {0,1}*\v and > 1/2
E. . [1{1@2714)}(;;“‘ (0, z)]
E _. [1{I}Gg;(0, z)}

< C,

where C' and €5 depend only on ¢ and d .
This section is devoted to the proof of this proposition. We have

[1{1}@“ 0 z] [1{0 - @}1{I}G¢;(o,z)]
= B[ 1{C(=) = T )} G5 (0, 2)|
— P[C(2) = 0]E {1{1@270)}@”(0, z)} .

For e < 1/4 <1 —p.(d), we have P[C(z) = ()] > v > 0 for 7; independent
of €, so that

(6.1) E [1{1}@;;(0, z)] > E {1{1@270)}@)2’”(0, z)} .

Now we want a similar upper bound for the numerator of Proposition &1l
Let A € {0,1}"\ v, then by (ZH) and [EIl) we obtain

1 71 2,A 71
6.2 el o W (8) < 2)\2%_'
(6.2) %16 55T (2) < Kkie 5
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This equation combined with Lemma BTl yields
(6.3) B|{Z(w)}G5 " (0,2)]

I{162>\Z'Z

J

If 2 ¢ K.o(w”?) then P [T, < 73] = 0. Otherwise we can apply Propo-
sition to get

IA

E[l{I(wZ’A)}Pg’Z’A[TZ < R (2 A)].

z,A

(6.4) Ry (2 A) < Rg’z’@ (z = A) + Cle(mczez\(Lz(w)_z.Z)’

where we used notations from (ELH).

Moreover we notice that P [T, < 75] < Po"[T., < 75] and 1{Z(w**)} <
1{Z(w*?)}. Then inserting (64) into (E3), using Lemma BT and ([GE2) we
get since 6 > 1/2

(6.5)
E[l{I}Gg’(O, 2)|C(z) = A] < me[l{z(wzﬂ)}Ggf’@(o, 2)

+ 20 B[ HZ(W )} Py [ < L (w) 2],

Now we want to prove that the even though hitting probabilities depend
on the whole environment their correlation with “local” quantities are weak in
some sense. Let us now make explicit the two properties which are crucial for
what we call “local quantity” which are the second property of Proposition £l
and that arbitrarily large exponential moments for € small enough, like those
obtained in Proposition We obtain the following decorrelation lemma.

Lemma 6.1. Set 6 > 1/2, then
E[l{z(wz’w)}PSﬂm[Tz < Té]Lz(w)CzeQALZ(W)}
<CuoB[U{Z(w™)} P [T. < 7| B[L.(w) b)),
where Chg, C11 and C1o depend only on d and (.

Proof. First let us notice that the third property in Proposition BTl implies
that L, is finite. Set k € N*, recall that the event {L, = k} depends only on
edges in BE(z, k) by the second property of Proposition Bl

We have 1{Z(w*")} < 1{0B(2,k) <> co}. Assume first that 0 ¢ B(z, k),

(6.6) E[1{z(m@)}sz'“ [T, < 75] L. (w)C2eP =@ [, = k}

kOB [T (W)} Py [T < 7] | L = ]
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SpdmlezME[l{aB(za k) < oo} Jnax Fy T, < 75,1y = Top(a )|
indeed |0B(z, k)| < pak?, here we implicitely used that 0 ¢ B(z, k). Now the
integrand of the last term does not depend on the configuration of the edges
in BE(z, k).

We denote zy(w) a vertex of 0B(z, k) connected in w to infinity without
using edges of B¥(z, k) and accordingly we introduce {a < b} the event that
a is connected in w to b using no edges of BE(z, k). Again we point out that
the random variable xq(w) is measurable with respect to {w(e), e ¢ BF(z,k)}.

Let us set z1(w) the point for which the maximum in the last line of (&6
is achieved, this random point also depends only on the set of configurations
in B(Z%) \ BE(z,k), the same is true for P [Ty, < 75, Ty, = ToB(= k)]

In case there are multiple choices the definition of the random variables
zo(w) or x(w), we pick one of the choice according to some predetermined
order on the vertices of Z¢. In case z¢(w) or x1(w) are not properly defined,
i.e. when 0B(z, k) is not connected to infinity, we set zo(w) = z. With this
definition we have {zg < 0o} = {0B(z, k) < oo}.

The definition of z; implies that

zr1(w) < 0 if xerngzﬁc’k) Fy T, < 75,1, = Topea ) > 0.

Now let Py be a path of k edges in Z? between z and xy and P; a path of
k edges in Z¢ between z and z;. As those path are contained in BF(z, k), we
get

(6.7)
E [1{83(,2, k) < coY1{z1 < 0YPP[T, < 75, Ty, = TaB(z,k)]]

—E [1{930 & col1{y & 0}PC[Ty, < 75, Toy = Topen||Po U Py € w]

1
SO p o B P U P € whi{m & ooha & 0BT, < 75]].

Then we see that since we have ¢ < 1/2

1

4k-

Moreover, on the event Py € w, Markov’s property yields
(6ko)* P [T, < 75) < PEIT. < 75).

(6.8) P[PoUP, cw]=(1—-¢)*>

Since 0 > 1/2,
(6.9) E[lm) UP) € wll{z < oodl{z, & 0YPe[TL, < 75]]

<(2/ko)"E {1{730 UP: € wll{zo < 0} 1{z, & 0o} PPIT, < Té]}
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<(2/ko)FE|{TYPY(T, < 75]|,

since on 1{Py UP; € w}l{zy < 0}1{z; < oo} we have 0 <>z < 2 < 71 <
oo and which means that Z occurs.

Adding up (68), (67), 68), ), noticing that 1{Z} < 1{Z(w*")} and

PYIT, < 15) < Pg’z’m[Tz < 75, we get
(6.10) E[1{z(m@)}PgZ’” [T, < 75] L. (w)C2eP =@ | [ = k}
< pak™ (8¢ /o) VE [1{1@%9)}1352'@ T, < Té]} .

Let us come back to the case where 0 € B(z, k). We can obtain the same
result by saying that ng’“’[TZ < 75) < 1 in (E0) and formally replacing
FyT, < 15,1y = Thp )] by 1 for any & € 0B(z, k) and 2 by 0 in the whole
previous proof. The conclusion of this is that (I0) holds in any case.

The result follows from an integration over all the events {L, = k} for
k € N since by (GI0), we obtain

E[H{Z(w )} By (1. < 7] (w) e )|

<E [i P[L. = k|E [1{1@2’@)}13502’” [T, < 75] L, (w)C2eP =@ | [ = k:”

<piE [i P[L. = Kk (8¢** /o) E [1{1@2’@)}13{’” T, < m”
—uE [L'Z“ (8¢ /KO)LZ] E [1{1@%9)}13{’“’ T, < Té]} .

We can apply Proposition to get that for 0 < e < g¢
B[ L. () b < 37RO PL, > k] < Cig < o0,

k>0

where g4 is such that ag(gg) < e~“12/2 and, as C\3, depends only on d and /.
Then recalling (63), using Lemma with the previous equation we obtain

E [1{z(wz7A>}G:;Z’A (0, zﬂ
<K’E {1{z(wzﬂ>}agﬁ"”<o, zﬂ 4 20,C1oChak B [1{1@270)}135*"” T, < 7]
<92B | HI(W")}G5™(0,2).

Using the preceding equation with (EI) concludes the proof of Lemma Gl
We are now able to prove the following
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Proposition 6.2. For anyd > 2, ¢ < 1— p.(d) and ¢ € R* we have
v(l —¢e) =dy+ O(e).
Proof. First notice that
P[C(z) =0] =1+ O(e) and P[C(z) # 0] = O(e).
using (BJl) and Lemma B0 we get for § > 1/2,
B [ {T}1{C(2) = 0}G (0, 2)]
E._. [1{I}Gg;(0, z)}

(6.11) d5(z) = dy +0(e),

where the O(-) depends only on d and ¢. But using Lemma again yields
Ei- [ {T}1{C(2) = 0G5 (0,2)|
E . [1{I}Gg’(0, z)]

— 1] <0(e),

and thus
ds(2) — dy = O(e),
where the O(-) depends only on d and ¢. Recalling Proposition B3, we get
ve(l —e) =dy+ O(e).

7. DERIVATIVE OF THE SPEED AT HIGH DENSITY

Next we want to obtain the derivative of the velocity with respect to the
percolation parameter.
In this section we fix z € Z¢. Using (B with Proposition Bl we can get
the first order of Kalikow’s drift
5 E_[1{Z(w*)}G5™ (0, 2)] 2
(T.1) d3(z)—dy=¢ > (d. = dy)) + O(=2),
0 ze; E,_[1{Z(w)}G%(0, 2)]

where O(-) depends only on d and ¢. The remaining issue is the dependence
of the expectation with respect to e.

7.1. Another perturbed environment of Kalikow. We can link the
Green functions of two Markov operators P and P’, since for n > 0

(72) Gy =G5+ MGy (P = P)FGY + 6" (G5 (P — P)"'GY

k=1
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In our case we close one edge which changes the transition probabilities at
two sites, so that the previous formula applied for n = 0,

(7.3)

GY7(0,2) =G5 (0,2) + 0G5 (0,2) Y (p°(¢) — p*(e))GY ™ (2 + ¢, 2)
e'ev

+0G5™ (0, 2+ €)Y (7€) = (NG (2 e+ ¢, 2),

e'ev
where we used a notation from (E23).

Hence to compute the numerator of ([Z1l) using the expansion ([3), we can
look at quantities such as

E[1{Z(w*)}G¢™(0,2)G47" (2 + ¢, 2)),
and \
E[l{I(wz’e)}Gg’z' 0,z + e)Gg’z’e(z +e+¢,2),
for e, e’ € v.

From now on we fix e € v. In order to handle the first type of terms (the
proof is similar for the second type of terms) we introduce the measure

- HIN{C() = e}G5™(0,2)
Ei_. [L{Z}1{C(2) = }G¥*"(0, 2)]

and for e, € v we introduce the Kalikow environment, corresponding to this
measure on the environment and the point z + e, , defined by

Ep:[Gg (2 + ex, y)p* (y,y + €)]
E;-[GY(z+ ey, y)
B HT}GE(0,2)G ( + e, p)p? (v, y +€) | C(2) = €]
Ei[H{Z}G57(0,2)G4 (2 + ex,y) | C(2) = ¢] '
Once again Kalikow’s property geometrically killed random walks does not

use any properties on the measure on the environment, we have for any z € Z¢
and e, ¢ € v

(ra) EreDUCE) = e}G3(0,2)G5 (2 + ¢/, 2)]
’ E[1{Z}1{C(2) = e}G§™"(0,2)]
Decomposing this according to the configurations at y and denoting P7°_[-] =
Pi_.[-|C(z) = ¢], we get
(75) Presre (€)= > P>[C(y) = Al
Ae{0,1}¥
% Eife[l{I}Gg)Z@ (Oa Z)Gg)(z + 6+>y) | C(y) - A]pA(y 6,)
Ei[H{Z}G57(0,2)G5 (= + evy)] o

dP1—€7

ﬁz,e,z+e+ (yv 6,) =

— G?Z’e’”e,(z +¢é,2).
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where the conditional expectation is set to be 0 when it is not well-defined.
In the next proposition we will use a™ = 0V a and from now on we will
omit the subscript in p,c.4e,.

Proposition 7.1. For e < e; and z,e,e, € Z% x v* and 6 > 1/2, we have
foryeZi e cv

|]5(y’ 6,) - pg7e(y> 6,)| < (0146015((z—y)~2)+)€’
where €7, C14 and Ci5 depends on £ and d.

This proposition will be used to link the Green function of p, . 4., to the
one of pj©. In view of (ZH) the previous proposition comes from

Proposition 7.2. For 0 <e <eg, y,z € Z%, A€ {0,1}"\ v,
E,_ [1{Z(w*)}G¥™"(0,2)G¢™ (2 + ep,y) | Cly) = A < Cyeelle= D
Ei [1{Z(w")}G5™(0,2)G57" (2 + ey, y) [ Cly) = 0] —

for es, Cig, C17 depending only on ¢ and d for § > 1/2.

)

In order to prove Proposition [, once we have noticed that we have
P[C(y) = 0] > v and

Ei° [1{Z}GY™(0,2)G4 (2 + ex,y)]
>P[C(y) = 0B, [L{Z(w*)}GY " (0,2)G4™" (2 + ey, y) | Cly) = 0],

is suffices to use the Proposition with arguments close to the ones appear-
ing in the proof of Proposition B2 to show that the dominant term in ([ZH)
is the one corresponding to {C(y) = 0}.

Obviously Proposition has strong similarities with Proposition [B6.1],
since the only difference is that the upper bound is weaker, which is sim-
ply due to technical reasons. Moreover, since the proof is rather technical
and independent of the rest of the argument, we prefer to defer it to Section B

7.2. Expansion of Green functions. Once Proposition [l is proved, we
are able to approximate the Green functions through the same type of argu-
ments as given in [22]. Heuristically, we may say that if environments are close
then the Green functions should be close at least on short distance scales.
Compared to [22], there is a twist due to the fact that we do not have uniform
ellipticity and that our control on the environment in Proposition [Tl is only
uniform in the direction of the drift. Moreover our “limiting environment”as
e goes to 0 is not translation invariant (nor uniformly elliptic). Hence we
need some extra work to adapt the methods of [22].

Proposition 7.3. For any z € Z%, e, e’ € v, €" € vU{0} we get for § > 1/2
Gl(z+¢ +e' 2) — Gf;g’e(z +e +e2) <o),
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where o.(+) depends only on ¢ and d.

Proof. The proof will be divided in two main steps:

(1) prove that there exists transition probabilities p that are uniformly
close to those corresponding to the environment wi® on the whole
lattice and which has a Green function close to the one of the envi-
ronment @,

(2) prove the same statement as in Proposition but for the environ-
ment p. This is inspired from the proof of Lemma 3 in [22].

For the first step, we will show that the random walk is unlikely to visit
often z and go far away in the direction opposite to the drift, i.e. we want to
show that for any e; > 0

Gh(z+¢€,2) — G? (wez? ka[_A}(z +¢€,2) < & for A large and ¢ small,

where we used a notation of (Lg). This inequality comes from the fact that
except at z and z+e the local drift under p can be set to be uniformly positive
in the direction ¢ in any half-space {z € Z¢, x - ¢ > —A} for & small.

In a first time, we show that the escape probability from z and z + €’ is
lower bounded in the environment p. For this we can easily adapt a classical
super-martingale argument, see Lemma 1.1 in [25], to get that for any n > 0
there exists f(n) > 0 such that for any random walk on Z¢ defined by a

Markov operator P(z,y) such that (Zyw P(z,y)(y — x)) . >n, for z such
that x - ZE 0, we have

(7.6) PolX, - €>0,n>0] > f(n).

Now by Proposition [[]], it is possible to fix a percolation parameter 1 — &
where ¢ is chosen small enough so that
e The drift d(p)(z) = Y., P(x, x + e)e is such that dP(z) - 0> dy-0/2
for x such that - ¢ > (z42de™)- £ (this way we avoid the transitions
probabilities at the vertices z and z + e which are special).
e The transition probabilities on the shortest paths from z and z + ¢
to z + 2de™) (with length inferior to some ;) are greater than /2.

Hence we can get a lower bound for the escape probability under p:
(7.7)

- Jloeat _
yE{rgi’r-il-e’} Pé) [T{Z7Z+e/} - OO]

> min  P[TS
T ye{z,z+e’} y[ {z.2te’}

> f(do- /2)()" =

> Tz+2de(1)]Pf+2de(1)[(Xn - (Z + 2d€(1))) : ZZ 0, n > 0]
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Now we need to show that the walk is unlikely to go far to the left. Consider
any random walk on Z< given by a transition operator P(z,y) such that

d’(z) ==Y, ., P(z,y)(y —x) - { > (dy - £)/2 = 73. We know that
n—1
M) =X, - Xo— Y _d"(X;)
i=1
is a martingale with jumps bounded by 2. Hence since d¥(z) > 73, we can
use Azuma’s inequality, see [I], to get

PO[T{xezd’ ol<—A} < OO] < ZPO |:Mr]: . E< —A - ’}/371:|

n>0
(A v3A
5 oA <o (1),
n>0

Set ¢’ > 0 small enough. Taking A = A(g’) large enough, depending also
on d and ¢, we can make the right-hand side lower than £;. Now let us choose
e small enough so that for any y € {x € Z, 20>z 0—A—1andz +
{z,2+¢}} we have d®(y) - £ > (dy - £)/2. Then the previous imply

(78) ye{??ﬁ-{e’}P [T{erd zl<z0—A—1} < T{z z+e’}]
< max Pf[T{IEZd, zl<z-0—A—1} < T{z z—l—e’}] E,’

y~z or y~z+e’
since the event in the middle depends only on the transitions probabilities at
the vertices of {z € Z4, #- (> z-{— A—1and x # {z, 2+ ¢'}}.
Moreover by ([Z7) we have
1
V2 BRCY
which decomposing with respect to the number of excursions to z and z + €’

and using () yields

(7.10) PP

z+e’

_ 1 _
(79) Gi(z+¢€,z4€) = Pf+e,[T;jre, <75 ' < — and G%(z,2) < —

2¢’
[T{xEZd, zl<z0—A—1} < OO] < %

For e small enough to verify the previous conditions we have using ([Z9)

and (IZI0)

(711) Gﬁ(z + 6/, Z) Gf; {zezd, zl<zl—A—1} (Z + 6,’ Z)

<P’ T, i 7+ - < 00 max G2y, =

z+e’ [ {z€Zd, z-b<zl—A-1} ]ye{xEZd, wloni A1) 5( ) )
2e" s 2¢’
<—GY(2,2) = —.

V2 Y2
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So that introducing @(y, €’) so that
Py, e') = ply, ¢') for y such that (y —z) - £ > —A()
Py, e) = p*" (y,€) for y such that (y — z) - £ < —A(")
A consequence of ([L.TT]) is that

(7.12) ’G?(z +e,2) - GP(z+ ¢, z)‘ < 5e,

where, by Proposition [l @ (depending on &) is such that

(7.13) max ’]_J(y, ) —p " (y, )| < Cryefs4E e < ¢,
e'cv,ycZ?

for € small enough. This completes step (1).

We can start step (2) of the proof. Since our control on the environment
is uniform and our remaining task is to use methods similar to those of [22]
to prove that there exists a o(-) depending only on d and ¢ such that

7.14 el z4e +e2)—GP(z4+€ + € 2)| =o(1),
5 s

which in view of ([ZIZ) is enough to prove Proposition [Z3

Let us define M the operator of multiplication by (70 )¥/2 given for f :
74 — R, by
M(f)(y) = (70" () f(y).

We consider a transition operator P*° of a random walk on Z4U{A} given
by
POz, x + e(i)) = P¥(x + e®, x)
= §(m0" (2))"2p" (w4 ) (0 (2 4 €))7
= §(m0" (z + ) 2p " (@ + €, 1) (10" (2)) 72,
forany i =1,...,2d and for z ¢ {2,z + e, A}

P (@, A) = (1-0)+8 3 ()" (—e))7

eMev
POz, A) = (1=68)+6 > (p(e)p(=e)2,
eev\{e}
PO(z4e,A)=(1=0)+6 > (p(e")pt(—eD)"?,
e@ev\{—e}

and P*°(A,A) = 1.
We have for z,y # A,
G3¥ (z,y) = (I = 6P ) ) (w,y) = (MH(I = P**) "' M)(,y)
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= (M7'G*M)(z.y),
where G*? is the Green function of P*°. In a similar way, we have for z,y # A
Gi(x,y) = (MG M)(z,y),
where because of (I3) the associated operator P*° = M~'PPM verifies
Pz, x4 e) = P (z,x 4 e) 4 €. (x, €)
and P¥(z,A) = P*(x, A) + e&.(x, A),

where &.(-, -) are uniformly bounded.
Now, we expand the Green function, using (L) to obtain that for any n

n
z,e

Gh(z,a') = G3° (z,2') = (62)*Sk(x, 2') + (66)" ' Ry (2, 2'),

i=1
where

Z Z GV (2, 21)&(w1, )G (1 + e )

Z,€

X E(Tp, €,)G50 (T + €4, 7)),

=) Su(za") ) &lat,e)GE(a" + €, a).

x*cZ4 e*€v

and

Consider the transformation

Snl,2) = (W)gzi())lﬂ Z G (x Il)fa(an,el)(LIl)))W

o ( “0' (1 + €
€

7% (2,
X G8’6($1+61,ZE2)---< ()
s

1/2 6 /
ze—> G* (:l?n—l-en,:l:'),
“0" (T, + €n)

and

z,e

R,(z,2") = <w>l/z Z Gsﬁ(z’xl)g&(ggl,61)(#931)))1/2

o () 0" (x1 + €

7" (z,,
X G‘g?é(l’l + 61, x2) e (#
0 (z, + e,)

We have for any € Z¢ and 6§ > 1/2,

1= P*(z,A)] > mm <\/pek — \/pek(—e(ﬂ')))2 = 6.

6k EI/

12
) G*(z, + en, ).
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Moreover for any z € Z¢ and e; € v we get by (Z3) that
70" (x)

B R
T (x4 €;)

_ 1 9

and for x, 2’ € Z* we obtain

Z GM(% xl)GS’é(fcl + €1, 22) - - 'Gs’é(xn + en, ')

L1y Tn

€1,--,€n
5 s s
§( E G*°(x, xl)(Qd)) max E G’ (24, 12) ... G (2, + €p, 2")
1 2+EZ L2;..9Tn
€2;..,€n
2d
4 s,0 /
max E G (xy,29) .. .G (xp + €p, @
~ 1 —max, P59(x, A) z.ezd *’ (0 + €0, 27)
Z2;-3Tn
€2,..,€n

2d n
s---s( )
1—

where we used an easy recursion to obtain the last inequality. Finally we get

sato) = (Tt ) (3 (s e ) 2 )

Zinad" (LU) y,e 1

Wl
< <77T ie(gj)yﬂv?“,
T ()

for some positive constant v;, depending only on d and ¢. We can get a similar
estimate for the remaining term R, (x,2’) considering that 1 — P*%(x, A) ~
1 — P%%(x,A). This implies that for ¢ < ~7'/2 small enough, the series
S ore o(6)*Sk(xz, a') is convergent and upper bounded by a constant indepen-
dent of 0 and that

GP(z,2') — ngé’e(x, 7') = Z(éa)kSk(x, ')
k=1

- () 0w

where O(-) depends only on d and /.
Applying this last result for all cases = z+¢€' +¢” and 2/ = z yields ([L14)
and thus the result. U

7.3. First order expansion of the asymptotic speed. We have now all
the necessary tools to compute the asymptotic speed. Applying Proposi-
tion [C3 (which relies on Proposition [[T), we get

z

G‘;Z’E’z*e (z+¢€,2) = Gf;o’ (z+¢€,2) +o(1),
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where the o(-) depends only on d and ¢. Hence putting the previous equation
together with ([Z4l), we obtain

(7.15) E,_[1{Z}1{C(z) = e}G¥™ (0, 2)G%(z + €, )]

z, wO,e
=(1+o(1))E[{Z}1{C(2) = e} G5 ™" (0,2)|G5" (¢',0),
where the o(-) depends only on d and /.
Applying the same methods for p,.c e ,teter yields
(7.16) E[1{Z(w")}G¢ (0, 2+ €)GY (2 + e + ¢, 2)]

— (1 + o()E[L{T(w)}G" (0, 2 + )]G (e + ¢/, 0),

where the o(-) depends only on d and /.
Let us denote

ole) = > (p°(e) — () G" (¢!, 0),
and

vie) =Y (o) = p'(¢))G4" (e + ¢, 0).

e'ev
Hence imputing the estimates ([ZTH) and ([ZI6]) into the expression of (1))
modified using ([Z3), we get

(7.17)
d3(z) — dy

(14 o(1)) rent D
:mquﬂ%m¢ﬂﬂﬂmﬂw)wa@%MXN+MMM¢—%U

ecv

+ B [HZ(w)}G5 (0.2 + €)) (3 00 (e)(de — do) )| + O,

ecv

where the o(-) and O(-) depend only on d and /.
We are not able to derive uniform estimates for d¥(z), nevertheless we are
still able to estimate the asymptotic speed.

Lemma 7.1. We have for § > 1/2, z € Z* and e € v,
E[1{Z(w"")}G5™"(0,2)]
E[{Z}G5(0,2)]

where the O(-) depends only on d and {.

Proof. Recalling that P[C(z) = 0] =1+ O(e), we get

E[HZ(w)}G5(0.2)] _ 1 EMI(W™)}G5(0,2)]
E[{Z}G3(0,2)]  ~ P[C(2) = 0] E[1{Z(w>")}G5™"(0, 2)]

— 1] < 0(e),

<140().
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In order to prove the other bound we will use methods very similar to
those used before and we will not give a fully-detailed proof. In words the
idea is that we can condition the environment to be open on any finite ball
without changing, up to terms of order ¢, the value of the expectation of
Green functions. Hence, up to a O(g), we may suppose that B¥(z,2) contains
only open edges and with this conditionning the two terms appearing in the
quotient of the lemma are the same. With more formalism, we have

(7.18) E[L{Z(w)NGy (0.2)]= Y Plee BE(z,2),ccw) = 4]

Ae{0,1}B7(=:2)
A0

x B[L{Z(w™*)}G¥™"(0,2) | {e € BF(2,2),e € w} = A],
it can be shown that for any A C BF(2,2), A# ()
E[1{Z(w**)}G¢™"(0,2) | {e € BE(2,2),¢ € w} = A

E[1{Z(w>)}Gy™ (0, 2)]

where v, depends only on d and ¢. The method is the same as before

(719) <7,

(1) We apply Lemma BTl to decompose the Green function into a hitting
probability and a resistance.

(2) With Lemma - we decompose the resistance appearing in (1) into
the same resistance in wB” (=21 and a local perturbation.

(3) By upper bounding the integrand by terms which do not depend on
the state of the edges of BY(z,2) and using the same trick as in (67
we prove that for € small enough

wz,@ 1 o
E[l{f(w(zé,e2),A)}Po CHUT, < 7R [z o A] 2
E[1{Z(w>)}G57°(0, 2)]

We can use arguments similar to the ones in the proof of Lemma .1

(essentially repeating the steps (68), (1), (68) and (E3)) to prove
that

< Ya.

wz,@
E[1{Z(w]5) )P O T < ] Lo e
E[1{Z(w)}G5(0,2)]

wz,(b
E[1{Z (w4} P OV T < m]LS3ePber | C(2) = ¢
g z, < 73?
E[H{Z}G57(0,2) | C(2) = ¢]
since L, o has arbitrarily large exponential moments under the mea-
sure P[- | C(z) = e], for € small enough by Proposition B3 For the
first equality in the previous equation, we implicitely used that L, o
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does not depend on the configuration at z which is true by the first
property of Proposition BT

This reasoning yields ([ZI9) with v; = 72+ C173. Now, the equations ([Z19)
and ([LIY) imply that
z,e w0 z,e Wl
E[{Z(w")}G5 (0, 2)] = O(e) B[I{Z(w™*) }G5 (0, 2)]
+E[LZ(w )65 (0, 2), {1{e € w}.e € BE(2,2)} = BE(2,2)],
and since on {1{e € w},e € BF(z,2)} = BF(2,2) we have 1{Z}G%(0,2) =
1{Z(w™*)}G¥""(0, 2), it follows that
z,e w0
E[{Z(w")}G5 (0, 2)]

=(1+ O()E[H{T}G5(0, 2), {1{e € w}, e € B¥(2,2)} = B¥(2,2)]

<(1+4 O(¢e))E[1{Z}G5(0, )],
which yields the other bound. U

Recalling Proposition Bl, we can use (LI7) and Lemma [l to get

e Gy (0,2)d5(2)
> eze G52 (0, 2)
> eon Yoes EI{TIG2(0, 2)] (1 + 66(e))(d. — dy)
=elt+oll) >0 BT} G5(0.2)]
> eon Yoes EI{TIG3(0, 2 + €)]69(e) (d. — dy)
> .czs EIL{Z}G5(0, 2)]
==Y (1 +8((e) + ¥(€)))(de — dy) + ole),

since . B[1{T}G¥(0, 2)] = 32, B[1{Z}G%(0, 2 + ¢)] = P[Z]/(1 — §).

In order to simplify the previous expression we prove

—dq)

+e(1+40(1))

Lemma 7.2. We have

Do) = (NG (¢ 0) + 3 () = )G (e +¢,0)

e'cv e'ev

= (P(e) = p"(=€))(G*0"(0,0) = G*" (e,0)) — p’(e).
Proof. Recalling the notations ([Z3), we get

c(e’)e(e) . /
e - ife#€,
() — () = {_wf(z,)

3 _ !
5 ife=¢€'.
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Hence we get that,

3 A i () = L (e 0,0) - 1),

e T
e'F#e

and

S A G oy o 0) = T et (e, 0),

mhr—e T
e'#e

Finally using % = p@(e) and the previous equations, the computations

are straightforward. O

Recalling that p?(e) — p?(—e) = dy - e and 1 — p°(e) = 7¢/n”, we see that
the previous lemma means that

ﬂ'e wO,e wO,e
ale) = ¢e) + (e) = 3 + (dg - €)(G*0 (0,0) — G*0 (e,0)),
and so Proposition yields by letting d go to 1
(7.20) v(l—e)=dy+e»_ ale)(de— dy) + ofe).
ecr

We still may simplify slightly the expression of the speed we obtained using
the following

> ntd, _ZZ =(2d—1)) cle)e = (2d — D)r'dy =Y 7°dy,

ecv i=1 eztel) ecv ecv

Inserting this last equation into ([C20) yields
vl —e)=dyp+e Y (dy-e)(GD"(0,0) — G (e,0))(de — dp) + ole),

ecv

which proves Theorem O

8. ESTIMATE ON KALIKOW’S ENVIRONMENT

The section is devoted to the proof of Proposition so that we still
assume to have a fixed z € Z¢ and e, e, € v. Before entering into the details
let us present the main steps of the proof of the previous proposition which
are rather similar to the ones in the proof of Proposition BTl

(1) The Green functions behave essentially as a hitting probability multi-
plied by a resistance (normalized by the invariant measure). See (8I9).
(2) Then we use the estimates on resistances of Proposition L2 This
procedure will essentially give an upper bound of the numerator in
Proposition as a finite sum of terms which are linked to the de-
nominator but with a local correlation around y due to the presence of
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random variables similar to the random variable “L.” which appeared
in the proof of Proposition Bl See (B27) and (K2F).

(3) We finish the proof by decorrelation lemmas similar to Lemma BTl to
handle the second type of terms we just described. See sub-section R3]

Compared to Proposition there is an extra difficulty added by the fact
that we need to handle two Green functions instead of only one (in some sense
we will even have three), hence we will apply Proposition EE2 recursively, this
is done in Proposition

We point out that in addition, we cannot prove a decorrelation lemma
involving one of the hitting probabilities coming from the Green functions
appearing in Proposition [[2 Hence we need to transform one of them into
an expression which we will be able to decorrelated from a local modification
of the environment and this will change slightly the outline of the proof given
above. The aim of the next sub-section is to take care of this problem.

8.1. The perturbed hitting probabilites. We want to understand the
effect of the change of conﬁguratlon around y on the hitting probabilities

Pzﬁe‘i [T, < 75] and P, v A[T < 75]. The former term can be estimated since

E zZ,Z2T€
if we denote B*(y, k) = {t € B(y, k), t BHw Rl etel} y} and
(8.1)

P T, = Typ~ if B*(y, k
p:(y, ]{j) . {ue@%é}é k) z+e+[ 0B*(y,k) < T5] Iz + €4 ¢ (yv )7

1 otherwise.

then for any k& > 1 such that 0 ¢ B*(y, k), we have

(82) P y A [Ty < Té] < pdkdpfy’A(y7 k)7

zt+eyq

the special notation B*(y, k) is useful because in the configuration w*® the
walker can only reach y by entering the ball B(y, k) through B*(y, k).

As we announced previously, the second hitting probability is more difficult
to treat. Let us introduce the following notations

max Py[T, = Topyr <75] if0¢& B(y, k),
(8.3) Py, k) = {“683(% ) o

1 otherwise,

(84) k) {e%% Wi <7 A o) 12 8 Bly. k).
. p2 yv - v ’

1 otherwise.

To make notations lighter we also set

(85)  R¥(2) = e R*[z & A] and R*(y) = 2 R*[y & A,
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and moreover we introduce

max RZu< zUA] if 2 ¢ B(y, k),
86 Rk = von S
1 otherwise,
where
(8.7) for any u € Z%, Rilu— zUA] = ezAZ'ZR“’[u — zUA].

then we have the following proposition.

Proposition 8.1. Take any configuration w and set y,z € Z% and B =
B(y,r) withr > 1 and 6 > 1/2. If 0,z ¢ B and Py[T, < 15] > 2P[T, <
Ty N 75), then we have
PS)[TZ < 7-5] S 019r2dpf(yv k)pg(yv k)ﬁ:j(y’ k)
If0e€ B, z¢ B and PY[T, < 15] > 2P [T, < Typ N 75, then
Py(T. < 75) < Chior™ps (y, k)R, (y, k).
Finally if 0 ¢ B and z € B,
PYT. < 75 < Chor®™p (y, k).

Thanks to this lemma we can say that Py [T, < 75] is either not influenced
much by a local modification around y (in the case where naturally the walk
will not visit ¥y when it goes from 0 to z), or upper bounded by a product of
at most three random variables. Two of them behave as hitting probabilities

which are well suited for our future decorrelation purposes, the third random
variable is essentially a resistance for which we have estimates as well.

Proof. We will only consider the case 0,z ¢ B, the other being similar but
simpler. Our hypothesis implies

PSJ[TZ < ’7‘5] < QP((]‘)[Tg)B < Tz < 7'5],
we can get an upper bound on the right-hand term by Markov’s property
(88) Pl <T.<mn]= Y P[T,=Tos <nPLT. < 1)

ueoB
w . W
< |0B| max PYT, = Tsop < 5] max P2IT, < 75).

Denoting z; — - -+ — 2z, the event that the n first vertices of 0B U 2z U A
visited are, in order, z1, zs,..., 2,, we can write for u € 0B

(8.9)
P?IT, < 5] :Efj[z Z 1{z;y = -+ — 2, — 2}
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=3 > E{zn o 2P < Ty Al

< max P¥[T, < 75 A Tgy] B [Z Yoo oz}

veEOB

= max Py[T, < 75 A Typ]G3 .y (u, 0B),

veEIB
where
T(;/\Tz
(810)  G%.,(u,0B) = E:;[Z 1{X, ¢ aB}} < |08 max G5 1 (v,v).
n=0

Since by Lemma B2 ([2H) and ([Jl) we have for § > 1/2 and any v € 0B
(8.11) G5 (v, 0) = ()R (v — 2U ) <7 max R2[u «— zUA].
’ ue

Since |0B]| < pgr? adding up BH), (8I0) and &) we get

d +
max PeIT, < 75) < yar max Riu— zUA] max PPIT, <15 NT5p).

Using the previous equation with (BX) concludes the proof of the Propo-
sition. U

Recalling the notations from (1), Z2) and &) , let us introduce

min Rt:(y,k),l[u —2UA] if 2 ¢ B(y, k),
(812) Ef:((q% k‘) — { uedB(y,k)
1 otherwise,

For the future decorrelation part we need to rewrite R. " (y,r) in terms
of RY(y,r’) and local quantities. This is done in the following lemma.

Lemma 8.1. For any B = Bg(y,r) and v’ > r. Suppose that z € K, (w)
and OB N Ky (w) # 0, we have

E‘)’:(ym),l(y7 T) < 64)\7‘/EL: (y’ 7,/) + CQOLjilleC22Ly'w.
Proof. Let us denote v € dB(y,r) such that

(8.13) IaI}Ba(Xk) R:’(y,r),l (u = zUA) = Rwn1(p — zU A)€2)\U-[7
ued by,

applying Proposition we get for any ' > r
(8.14) R (v zUA) < RYwi(v e zUA) + C’ngi,e”(‘y@er’)
< RU0 (v 5 2 U A) + Cy LC2, NV 20,0,

where we used that y - A > - 7 — r and that Ly, > 1" > r by the third
property of Proposition BTl
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For any v € 0B(y, 1), let us denote ig(-) the unit current from u to zU{A}

in w1 and Q one of the shortest directed path from v to u included in
B(y,r"). We can use Thompson’s principle applied to the unit flow from v

to z U {A} given by 0(e) = io(e) + (1{e € O} — 1{—e € O}) to get
(8'15) Rw(y’r,)’l (U — zU A) < sz,@ (u — zU A) + 8T/62)‘(_y'[+T,)

)
(y,'),1

where we skipped a simple exhaustion argument.
Hence adding up (814)) and ([BIH), we get

Ry zUA) < min R.“"' (v zUA)
u€dB(y,r’)

Ly —oxyd
_|_71(Ly7r,)’7273y7" e Yy ,

since Ly, > 1" >r.
We get multiplying the left side by e2*v*¢ A" 22y

(which is greater than ¢***) that

and the right one by e

R‘:(y,r),l(v PNy A)€2>\v-f < €4>\TIE1J(?J7 T/) + 74(Ly’rl)“/56“/6Ly,T,/

where we used that max,ecop(y, el < 20 2l g by (BT3) we obtain
the lemma. O

8.2. Quenched estimates on perturbed Green functions. The aim of
this subsection is to complete the first two steps of the sketch of proof at the
beginning of Section B Let us introduce

z,0 z,e

(8.16) R.(z) = R:"*(2) and R.(y) = R:"*(y),

and this way we reduce our problem of studying Green functions to studying
resistances, indeed using Lemma BTl and ([E2) we get for § > 1/2,

(8.17) %G:;:g(z, 2) < Ri(z) < inlGi;Z:g(z, z),
and
(818) G 00) < Ruly) < 26065 (0e0),
Moreover we can now easily obtain the first step of our proof since
(8.19)
G50, )G (o 4 e1,y) < ARPSAT < m) PR, < i RU(2)R.0)

As mentionned before, we will apply recursively the resistance estimates of
Proposition EE2], for this we introduce

lg(;o) - 1, lg(;l) - Ly,la lz(/z) - Ly,lél) and ll(/g) - Ly,la(;z)’
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Lg) (w) = lg(f) (w>?) v lg(f) (w**€) and BS’ = BE(y, Ly(f)). Moreover we set
Lyl = C'23]€0246025]662’\((2_3/)'@+ and Zéi) = Zy,LL“’

where and 023 =1V Cl V Clg V 020, 024 = Cg V Cgl V 2d and 025 =4\V 022.
Moreover set, for i =0,...,3

z,e z,0
v SO
v

. () .
(8.20) R (y) = R,”™ " (y) and RD(2) = R.™ "' (2).
Also recalling (BTI2), we set

*

. 2, . —(i =0 .
RO = R (y, L) and B =R (y, L)),
Finally we denote for i =1,2,3 and j =0,1,2
: e , . e :
p = p¢™ (y, LY) and p) = p™ (y, L))

In particular, since we assumed Zéi) large enough, we can get from Propo-
sition Bl that for any z € Z¢ and i € {0, 1,2},

wie i i i —(Z) wz:e
(8.21) Py, < 1) < Z9OpV PSR + 2B (T < Ty A Tols

and also from Lemma Bl we obtain that for any y, 2 € K (w,), we have
for any ¢ < j

—(3) . . i1
(8.22) R, < Z9RD 4+ 7T+

Moreover for y, 2z € K (w,3), the random variables Zéi) are large enough
for us to apply Proposition so that we have for i € {0, 1,2}

(8.23) R.(2) < R9(2) + 2™ and R.(y) < RV (y) + Z{*.
The equations (B21]) and (822) yield that for any y, 2 € Koo(w;3)
(8.24) Py [T, < m5]R.(2)R.(y)
< <ng>pg0>(Z;0> RO 4 Z0) 4 2P [T, < Ty A T&])R*(Z)R*(y)-

The idea is now to use recursively [823), (8ZI) and [&2ZZ) to control all
the previous terms. We can obtain the following proposition

Proposition 8.2. For any w such that y,z € Ko (W),
ROR.(2)R.(y) <Cos | R RO (2) RO (y)
+ (2 (B RY (2) + BYRD (2) + RO () RY (1))
+(ZP)(BD + RA (=) + RO () + (20)"],

Y
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and

R.(2)R.(y) < Cor | RO (RO () + ZE (R (2) + RO () + (20"

Y

This is an interesting upper bound since the resistances are only multi-

plied with independent local quantities, e.g. Zf) is independent of R¥ (y),
(2)

since Zf) depends only on the “stopping time” Ly, i.e. only on the edges of
BE(y, Lg(f)) by the second property of Proposition BTl
Proof. Let us prove the first upper bound, we use [BZ3) to get
ROR()R.(y) < B (RO(2) + Z{0) (RO () + Z47)
<RORO ()R (y) + 2]V (B RY (2) + BRP RO (y) + (2B

The first term of the right-hand side is of the form announced in the propo-
sition. We need to simplify the remaining terms, we will continue the ex-

pansion for E&O)Rfko)(z) (the method is similar for RORY (y)), using (RZ3)
and (822)
RYRY(2)
<(Z"BY + ZP) (R (2) + Z(Q))
<ZPRYVRO(2) + 2P (2P RV + ( ) +(Z7)
<Z}PRYRD(2) + (2,7 Q(Zf)_ D) +22) + (ZP)?
<ZPRYRD(2) + (Z) (B +R(2( )) 3(2,7)°,

\_/\_/

where we used that for any ¢ < j we have 1 < Z@SZ < Zy . All terms here are
of the same type as in the proposition.

The expansion for the term (Zél))zﬁfko) is handled by applying ([822) for
¢t =0 and j = 1. Once again our upper bound is correct.

The second upper bound is similar and simpler since it uses only (823), so

we skip the details. O
Recalling the notations ([B3), [84) and &Il we have for j € {z,1,2}
(8.25) for y € Z% and k; < ks, Py, k1) < pakd 0% (y, ka),

so that for k; < ko € {0, 1,2},
k k
(8.26) P < paZ{Fp.
Finally let us take notice of the trivial inequality Py [T, < T)po N 5] <
Yy

PYIT, < Typw A 75] which used with (82ZH) and Proposition can ex-

pand (&Z24). We can apply Proposition can be applied since y,z €
K (wZZ) if the integrand is positive. Then, imputing this expanded equation
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into (BRI%)and using (82) we can show that it is possible to give an upper

W 0 z,e

bound on G;"4(0, z)G5"* (z,y) with a finite sum of terms of the form
(8.27) (@12 = p py BY RO (2) RO (y),
and

i D s i i
(8.28)  MZ(w"HHZ )P pO P T < Ty AT RO (y) R (2),

for i € {0,1,2,3} and also similar terms where R?, Rg)(z) or RY (y) are
possibly replaced by 1
This is what we aimed for at the beginning of the proof of Proposition [

the correlation term Zéi) is associated only with terms with which it is in-
dependent. Now we are only left with the third step of our proof that is

the decorrelation part. Indeed, since we need to give an upper bound on
W ,0

E G »4(0, z)G:y:A(z,y)}, we shall look for an upper bound on the expecta-
tions of (B27) and (B28), which is the subject of the next sub-section.

8.3. Decorrelation part. Let us prove the first decorrelation lemma.

Lemma 8.2. We have fori € {0,1,2,3} and § > 1/2
B[ 1{Z(w" ) HZ) @ pplp) RO RS (2) RO (y)]

<029E[(L(2 )030 Ca LY } [1{I(wy@)}G yw(o Z)G y@(z+e 7y)] 032((y_z),g7)+’
where Cyg, Csg, C31 and Csy depend only on d and .

The same lemma holds, with different constants, if we replace R, Rg)(z)

or R,(f)(y) by 1. Indeed it can be seen using Rayleigh’s monotonicity principle
that for 6 > 1/2, these three quantities are lower bounded by

1 A R*°(0) A min min R (u e zUA) >,
keN wedB(0,k), z¢B(0,k)

where ~; can be chosen independent of y, i and z. By Lemma 2]
R (u e zUA) > 1G5, (uu) =7 Py [T < T, A7s]7!
> P15 > 2, X1 =y, Xo = u] " > yik2/4,
where y is some neighbour of u which is not z.

Proof. First let us notice that if the integrand is positive then 1{Z (wy’A)}pgi)
B

is positive and necessarily {0 — 8By L 0% oo} which we denote {0 <

y < oo}, we recall Lg) < oo by Proposition BTl
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Let us condition on the event {Lg) = k} for k < oo. First suppose that
0 ¢ B(y,k), z ¢ B(y,k) and z + e, ¢ B*(y, k), where we used a notation

appearing above (BJ]). Recalling the notations ([81l), (83)) and (&), we may
denote xg € dB*(y, k) and x1, x5 € dB(y, k) such that

Py k) = P:)—i-e+ [Ty = Tonyk) < To),

Py, k) = Py [Ty = T < 7).

w w0
p3(y, k) = Py, [T < 75 AT, ),

where g is connected to y in BE(y, k) \ [z, 2 + €] and we denote Py one of
the corresponding shortest such paths (hence of length < k + 2). Moreover
let us set x3 connecting dB(y, k) to infinity without edges of B(y, k). Thus

E 1{I(wy’A)}(Z”>C28p§p P RORD () RO(2) | LY = k

—%k

<71k72673k6~/4((z y)-0) [1{0 sy o oo}pz P1 pg)R( )Rfki) (y)RS)(Z) | LS’) — k],

where the integrand of the right-hand side depends only on the edges of
E(Z4)\ B¥(y, k), so that the conditionning is unnecessary.

Let us denote Py, P, and P3 one of the shortest paths from respectively
x1, T2 and x3 to y and P = Py UP, UP, UPsU{y+e, e € v}. Hence we
need to control

[1{0 sy e oo }pppd RORD (2) RO (y) | LY =k
<E [1{0 &y & oo} PL [Tay = Topryr) < 5P [Ty = Tongr) < 75)

X P T < 7 A T B2 2 = U AJRO (RO () | P € w]

WP 0
<OHE[1{0 6 y & 0o} 1P € W}B T, = Tonw < RO ()R (y)
W (Z) wz,@
X Pat (T < 75 A Ty i) Pt [Ty = Ty < TRy > 2 U A]},
where we used that
(1) P['P c w] > 2—(4k+4d+2)’

(2) inequalities such as P¥ .
T(S]a

(3) Rayleigh’s monotonicity principle yields, for example, that

[Txo = T@B*(y,k) < 7‘5] P ym [T T@B*(y,k) <

zteyq

z(Z)
RY(y) < RV (y) and R, (yk)l[:)s o 2UA] < Ry & 2UA].
Using ([E3) and x5 € B(y, k), we get

2,0 z,0

P;zy'w [Tz <Ts N\ TgB(%k)]R:y’@hz — zU A]
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wz,@ wz,(?) —1
<P (T, < 75 AT (Px;”‘z’[Tz ATy < T;;D
z,0
=5 Pe [T, < s AT, | To A7 < T,
wz,@
=5 Py’ [T, < 5],

moreover on w such that 1{P € w},
W (0

P T, < 75] > (6k0)*,

and putting these last two equations together we get

WZ,(D W (B z,0

PO y’m[Txl = T@B(y k) < Tg]Px2 [T <75 N\ T+ (y7k)]R(:y’@ [1’2 — zU A]
z@

<v5(0rk0) 2Py y@ml < 75| PV [Tm2 < 75| Pal [T, < 7]

<rs(6r0) 2L o [T, < 6].
In a similar way, we get by Markov’s property that

P yw [T = Typ~ *(y,k) < T5] ((5%&0) (k+2) Pz-ﬁe@Jr[Ty < Tg].

ztey
Finally
1{0 &y oo} 1{P e w} < 1{Z}.

Hence for w such that P € w we have
W @

1{0 & y < o} 1{P € w} P, **[T, = Topy.k) < T5]Pz-ﬁe®+ [Ty = Top+y,k) < To]
WP (B z,0

X BT < 7 A T, kﬂR:y’@ [y = 2U AR (2) R (y)

z,0
<76(2/k0)* I} Py [T < Ta]Pzﬁi T, < 0JRO (2) R (y)

z,0 w
§77678k1{I}G5y’@ (07 Z)Géy’@ (Z + €4, y)>

where we used Rayleigh’s monotonicity principle to say that RY (y) < R“v0 [y <

A), (EI7) and EIS).
The result follows by integrating over all possible values of L?(f), since we
have just proved that

E [1{1 (@M} (Z20) 5 p0p ) RO RO (2) RO (y) | LW = k]

<79 L0 oMk g [1{1'((4)3/ @)}G y@(o Z)G y@(z_|_6+ y)]e’m((y z): )+

For the remaining cases, we proceed as follows
(1) if 0 € B(y, k), then we formally replace Py'[T, = Topx) < 75] by 1
for any x € 0B(z, k) and x; by 0,
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(2) if z + ey ¢ B*(y, k), then we formally replace Py,
75] by 1 for any x € 0B*(z,k) and o by z + €™,
(3) if z € B(y, k), then we formally replace P¥[T, = TgB(z’k) ATs| by 1 for
-0

any = € 0B(z,k), R, x5 < zUA] by 1 and x5 by z,
and the previous proof carries over with minor modifications. O

[T:c = T()B*(z,k) <

We need another decorrelation lemma, which is essentially similar to the
previous one but simpler to prove.

Lemma 8.3. We have fori € {0,1,2,3} and 6 > 1/2,

. . wz'w . .
B[U{Z(" ) (20 p Py (T < Ty AT RO ()R (2)]

Y

z,e

, ; ey o B
<CO3E |:(Lz(j))034 6035L7(’ ):| E |:1{I(wy,@>}G6y,w (0’ Z)G(Syyw (Z + ey, y)] 6036((y—z)v£)+’
where the constants depend only on d and .

Proof. Once again we condition on {Lg(f) = k} for k < oo and suppose that
0 ¢ B(y,k) and z ¢ B(y, k), the other cases can be handled in the same way
as before. We see that

HZ(w"")} < 1{0 & y & oo},
and we denote xg, z1 € B(y, k) such that

pgl) — szye I:T;EO pry TaB(y,k) < T5]7

z

and z; is connected to oo without edges from B(y, k). Moreover denote P
one of the shortest paths connecting zy to y and P; one of the shortest paths
connecting z; to y.

Then, using the same type of arguments as in the proof of Lemma B2, we
get for P =Py UP, U{y +e, e € v}, on w such that {Lg) =k},

. . wz,@
E| L{Z(w") N2 Py

Y

(1. < Typp AT RO W) RO (2) | Ly = k|
S’ylkﬁ{2€73k€74((y_z)[)+E |:1{0 = Y= OO}P;}Z'e [Tmo = T@B*(y,k) < 7'5]
wz,@
X BT < Ty A1l RY (1) RO(:) | P € w]
<y k122 A2 sk (=) DT Ry [1{73 e wl{0 & y < oo}
wz,@
X P2 [Thy = Tope(yry < 751Py " [Tz < Topgym A 76]R£0)(Q)R»(ﬁo)(z)}
Now on w such that {P € w}, we have

z,@ 2;0
“y, A “y,0

wz,@
F, [TZ < T(’)B?(f) AN 7‘5] = I, [TZ < Té)B?(f) A 7‘5] < F, v [TZ < 7‘5],
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and
W€ wz,@
Pz [Txo = T@B*(y,k) < Tg]((sl‘io)k < Pz+e+ [Ty < T5].
Since we also have 1{P € w}1{0 & y < oo} < 1{Z(w*?)} so that,
wz,@
HP e wll{0 &y & oolpy (y,k) By " [T < Topgyr Al
x RO (y) R (2)
wz,@ wz,e
<k 0 I (W) } G0 (0, 2) G5 (2 e y),
and the results follows by integration over the values of Léi). O

Now, as we did to obtain the continuity of the speed, we need to show
that the contribution due to the local modifications of the environment has
a bounded effect. Hence we want to prove that the expectations appearing
in Lemma and Lemma are finite for € small enough. This is proved
using the following lemma.

Lemma 8.4. For €9 small enough and any € < g9 we have
E[(L;S))Cgo+0346(031+6'35)L?53)] < Car,
where Cs7 depends only on d and (.
Proof. Let us give an upper bound on the tail of Lé?’), we have
P[L® > n] <P[LWY >n, LP <n/(2Cs)]
+P[LY >n/(2Cs), LI < n/(2Cs)%)
+P[L > n/(2Cs)7),
and recalling Proposition and Proposition we get for A = B(x,r)
Py . [La(w)V La(w*®) > n+ Cgr] < 2Cor*na(e)"”,

so that we may use the second property of Proposition BT

3 n d n
PILY > n] < 6CQ<2—C8> na(e)™,
where f(n) = (n/(2Cs)? — Cg) and a(g) can be arbitrarily small if we take &
small enough. The result follows easily. U

Now, Proposition follows from the decomposition obtained at (B27)
and ([B2ZY), the decorrelation part is handled by Lemma B2, Lemma and
the control on the multiplicative term appearing in these lemmas is upper
bounded by Lemma for € small enough.
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9. AN INCREASING SPEED

We want to prove Proposition 2l so let us find conditions for the walk
to slow down when we percolate, i.e. vy(1) - vy(1) > 0. Let us denote J(e) =

(ng'e(O’ 0) — ng'e(e, 0)), we have
G0" (e,0) = P20 [Ty < oo | T, = 00 G*07(0,0),
so that
G0 (0,0) = G0 (e,0) = P2 [T = o0, T, = og]G*" (0,006 (e, ).

e

Then we use the classical property corresponding to Lemma .l in the case
where 6 =1 (see [16]):

for any w and z € Z%, RY(z <> 00)7*(2) = G¥(z, 2),

to obtain that

cle)J(e)

= c(e)e%'eR“ge(O — oo)R“gye(e — oc>)7r_ePe°’5)7e[TOJr = 00, T, = 0]
7-(-6

= C(e)e%'eng’e (0 - OO)ng,e (6 - oo)?TQ)P:O [Tdi- = 00, Te+ _ OO],
since 1 — p®(6> = 7'('6/71'@ and
(1= (@) P4 [T = 00, T = o0] = P[T;" = 00, T, = oc.

By doing the previous reasoning backwards for the environment wy, we get

R0 (0 > 00) R0 (e > 00)

c(e)J(e) _ c(e) e%e(GwO (0,0) — G*°(e,0)) Rw0(0) <> 00)2

e 70

Now let us notice the symmetry relation

1, R (0 < 00) R0 (e > 00)

2 = —
02)  Ble) = Spe s
L B0 s (e o0)
Co? R0 (0« 00)2

Moreover have

(d@ - de) =

° 7€

Tt =g (S T ) =

Let us denote H(e) = c¢(e)(G*°(0,0) — G*°(e, 0)), so that (c(e)/7¢)J(e) =
B(le|)H (e). Now using the expression of v)(1) given in Theorem B2 then

(9.3)
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fact that v,(1) = dy we can combine (@), (2) and ([@3) to get
0,e wO,e
ve(1) - vy(1) =Y (da - e)(G=0(0,0) = G (e,0))(dy — ) - dy

ecv

= 3" (ds - )B(lel) H(e) (do - ¢ — dy - dy)

_ Zﬁ(\eu)p [(d@ DV (H (D) 1 H(—et))

= (H(e) = H(~e®)) o] (dy - ¢)].

Hence for the previous quantity to be positive it suffices to show that each
term of the sum is non-negative and that one term is positive, i.e. that for
i=1,...,dsuch that dy-e® >0
H(eW) + H(=e®) _ [|dy]*

H(e®) — H(—e®) = dy - e®’
which a strict inequality for at least one index.
Moreover, using the reversibility of the random walk we have

w _ m™0) _ A€
for e € v, G 0(—670) = mG O(O, —€> = EG 0(6,0),
so that H(e®”) > H(—e®) for i such that dy-e® > 0, thus the left-hand side
of (@) is larger than one and the previous condition is verified if

for i =1,...,d such that dy - e® > 0, dy - €D > ||dy||?,

(9.4)

which proves Proposition 211 U
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