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Kinetic equations with Maxwell boundary conditions

S. MISCHLER!

Abstract

We prove global stability results of DiPerna-Lions renormalized solutions for the initial
boundary value problem associated to some kinetic equations, from which existence results
classically follow. The (possibly nonlinear) boundary conditions are completely or partially dif-
fuse, which include the so-called Maxwell boundary conditions, and we prove that it is realized
(it is not relaxed!). We are able to deal with Boltzmann, Vlasov-Poisson and Fokker-Planck
type models. The proofs use some trace theorems of the kind previously introduced by the
author for the Vlasov equations, new results concerning weak-weak convergence (the renor-
malized convergence and the biting L' weak convergence), as well as the Darrozés-Guiraud
information in a crucial way.

Equations cinétiques avec conditions aux limites de Maxwell

Résumé - Nous montrons la stabilité des solutions renormalisées au sens de DiPerna-Lions pour
des équations cinétiques avec conditions initiale et aux limites. La condition aux limites (qui peut
étre non linéaire) est partiellement diffuse et est réalisée (c’est-a-dire qu’elle n’est pas relaxée!).
Les techniques que nous introduisont sont illustrées sur I’équation de Fokker-Planck-Boltzmann
et le systeme de Vlasov-Poisson-Fokker-Planck ainsi que pour des conditions aux limites linéaires
sur ’équation de Boltzmann et le systeme de Vlasov-Poisson. Les démonstrations utilisent des
théoremes de trace du type de ceux introduits par I'auteur pour les équations de Vlasov, des
résultats d’Analyse Fonctionnelle sur les convergences faible-faible (la convergence renormalisée
et la convergence au sens du Biting Lemma), ainsi que l'information de Darroés-Guiraud d’une
maniere essentielle.

Mathematics Subject Classification (2000): 76P05 Rarefied gas flows, Boltzmann equation
[See also 82B40, 82C40, 82D05].

Keywords: Vlasov-Poisson, Boltzmann and Fokker-Planck equations, Maxwell or diffuse reflec-
tion, nonlinear gas-surface reflection laws, Darrozes-Guiraud information, trace Theorems, reno-
malized convergence, Biting Lemma, Dunford-Pettis Lemma..
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A Appendix: More about the renormalized convergence

1 Introduction and main results

Let  be an open and bounded subset of R and set O = Q x RY. We consider a gas confined in
Q2 C RYN. The state of the gas is given by the distribution function f = f(t,x,v) > 0 of particles,
which at time ¢ > 0 and at position 2 € €2, move with the velocity v € RY. The evolution of f is
governed by a kinetic equation written in the domain (0,00) x O and it is complemented with a
boundary condition that we describe now.

We assume that the boundary 99 is sufficiently smooth; the regularity that we need is that
there exists a vector field n € W1°°(€; RY) such that n(z) coincides with the outward unit normal
vector at © € 9. We then define X3 := {v € R"; v -n(z) > 0} the sets of outgoing (%) and
incoming (%) velocities at point z € 9Q as well as ¥ = 9Q x RY and

Yr ={(z,v) € T;tn(z) - v >0} = {(z,v); x € 9N, v € X5 }.

We also denote by do, the Lebesgue surface measure on 92 and by d\j the measure on (0, 00) X 3
defined by d\, = |n(x) - v|¥ dvdo,dt, k =1 or 2.

The boundary condition takes into account how the particles are reflected by the wall and thus
takes the form of a balance between the values of the trace vf of f on the outgoing and incoming
velocities subsets of the boundary:

(11) (fo)(tvxvv) = Rz(7+f(t7x7 ))(’U) on (Oa OO) X X_,

where v+ f = 19 o0)xx, 7vf- In order to describe the interaction between particles and wall
by the mean of the reflection operator R, J.-C. Maxwell [64] proposed in 1879 the following
phenomenological law by splitting the reflection operator into a local reflection operator and a
diffuse (or Maxwell) reflection operator:

(1.2) R=(1—-a)L+aD.
Here « € [0,1] is a constant, called the accommodation coefficient. The local reflection operator L
is defined by
(Lz ¢) (v) = ¢(Rzv),
with R, v = —v (inverse reflection) or R, v = v —2 (v-n(x)) n(x) (specular reflection). The diffuse

reflection operator D = (D, ).con according to the Maxwellian profile M with temperature (of the
wall) © > 0 is defined at the boundary point 2 € 92 for any measurable function ¢ on X% by

(D 9)(v) = M(v) d(x),

where the normalized Maxwellian M is
2
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(1.3) M@)=(2nr)"= ©



and the out-coming flux of mass of particles ¢(z) is

(1.4 b= [ ) = [ d
v’-n(x)>0 P2 M
It is worth mentioning that du,(v) := M(v)|n(z) - v| dv is a probability measure because of the

normalization condition (L3)). Moreover, there holds for any measurable function ¢ on X%
(1.5) Rzd |n(z) - v|dv = / Lyd|n(z) - v|dv = / Dy |n(z) - v|dv = on(zx) - vdv,
g e e =z

which means that all the particles which reach the boundary are reflected (no particle goes out of
the domain nor enters in the domain).

The reflexion law ([2]) was the only model for the gas/surface interaction that appeared in
the literature before the late 1960s. In order to describe with more accuracy the interaction
between molecules and wall, other models have been proposed in [26], [27], [51] where the reflexion
operator R is a general integral operator satisfying the so-called non-negativity, normalization and
reciprocity conditions, see [30] and Remark [6.4] We do not know if our analysis can be adapted to
such a general kerenel. However, the boundary condition can be generalized in an other direction,
see [31], [12], and we will sometimes assume that the following non linear boundary condition holds

(1.6) Ré=(1—-a)Lé+aDo, a=a(p),

where a: Ri — R is a continuous function which satisfies 0 < & < a(s) < 1 for any s € R;..

In the domain, the evolution of f is governed by a kinetic equation

(1.7) %—I—U'mezz(f) in  (0,00) x O,

where Z(f) models the interactions of particles each one with each other and with the environment:
typically, it may be a combination of the quadratic Boltzmann collision operator (describing the
collision interactions of particles by binary elastic shocks), the Vlasov-Poisson operator (describing
the fact that particles interact by the way of the two-body long range Coulomb force) or the
Fokker-Planck operator (which takes into account the fact that particles are submitted to an heat
bath). More precisely, for the nonlinear boundary condition (LG we are able to deal with Fokker-
Planck type equations, in particular the Fokker-Planck-Boltzmann equation (FPB in short) and
the Vlasov-Poisson-Fokker-Planck system (VPFP in short), while for a constant accommodation
coefficient we are able to deal with Vlasov type equations such as the Boltzmann equation and the
Vlasov-Poisson system (VP in short). We refer to section [6] where these models are presented. It
is worth mentioning that we are not able to deal with the Vlasov-Maxwell system.

Finally, we complement these equations with a given initial condition

(1'8) f(oa ) =fin=>0 on O,

which satisfies the natural physical bound of finite mass, energy and entropy

(1.9) //O fin (14 |v]* + |log fin]) dedv =: Cy < .

We begin with a general existence result that we state deliberately in an imprecise way and we
refer to section [f] (and Theorem [6.2) for a more precise statement.

Theorem 1.1 Let consider the initial boundary value problem (IL1)-({I.7)-(138) associated to the
FPB equation or the VPFP system with possibly mass flux depending constant accommodation
coefficient (I.8) or the boundary value problem associated to the Boltzmann equation or the VP
system with constant accommodation coefficient (I.3). For any nonnegative initial datum f, with



finite mass, energy and entropy ((IL9) holds) there exists at least one (renomalized) solution f €
C([0,00); LY (O)) with finite mass, energy and entropy to the kinetic equation ({I.7) associated to
the initial datum f;, and such that the trace function vf exactly fulfills the boundary condition

(L) (it is not relaxed!).

The Boltzmann equation and the FPB equation for initial data satisfying the natural bound
(L) was first studied by R. DiPerna and P.-L. Lions [35] 87, [38] who proved stability and existence
results for renomalized global solutions in the case of the entire space (2 = RY). Afterwards, the
corresponding boundary value problem with reflection boundary conditions (II]) and constant
accommodation coefficient has been extensively studied in the case of the Boltzmann model [47],
[4, B, [6], [7, [28], [43], [48], [29], [56]. It has been proved, in the partial absorption case
v f =0Ry f with # € [0,1) and in the completely local reflection case (i.e. (LI holds with
a = 0), that there exists a global renormalized solution. But in the most interesting physical case
(when 8 =1 and « € (0, 1]), it has only been proved in [6] that the boundary condition (] holds
in the relaxed form
(1.10) Yo f =R ) on (0,00) x T

instead of (). Also, the Boltzmann equation with nonlinear boundary conditions has been
treated in the setting of a strong but non global solution framework in [44].

With regard to existence results for the initial value problem for the VPFP system set in the
whole space, we refer to [14], [15], [16], [19], [22], [23], [34], [59], [66], [24], [61] as well as [20] for
physical motivations. The initial boundary value problem has been addressed in [13], [2I]. We
also refer to [3], [11], [46], [58], [68] for the initial boundary value problem for the VP system
and to [58] for the corresponding stationary problem. We emphasize that in all these works only
local reflection or prescribed incoming data are treated, and to our knowledge, there is no result
concerning the diffuse boundary condition for the VP system or for the VPFP system.

We also mention that there is a great deal of information for the boundary value problem in
an abstract setting in [67], [45] with possibly non linear boundary conditions [10], [57].

In short, the present work improves the already known existence results for kinetic equations
with diffusive boundary reflection into two directions.

e On the one hand, we prove that (L)) is fulfilled, while only its relaxed form (LI0) was
previously established.

e On the other hand, we are able to consider a large class of kinetic models (including Vlasov-
Poisson term) while only Boltzmann equation (or linear equations) had been previously tackled.

e Finally, we are able to handle some nonlinear boundary condition in the case of Fokker-Planck
type equation.

We do not present the proof of Theorem [T (nor the proof of its accurate version Theorem [6.2))
because it classically follows from a sequential stability or sequential compactness result that we
present below and a standard (but tedious) approximation procedure, see for instance [56] or the
above quoted references. We deliberately state again the sequential stability result in an imprecise
way, referring to section [0l for a more accurate version.

Theorem 1.2 Let consider the initial boundary value problem (I1)-(I.7)-(L8) associated to the
FPB equation or the VPFP system with possibly mass flux depending constant accommodation
coefficient (I.0) or the boundary value problem associated to the Boltzmann equation or the VP
system with constant accommodation coefficient (I.2). Let then (f,) be a sequence of (renormalized)
solutions to that equations and let assume that (fy,) and the trace sequence (v fy) satisfy the natural
physical a priori bounds (to be specified for each model). If f,(0,.) converges to fi, weakly in L(O)
then, up to the extraction of a subsequence, f™ converges (at least) weakly in L'([0,T] x O) for
all T € (0,00) to a (renormalized) solution f to the kinetic equation (I.7) with initial value fi,.
Furthermore, for any e > 0 and T > 0 there exists a measurable set A C (0,T) x OQ such that
meas ((0,T) x 0N\ A) < e and

(1.11) Yy fo = f weakly in  L'(A x RN d\p),



the convergence being strong in the case of the Fokker-Planck type equations. As a consequence we
can pass to the limit in the reflection boundary condition (IL1)-(12) (and (I1)-{I4) in the case
of the Fokker-Planck type equations), so that the reflection boundary condition (I1)) is fulfilled.

Let us briefly explain the main steps and difficulties in the proof of the stability result.

e The first step consists in collecting the physical estimates available on the solution f to the
equation (LI)-(L7)-(L8) and on its trace vf. In the interior of the domain the a priori bounds
satisfied by f strongly depend on the model considered but they are the same than those available
in the case of the entire space. In general, for the trace, we are only able to prove that

T
(1.12) VT // (Y doydr < oy,
0o Joo - M

with Cp only depending on Cy and T, where the functional & = &, is the Darrozés-Guiraud
information defined by

(1.13) £(9) ::/E h(p) du, — h </z:r qbduZ) , h(s) = s log s,

2
and where we recall that dpu.(v) := M(v)|n(z) - v|dv is a probability measure on X% so that
E(¢) > 0 thanks to the Jensen inequality. Let us emphasize that additionally to the a priori bound
of the Darozés-Guiraud information (LI12)), we can prove an L' a priori bound in the case of the
Boltzmann equation (and the FPB equation) and only an LY a priori (but also a posterior)
bound in the case of the VP system (and the FPVP system): in both cases, we do not have any a
priori information on the trace which guaranties uniform local equi-integrability on the trace of a
sequence of solutions. The main difficulty is thus the lack of a good a priori bound on the trace.

e The next step consists of specify the sense of the equations. The physical a priori estimates
on f make possible to give a sense to (7)) in a renormalized sense as introduced by DiPerna and
Lions. Then, what sense gives to the trace vf of f? That so-called trace problem has been studied
in [9], [32], [2], [64], [45], [18] for the Vlasov equation with a Lipschitz force field and extended
to the Vlasov-Fokker-Planck equation in [2I]. In the case of the VP and the VPFP systems,
the a priori estimate on the force field does not guarantee Lipschitz regularity but only Sobolev
regularity. A trace theory has been developed in [55] [56] for the (possibly renormalized) solutions
of the Vlasov equation with a force field in Sobolev space that we extend here to the solutions of
the Vlasov-Fokker-Planck equation. The trace of a solution is here defined by a Green formula
written on the renormalized equation.

e In a last step, we have to pass to the limit in a sequence of solutions which satisfy the "natural
physic bounds”. For the equation satisfied by f in the interior of the domain, the proofs have been
done yet by DiPerna-Lions [34] 35, B7] and Lions [52], and nothing has to be changed. The main
difficulty solved here is to handle with the boundary condition. Let us emphasize that using only
the L! boundedness information (as it is available for the Boltzmann equation for instance) on a
sequence of the trace of solutions to a kinetic equation satisfying the boundary condition (I.TJ) it
is only possible to prove the relaxed boundary condition (LI0Q), see [6, [43].

e In this paper, we prove some L-weak (L!-strong in the case of FP models) convergence in
the velocity variable for the sequence (v4 f,) (as stated in Theorem [[2)) which is strong enough
to conclude. Our proof is based on the use of notions of weak-weak convergences, namely the
renormalized convergence (r-convergence) and the biting L'-weak convergence (b-convergence).
We say weak-weak convergences in order to express the fact that they are extremely weak sense
of convergence: weaker, for instance, to the L'-weak convergence and to the a.e. convergence.
On the one hand, thanks to the trace theory, we prove that the sequence of trace functions (v f,,)
r-converges to vf (as well as a.e. for FP models). Next, thanks to some additional L! a priori
bounds, or because the r-convergence is almost equivalent to the b-convergence when the limit



function belongs to L°, we deduce that m b-converges to V/—:} . Finally, that information and
the boundedness of the Darrozes-Guiraud information leads to (LII]).

Let us now briefly outline the contents of the paper. In section[2] we consider the free transport
equation for which we apply the above strategy. We present for this very simple case the differents
tools (renomalized and biting L!-weak covergence, trace theory and Darrozes-Guiraud informa-
tion), we state a first velocity L!-weak compactness result and then we prove the corresponding
version of the stability Theorem In Section Bl we develop the notion of renormalized conver-
gence in a more general framework and we prove some more accurate version of biting L'-weak
covergence and velocity L'-weak compactness. In Section H, we present the trace theory for the
Vlasov-Fokker-Planck equation with Sobolev regularity on the force field. In Section [B, puting
together the results from Section [B] and Section Ml we establish the renormalized and the almost
everywhere convergence of trace functions sequences. In Section [0l we present the models and
we establish the main stablity (up to the boundary) results. Finally, in the appendix, we come
back to the notion of renormalized convergence for which we give several relevant examples and
counterexamples.

2 An illuminating example: the free transport equation.

In this section we assume that f is governed by the free transport equation

(2.1) %—I—U-szzo in (0,00) x O,

complemented with the initial condition (L8) and the boundary reflection condition (LI with
constant restitution coefficient a € (0, 1]. Our aim is to adapt the DiPerna-Lions stability theory
to that simple boundary value problem. We follow the strategy expounded in the introduction.
We first collect the a priori bounds satisfied by a solution to the boundary value problem (ZT])-
(CI)-(C8) with initial datum satisfying (L9). We next present some general functional analysis
tools which roughly speaking makes possible to deduce L' weak convergence in the v variable from
L' boundedness and Darrozés-Guiraux information boundedness. We finally state and prove the
stability result associated to the boundary value problem 21I)-(1)- (LS.

Remark 2.1 [t is worth mentioning that the proof of the corresponding stability result for the
Boltzmann equation is essentially the same as for the free transport equation. We refer to section 6
where that model is handled. However, the reader who s only interested by the Boltzmann model
may easily adapt the proof below with the arguments introduced in [53] (it will be more elementary
than the proof presented in Section 8 to Section 6 which is made in order to also deal with a
Viasov-Poisson term and/or with a Fokker-Planck term).

2.1 A priori bounds.

Lemma 2.2 For any nonnegative initial datum f;, such that (I.9) holds and any time T € (0, 00)
there exists a constant Ct (only depending on Coy and T) such that any solution f to the initial

boundary value problem (211)-(I1)-(I8) satisfies (at least formally)

T
(2.2) sup // (14 |v)* + |log f|) dzdv +a/ / & (ﬂ> doydt < Crp,
1]/ Jo o Jao \ M

where & is defined in (LI13), and

(2.3) a/OT//ZWf(1+|U|2)|n(:E)-v|dvdazdt < Cr



Proof of Lemma We consider a solution f of (LI)-(ZI)-(L8]), which is sufficiently regular
and decreasing at the infinity in such a way that all integrations (by parts) that we shall perform
are allowed.

Step 1. Mass conservation. Integrating the free transport equation (2II) over z,v, using the
Green formula and the fact that the mass flux on the boundary vanishes thanks to (LX), we
straightforwardly obtain that mass is conserved

V>0 //Of(t,.)dvdx:/ [ i dvd.

Step 2. Relative entropy. Multiplying the free transport equation (2II) by h'(f/M), with
h(s) = slog s, and integrating it over x, v, we have

(2.4) %//O h(f/M)Mdvdm://Z h(yf /M) M- n(z) dvdo,.

The Darrozes-Guiraud inequality states that the entropy boundary flux at the right hand side
of equation (2.4) is nonnegative. That is a straightforward consequence of the Jensen inequality
taking advantage that du,(v) = M |v-n(z)| dv is a probability measure. We present now the proof
of an accurate version of the Darrozes-Guiraud inequality which make precise how much that term
is nonnegative. From the boundary reflection condition (II]), the convexity of h and the expression
([C2) of the reflection operator, we have

(2.5) | s dine) = [ b £/00) diae) = [ hRA /M) dis )

x P

>a { / O S/ di ) |

x

ra-a{ [ nen 0~ [ /a0 du o)

x x

DD M) )

>ad [ wtn s dnn - v} =ae 5,

x

where we have performed the change of variables L, : v — R,v in the second term with jac L, = 1,
so that this term vanishes, and where the Darrozes-Guirraud information functional &, is defined

in (LI3)), see also (L4). Gathering [24) and (Z3]), we get
i// h(f/M)Mdvdx—i—a/ E.(v4 f)doy < 0.
dt JJo o9

Finally, using the elementary estimates, that one can find in [53] for instance,

(2.6) /f(|4|®+|logf|)dv<CM—|—/ h(f/M) M dv,

and

(27) [ wapnyao< [ (g
RN RN

we obtain that (Z2]) holds.

|v| + |10gfm|) dv+CM;

Step 3. Additional L' estimates. For the sake of completeness we sketch the proof of the L!
a priori bound (2.3) yet established in [0l [56]. We multiply the free transport equation (2.1 by
n(z) - v and we integrate it over all the variables, to get

/// vf(n dvdozdt [// fn(x vdvdm] +/OT//OfU'Vzn(x)vdvdxdt,



so that, thanks to ([Z2) and because n € W (Q),

(2.8) /OT//E ~f (n(z) - v)? dvdaydt < Cr.

We then remark that there exists C; = C1(0) € (0, 00) such that

(2.) Wi =0 [ M@F ) o do=Cy [ f (o)) do,
3T 3T

and there exists Cy = C2(0) € (0, 00) such that

@10) [ o G vldo = [ M@AT 0+ ) o) -oldo < Con .

Finally, we come back to the equation (2.I]) that we multiply by |v|?> and that we integrate in all
variables. We obtain

(2.11) //Of(T,.)|v|2dvdz + a/OT//E v, f|v]? n(z) - v dvdo,dt
_ //Ofm|v|2dvdx+a/OT//E7f|v|2|n(x)-v|dvdamdt.

Estimate (23] follows gathering (2Z.9)), 28) and 2I0), (ZII)). o

2.2 Biting L'-weak convergence and L'-weak compactness in the velocity
variable.

In this section we present some functional analysis results which make possible to gain L!-weak
convergence in the v variable from L! boundedness and boundedness of the Darrozés-Guiraud
information. For that purpose, we introduce a first notion of weak-weak convergence, namely the
biting L!-weak convergence. It seems to have been introduced by Kadec and Pelzynski [50] and
rediscovered and developed in a L' and bounded measure framework by Chacon and Rosenthal
in the end of the 1970’s, see [41], [17]. Let us first recall the definition of the biting L'-weak
convergence that we extend to a ” L framework”.

In the sequel Y stands for a closed and o-compact topological space, i.e. ¥ = UiY; where
(Y%) is an increasing sequence of compact sets, that we provide with its o-ring of Borel sets and
with v a locally finite Borel measure. We denote by L(Y") the space of all measurable functions
¢:Y — R and by L°(Y) the subset of all measurable and almost everywhere finite functions. In
order to simplify the presentation, we will be only concerned with nonnegative functions of L and
LO. Thus, in this section, we also denote by L and L° the cone of nonnegative functions in these
spaces, and we do not specify it anymore.

Definition 2.3 We say that a sequence (1) of L(Y) converges in the biting L'-weak sense to

Y € L(Y), in brief (vn) b-converges to 1, and we write 1, g1711, if for every k € N we can find
Ay C Yy in such a way that (Ay) is increasing, v(Yi\Ax) < 1/k, ¥, € L*(Ax) for all n large
enough and 1, — 1 weakly in L*(Ay). In particular, that implies 1) € L°(Y).

The fundamental result concerning the biting L!-weak convergence is the so-called Biting
Lemma that we recall now. We refer to [25], [8], [I7], [41] and [50] for a proof of this Lemma.
We also refer to [1] and [33] for other developments related to the biting L!-weak convergence.
Extension of this theory to multi-valued functions has been done by Balder, Castaing, Valadier
and others; we refer to [60] for precise references.



Theorem 2.4 (Biting Lemma). Let (v,) be a bounded sequence of L*(Y). There exists 1 €
LY(Y) and a subsequence (1) such that () b-converges to ¥ and ||1| 1 < liminf ||t || p1.

Our first result is a kind of intermediate result between the Biting Lemma and the Dunford-
Pettis Lemma. More precisely, we prove a L!-weak compactness in the v variable for sequences (¢,,)
which are bounded in L' and such that the associated Darrozés-Guiraud information is uniformly
(in n) bounded. It is based on the Biting Lemma, the Dunford-Pettis Lemma and a convexity
argument.

Theorem 2.5 Let consider j : Ry — R a convex function of class C%(0,00) such that j(s)/s —
+00 when s /' +o0o and such that the application J from (Ry)? to R defined by J(s,t) = (§(t) —
§(8)) (t — s) is conver, w a non negative function of RY such that w(v) — oo when |v| — oo and,
for any y €Y, a probability measure i, on RN. Assume that (¢,) is a sequence of non negative
measurable functions on Y x RN such that

(2.12) [ o000 0 0) + £ .)] dit (1) dvly) < €1 < o

where € = &; , is the non negative Jensen information functional defined by

e = [ i@ =i([ odn) ¥ 0<oeL'®.du)

Then, there exists ¢ € L' (Y x RY) and a subsequence (¢,+) such that for every k € N we can find
Ay C Yy in such a way that (Ay) is increasing, v(Yi\Ag) < 1/k and

b — ¢ weakly in  L*(Ap x RN dvdp).

Furthermore, £ is a convex and weakly L' Ls.c. functional, and thus

(2.13) [ [6000) (14 0(0) + £0(0..)] diy () () < €.

Proof of Theorem From bound ([2I2) and the Biting Lemma we know that there exists a
subsequence n’ such that for every k € N we can find a Borel set A = Ay C Y}, with v(Y,\A4) < 1/k
such that

(2.14) / ¢n dpy(v)  weakly converges in L'(A).
RN

Thanks to the Dunford Pettis Lemma and (2.I4]) there is a convex function ® = ®; such that
®(s)/s — oo when s — oo and

A@(/}RN b duy(v)) dv(y) < Co = Ca(k) < 0.

Furthermore, we can assume that ®(0) = 0, ®' = a,, in [m, m+ 1] with j'(so) < an, /" +00, where
so € N* is such that j(sg) > 0 and j'(so) > 0.

Then we define ¥ = Uy, by U(s) = j(s) for s € [0, so] and by induction on m € N, we consider
tm such that j'(tm,) = am — V' (8m) + 5/ (sm) and we set sp, 41 = [tm] + 1, ¥ := j” on [sym, tm] and
U := 0 on [tm, Sm+1] so that t,, > s, > m and U/ (s;41) > am > /(). Therefore, we have
built a convex function ¥ such that the function s — j(s) — ¥(s) is convex, ¥(s)/s / oo since
U'(s) / oo, and ¥ < @ since ¥’ < &’ so that

(2.15) /A\I/( [ ow du) dv < Cs.



The Jensen inequality, written for the function s — j(s) — ¥(s), gives

[ vedn—w([ owdn) <@
RN RN
and combining it with (Z12)) and (T3] we get

// \I/(d)n/)d,udl/§01+02,
AxXRN
and thus

(2.16) // \I/Jr((bn/) d,uy dv <Ci+0Cy+ // ‘I’i(qﬁn/) dﬂy dv
AXRN AXRN
< C5(k) :=C1+Cy+v(A) supj~ < oc.

Thanks to estimates (2Z12), ([2Z.I0) and the Dunford-Pettis Lemma we get that (¢,/) falls in a
relatively weakly compact set of L!(Ay x RY) for any k € N. We conclude, by a diagonal process,
that there is a function ¢ € L*(Y x RY) and a subsequence (¢,~) which converges to ¢ in the
sense stated in Theorem
In order to prove that £ is a convex functional, we begin by assuming that j € C'(R4,R), so
that £ is Gateaux differentiable. By definition of the G-differential
VE@) ¥ = lim E(@+1ty) —E(9)

t—0 t

= /ﬂkNj’(sb)wdufj’(/RNsbdu) /RN W dp,

for any 0 < ¢, € L>®°(RY). Therefore, by the Jensen inequality, we have

(vew) = Ve —0) = [ Jewdu=i([ odu [ wdn) =0,

so that V& is monotone and thus £ is convex on L>®(RY): for any 0 < ¢, € L>®(RY) and any
te(0,1)
(2.17) E(@+(L-t)y) <t&(9) + (1 —t)E(Y).

When j ¢ C'(R.,R) we define, for any € > 0, the function jc(s) = j(s + ) — j(¢) which belongs
to C1(R,,R), and the above computations for the associated functional £. are correct, so that
inequality (2.I7) holds for £ replaced by &. Then, writing inequality (217 for &£ and fixed 0 <
¢, € L®(RYN), t € (0,1) and passing to the limit ¢ — 0 we obtain that £ is convex on L (RY).
Now let 0 < ¢, € LY(RN), t € (0,1). If j(¢) or j() ¢ LY(RY) then t E(¢) + (1 —t) E(W) = +o0
and the convex inequality (2I7) obviously holds. In the other case, we have j(¢), j(¢) € L*(RYN),
we can choose two sequences 0 < (¢,), (¢,) of L®(RY) such that ¢, ,/ ¢ and v, / ¥ a.e..
Passing to the limit ¢ — 0 in the convex inequality (2.I7) written for ¢. and 1. we get, by the
Lebesgue convergence dominated Theorem and the Fatou Lemma,

/ e+ -1y) < nminf/ (et (1— 1))
RN RN

e—0

IN

te@)+ (1 =0Ew) +i( [ to+1-1v),

which exactly means that £ is a convex functional in L'(R™). Finally, if 0 < ¢, ¢» € L*(Y x RY)
and t € (0,1), then ¢(y,.), ¥(y,.) € L*(RYN) for almost every y € Y and, integrating the convex
inequality (ZI7T), we obtain that the functional

0<pe L' (Y xRY) — F(¢) :/Yé’(qﬁ)du
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is convex. Furthermore, by Fatou Lemma, F is ls.c. for the strong convergence in L', for the
weak o (L', L®) convergence and for the biting L!-weak convergence, so that (2I3]) holds. (]

We introduce a second kind of weak-weak convergence, namely the renormalized convergence,
which is the very natural notion of convergence when we deal with sequences of trace functions, as
we will see below. We now present the definition (in a simplified case) and a first elementary result
that we will use in the next subsection. More about the renormalized convergence is presented in
section

Definition 2.6 Let define the sequence (Thr) by setting Tar(s) := s AM = min(s, M) Vs, M > 0.
We say that a sequence (¢n) of L(Y') converges in the renormalized sense (or r-converges) if there
exists a sequence (Thr) of L=°(Y) such that

Ta(bp) =Ty o(L°Y),LYY) x and Ty /¢  ae inY.

Lemma 2.7 For any sequence (¢,,) of L(Y) and ¢ € L°(Y) such that ¢y, LN ¢ in the biting L' -weak
sense there exists a subsequence (¢n:) such that ¢ s ¢ in the renormalized sense.

Proof of Lemmal[2.2. We follow the proof of [§] where that result is established in a L! framework.
By assumption, for any k € N, there exists a Borel set A such that v (Y;\Ax) < 1/k and ¢, — ¢
weakly in L!(Ay). Thanks to Dunford-Pettis Lemma, there is a function d; : R, — R, such that
0(M) — 0 when M — +o0 and

(218) / On, 1{¢nZM} dygék(M) Vn, M,k € N*,
Ay

Moreover, there exists a subsequence (¢,,/) of (¢,) and a sequence (Ths) of L°(Y') such that for
any M € N there holds

Ta(pw) = T o(L2(Y), LH(Y)).
We obviously have that (Ths) is an increasing sequence in L>(Y) and Ty < ¢ a.e. because that
is true on any Aj. Observe that

(2.19) 0< ¢n—Tu(dn) < (¢n—M)1lp,>n ae inY.
Gathering (ZI8)) and (ZI9) we get
/ (¢ =Tuldv = lim [ (¢p —Toi(dnr)) [sign(¢ — Tar)] dv
Ay n’'—oo [ 4,

< hmlnf/ e Lo, , >0y dy < 6p(M).
That proves Thy — ¢ a.e. in Y when M — 0o, and then ¢,/ — ¢. (]

2.3 The trace theorem and the stability result.
Let us recall the following trace theorem which makes precise the sense of the trace of a solution.
Theorem 2.8 [56] Let g € L°°(0,T; LY (O)) satisfy

Ag:=0g+v-Vyg=0 in D'(0,T)x0O).

There exists vg € L}, .((0,T) x X;d\adt) and go € L'(O) which satisfy the renormalized Green
formula

(2.20) ///5 ) A dvdwdt = ///579 vdvdozdt—//ﬂgo ¢ dzdv,

for all 5 € WH(R) and all test functions ¢ € D([0,T) x O), as well as for all € WL*(R), with

loc

B € L¥(R), and all test functions ¢ € D([0,T) x O) such that ¢ =0 on [0,T) x 3y .

11



We may then state our first main result.

Theorem 2.9 Let f,, € L>(0,00; L' (O)) be a sequence of solutions to the initial boundary value
problem (21))-(L1)-(I38) such that both (f,) and the trace sequence (yf,) satisfy the associated

natural a priori bounds: for any T > 0 there is a constant Cr
(2.21) sup // fn (L4 |v]* + |log fa]) dvdz < Cr
[0,7] O

and
T T
2 . —1
(2.22) /0 //Z Yfn (1 +|v]%) In(x) - v| dvdo,dt +/O /69 E(V4 fn) dopdt < a™" Cr.

On the one hand, there exists f € L>(0,00; L(0)) satisfying (Z2) and fi, € L' (O) satisfying
(L3) such that, up to the extraction of subsequences,
(2.23) fo = [ o(L, L), fn(0,.) = fin o(L',L%),

and f is a solution to the free transport equation (21)-(L8) with initial datum fiy,.

On the other hand, there exists ne € L1(0,T) x Xx,d\1) for all T € (0, 00), which furthermore
satisfies (Z2)-(23) (with v+ f replaced by 1y ), such that, up to the extraction of a subsequence, for
any T,e > 0 there exists a measurable set A C (0,T) x 9Q such that meas((0,T) x 0N\ A) < ¢
and
(2.24) Yifn — mx  weakly in L'(A xRN d\p).

As a consequence, v+ [ = ny and the reflection boundary condition (1)) holds.
Proof of Theorem[Z9 First, from (Z2I) and the Dunford-Pettis lemma we deduce (2:23). Then,

thanks to Lemma[Z7] extracting again a subsequence if necessary, we deduce that f, - f or more
precisely, there exists two sequences (Tys) and (T3;) such that

(2.25) Ta(fn) =Ty o(L®, LYY % and Ty / f ae.,

(2.26) Ta(fn(0,)) =Ty, o(L>®, L) « and Ty / fin ae.

Next, from ([222)) and theorem 28] (with ¢,, = vy fn/M, j(s) = slog s, w(v) = [v|?, dv(y) = do.dt,
dpy(v) = |n(z) - v| M(v) dv) we deduce that (Z24) holds. Then, thanks to Lemma 27 again,

extacting a subsequence if necessary, we deduce that ~f, —n or more precisely, there exists a
sequence (¥y7) such that

(2.27) Tu(Yfn) = Am oL, LY % and A /1 ae.

One the one hand, starting from the Green renomalized formula (220 for the free transport
equation

/OT//OTM(fn)A@dvdmdt:/OT//ETM(an)sOn(:z:)-vdvdazdt—//OTM(fn(O,.))godacdv,

for any ¢ € D([0,T) x O), and passing twice two the limit, first when n — oo, next when M — oo,

we get
T T
/ / f Apdvdzdt = / // Ny n(x) - v dvdo,dt — // fin @ dzdu.
0 (@ 0 3 o

In other words, f is a solution to the free transport equation and the trace Theorem implies
that n = vf. On the other hand, thanks to (Z24]), we may clearly pass to the limit n — oo in the
L'-weak sense in the boundary equation

W—fn = R(’Y-i-fn) on AXx RN;

for any set A given by ([224), and we get n— = R(n4). We conclude that the boundary condition
(@I is well fulfilled. o
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3 On the convergence in the renormalized sense.

3.1 Basic properties.

We present the main basic properties concerning the notion of convergence in the renormalized
sense. More about renormalized convergence is set out in the appendix section. In that section the
frameworks and notations are the same as those of subsection 2.2, and again, we only deal with
nonnegative functions of L = L(Y’), but we do not specify it anymore.

Definition 3.1 We say that « is a renormalizing function if a € Cp(R) is increasing and 0 <
a(s) < s for any s > 0. We say that (anr) is a renormalizing sequence if apg is a renormalizing
function for any M € N and ap(s) /' s for all s > 0 when M /' oo. Given any renormalizing
sequence (apy), we say that (¢,) (aar)-renormalized converges to ¢ (or we just say that (o)
r-converges to @) if there exists a sequence (any) of L (Y) such that

ar(¢n) = ay o(L®Y),LYY)) « and ay /¢ ae inY.

Notice that the renormalized convergence as defined in definition is nothing but the (Thr)-
renormalized convergence.

Proposition 3.2 1. The (ap)-renormalized limit in the definition [31] does not depend on the
renormalizing sequence (apr), but only on the sequence (¢, ). In other words, given two renormal-
izing sequences (apr) and (Buar), if (¢n) (anr)-renormalized converges to ¢* and (Br)-renormalized
converges to ¢ then ¢* = ¢°.

2. For any sequence (¢p,) of L there exists a subsequence (¢n) of (én) and a function ¢ € L
such that (¢n) (apr)-renormalized converges to ¢ for any renormalizing sequence (apy).

3. A sequence (¢p) which converges to ¢ a.e. or strongly in LP, p € [1,00], also r-converges to
¢. From a sequence (¢,,) which converges to ¢ weakly in LP, p € [1,00], or in the biting L'-weak
sense, we may extract a subsequence (¢, ) which r-converges to ¢.

Remark 3.3 1. The definition of the (aps)-renormalized convergence with apy # Thy is important
in order to obtain the renormalized convergence of the trace functions sequence in Theorem [2.2.
Indeed, Ty; is not smooth enough in order to be taken as a renormalizing function for the VFP
equation and we have to introduce the “smooth” renormalizing functions o := ®pr 9.

2. Because of Proposition we will often make the abuse of language by not specifying the
renormalizing sequence (apy) used to define the (aps)-renormalized convergence and by saying that
(¢n) r-converges (to ¢) when it is only a subsequence of (¢,) which r-converges (to ¢).

3. Let notice that in general we can not exclude that the limit ¢ = 400, since for instance the
sequence (¢y,) defined by ¢, = ¢ = oo belongs to L and r-converges to ¢.

Proof of the Proposition Step 0. We first claim that for any sequence (¢,) of L and any
renormalizing sequence (aps) there exists a subsequence (¢,/) of (¢,) and ¢ € L such that (¢,)
(aar)-renormalized converges to ¢. Indeed, for any M we can find a subsequence (ni?); and
apy € L such that on(gbn%f) — ayr weakly in L. By a diagonal process we can obtain a unique
subsequence (n') such that the above weak convergence holds for any M € N. Furthermore,
since (aps) is increasing, we get that (@) is an increasing sequence of non negative measurable
functions, so that it converges to a limit ¢ € L.

Step 1. Let assume that for a renormalizing sequence (ax) we have ak (¢n) = ax /" ¥. Thanks
to step 0, there exits a sub-sequence (¢,), a sequence Ty; € L* and a function ¢ € L such that
Tr(fnr) — Ty / @. It is clear that VK, M € N Ve > 0 thereis k., mg € Nsuch that ag < Ty
and Ty < ag,, . +&. Therefore, writing that ax (¢n) < Ty (dn) and Tar(dn) < oy, () + €,
and passing to the limit n — 400, we get

dKSTmK§¢ and TMSdkM,E +e<y+e.
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Then passing to the limit M, K ' oo we obtain that ¥ < ¢ < ¢ + ¢ for any € > 0, and finally
passing to the limit ¢ — 0 we conclude that ¥ = ¢.

Step 2. Let remark that the class of renormalizing functions is separable for the uniform norm of
C(R.). For instance, the family A = {a*} of functions a such that

J
0<a(s)<s and o/(s)=> 010 a,,((5), a5, 0;€Qy
j=1

is countable and dense. By a diagonal process and thanks to step 0, we can find a subsequence
(¢n/) in such a way that for any o € A there exists @ € L* such that a(¢,) — a. Let fix now
(Bum) a renormalizing sequence. On one hand, for any M there exists a sequence () of A such
that o < By < af + 1/k for any k € N and oy Bar. We yet know that ax(¢n) — @x. Since
(@) is not decreasing, it converges a.e., and we set 33, = lim@;. On the other hand, thanks
to Step 0, there exists a subsequence (¢,~) and a function (3y; such that Bas(¢n») — Bar. That
implies @y < Bar < ap + 1/k. Passing to the limit &k — oo, we get By = By Therefore, by
uniqueness of the limit, it is the all sequence Fpr(¢,/) which converges to 8%,. Finally, thanks to
the usual monotony argument we deduce that ¢, converges in the (8j;)-renormalized sense and
its limit is necessary ¢ thanks to Step 1.

Step 3. If ¢, — ¢ a.e. or strongly in LP then clearly aps(¢n) — an(¢) L>®-weak and apy (@) /' &
for any renormalizing sequence (), so that ¢, — ¢. If (¢,) converges weakly in LP, p € [1, o0],
then it obviously converges in the biting L'-weak sense and we may apply Lemma 271 (]

Let now define the limit superior and the limit inferior in the renormalized sense.

Definition 3.4 Let (¢,,) be a sequence of L. Consider I the set of all the increasing applications
1 : N — N such that the subsequence (¢,(x))k>0 0of (¢n)n>0 converges in the renormalized sense and
note ¢, = r-lim ¢,). Thanks to the Proposition [32.2, we know that I is not empty. We defined
the limit superior and the limit inferior of (¢,) in the renormalized sense by

r-limsup ¢, :=sup¢, and r-liminf ¢, = inf ¢,.
el el

It is clear that if r-limsup ¢, = r-liminf ¢, then (¢n) r-converges (up to the extraction of a
subsequence).

Proposition 3.5 1. If ¢, — ¢, ¥, —1) and \, — X in R% then ¢n + A by L+ M.

2. Let ¢, ¢ and 3 be a nonnegative and concave function then B(¢) > r-limsup B(¢n).

8. Let 3 be a strictly concave function, and (¢,) be a sequence such that ¢, — ¢ and B(¢) <
r-liminf B(én) then, up to the extraction a subsequence, ¢, — ¢ a.e. in'Y.

4. Let ¢, > ¢ and S be a bounded and nonnegative operator of L' then S ¢ < r-liminf S ¢y, .

Proof of the Proposition Step 1. From the elementary inequality
Ya,b,M >0 MA@+b) <MANa+MAD<(2M)A(a+b),
we deduce
w-lim [M A (¢ + )] < w-lim [M A ¢p,] + w-lim [M A 1,] < w-lim [(2 M) A (¢, + )]
so that r-lim (¢, + ¥,) = ¢ + . Next, from the elementary identity
Va,b,M >0 (ab) AM =a(bA (M/a))
and because for any € > 0 there holds 0 < A — e < A, < A+ ¢ for n large enough, we have

(h—e) [%A%} < ) AM < (A+¢) [qsnAAﬂH]
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We deduce that for a subsequence (A, ¢p/)

Ve>0 A—e)T u

A—e

< w-lm Tag(Anr dr) < (A + ) Tﬂl ,
so that, passing to the limit € — 0 and using that T (x1c) < Thrj(r—e),

/\TM = W/—hm TM(/\n/ d)n/)

Passing to the limit M — oo, we conclude that r-lim (A, ¢,) = A ¢.
Step 2. We know that
Als) = inf £(s),
where the inf is taken over all real values affine functions ¢(t) = at + b which satisfy a,b > 0 and
B(t) < £L(t) for any t > 0. Furthermore, for any ¢ and M, there clearly exists Kjs such that
T]\/[(E(S» S E(TK(S» and E(T}V[(S)) S TK(K(S)) for all K Z KM, S Z 0.
We deduce that for any ¢ > 3, we have

Therefore, we get
limsup Ty (8(én)) < £(lim Tre(6,)) < €(6)

and finally
limsup Ta(B(¢)) < A(¢)  for any M,

which exactly means that r-limsup 3(¢,) < 5(9).

Step 3. For any subsequence (n') such that 5(¢n ), B(dn /24+¢/2)) and B(dn: /24 ¢/2))—B(Pns)/2—
B(¢)/2 > 0 converge in the renormalized sense, we have

rtim [o(2250) = B~ 20 PO i 25D — i (4 12),
thanks to step 1. As a consequence, we get
0 < retim [p(P 2y L 00 PO,
= r-limﬁ(¢"’2+ ¢y @ — lim ﬁ(q;nf)
< pie) - 2D A9y,

thanks to step 2 and because ¢, /2 + ¢/2 > ¢. Therefore, for any k, we have

1 T — — d
0 < lim . 1 (B( > ) > 5 ) v
-1 — — dv =
< /Yk r-limsup [ﬁ( > ) 9 9 ] v =0,

so that, up to extraction a subsequence,

¢n’ + ¢) o 6(¢n/> 6(¢)

5 5 T g —0 ae onY and ¢, —¢ ae onY.
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Step 4. Fix x € C.(Y), the space of continuous functions on Y with compact support, such that
0 < x < 1. Since Tas(dy) x — Tar x weakly in L, we have

(3.1) S(Tar(pn) x) — S(Tarx) weakly in L.
We deduce, using Tk (S(Tar(¢n) x)) < Tk (S(¢y)) and Proposition B:213 that

S(Tar x) = r-liminf S(Tar(¢n) x) < r-liminf S(¢n).

n—oo n—oo

We conclude letting x /1 and M — 4o0. (]

3.2 From renormalized convergence to weak convergence.

We give now a kind of extension of the Biting Lemma in the LY framework.

Definition 3.6 We say that a sequence (1) is asymptotically bounded in L°(Y) if for any k € N
there exists 6 : Ry — Ry such that 0x(M) N\, 0 when M /" +o00 and for any M there is ng m
such that

(3.2) meas{y € Yi, ¥n(y) > M} < §i(M) Vk e N, Vn > ng .

Theorem 3.7 Let (¢,,) be a sequence of L°(Y) which r-converges to v with ¢ € LO(Y). Then
(1) is asymptotically bounded in L°(Y') and there exists a subsequence (1) which b-converges to

.

Remark 3.8 In the L' framework, J. Ball & F. Murat [S] have already proved that the biting L*-
weak convergence implies, up to the extraction of a subsequence, the convergence in the renormalized
sense, as it has been recalled and extended to the LY framework in Lemma[2.7. As a consequence,
combining Ball & Murat’s result with Theorem [3.], we get the equivalence between the biting L*-
weak convergence and the renormalized convergence. More precisely, considering a sequence (1)
of L(Y), it is equivalent to say that, up to the extraction of a subsequence,

(3.3) U g1/} in the biting L*-weak sense (so that 1 € L°(Y)),
(3.4) VY 1) in the renormalized sense and v € L°(Y).

Furthermore, in both cases, the full sequence () is asymptotically bounded in LY. Again, we refer
to the appendix where some complements about r-convergence and b-convergence are given.

Proof of Theorem [3.2. Step 1. Proof of the asymptotic boundedness in L°. We argue by contra-
diction. For an arbitrary ¢ > 0 we know that there exists B C Y}, such that v(Y3\B) < /2 and
Y € LY (B). If there is no m € N such that meas {y € B, 1, (y) > m} < /2 for all n large enough,
this means that there exists an increasing sequence (n,,) such that

meas{y € B, ¢, (y) > m} >¢e/2 Ym > 0.

Therefore, for any ¢ € N and any m > ¢ we have

9

3

/ Ty($n,,) > (meas {y € B, $n,. (y) > £} > fmeas {y € B, ., (y) > m} > ¢
B

[\

and passing to the limit m — oo, we get

/Bw = Lm—kg Ty(n,,) > ¢

Letting £ / oo we get a contradiction with the fact that ) € L*(B). As a conclusion, we have
proved that for any ¢ > 0 there exists m. and n. such that meas {y € Yj, ¥, > m.} < ¢ for any
n > ne, and [B2) easily follows.

Ve > 0.

| ™
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Step 2. Proof of the convergence in the biting L'-weak sense. As in Step 1, for any & € N we
can choose B such that v(Yz\B) < 1/3k and ¢ € L*(B). Setting / Y dy = Cp, we construct a
B

sequence (ny) such that
1
(3.5) / T(n,)dy < Co + 7.
B

From (B.3]), Theorem 24 (Biting Lemma) and Lemma 2.7, we may extract a subsequence, still
denoted by (¢,,), which b-converges and r-converges to a limit denoted by ¢* € L'(B). On the
one hand, for any M € N we have Ty (¢n,) < Ty(thy,) for £ > M so that, passing to the limit
{ — o0, we get w-lim Ths(¢p,) < ¢* and thus ¢ < ¢*. On the other hand, from Theorem 27
(Biting Lemma) again, we have [|¢*| L1 < liminf ||T;(¢n,) || < Co = ||¢]|L1. Gathering these two
inequalities, we have proved

Ty(tn,) — 1  weakly in L*(B).

Furthermore, since (¢,,) is asymptotically bounded in L°(Y) we have, up to the extraction of a
subsequence again,

meas{yn, 7 Te(Pn,)} = meas{tpn, > £} < ok (¢) — 0.

— 00

Therefore, we can choose an other subsequence, still noted (¢, ), such that Zp :={V¢ > L / ¢, #
To(1n, )} satisfies

meas(Z,) < Zmeas{ww > (} P 0.
>L e

Finally, choosing L large enough such that meas (Z) < 1/3k and setting Ay := BN Z§, we have
[Yi\A| < 1/k, ¢, € L*(A) for all £ > L and

Yn, = To(n,) = ¢  weakly in LI(A).

We conclude thanks to a diagonal process. (]

A simple but fundamental consequence of Theorem and Theorem [3.7] is the following.

Theorem 3.9 Consider a function m : RN — R and a family of measures dw, on RY such that

/ m(v) dwy(v) =1, / m)Y* dw,(v) < Cy Yy and m(0) > m(v) — 0.
RN RN

|[v]—o0

Let (¢,) be a sequence of L°(Y x RYN) which satisfies

/Yﬁ(qﬁ;;(?_’)')) dv(y) < C1 < oo,

with € just like in Theorem [2.8 with d, (v) = m(v) dwy(v), and assume that

(3. i) = [ oulo)dm (o) S0 with b e 1Y)

Then, there exists ¢ € LY (Y x RN dvdw) and a subsequence (¢n:) such that for every k € N we
can find Ay, C Yy in such a way that (Ay) is increasing, v(Yi\Ax) < 1/k and

b — ¢ weakly in  L'(Ap x RY, dvdw).

As a consequence P = / ¢dw and E(p/m) € L1(Y).
RN
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Proof of Theorem [3.9. From (B.0]), Theorem [B7] and Definition [Z3] we know that there exists a
subsequence (/) such that for every k € N we can find A = A, C Y} satisfying (Ay) is increasing,
V(Yk\Ak) < 1/k’ and

Y is weakly compact in  L'(A).
Next, we come back to estimate (ZI0) in the proof of Theorem [Z5] which written with the new
notation, becomes

=( O
(3.7) //AXRN o H(m(v)) dwydv < Cs,

where we have set Z(s) :=
not decreasing, E(s) /" 0o

is

(1]

*(s)/s. Of course, we can assume without loss of generality that
hen s /" oo and Z(s) < /2. From (37) we deduce

— d)n’
(38) //AX]RN ¢n/ _‘(m) dwy dv S Cg,

as well as

RS

(3.9) / b Z(m(v)"V?) dwy, dv <

AXRN

S / (b.m E(m(v)—1/2) (1{¢n/§m(”)1/2} + 1{¢n/2m(v)1/2}) dwy dl/
AXRN

§// m(v)1/4dwydu+/ an,g( P )dwde§C4 |Yi| + Cs.
AXRN AXRN m(’U)

Gathering B.8) and (39), we deduce by the Dunford-Pettis Lemma that (¢,/) belongs to a weak
compact set of L}(A x RV, dvdw), and we conclude as in the end of the proof of Theorem o

4 Trace theorems for solutions of the Vlasov-Fokker-Planck
equation.

4.1 Statement of the trace theorems

In this section we recall the trace results established in [55], [56] for the Vlasov equation (which
corresponds to the case v = 0 in the Theorem below) and we extend them to the VFP equation.
Given a vector field E = E(t,z,v), a source term G = G(t,x,v), a constant ¥ > 0 and a solution
g = g(t,z,v) to the Vlasov-Fokker-Planck equation

0
(4.1) AEgza—i—l—U-Vzg—l—E-va—yAvg:G in (0,7) x O,
we show that g has a trace g on the boundary (0,7) x ¥ and a trace y:g on the section {t} x O for
any t € [0,T]. These trace functions are defined thanks to a Green formula. We write indifferently
Y9 = g(t, )
The meaning of equation ([I]) is of two kinds. In the first case, we assume that g € L>°(0, T}

LY (O)), with p € [1,00], is a solution of (@) in the sense of distributions, i.e.,

loc

(4.2) /OT//O(g A%d + G ¢) dvdxdt = 0,

for all test functions ¢ € D((0,T) x O), where we have set

0
5o =0 10 Vep+ B- Voo + v A+ (div,B) 6.
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In this case we assume

43)  Ee LY0,T; W5 (0)), div,E € L'(0,T; LV.(0)), G € LL.([0,T]x 0),

loc loc

where p’ € [1,00] stands for the conjugate exponent of p, given by 1/p + 1/p’ = 1, and we make
one of the two additional hypothesis

T
(4.4) 1// / |V,g|? dvdzdt < Cr.gr
0 JOR
or
T
(45) l// / |V7jg|2 1{M§|g|§M+1} dvdxdt S CT,R VM Z 0.
0 JORr

Remark 4.1 The bound (4.5) is the natural bound that appears when we consider, for example,
the initial value problem with initial datum go € LP(O) when = RN or when Q is an open subset
of RN and specular reflections are imposed at the boundary.

In the second case, we assume that g is a renormalized solution of ([@I)). In order to make
precise the meaning of such a solution, we must introduce some notations. We denote by B; the
class of all functions 3 € W2>°(R) such that 3’ has a compact support and by Bs the class of all
functions 8 € W2 °(R) such that 3" has a compact support. Remark that for every u € L(Y)

loc -
and 3 € By one has B(u) € L>=(Y). We shall write g € C([0,77]; L(O)) if 8(g) € C([0,T); L},.(O))
for every 8 € Bj.
We say that g € L((0,T) x O) is a renormalized solution of (@) if for all 5 € B; we have

(4.6) B € L'(0,T; Wy (0)), 8'(9) G € Lino([0,7] x O), v5"(9) [V gI* € Li,e(10,T] x O),

loc

and [(g) is solution of
(4.7) ApBlg) =B'(9)G—vp"(9) Vgl inD'((0,T) x O).
We can now state the trace theorems for the Vlasov-Fokker-Planck equation (4.1).

Theorem 4.2 (The case p = x0). Let g € L*([0,T] x O) be a solution of equation {-2)-({-3)-
(Z4). There exists vg defined on (0,T) x X and for every t € [0,T] there exists v,g € L*(O) such
that

(4.8) g € C([0,T); Li, (O)) Vae[l,00) and ~yge L ((0,T) x %),

and the following Green formula

(49) /] /O (Blg) Ao + (B (9) G — v 8"(9) [V gI?) &) dudvdt =

-1/ /O 3ot ) ddado |+ /t / /2 B(v9) & n(a) - v dudaydt,

holds for all to, t, € [0,T], all € W2°(R) and all test function ¢ € D([0,T] x O).

loc

Remark 4.3 A fundamental point, which is a consequence of the Green formula [{-9), is the
possibility of renormalizing the trace function, i.e.

(4.10) vB(9) = B(vg)
for all B € W2>(R). More generally, {(£.10) holds as soon as~ 3(g) is defined. This is the property

that will allow us to define the trace of a renormalized solution.
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Theorem 4.4 (The case p € [1,00)). Let g € L>(0,T; LY (O)) be a solution of equation (f-3)-
(4-3)-4-3). There exists vg defined on (0,T) x ¥ and for every t € [0,T] there exists vg € LP(O)
such that

(4.11) 19 € C([0,T); Lipe(0))  and  vg € L ([0,T] x X, dA2),

and satisfy the Green formula {{.9) for every to, t1 € [0,T], every 8 € B1 and every test functions
¢ € D([0,T] x O), and also for every to, t; € [0,T], every B € By and every test functions
¢ € Do([0,T] x O), the space of functions ¢ € D([0,T] x O) such that ¢ =0 on (0,T) x X.

Theorem 4.5 (The renormalized case). Let g € L((0,T) x O) satisfy the bound condition
(4-0) and the equation ({.7). Then vg € L([0,T] x X) and for every t € [0,T] there exists vg €
C([0,T; L(O)) which satisfy the Green formula (4.9) for all ty, t1 € [0,T], all § € By and all test
functions ¢ € D([0,T) x O). Furthermore, if ({{.7) makes sense for at least one function 3 such
that 3(s) / oo when s / 0o, then of course vig € L°(O) for any t € [0,T] and vg € L°([0,T] x X).

4.2 Proof of the trace theorems

We begin with some notations. For a given real R > 0, we define Bg = {y € RY / |y| < R},
Qpr = QN Bgr, Or = Qr x B and X = (0Q N Br) x Br. We also denote by L“’b the space
L%(0,T; L*(OR)) or L%(0,T; L*(QR)), and L?OIC’ the space L2(0,T; LY (O)) or L*(0,T; LY ().

Proof of Theorem First step: a priori bounds. In this step we assume that g is a solution
of (@I) and is "smooth”. Precisely, g € W'(0,T; W (; W (RY))), in such a way that the
Green formula ([@9) holds. The trace vg in (£9) is defined thanks to the usual trace theorem
in the Sobolev spaces. We shall prove two a priori bounds on g. Let define g € VVIQOCOO (R) by

. 1 ifs>1 .
sl —1/2 if|s| > 1 N N sy O iffs|>1
B(s) = {52/2 if s < 1 so that §'(s) = < s }f [s] <1 and B"(s) = 1 <1
-1 ifs<-—1

and thus 3 € By. Fix R > 0 and consider x € D(O) such that 0 < x < 1, x = 1 on O and
suppx C Or41. We set ¢ = x n(z) - v. The Green formula (€3] gives

/OT//E B(v9) x (n(z) -v)? dvdo,dt = // B(g ¢)dzdv]T
+/OT//O(5(9) B0+ (8'(9) G —v3"(9) Vo gl?) ¢) dvdudt.

We deduce from it a first a priori bound: there are some constants yr and C'g such that

'YR/// lvgl (n dvd%dt<// B(vg) (n(x) -v)? dvdo,dt
2R SR

(4.12) gcR/// (> (L+ |E|) + |G| + v |V gI?) dvdadt
ORr+1

—I—CR// )+ AT ,)) dzdv,
OR+1

where we have used the fact that for u € L>°(Yr) with Yz = Og or Xy there holds

m/ Wl < [ By < vgl/ 2.
Yr Yr Yr

Let K C O be a compact set and consider ¢ € D(O) such that 0 < ¢ <1, ¢ = 1 on K and
R > 0 such that supp ¢ C Or. We fix ty € [0,T]. The Green formula (€3] unphes

(4.13) //ﬁ (t1,.) qﬁdmdv—//ﬁ (to,.)) ¢ dwdv

/ // 9) ANié + (B'(9) G — v B"(9) [V gI?) 6) dvdadt,

20



and we get a second a priori bound

(4.14) 73//K|g|(t1,.)dxdv < CR//ORg2(tO,.)d:cdv

T
v [ [ 60 1ED 56l v vt
0 Or

Second step: regularization and passing to the limit. Let us now consider a function g which
satisfies the assumptions of Theorem 21 We define the mollifier py by

pe(z) =kN p(kz) >0, keN*, peDRY), supppC B, /Np(Z)dZ=1,
R

and we introduce the regularized functions gr = g %4,k Pk *v pr, Where % stands for the usual
convolution and %, j for the convolution-translation defined by

(rat 1) (@) = [renoy el h)l(@) = [ ulo) e = o) =)

for all u € L},.(Q) and hy € L*(RY) with supp hy C By y.
Lemma 4.6 With this notation one has gi € Wl’l(O, T; Whee(Q; WQ"X’(RN))) and
Apgr =Gy in D'((0,T) x O),

with Gy, € L}, .((0,T) x O) for all k € N. Moreover, the sequences (gi) and (Gy,) satisfy

loc
(gr) is bounded in L*((0,T) x O), g — g a.e. in (0,T) x O,
(4.15)

Vogk — Vg in LL.([0,T] x O) and Gy — G in L},.([0,T] x O).

The proof of Lemma [0l is similar to the proof of [55, Lemma 1] and of [36, Lemma II.1] to which
we refer.

From Lemma we have that for all k,¢ € N* the difference gr — g¢ belongs to W1(0,T;
Whee(Q; W2*°(RY))) and is a solution of
AE(gk — gg) = Gk — G@ in DI((O,T) X O)
We know, thanks to [@I5), that gi(t,.) converges to g(t,.) in L} (O) for a.e. t € [0,T]; we fix
to such that g (to,.) — g(to,.). Moreover, up to a choice for the continuous representation of g,
we can assume that gx € C([0,77], L}, .(O)). Therefore, the estimate (Z.I3) applied to gx — ge in to

loc

and the convergence ([@IH]) imply that for all compact sets K C O we have

(4.16) sup |[(gx — 90)(t, Ly, — 0
t€[0,7) k,£—4o00

We deduce from this, that there exists, for any time ¢ € [0,7], a function ;g such that gx(,.)
converges to ;g in C([0,T]; Li,.(O)); in particular,

loc
g(t,x,v) = yg(x,v) for a.e. (t,xz,v) € (0,T) x O.

Thus, we also have gi(t,.) = (v 9) *z.k Pk *v pPi a.€. in (O,T) x O, and since these two functions
are continuous, the equality holds for all (¢, z,v) € [0,7] x O and k € N*, so that gi(t,.) — g in
L? (O) for all t € [0,T).
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Using now the estimate (£12), applied to gr — g¢, and the convergence [@I5) and (LI0) we get

that ,
/ // Ygr — vge| (n(x) - v)? dvdo,dt — 0,
0 Xr k,£——+oc0

for all R > 0. We deduce that there exists a function vg € L}, .([0,7] x I, (n(z) - v)? dvdo,dt),
which is the limit of g, in this space. Moreover, since ||ygk|lL~ < ||gk||z= is bounded, we have
vg € L*((0,T) x O).

Finally, we obtain the Green formula (€9 writing it first for g; and then passing to the limit
k — oo thanks to the convergence previously obtained. Uniqueness of the trace function follows

from the Green formula. (]

Proof of Theorem The proof is based on Theorem and on an monotony argument. This
is exactly the same as the one presented in [50] in the case of Vlasov equation. Let (8a)am>1 be a
sequence of odd functions of B; such that

Bur(s) = 4 8 if s € [0, M]
MW ZAM+1/2 ifs>M+1,

and |Br(s)] < |s| for all s € R. The function an(s) = Bar(By/;(s)), with the convention
ap(s) =M +1/2if s > M + 3/2, is well defined, odd and also belongs to B;. We will construct
the trace function g as the limit of (v8a(g)) when M — oo, that one being defined thanks to
Theorem .21 Indeed, the condition (LX) implies that

vvg]“g‘SMJrl € L%oc([O’T] X @)a

and then V,8r(g) = Bi(9) Vog € L2 ([0,T] x O) in such a way that Ba(g) satisfies the as-
sumption on Theorem We define Fg\j;) = {(t,z,v) € (0,T) x 3, £v6nm(g)(t,z,v) > 0} and
1"581) ={(t,z,v) € (0,T) x Z,v8pm(g)(t,z,v) = 0}. Thanks to the definition of ap; and the renor-
malization property [@I0) of the trace, one has v B8 (g) = v anm (Br+1(9)) = an (v Br+1(g)). We
deduce that, up to a set of measure zero,

r(P =1 ) =r" and T =1 foran m>1.

Therefore the sequence (7 Ba(g))m>1 is increasing on I‘gﬂ and decreasing on Fgf). This implies
that v Bar(g) converges a.e. to a limit denoted by g which belongs to L([0,T] x ¥). Obviously,
if (7)) holds for one function 3 such that 3(s) /' +o0o when s /" +oo, then B(yg) € L*((0,T) x
¥, dA\2) and vg € L((0,T) x X). In order to establish the Green formula (£9) we fix 3 € By and
¢ € D((0,T] x O). We write the Green formula for the function 3(3(g)), and using the fact that

v[B0 Bulg)] = B(vBum(g)), we find

/ // (8 (9 (22 40 V264 B 96) + (30 5a1) () G 6) dvdndt =
0 O

= [ ][ s onte) - vavosts

We get ([£9) by letting M — oo and noticing that 8o Gy (s) — S(s) for all s € R. (]

Remark 4.7 Theorem is now a quite simple consequence of Theorem [[.5 using the a priori
bounds stated in the proof of Theorem[{.2. Let emphasize that with the additional assumption ({.4)
in hands, it is possible to give a direct proof of Theorem [{.4) (following the proof of Theorem [].2)
instead of passing through the renormalization step. See [53]] for details.

Proof of Theorem For all 8 € B it is clear that 3(g) € L*>, V,3(g) € L? and that §(g)
is solution of (7)) using Lemma below (we just have to multiply equation ([.20)), in the case
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uw =0, by §'(gx) and pass to the limit & — o). Thanks to Theorem 5] we already know that
g has a trace v1g € L(O) and vg € L((0,T) x O) which satisfies the Green formula ([@3]) for all
B € By and ¢ € D([0,T] x O). We just have to prove that vg and ~;g belong to the appropriate
space. On one hand, for all 8 € By such that |3(s)| < |s| one has

[18(ve9)ll Lz, < sup sup [|B(gr(t, )|z, < sup [lgr(t, )z < [|lgllLer,
) k10,7 ) [0,7] ) )

and thus, choosing 3 = s, defined in the proof of Theorem 7] one gets, passing to the limit
M — oo,

sup [[vigllzy, < llgllLg» < oo

[0,7]

In the same way and using (£I2]), we show that

||79||L1([0,T] XSR,dAg) < O0.

We still have to prove that y:g € C([0,T], L}, .(O)), which is an immediate consequence of the
following Lemma. (]

Lemma 4.8 Let (u,) be a bounded sequence of L}, .(O) such that B(u,) — B(u) in (CC(O))I for
all B € By. Then u,, — u in L}, (O).

loc

Proof of Lemma We fix j : R — R a nonnegative function of class C?, strictly convex on
the interval [—M, M] and such that j”(¢) = 0 for all ¢t ¢ [—M, M]; in particular j € Bs. We also
consider x € C.(O) such that 0 < x < 1. By assumption

(4.17) /O Jun) X — /O ju)x

and by convexity of j one also has

(4.18) 1inxrii£f/oj(un;u)xz/oj(u)x since un;uéu in (C.(0)".
Remarking that

1. 1. t+s
(4.19) 5g(t)+§g(s)—3( 5 )>0 Vi seR,

we deduce from (£I7) and (£IF)) that

(1.20) [t + 5 i

Uy + U
2

)]XHO.

From the fact that in ([@I9)) the inequality is strict whenever ¢, s € [-M, M] and t # s, we obtain
from ([@20) that there exists a subsequence (uy, ) such that w,, — w a.e. on suppx N[|u| < M].
The preceding argument being valuable for arbitrary M and x, we obtain, by a diagonal process,
a subsequence of (uy), still denoted by (up, ), such that u,, — u a.e. in O.

We now set ji(s) = s+. We first remark that we can write j+ = ji1 + jr o with jo1 € Bs
and jy o € W3(R) in such a way that

/(Oji(Unk)X*)/(Dji(u)X'

On the other hand, the elementary inequality ’b — |la — b ’ < a Va,b > 0 and the dominated
convergence Theorem imply ji (un, ) — 7+ (Un, ) — jx(u)| = jx(u) in L}, (O). It follows that

limsup/’ji(unk)—ji(u)‘xz/ji(u)x— lim /ji(unk)xzo.
k—oo JO o k—co Jo

We conclude that wu,, = ji(un,) — j—(tn, ) — j+(u) — j—(u) = u strongly in L} (O) and that, in

loc
fact, it is the entire sequence (u,) which converges. (u]
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5 Renormalized convergence for trace functions sequence.

We present now a quite general stability result in both the interior and up to the boundary for a
sequence of renormalized solutions to the Vlasov-Fokker-Planck equation on a domain. This will
be a key argument in the proof of Theorem In some sense, this result says that renormalized
convergence, as well as the a.e. convergence, can be propagated from the interior to the boundary.
Notice that it is not clear that a similar result holds for the L'-weak convergence.

Theorem 5.1 Consider three sequences (gn), (E,) and (G), with G, = Gf — G-, GF > 0,
which satisfy the convergence assumptions

(5.1) gn — g weakly in L=(0,T : L'(0)),
(5.2) E, — E strongly in L*((0,T) x Q), uniformaly bounded in L*(0,T; W(Q)),
(5.3) oy (gn) GE — GE, weakly in L*((0,T) x OR),

with G5, /* G* a.e. with B(g) GF € L'((0,T) x Og),

for all B € Bs the class of functions of W,5>°(R) such that |#'(s)| (1 +s)~! € L®(R), all renor-
malizing sequence (apr) of Bs as well as the renormalized Vlasov equation

(5.4) Ag, B(gn) = ﬁ/(gn) G, in 'D/((O, T) x 0),

for which clearly each term makes sense thanks to (5.1)-(53). Then g € L>(0,T;LY(0)) is a
solution of
(5.5) ApBlg)=F(9)G nD((0,T)x0), G=G"-G,

for all B € Bs. Furthermore, the traces vgn and vg defined thanks to the Theorem [{.3 satisfy
(5.6) Ygn —~g in the renormalized sense.

Proof of Theorem[5.Jl The proof is esentially the same as Step 2 in the proof of [56, Proposition
5] and as the proof of Theorem [2:91 Nevertheless, for the sake of completeness, we sketch the main
arguments.

Step 1. Up to the extaction of a subsequence, we have g,, — g thanks to (1) and Lemma 27, and
there exists n € L((0,T) x ¥) such that g, —n thanks to Proposition More precisely, there
exists two sequences (@) and (Ja7) and such that

(57) aM(gn) — ay O’(LOO,L1> * and ap g ae.,

(5.8) arv(ygn) = Am oL, L) x  and Ay /0 ae.

The Green formula (£9) associated to the equation (B4]) with 8 = «p implies

/OT//O(O‘M(QH)A*ESO+O‘§\J(gn)Gngﬁ) dvdzdt = /OT//E ant (Y gn) ¢ n(x) - v dvdoydt,

for any ¢ € D((0,T) x O). Passing to the limit M — oo with the help of (5.7), (5.2)), (5-3) in the
above identity, we obtain -
(59) Agay =Gy in D/((O,T) X O)

and yays = s thanks to the trace Theorem and the convergence (5.8).

Step 2. For a given function § € B3 N L, we write the renormalized Green formula (9]
associated to the equation (5.9) as

(5.10) /()T//O(ﬁ(aM)AEap-i-ﬁ’(aM)G'M@) dvdmdt:/OT//Eﬁ(vM)gon(x)-vdvdazdt,
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for any o € D((0,T) x O). Using that (@), (G3;) and (7ar) are a.e. increasing sequences we have

(5.11) Blan) / Blg), B'am) Gy / B(9)GF i LY(0,T) % 0)
as well as
(5.12) B(Anm) /" B(n) a.e. and uniformaly bounded in L*°((0,T) x O).

Passing to the limit in (EI0) with the help of (5I1)) and (5I2]) we obtain

/()T//(Q(B(Q)AEw+B’(g)G<p) dvdmdtz/OT//Eﬁ(n)tp n(z) - v dvdoydt,

which precisely means that 7 = vg. We conclude by gathering that information with (5.8). (]

Theorem 5.2 Consider three sequences (gn), (En) and (Gy) which satisfy, for all € By the
class of functions of W22°(R) such that |3 (s)| (14 s)~" € L®(R) and |8"(s)| (1+5)~2 € L>(R),

(5.13) gn — g strongly in L'((0,T) x O) and is uniformly bounded in L>(0,T; L'(0)),
(5.14)  E, —E weakly in L*(0,T;W,>1(0)),

loc

(5.15) B'(gn) Gn — ' (9) G weakly in L*((0,T) x Or) VB € By, YR >0,

T 2
(5.16) / / Nognl® gizat < o,
0 (@ 1+ gn
as well as the renormalized Vlasov-Fokker-Planck equation

(5'17) Ag, ﬁ(gn) = ﬁl(gn) Gn — Vﬁ”(gn) |vvgn|2 in DI((Oa T) x O)a

for which clearly each term makes sense thanks to [(513)-(516). Then g € L>=°(0,T; LY (0)) is a

solution of
(5.18) ApBlg) =0'(9)G—vp"(9) [Vugl® in D'((0,T) x O)
for all B € By. Furthermore, the traces g, and g defined thanks to the Theorem [{-3 satisfy

(5.19) Ygn —~g in the renormalized sense, and Yign — V49 a.e.
We shall need the following auxiliary results in the proof of Theorem

Lemma 5.3 Let (u,) be a bounded sequence of L*>(Y) such that u, — u weakly in L*>(Y). Then,
there exists pu € (C.(Y))', a nonnegative measure, such that, up to the extraction of a subsequence,

un|® = |ul> + . weakly in (Ce(Y))".
Lemma 5.4 For any 6 € (0,1) and M € (0,00) we set

B _[1/0(ef -1 fs<M
D(s) = Paro(s) ,{(S/(M)egj\/;Jrl/e(eeMl) if s > M,

and (s) := B1(s) = log(1 + s). Then
d'(s) > 1, Dof(s) /s when M /oo, 0 /1,

104 e-DM Vs > 0.

and  0< —(Pop)’(s) < 113
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Lemma 5.5 Let g € L>=(0,T; LY (O)) be a solution to the Viasov-Fokker-Planck equation

loc

(5.20) Apg=G+p inD'(0,T)x0),

with E € LY(0,T; VVllo’f,(O)), G e L, ((0,T) x 0)) and p € D'((0,T) x O), u > 0. For a given

mollifer py, in RY, we set e
Gk 7= G %t P ¥x PrFo Pk and ik = (L% Pk ko Pk Fo P
Then gy satisfies the Viasov-Fokker-Planck equation
Ag gr = Gk + pg, in all compact set of (0,T) x O,

with G, — G strongly in L, .([0,T] x O)).

loc

The proof of Lemma [53] is classical, the one of Lemma [5.4] is elementary, and we refer to [35] for
the proof of Lemma

Proof of the Theorem[B.2. Step 1: Proof of (5.18). This step is inspired from [35] and it is clear from
the theory of renormalized solution [36] that it is enough to prove (5I8)) only for 3(s) := log(1+s).
With the notation h,, := 5(g,) and h = 8(g) we have V,hy, = v/ —8"(gn) Vogn — /—0"(9) Vog =
Vph weakly in L?((0,7) x O) so that, thanks to Lemma [5.3} there is a bounded measure p > 0
such that, up to the extraction of a subsequence, |V,hy|> — |V, h|? + u weakly in D'([0,7] x O).
Passing to the limit n — oo in (BI7) we get

ApBg) =6'(9) G —5"(9) [Vogl* + 1 in D'((0,T) x O).
We just point out that
Ey fB(gn) = EB(g)  weakly in L'((0,T) x 0),

since 8(gn) — B(g) strongly in L?(0,T'; LP(0)) for all p < oo and E,, — E weakly in L2(0,T; L1(0))
for every ¢ € [1, N/(N —1)). We prove now that x4 =01in (0,7) x O.
With the notations introduced in Lemma [5.4] and Lemma [5.5 we have

AE (I)(hk) = (I)I(hk) (ﬁl(g) G- ﬁ”(g) |v’ug|2) *txv Pk — (I)”(hk) |vvhk|2 + (I)I(hk) Mk -

Using that ®' > 1 (thanks to Lemma [5.4) and passing to the limit ¥ — oo (thanks to Lemma [5.5]),
we get

A (o B)(g) > '(B(9) B'(9) G — (®'(B(9)) 8" (9) + " (B(9)) (3 (9)*) IVugl” + 1

and then

(521)  Ap(®opB)(g) — (2o B)(9)G = (20p)"(9)[Vugl* + 1 inD'((0,T) xO).

In order to have an estimate of the left hand side we come back to equation (517, and we write
Ap, @0 B(gn) = (20 5) (gn) Gn — (20 B)"(gn) [Vugal*  in D'((0,T) x O)

since o3 € By. Then, for all x € D((0,T") x O such that 0 < x < 1 we have (thanks to Lemmal[5.4)

‘/OT/O (0 Blgn) A, X + (B0 B) (gn) Gn X) dvdxdt‘ -
T /OT/O(@ © )" (gn) [V ogul? x dvdadt

T 2
V’U n

§[1—9+e(071)M]// [Vognl dvdzdt.
0Jo 1+gn
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Passing to the limit n — oo we get, thanks to (510,

T
‘//O(q)oﬂ(g)AEer(q)oﬂ)’(g)Gx) dvdzdt‘ <[1—0+e0DM 0y
0

Then, coming back to (521I), we have (thanks to Lemma [5.4] again)

T T
[ [ xan < = [ [ @oBo)hex+ (@00/(0)Gx+ (B0 5)(6) V9P dudi
0JO 0JO
< 20—04€e" VMo vhe0,1], M >0,

and letting M — oo and then § — 1 we obtain g = 0 on supp ¥, which is precisely saying that
pw=01in (0,7) x O.

Step 2: Proof of (5.19). We fix ¢ € D((0,T) x O) such that 0 < ¢ < 1. By definition of vg, we

have
’/OT//Z ® o 3(ygn)  n(z) - v dvdoydt

T
—/ / (@oﬂ(gn)AEnx+(@oﬂ)’(gn)an) dvdxdt‘ =
0o JO
g [ [ Vognl?
:/ /((I)oﬁ)”(gn)|van|2xdvd:cdt§[1—9—}—6(9_1)M]//7dvdxdt.
0 Jo 0oJo 1+gn

We note ® o 3 the L'-weak limit of ® o 8(7y g,,). Passing to the limit n — oo we get

‘/OT//E@—oﬁqﬁ n(x) v dUdUzdt—/OT/o(‘I)oﬁ(g)AEX‘i‘(‘boﬁ)/(g)GX) dvdmdt‘ <
<=0+ VM COp

‘/OT//E‘I)—Oﬁqﬁn(x)-vdvdazdt—/OT/o[‘I)Oﬁ(g)AEX

+((@08)(9) G — (®08)"(9) |Vugl?) X] dvdzdt‘ <2[1— 0+ VM Oy,

and thus

Once again, by definition of g, we obtain

‘/OT//E(CI)—OB@oﬂ(fyg))gﬁn(x)mdvdomdt‘32[19+e(91)M]C’T — 0,

M—o00,0—1

and ® o 8/ r-lim gy, since ® o B(s) /s when M 7 oo, 8\ 1, so that yg = r-lim ygy.
In order to prove the a.e. convergence we only have to show, thanks to Proposition [3.5 3, that,
up to the extraction of a subsequence,

(5.22) r-liminf B(v4+gn) > B(1+9).

Using Lemma and the first step, we can pass to the limit in (BI7), up to the extraction of a
subsequence, and we get

// Bd)n(x)mdvd%dt://(ﬂ(g)AEx+(ﬂ’(g)G+ﬂ”(g)|va|2+u)x) dvdadt
0 > 0JO

= /OT//E(ﬁ(’yg) n(z) - v+ p) ¢ dvdo,dt,
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where 3 = w-lim 3(7yg,,) is the weak limit in L((0,7") x ) of B(7gn). We deduce that 3 n(z)-v =
B(vg) n(z) - v+ pon (0,T) x X, and in particular

B=pB(v+g) on (0,T)x 4.

Since r-liminf B(7+gn) = 3, that ends the proof of (5.22)). o

6 Boltzmann, Vlasov-Poisson and Fokker-Planck equations

In this section we derive the a priori physical bound, then make precise the exact meaning of
renormalized solution we deal with and finally state and present a proof of the corresponding
stability results. In order to do not repeat many times the exposition, we consider the full Vlasov-
Poisson-Fokker-Planck-Boltzmann system (VPFPB in short)

0
(6.1) 8_{ +v-Vef —div, ((VIVf + Av) f) —vA,f=Q(f,f) in (0,00) x O,
where v > 0, A € R, Q(f, f) stands for the bilinear Boltzmann collision operator and V; is given

by the mean of the Poisson equation
(6.2) —AVy =pp = / fdvin (0,00) x £, Vr =0 on (0,00) x 9.
RN

We do not give the explicit expression for Q(f, f) that we may find in [26] [37] for example. The
precise assumptions we make on the cross section are those introduced in [37]. We only recall that
the collision operator splits into a gain term and a loss term, Q(f, f) = Q1 (f, f) — Q~(f, f), that
it has the following collision invariants

1
(63) - Q(f’ f) v dv =0,

o]

and that the so-called entropy production term e(f) > 0 satisfies

(6.4) [ etnao=— [ aur.pogs av
R3 R3
Moreover, it has been established in [37] the following estimate
+
(6.5) VR >0 3Cr < o0 Q51 dv < C’R/ [(L+[v]?) f +e(f)] do,
By 1+f RN

and in [65] (we also refer to [52] for a related result) the more accurate estimate

(6.6) YR >0 3Ck < o0 /B %dvg CR/RN[(HIvIQ)fH(f)} dv.

We assume furthermore that f satisfies the boundary condition (II]) and the initial condition
(T8, where f;,, is assumed to verify (L9) and

(6.7) / VoV [Pde < oo with  — AV, = fin(z,v)dv on Q, Vy, =0 on 0.
Q R3

Lemma 6.1 For any nonnegative initial datum fi, such that (I.3)-(6-7) holds and any time T €
(0,00) there exists a constant Cr € (0,00) (only depending on T and on f;, through the quantities
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Co and |V Vi, |lL2) such that any solution f to the initial boundary value problem (61)-(62)-
(L1)-(18) satisfies (at least formally)

(6.8) Sup // f(1+v]* + |log f|) dvdx+/ NAZE dz}

/// y Vo f|2) dvdxdt < Cr,
as well as
(6.9) / /m <7+f> \/w?f} do,dt < Cr,

where & is defined in (I13). It is worth mentioning that the second estimate in (6.9) is an "a
posteriori” estimate which we deduce from the interior estimate (6.8) and a Green formula.

Proof of (6.8) in LemmalGdl. We claim that for f sufficiently regular and decreasing at the infinity
all the integrations (by parts) that we shall perform are allowed.

First, we simply integrate the equation (6.1]) over all variables, and we get the conservation of mass

//O f(t,.)dvdz/ofmdvdx vt > 0.

Next, setting has(s) = s log(s/M) and E = V,Vy, we compute

2h]w(f) +v- VIhM(f) + diVU((E + )\’U)hM(f)) — Z/AUhM(f) =

ot
= hr(F) QUf, f) — v Wiy (f) [Vu f1? = f(E + Xv) - Vy(log M)
FA (e (f) = f RO (f) + 20V, f - Vy(log M) + v f A, (log M),

where h)y;(s) = 1+1og (s/M). We integrate this equation over the z, v variables using the collision
invariants ([6.3]) and the entropy production identity ([6.4]), to obtain

(6.10) //hM dvdas+// |vf|2dd +//hM7fvn()dvdozf
/E Iy +//{)\ (e 6}fdvdac,

J(t, ) :/Rsvf(t,z,v)dv.

We first remark that integrating equation (@] in the velocity variable we have

where

3]
atp—l—dwzj =0 on (0,00) x Q,

and therefore

j Vf ap d |V3Vf|2
11 E. - Yiop g @ [ VaV5IE
(6.11) /Q de = / VVg- @ O o dx i), 20 dx

Next, combining (610, (6.I1) and the boundary estimate (23] we obtain

2 2
// hae(f) dvdz + |V Vfl // p Vo f' | dvdz
dt o

+a /995(7+ f)do, < Cy, //O(l + [v]?) f dvda.
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Here and below, we set & = « in the case of the constant accommodation coefficient (2] and @
is defined just after equation (6] in the case of mass flux dependent accommodation coefficient.
Using the elementary estimate (Z6) and (Z71) we conclude that (6.8) holds, as well as the first

estimate in (69).
In order to prove the second estimate in ([G.9), we fix y € D(RY) such that 0 < x < 1, x =
on By and supp x C Bs and we apply the Green formula ([@3) written with ¢ = n( ) -vx(v) and

B(s) = VT Fs. We get
(6.12) /// VI+f (n(z) - v)? x dvdoydt = /quﬂivdz};

+/ // (m v.vm+<vzvf+m)-VU+VAU+NA)¢dvd:cdt

/ // 1+ f 1/2 +% (1|va)|§/2)¢dvdzdt.

Thanks to ([6.8) and ([G.6) and because V¢ € L>®, D2¢p € L™, we see that the right hand side
term in ([G.I2) is bounded by a constant denoted by C/. and which only depends on Cp defined
in [@8). On the other hand, from the boundary condition (LI)-([L2) or (LI)-(L6l), we have
v f > aM(v) ’Z} on (0,T) x X¥_. Therefore there is a constant C, > 0 such that

CX/OT/BQ v, f doydt < /T// ﬁ@l/2M1/2(v)x(n(:ﬁ)-U)2dvdamdt
< /// \/7fx )2 dvdadt < Ol

which ends the proof of (6.9). (]

We can now specify the sense of the solution we deal with. With DiPerna and Lions [35], [37,[38],
[52] we say that 0 < f € C(]0,00); L*(0)) is a renormalized solution of (@.1))-(6.2)-(CI)-(LY) if
first f satisfies the a priori physical bound ([E8) and is a solution of

(613) S+ VaBl) + (TaVy 4 A0) V() — v M) =
= F()QUNFAN )= v () IVfIF i D(0.T) x O),

for all time T' > 0, and all 3 € Bs, the class of all functions 3 € C?(R) such that |3”(s)| < C/(1+s),

|8/ (s)| < C/+v/1+s,¥s>0. Thanks to (6.8) (and (G.6])) we see that each term in equation ([G.I3))
makes sense. Next, the trace functions f(0,.) and v f defined by Theorem through the Green

formula ([@9) must satisfy (L8] and (1)), say almost everywhere. Finally, we will always assume
that v f satisfies the additional bound (6.9).

Our main result is the following stability or compactness result. Once again, in order to do not
repeat several times the proof, we establish our result for the full VPFPB system and the full VPB
system, the same holds for the same equation with less terms.

Theorem 6.2 Let (f,) be a sequence of renormalized solutions to equation (6.1))-([62) such that
the associated trace functions v f,, satisfy (L)), with the linear reflexion operator (1.2) when v =0
and a possibly mass flux depending accommodation coefficient (I.4) when v > 0 (FP type models).
Let furthermore assume that both the sequence of solutions (f,) and the trace sequence (v fy) satisfy
(uniformly in n) the natural physical a priori bounds

(6.14) sup{/ fn (1 + |1;|2 + |log fn|) dvdz Jr/ |V1an|2 dz}

0,71
// e(fa) + |Vf:"|2)d dxdt—i—/ /BQ (Vﬁ")d dt < Cr.
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If £(0,.) converges to fin weakly in L*(O) then, up to the extraction of a subsequence, f™ converges
weakly in LP(0,T; L*(O)) for all T > 0 and p € [1,00) (the convergence being strong in the FP type
models case) to a renormalized solution f to (61))-(62) with initial value f;, and which satisfies
the physical estimates [6.8). Furthermore, for any € >0 and T > 0, there exists a measurable set
A C(0,T) x 00 such that meas((0,T) x 00\ A) < € and

Yy fo =7 f weakly in L'(A x RN d\y),

the convergence being strong in the case of the Fokker-Planck type equations. As a consequence we
can pass to the limit in the boundary reflection condition (1) (and (I4) in the case of the FP
type equations), so that the trace condition is fulfilled and the trace estimate (6.9) holds.

Proof of the Theorem From (GI4) we deduce, extracting a subsequence if necessary, that f,
converges weakly in LP(0,T; L(0)) (Vp € [1,00)) to a function f and that the local mass density
pn = py, satisfies (see [52])

sup/pn(1+|logpn|)dx§C’T.
(0,710

In the case v = 0, using the velocity averaging lemma of [42] [39] and the standard properties
of the Poisson equation, we also show (see for instance [52] and [62])

p" — py in LP(0,T;L*(Q)) and V.V, — V.,V in LP(0,T;WH' N L))

for all T € (0,00), p € [1,00) and a € [1,2). Tt is also shown in [52] that

Qi(fnafn) N Qj: kl . Ll 0 T O d A+ +
Cllele) o gf weakly in H(O.T) x On) and Qf / Q¥(/.f) ae.

In the case v > 0, since the term on the right hand side of equation ([E.I3) is bounded in L1,
thanks to the uniform estimate (6.14), and since Ag, is an hypoelliptic operator (see [35], [15],
[49]), we obtain that, say, log(1 4+ f™) and next f™ converge a.e. (see [14] and [35]). We conclude
that f* — f strongly in LP(0,T; L*(O)), Vp € [1,00). It is also shown in [35] that

QU £r) _ QUS)
1+ fa 1+ f

Therefore, using Theorem [B.Ilor Theorem [5.2] we obtain that f satisfies the renormalized equation
EI3) (first for renormalizing function § € By and next § € Bs) and that

strongly in  L'((0,T) x Og).

Yfn—~f in the renormalized sense on (0,T) x %,

as well as
Yfn —vf ae. on (0,T) x 3,

when v > 0. It is worth mentioning that f also satisfies the physical estimate (6.8]), see [35] 38, [52]
Next, from (I]) we have

Vofo <@ *MMv)y fr on (0,T)xX_,

so that o

Y fn Spoin (0,T) x 09, with o <a 'M~t(v)y f.
Furthermore, repeating the proof of Lemma we get that ¢ € LY/2((0,T) x 99). Now, we
can apply Theorem (with m(v) = M(v), y = (t,z), dwy(v) = 1z [n(z) - v|dv, ¢p = V1 fn
and dv(y) = do,dt), which says that for every € > 0 there is A = A, C (0,7) x 0 such that
meas ((0,T) x 90\ A) < € and

Yy fo =7 f weaklyin L'(Ax RY).
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In the case v > 0, since we already know the a.e. convergence, this convergence is in fact strong
in L'(A x RV). There is no difficulty in passing to the limit in the boundary condition so that f
satisfies (IT]) and f satisfies the same physical estimate (69) thanks to the convexity argument of
Theorem (]

Remark 6.3 For the Boltzmann equation and the FPB equation, as well as for the VP system
and the VPFP system when the Poisson equation (G2) is provided with Neumann condition, we
can prove the additional a priori estimate (2Z.3) on the trace function. As a consequence, we may
also establish the a priori physical bound (6.8) for a time and position dependent wall temperature
© = O(t, z) which satisfies

0< O < @(t,x) <0 < oo.

Therefore, the stability result and the corresponding existence result can be generalized to these kind
of boundary conditions. We refer to [6] and [56] for more details.

Remark 6.4 Let consider the general reflection operator

(6.15) Ro¢= k(v,0") p(v") 0" - n(z) dov’
v’-n(x)>0

where the measurable function k satisfies the usual non-negativity, normalization and reciprocity
conditions

(6.16) k>0, / k(v,0')dv=1, RM =M,
v-n(z)<0

where M is the normalized Mazwellian (IZ3). For that reflection operator (6.13), we can prove
that a solution f to equations (6.1)-(G2)-(I1d) formally satisfies the a priori physical estimate

(6.8)-(629) with & replaced by

E(p/M) = / ( )>0[h(%) - h(%(’b)} M v - n(z) dv.

By Jensen inequality one can prove that & is non negative, see [40], [30], [43]. However, we do
not know if our analysis can be adapted to this general kernel. Nevertheless, considering a sequence
(frn) of solutions which satisfies the uniform interior estimate in (0-1j)), we can pass to the limit
in (1) with the help of Theorem [l or Theorem [B2 and of Proposition [3.4, and we get that
the limit function f is a solution which trace vf satisfies the relazed boundary condition (I.10).
That extends and generalizes previous results known for the Boltzmann equation, see for instance

[6], [29], [56].

A Appendix: More about the renormalized convergence

We come back to the notions of renormalized convergence and mainly discuss its relationship with
the biting-L' weak convergence.

Remark A.1 1. Hypothesis 1 € L°(Y) in Theorem [3.7 (and (34)) is fundamental, since for
example, the sequence (V) defined by 1, = ¥ = +o00 Vn does converge in the renormalized sense
to v, but (vy,) does not converge (and none of its subsequence!) in the biting L'-weak sense.

2. The (asymptotically) boundedness of (1) in L° does not guarantee that () satisfies, up to
the extraction of a subsequence, (33) or (37). An instructive example is the following: we define
u(y) = 1/y on'Y =0, 1] that we extend by 1-periodicity to R, and we set 1, (y) = u(ny) fory € Y.
Therefore, (1y,) is obviously bounded in L*(Y) for all a € [0,1) and converges to v = +oo in the
renormalized sense.
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Proposition A.2 1. There exists (¢p) which r-converges but does not b-converges.
2. There exists (¢n) which b-converges but does not r-converges.
3. Given a sequence (¢y,), the property

(A1) for any sub-sequence (¢) there exists a sub-sequence () of (¢nr) such that ¢pm =X

does not imply ¢, X, where =~ denotes either the b-convergence or the r-convergence As a con-

sequence, the b-convergence and the r-convergence are not associated to any Hausdorff (separated)
topological structure.

Proof of Proposition [A.2d  Points 1 & 3. Let (¢,) be the sequence defined by ¢, = ¢pr =
P Lik/p,(kt1)/p) Where p € N*, 0 <k <p—-landn=1+2+..+p+k Then (¢,) is bounded in
L' and clearly r-converges to 0, but does not b-converge. Moreover, for any subsequence (¢,) we
can find a second subsequence (¢,+) such that ¢, b-converges to 0.

Points 2 & 3. Let consider u, = p and v, = v two Young measures on Y = [0, 1] such that
[ = [ vy =oe i)
R R
[z # [ Tuyny varso,
R R

and define (u,,) (resp. (vy,)) a sequence of L' associated to u (resp. v), such that for any f € C(R)

flun) — F o= / FO) (@) (resp. f(on) — Fo= / FO) (V).

see [63, Theorem 5], [69]. Then define (¢,) by setting ¢a, = un, Pant1 = vn. In such a way,
we have constructed a sequence (¢,) which does not r-converge (for instance does not (Tar)-
renormalized converge) but converges to ¢ in the weak L! sense, and thus b-converges to ¢.
Moreover, for any sub-sequence (¢,), there exists a sub-sequence (¢, ) which either converges to
Tar (if {n'} contain an infinity of even integer numbers) or to Ths (if {n'} contain an infinity of
odd integer numbers). Because Ty /¢ and Ty / ¢ when M " oo, in both case ¢, r-converges
to ¢, and (AJ]) holds. o
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