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Abstract

We consider the stochastic heat equation with multiplicative noise u; =
%Au +uo W in Ry x R%, where o denotes the Wick product, and the
solution is interpreted in the mild sense. The noise W is fractional in
time (with Hurst index H > 1/2), and colored in space (with spatial
covariance kernel f). We prove that if f is the Riesz kernel of order «,
or the Bessel kernel of order o < d, then the sufficient condition for the
existence of the solution is d < 2+ « (if H > 1/2), respectively d < 2+ «
(if H = 1/2), whereas if f is the heat kernel or the Poisson kernel, then
the equation has a solution for any d. We give a representation of the
k-th order moment of the solution, in terms of an exponential moment
of the “convoluted weighted” intersection local time of k£ independent d-
dimensional Brownian motions.
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1 Introduction

The study of stochastic partial differential equations (s.p.d.e’s) driven by a Gaus-
sian noise which is white in time and has a non-trivial correlation structure in
space (called “color”), constitutes now a classical line of research. These equa-
tions represent an alternative to the standard s.p.d.e.’s driven by a space-time
white noise. A first step in this direction has been made in [ﬂ], where the authors
identify the necessary and sufficient condition for the existence of the solution of
the stochastic wave equation (in spatial dimension d = 2), in the space of real-
valued stochastic processes. The fundamental reference in this area is Dalang’s
seminal article [[f], in which the author gives the necessary and sufficient con-
ditions under which various s.p.d.e ’s with a white-colored noise (e.g. the wave
equation, the damped heat equation, the heat equation) have a process solu-
tion, in arbitrary spatial dimension. The methods used in this article exploit
the temporal martingale structure of the noise, and cannot be applied when the
nﬁise is “colored” in time. Other related references are: [BI], [19], B9}, [{] and
[Bll-

Recently, there has been a growing interest in studying s.p.d.e.’s driven by
a Gaussian noise which has the covariance structure of the fractional Browniam
motion (fBm) in time, combined with a white (or colored) spatial covariance
structure. (Recall that an fBm is a centered Gaussian process (Bi)i>o with
covariance E(ByBs) = Ry (t,s) := (21 + s*H — |t — s|*1) /2, with H € (0,1).
The Brownian motion is an fBm of index H = 1/2. We refer the reader to the
expository article [@], for a comprehensive account on the fBm.) This interest
comes from the large number of applications of the fBm in practice. To list only
a few examples of the appearance of fractional noises in practical situations,
we mention [E] for biophysics, [ﬁ] for financial time series, for electrical
engineering, and [E] for physics.

In the present article, we consider the stochastic heat equation with a multi-
plicative Gaussian noise, which is fractional (or white) in time with Hurst index
H > 1/2 (respectively H = 1/2), and has a non-trivial spatial covariance struc-
ture given by a kernel f. Asin [H], we assume that f is the Fourier transform of
a tempered measure p. (Note that the particular case of a spatially white noise
arises when f = dp.) More precisely, we consider the following Cauchy problem:

0 1 .
8_;L = §Au+u<>W, t>0,zcR? (1)
U,z = ’LLO(ZL'>, S Rdv

where uy € Cy(R?) is non-random, ¢ denotes the Wick product, and W is a
formal writing for the noise W = {W(h); h € HP} (to be introduced rigourously
in Section [).

Before discussing the multiplicative case, we recall briefly the known results
related to the existence of the solution of the stochastic heat equation with
additive noise:

ou
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upe = 0, x€RY

When H = 1/2 and f = 4o, equation (E) admits a solution in the space of
real-valued processes, if and only if d = 1. This phenomenon is called in [@]
the “curse of dimensionality” and can be explained intuitively by saying that,
while the Laplacian smooths, the white noise roughens. If the spatial dimension
d is larger than 2, then the roughness effect of the white noise overcomes the
smoothness influence of the Laplacian.

What happens when the space-time white noise is replaced by a noise which
is fractional in time, but continues to be white in space? This situation has been
studied in several papers such as [L1], [2d], Bd], [29 and recently in []. In this
case, a necessary and sufficient condition for the existence of the solution of (f)
is d < 4H, which allows us to consider the cases d = 1, 2 or 3, for suitable values
of H. This can be interpreting by saying that for H > 1/2, the noise roughens
a little bit less, and the smoothness influence of the Laplacian overcomes the
roughness of the noise. If the noise is colored in space, the conditions for the
existence of the solution of () depend on the noise regularity in space. For
example, if f the Riesz kernel of order «, or the Bessel kernel of order «, the
necessary and sufficient condition for the existence of the solution of (E) is
d < 4H + «a, whereas if f is the heat kernel or the Poisson kernel, the solution
exists for any d > 1 and H > 1/2 (see [f], as well as Appendix B for a correction
of the result of [H]).

Another explanation of this curse of dimensionality is given in , and it is
related to the local time of the stochastic processes associated with the differen-
tial operator of the s.p.d.e. In the particular case of the stochastic heat equation
driven by a space-time white noise, the solution exists only in dimension d = 1
because this is the only case when the d-dimensional Brownian motion has a
local time.

We now return to the discussion of equation (fl). This equation has been
studied recently in ], when the noise is fractional in time, and white in space.
In this article, it is proved that a sufficient condition for the existence of the
solution (in the space of square-integrable processes) is d < 2: if d = 1, then
equation (f]) has a solution in any time interval [0, 7], but if d = 2, this equation
has a solution only up to a critical point Ty (i.e. it has a solution in any interval
[0,T], with T" < Tp). It is not known if this condition is necessary as well.
There still is a connection with the local time, in the sense that the second-order
moment of the solution is equal to the exponential moment of the “weighted”
intersection local time L; of two independent d-dimensional Brownian motion
B' and B2, written formally as:

t t
Ly := H(2H — 1)/ / |r — s|*"725¢(B} — B?)drds.
0 JoO

In the present article, we consider equation (EI) driven by the Gaussian noise
introduced in []. This noise is fractional in time with Hurst index H > 1/2, and
colored in space, with covariance kernel f chosen among the following: the Riesz
kernel, the Bessel kernel, the heat kernel, or the Poisson kernel (see Examples



P1R4). The case of the fractional kernel f(x) = [[, Hi(2H; — 1)|a;|2F: =2
with 1/2 < H; < 1 has been examined in [[[3], using methods that rely on the
product form of f. These methods cannot be used in the present article, since
in our case (except the heat kernel), f is not of product type. For the fractional
kernel, it was proved in [[J] that the sufficient condition for the existence of the
solution is d < 2/(2H — 1) + Y2*| H;.

As in the case of equation (]) with additive noise, we find that the existence
of the solution depends on the roughness of the noise. If H > 1/2, and f is the
Riesz kernel of order a, or the Bessel kernel of order av < d (which are “rough”
kernels), then a sufficient condition for the existence of the solution is d < 24«
if d < 2+ « the solution exists in any time interval [0, 7], whereas if d = 2+ «,
the solution exists only up to a critical point Ty. If f is the heat or the Poisson
kernel (which are “smooth” kernels), the solution exists in any time interval, for
any d > 1 and H > 1/2. If f is one of the “rough” kernels mentioned above, we
prove that if the solution exists, then d < 4H + «. This shows that for H = 1/2,
the necessary and sufficient condition for the existence of solution is d < 2 + a.
It remains an open problem to identify the necessary and sufficient condition
for the existence of the solution, in the case of H > 1/2.

The existence of the solution is connected to the “convoluted weighted”
intersection local time L;, written formally as:

t ot
L, =H(2H — 1)/ / / |r — 8|22 7260(B} — B2 — y) f(y)dydrds.
0 Jo Jrd
More precisely, the second-order moment of the solution can be expressed as:
Elu?,] = E [uo(z + B )uo(x + BY) exp(Ly)]

As in [@], this expression can be extended to the moments of order k > 2, using
k independent d-dimensional Brownian motions.

This article is organized as follows. Section 2 contains some preliminaries
related to the Wick product and the Skorohod integral. In Sections 3, we discuss
the existence of the solution. In Section 4, we examine the relationship with the
“convoluted weighted” intersection local time. Appendix A contains a technical
lemma. Appendix B contains a correction to Theorem 3.13 of [J] (which does
not concern the case of the Riesz kernel).

2 Preliminaries

We begin by describing the kernel which gives the spatial covariance of the noise.
Asin [ﬂ], let f be the Fourier transform of a tempered distribution 1 on R?, i.e.

fla) = [ e entde), o e,

where ¢ - z denotes the scalar product in R?. Let P(R?) be the completion of
{14; A € By(R?)}, where B,(R?) denotes the class of bounded Borel sets in R,



with respect to the inner product

<1A,1B>7>(1Rd):/A/Bf(:c—y)dydz.

We consider some examples of kernel functions f. In what follows, |z| denotes
the Euclidian norm of 2 € R,

Example 2.1 If u(d€) = [€]7*dE for some 0 < o < d, then f is the Riesz kernel
of order a:

(@) = Yol =,

where Yo.q = T((d — a)/2)27%7~ 2T (a/2).

Example 2.2 If ;(d¢) = (1 + [¢]?)~*/2d¢ for some o > 0, then f is the Bessel
kernel of order a:

f(ZC) = 'Y(;/ w(afd)/Qfle*wef\1\2/(4w)dw7
0

where v/, = (47)%/?T'(a/2). In this case, P(R?) coincides with H~*/?(R%), the
fractional Sobolev space of order —a/2; see e.g. p.191, ]

Example 2.3 If u(d¢) = e‘”2a|5|2/2d£ for some o > 0, then f is the heat kernel
of order a: ,
f(z) = (gﬁa)fd/%f\r\ /(2a)

Example 2.4 If p(d§) = 6_4”20‘|5|d§ for some o > 0, then f is the Poisson

kernel of order a:
f(x) = Caal|a|* + o®) (D72,

where Cq = 7~ (4FD/20((d +1)/2).

Asin [ (see also []), if H > 1/2, we let HP be the Hilbert space defined as
the completion of {1 4x a5t > 0,4 € By (R4)} with respect to the inner product

t s
(110,x 45 Ljo,s)x B)HP = aH/ / / / lu — v =2 f(x — y)dydzdvdu,
0 0 AJB

where ayy = H(2H — 1). The space HP is isomorphic to H ® P(R%), where H
is the completion of {1 ;% > 0} with respect to the inner product

t s
(110,65 Lo,s]) e = aH/ / lu — v 2 dvdu.
o Jo

If H=1/2, we let HP be the completion of {1jg4xa;t > 0,4 € By(R9)}
with respect to the inner product

(L0,qx 4, Ljo,s)xB)HP = (LA 5)/ / [z —y)dydx.
AJB



In this case, the space HP is isomorphic to L%(R;) ® P(R9).
We note that in both cases, the space HP may contain distributions.

Let W = {W(h); h € HP} be a zero-mean Gaussian process, defined on a
probability space (2, F, P), with covariance

EW ()W (g)) = (h, g)np-

The process W introduce formally the noise perturbing the stochastic heat
equation. This noise is considered to be “colored” in space, with the color given
by the kernel f. If H > 1/2, the noise is fractional in time, whereas if H = 1/2
the noise is white in time.

We now introduce the basic elements of Malliavin calculus with respect to
W, which are needed in the sequel. For a comprehensive account on this subject,
we refer the reader to 3] and [24.

We begin with a brief description of the multiple Wiener (or Wiener-1to)
integral with respect to W. Let F" be the o-field generated by {W (h);h €
HP}, Hp(z) be the n-th order Hermite polynomial, and HP,, be the closed
linear span of {H, (W (h)); h € HP} in L2(2, F'| P). The space HP,, is called
the n-th Wiener chaos of W.

It is known that L?(Q, FW, P) = ©2° yHP,, and hence every F € L*(Q, F, P)
admits the following Wiener chaos expansion:

F=Y"J.(F), (3)

where J,, : L*(Q, FV, P) — HP,, is the orthogonal projection. By convention,
HPy =R and Jo(F) = E(F).
For each n > 1, and for each h € HP with ||h|xp = 1, we define

L,(h®™) = n! H,(W(h)).

By polarization, we extend I,, to elements of the form h; ®...®h, (see p. 230 of
3 e.g. h1 @ hy = [(h1 + ha)®% — (hy — hy)®?]/4). By linearity and continuity,
we extend the definition of I,, to the space HP®". (Note that if {e;;7 > 1} is
a CONS in HP, then {e;, ®...®e;,;i; > 1} is a CONS in HP®™.) For any
h € HP®", we say that

I(h) = / Wt r, .ty )Wy o AW,
(Ry xR)n
is the multiple Wiener integral of h with respect to W. We have
E(In(h)Iu(g)) = n! (h,g)ppen, Vh,g € HP",
where h(t,x1,... tn,x,) = (n!)~1 Yooes, Mta), To(1)s - s to(n)s Ta(n)) is the

symmetrization of h with respect to the n variables (¢t1,x1),..., (tn, z,), and S,
is the set of all permutations of {1,...,n}. By convention, we set Iy(z) = .



The map I,, : HP®" — HP, is surjective. Moreover, for any F,, € HP,,
there exists a unique f,, € HP®" symmetric, such that I,,(f,) = F,. Using (E),
we conclude that any F' € L%(Q, FV'| P) can be written as:

F= ZIn(fn)v (4)
n=0

where fo = E(F) and f,, € HP®" is symmetric and uniquely determined by F
We have:

B|F? = ZEII (fa)l? Zn' 1 £nll3pen-

We now introduce the Skorohod integral with respect to W. Let u =
ug . (t, ) € Ry x R?} be an FW-measurable square-integrable process. By
(), for any (t,x) € Ry x R, we have

Utz :E(Ut@)‘i‘zln(fn(,t,iﬂ)), (5)

n=1
where f,(-,t,2) € HP®" is symmetric and uniquely determined by wu¢ . For
eachn > 1, let f,, be the symmetrization of f,, with respect to all n+41 variables.
Let fo = E(u). We say that u is Skorohod integrable (with respect to W)

if f, € HPE(+D for every n > 0, and 300 I,+1(fn) converges in L*(Q). In
this case, we have:

oo

= ZInJrl(fn) and E|5(u)|2 = Z(n+ 1)! ”an${7>®(71+1)'

n=0

3 Existence of the solution

In this section, we give conditions for the existence of the solution of equation

-

Let p;(x) be the heat kernel on RY, i.e

(z) 1 J=f* t>0,zcR?
= X — .
pi(T (27Tt)d/2e p 2% ) y L
For any bounded Borel function ¢ : RY — R, let pyp(x = Joapt(z —y)o(y)dy.

For each t > 0, let F; be the o-field generated by {W(1[07S]XA); se|0,t],A¢€
By(R%)}.

The solution of equation (fl]) is interpreted in the mild sense using the Skoro-
hod integral with respect to W. More precisely, we have the following definition.



Definition 3.1 An (F;)i-adapted square-integrable process u = {us4; (t,x) €
R, x R4} is a solution to (E) if for any (t,z) € Ry xRY, the process {p;_s(x —
Y)us,ylio(s); (s,y) € Ry x R} is Skorohod integrable, and

Utz = thO(x) + / /dpt—s(x - y)us,yl[o,t] (S)(SWs,y
0 R

As in [[4) (see also ], [4, B1, Bd, [T, Bd)), one can find a closed

formula for the kernels f,(-,¢,x) appearing in the Wiener chaos expansion (E)
of a solution u = {uy .; (t,2) € Ry x R?}. More precisely, we have the following
result.

Proposition 3.2 In order that equation (E) possesses a solution it is necessary
and sufficient that for any (t,z) € Ry x R%, we have

S st 2)gpen < o0, (6)

n=0

where

n

fn(tla Z1yeeosln, Tyt 'T) = E Hptp(j+1)—tp(j) (:Ep(j+1) — Lp(4) )ptp(l)uo(xp(l))a
j=1

p denotes the permutation of {1,2,...,n} such that t,) < ty2) < ... <tym),
tptn+1) =t and T,p1) = x. In this case, the solution u is unique, admits the
Wiener chaos decomposition (H), and

Elual* =Yl [ falot, 2) FEpon. (7)

n=0

We begin to examine condition @) Note that

an(t,x) == (1) |l t. ) [Fapon < lluoll3ean(t), (8)

with equality if ug = 1, and hence

>~ q <
Bl = 3" Lant.) < JuolZ Y- Lant)
n=0 " n=0

where
oy fiogen Ijmn sy — 127729 (s, t)dsdt  if H > 1/2

wnlt) = )
f[O,t]n ¥+ (s, s)ds it H=1/2

and

(s, t) = /RM 7@ =) TTPtooin—toen @o41) — Zoi)
j=1 j=1

Hpso(jH)—Sa(j)(yG(jJrl) = Yo(j))dxdy. (10)

j=1



In the above integrals, we denoted s = (s1,...,8,),t = (t1,...,tn), x = (21, ..., Ty),
y = (y1,---,Yn), and we chose the permutations p and o of {1,...,n} such that

0 <tpa) <tpe) <..  <tym) and 0< So(1) < 8g(2) < --v < Sg(n), (11)

with Lp(n+1) = So(nt1) =1 and Zp(nt1) = Yo(nt1) = T-

Note that
0 (s,8) = (g8, ") payen, Vb5 € [0,4])",
where

n) -

a (@, ) = 1700040 @pti1) — 7o)
j=1

9 rseeyn) = ] Poniiny o) WoG+1) = Yo)s
j=1

and the permutations p and ¢ are chosen such that (E) holds.
As in [E], for any y, 2 € R% and u,v > 0, we denote

Two)i= [ [ pa =l - 2)f@ ~o)duda

Lemma 3.3 (i) If f is the Riesz kernel of order «, or the Bessel kernel of order
a < d, then

Jr(u,0,y,2) < Daa(u+v) @020 vy 2 e RY,

where Dy, 4 1s a positive constant depending on o and d.
(ii) If f is the heat kernel of order «, or the Poisson kernel of order «, then

Jr(u,0,y,2) < Caa, Vy,z €RY,
where Cq 4 is a positive constant depending on o and d.

Proof: Note that Jy(u,v,y,2) = E[f(y — z + VuY — \/vZ)], where Y and Z
are independent d-dimensional standard normal random vectors. We use the
following inequality: (see (3.24) of [F])

—d/2
E[ef\yfer\/ﬁYf\/TvZ\z/(M)] < (1 + u+t v) ) (12)
B w

(i) In the case of the Riesz kernel, this inequality has been shown in the
proof of Theorem 3.13 of [E] Suppose now that f is the Bessel kernel of order

a < d. Using (),

Jr(u,v,y,2) = 7;/oow(a‘dw‘le‘wE[e"y—2+\/ﬂY—ﬁZ\2/(4w>]dw
0



IN

00 —d/2
'y;/ wlo—d/2=1g—w <1 + ut U) dw
0 2w

00 —d/2
= 'y;/ w2 lemw <w+ u;v) dw =7 1In.a <u42rv)
0

where I () := [;° w*/?"le™"(w + 2)~%/2dw. The result follows, since

Iayd(l')

IN

:L'_d/2/ wa/2—1e—wdw +/ wa/Q—le—w(w + z)—d/de

0 T
1 oo

zfd/Qza/Q/ ya/Qflefzydy+x7(d7a)/2/ ya/271€71y(y+1)7d/2dy
0 1

1 o]
< x—(d—a)/Q/ ya/2—1dy + x—(d—a)/Q/ y—(d—a)/Q—ldy _ Ka,dx—(d—a)/Q’
0 1

where Ky g =2/a+2/(d—a) = 2d/[a(d— «)], and we used the fact that o < d.
(i) If f is the heat kernel, using ([[J), we obtain:

Jr(u,v,y,2) = (27Ta)7d/2E[e*|y*Z+\/ﬂYf\/EZ|2/(2a)]
—d/2
< (27Ta)7d/2 (1 + ’LL+’U>
(6%

= ©2n) 2 (a+u+0v)"Y? < (2ra)" 2.
If f is the Poisson kernel, we have:

Jr(u,v,y,2) = CdOéE[(|y—z+\/_Yf\/_Z|2+a2)—(d+1)/2]
< Caola®)"H2 = Cya?

|

Lemma 3.4 (i) If f is the Riesz kernel of order «, or the Bessel kernel of order
a < d, then for any s,t € [0,t]",

¥ (5,8) < (Daa2™=2) " (s8R,

where B(s) = [[;_1(So(j+1) = Soi)> Bt) := TIj_1(toiir1) — to()), and the
permutations p and o are chosen such that (.) holds.

(i) If f is the heat kernel of order «, or the Poisson kernel of order o, then
for any s, t € [0,t]",
1/}*(n) (Sv t) S Cg7d7

where Cy q 15 a constant depending on o and d.
Proof: By the Cauchy-Schwartz inequality,

P (s, ) < 9 (s,8) 2R ()12,

10



To find an upper bound for 1*(")(s,s), we use Lemma E to estimate the
following integrals:

I = /]R . /R P @o 1) = Zo())Pu; Woi+1) = Yo ) F (Zo() = Yo(7))d2o() Ao ()
= Jp(uj, uj, To(j1), Yo(j41))s  With uj = Se(js1) — Se(j), J=1,...,n.
(i) In this case, I; < Da a[2(So(j+1) — So(j))]~@%/? and
—(d=a)/2

n

¢ M(s,8) < D 272 T (S0(41) = S00)
j=1
(ii) In this case, I; < Cq,q and 1/)*(”)(5, s) < Cgid. O
If H > 1/2, it was proved in @] that there exists Sy > 0 such that

2H

Y _J2H-2 2 > 1/H
o / / ()]t — dsdtgﬁH(/o o(0) dt) ,

for any o € LY (R,). Hence,

ay /]RZ" o(s)p(t) H t; — s; |2 2dsdt < 537 </]R"
+

j=1 +

Iw(t)ll/Hdt> o (13)

for any p € LYH(R%). If H = 1/2, we let 8y = 1.
Using Lemma B.4 and ([L3), we obtain the following estimate for oy, (t).

Proposition 3.5 Suppose that H > 1/2 and let a,(t) be given by ([9).
(i) If f is the Riesz kernel of order «, or the Bessel kernel of order o < d,
and

d—a
4 Y
then there exists a constant Cy 4, > 0 depending on H,d and «, such that

H >

(14)

n

2H
Oén(t) S CH,d,a {Doz,dQ_(d_a)/2ﬁ%{ T (1 . d— Oé) t2H—(d—a)/2} (n!)(d—a)/Q,

4H

foranyt >0 and n > 1.
(i) If f is the heat kernel of order «, or the Poisson kernel of order o, then

an(t) < {CaydtQH}n, for anyt >0 and n > 1.

Remark 3.6 Condition (E) is necessary and sufficient for the existence of the
solution of the stochastic heat equation with additive noise u; = %Au + W; see
Appendix B for a corrected version of Theorem 3.13 of [J.

11



Proof: We only give the proof in the case H > 1/2, the case H = 1/2 being
similar. We use the definition (fJ) of ay,(t).
(i) By Lemma B.4.(i) and ([L9), we obtain:

anlt) < (Dag2 )" / H|t — s P2B(s) ()] A dsdt
(0,42
2H
< (Daa2z-@0/2)" g B(s)~(d=)/A) gg
’ [0,4]"
n d—«a
_ —(d—a)/2 32 N2H 2H . —
(Da7d2 BH) ()P L (4 )P with hi= =
where

Ln(t, ) ::/T [(t = ) (5 — $n_1) .- (52 — s1)]"ds,

and T, = {s = (81,...,8,);0 < 81 < 82 <...< 8, <t}
Using Lemma (Appendix A), and letting Cpr 4.0 := I'(1 4+ k)%, we obtain:

o n T(14h)" 2
< (d—a)/2 72 nN2H )~ un(i+h)
an(t) < Chda (Da,dQ 5H) (n!) T(n(l+ )+ 1)t
. | 2H
_ LA Bra(@=e)/2 g2 0 (1 4 p)2H 2Hn(1+h) n _
CH.d, { ! Bl (1 +h) } I'(n(l1+h)+1)

The result follows since I'(na + 1) ~ (n!)* for a € (0, 1).
(ii) By Lemma B4, (ii),

n
an(t) < Cgﬁda}g/ H |s; — t;[? " 2dsdt = C1 4 211
0,82n 5

O

Using Proposition @, we examine the existence of the solution of equation
(). The next result is an extension of Proposition 4.3 of [[[4] to the case of a
colored noise W.

Proposition 3.7 (i) Let f be the Riesz kernel of order «, or the Bessel kernel
of order aw < d. Suppose that either

H>1/2 and d<2+a, (15)
or
H=1/2 and d<2+a. (16)
Then (ﬂ) has a unique solution in [0, T] x RY, provided that T < Ty where
_ o) —1/(2H-1) )
7= ] {Pea2 BT (1= )"} fd=2+a  (p
% ifd <24+«
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(ii) Let H > 1/2, and f be the heat kernel of order «, or the Poisson kernel
of order a.. Then (E) has a unique solution in Ry x R?,

Remark 3.8 Either one of conditions ([[5) or ([L§) is stronger that ([[4).

Remark 3.9 Proposition @ shows that in the case H = 1/2, there is no
“critical” dimension d, i.e. there is a strict inequality in ([Ld).

Proof: We apply Proposition @, using Proposition @

(i) Let
d 2H
Koa(t) i= Do g2 /2627 (1= 22 (002,
’ ’ 4H
We have:
— 1 ad(®)]"
Z”' (o ts2) | Fpan < lluollZe D —jon(t) < ||u0HooCHde m

n=0

If d — a = 2, then the last sum is finite if K (¢) < 1, which is equivalent to
saying that t < Ty. If d — a < 2, then the last sum is finite for any ¢ > 0, by
Stirling’s formula and D’Alembert criterion.

(ii) Let Ky a(t) = Cy at*. We have:

o0 oo

1 [Ka,d(t)]n
va (ot 2) 3gpen < lluollZ Y —an(t) < fluoll3 Y =2 < co.

n=0 n=0

O
The next result shows that (@) is a necessary condition for the existence of
the solution.

Proposition 3.10 Suppose that H > 1/2 and f is either the Riesz kernel or
order o, or the Bessel kernel of order a. If equation (ﬂ) with ug = 1 has a
solution in Ry x R?, then (1) holds.

Proof: Note that E|u,,|* = Yoot o an(t)/n! < oo implies that aq(t) < oo,
which in turn implies (@) (see Appendix B). O

Remark 3.11 Proposition B.7 and Proposition show that, if H = 1/2 and
f is the Riesz kernel of order «, or the Bessel kernel of order @ < d, then the
condition d < «a + 2 is necessary and sufficient for the existence of the solution
of (El) It remains an open problem to see if this condition is necessary, when
H>1/2.

Remark 3.12 If H = 1/2 and f is an arbitrary kernel, it was proved in [ﬂ]
(using different methods) that the sufficient condition for the existence of the
solution in Ry x R? of ([]) with vanishing initial conditions (i.e. ug = 0), is

n(dg)
Ad1+|§|2<m. (18)
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(see Remark 14 of [ff)). When f is the Riesz kernel of order «, or the Bessel
kernel of order «, (|L§) holds if and only if d < a 4+ 2. Combining this with
Remark , we conclude that, in the case of the two kernels, condition (B)
is also necessary for the existence of the solution. For an arbitrary kernel f,
it is not known if ([[§) remains a necessary condition for the existence of the
solution.

4 Relationship with the Local Time

In this section, we identify a random variable L;, defined formally as a “convo-
luted intersection local time” of two independent d-dimensional standard Brow-
nian motions, such that

an(t) = E(LY), Vn>1. (19)

An immediate consequence of (f]), (§) and ([[9) is that the second moment
of u¢ 5 is bounded by the exponential moment of Ly:

=1 =1 .
Eluyaf* < Juol% Y —om(t) = uoll% D — B(LY) = ||uol % E(e™),
n=0 n=0

with equality if ug = 1.
To show (1Y), we approximate v, (t) by {anc(t)}e>0, when ¢ — 0, where
the constants o, (t) are chosen such that:

ane(t) = B(LY,), Yn>1,

for a certain random variable L, ..

To identify the approximation constants ., «(t), we recall the definition (fJ),
which says that a,(t) is the weighted integral of the function 1/*(")(s,t). The
next lemma gives the exact calculation for the integrand w*(”)(s, t).

Lemma 4.1 We have:

n

w8 = 0 [ epd -3 3 a6 pulde) ().

(RE)™ jk=1
where 07y 1= (t — s5) A (t — sx) + (t —t;) A (t — tr).

Remark 4.2 Lemma @ gives a generalization -and a minor correction- to
Lemma 4.2 of [[4]. The correction refers to the fact that the result of [L4] is
stated incorrectly with the constant o;r = s; A s + t; A tg, instead of J;‘k.
However, a trivial change of variables s; =1t sy, t; =1t —t; in the definition
(B) of c, (t) shows that this minor error does not affect the calculation of a, (t).
We have indeed:

oy Jio.on Ty 85 = 4P 7200 (s, t)dsdt  if H > 1/2

an(t) = (20)
Jiogn ¥ (s.5)ds if H =1/2

14



with

U RN I D SETRCS VUSROS
) k=1

= " ™1 —s,t1 —t), where 1= (1,...,1) € R™.

Proof of Lemma @: Note that

—nd

(0, V) pmayen = (2)
(Re)m

where F denotes the Fourier transform. Hence,

lb*(n)(s,t) = <g§n)a9§n)>P(Rd)®n

- em [ R

T (&, e ldEr) - p(dEr).

Tt was shown in the proof of Lemma 4.2 of [[[4] that:

Fgs(ér,...,&) = FE Hefiﬁj'[zf(B,,—st)]
_‘j:1 1

Foe(ér,...,&) = FE He’igj'[””’(BﬁBtj)] ,
j=1

where B! = (B});>0 and B? = (B?);>0 are independent d-dimensional standard
Brownian motions. Hence,

n

E H e—ifj'[(lej _Btl)_(Bth _B?)] ‘LL(d£1> o ,U(dgn>

j=1

sty = (2m) /

(R

We begin to evaluate the integrand of the above integral. We denote §; =
(&1s -5 &Ga), B = (B, ..., By g) and Bf = (B}, ..., Bf ;). We observe that
for any j = 1,...,n fixed, the random variables

(B;jJ _Btl,l)_(BtQj,l_Bt27l)? l: 1’_._)d,

are i.i.d.,

with the same distribution as (by, — b}) — (bf, — b7), where b = (b} )¢>0 and

b = (b?)>0 are independent 1-dimensional standard Brownian motions. Hence,

n

j=1

d
5 He_igjv[(B;j—Bi)—(ij—BfH =1
=1

n

j=1

15
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n

d n d
i [(0F —bl)— (b2 —b2 1 .
— I I E I I e f],l[( 55 t,) ( tj t)] — I IGXp _5 § Ujk&j,l&k,l
j=1 I=1

j,k=1

n

1 *
=expq —; > o &y

Jik=1
where for the second last equality we used the fact that the vector
(b, = bg) = (0, = 07),., (bs, —by) — (b7, = b}))

has a normal distribution with mean zero and covariance matrix (07;)1<jk<n-
This concludes the proof of the lemma. [

In what follows, we use the alternative definition (RQ) of a,(t), given in
Remark Q The idea is to find a suitable approximation for the integrand
(" (s,t), by replacing the Dirac function do(x) with the heat kernel p.(z).
This approximation turns out to be:

PM(s,t) = E

/(d) pe(Bi, — Bf —w1)...p-(Bg, — BY —yn)f(y1) .. f(yn)dy |,
R n

where B! = (B});>0 and B? = (B?);>0 are independent d-dimensional standard
Brownian motions, and we denote y = (y1,...,Yn).
More precisely, we have the following result.

Lemma 4.3 Suppose that p(d§) = g(§)dE, i.e. f=Fqg. Then

e (s, t) = (2m) 7 /(Rd)n expd 5 O oty = 5 UIGI b ) . )
j,k=1 j=1

Proof: We first calculate the inverse Fourier transform of p. * f:

F e £)(€) = Fpa(€) FLf(E) = (2m)~de 612 ).

This shows that (p. * f)(z) = (2r)~¢F[e<l6/2¢(¢)](2), i.e.
/Rd (%/ze“m—y‘”@@f(y)dy — () [ et (2)

27T€) Rd

Using (1) with z = lej - ij, we obtain:

1 —|BY —B2 —y;|2/(2 _ —ig;-(BY —B2) _ e.12
/]Rd We | s g yil“/( E)f(yj)dyj:(Qﬂ') d/]Rde &5( j ])e el&;l /29(€j)d€j-

16



Therefore,

n & 1 —|B —B2 —y;[2/(2
PM(st) = B H/Rd (@meyir® 1By =B w9
j=1

—n s —i€;-(BL. —B?) _cl¢;|2
= (2n)"™E H/de S (Bey =B =<l 12 (¢ ) e,
j=1"F

n

it (B —B? _ n 2
- <2w>"d/<w> B JLe ) eme2in 6P 2 ag) . pu(dé)

j=1

— (27T)—nd /(]Rd) e~ X k=1 k€ Er/2p—E 2T, \fjlz/Qlu(d&) p(dey).

We are now ready to define the approximation constants o, (t):

0y fig.gen Ty b — 851211200 (s, t)dsdt  if H > 1/2
ame(t) =
Jiogn i (s,8)ds if H=1/2

Note that oy, (t) = E(L},), where

t,e

o fot fot Jga lr — s =2p. (B — B2 —y) f(y)dydrds if H > 1/2
Lt75 =

Jo Jaape(BE = B2 —y) f(y)dyds if H=1/2

The random variable L. . is an approximation of the “convoluted intersection
local time” L., written formally as:

o fg fot Jgalr — s|?1=25o(B! — B2 —y) f(y)dydrds if H > 1/2

L, =
Jo Jaa 0(BE = B2 —y) f(y)dyds if H=1/2
More generally (and for the sake of a result encountered later in the sequel),

if n: [0,¢]> — R, is an arbitrary function such that n(r,s) = n(t — r,t — s) for
all 7, s € [0,t], we define

bty = [ [ [ et - B2 - ) sigaras.

Then an < (t,1) = E(L,«()"), where an < (t,1) 1= [jg o [y n(s5, £)08" (s, t)dsdt.
Let

nltn) = [ TLnlorots)0") s, st 22)
[0,¢]27 =1
and note that a, -(¢,7) < ay,(t,n) for all e > 0.

17



Lemma 4.4 Lett > 0 be arbitrary. a) If as(t,n) < oo, then

lim B(Lyo(n) Ly s()) = aa(t.1), (23)

and there ezists a random variable Ly(n) := lim. o Ly c(n) in L*(Q). We denote

w= [ [ [ noo(st - B2 - s)dyiras.

b) If an(t,m) < 0o for allm > 1, then

liFol E|Li(n) — Li(n)[P =0, for allp > 2.
13

In particular, E(Ly(n)™) = lime o E(Lie(n)™) = an(t,n) for alln > 1.

Proof: Asin [@], the proof follows by classical methods. We include it for the
sake of completeness.

a) Note that E(Ly.(n)Li,s(n)) = f[O,t]4 n(s1, tl)?’](SQ,tQ)’l/Jé?g (s, t)dsdt, where

Wats ) = B[ Bl = B (Bl B~ v o) Sy
1< € 1)
= e[ ewt g 3 onty b =Sl Il adEu)
j,k=1

Then lim, 5,0 1/);2(3 (s,t) = ¥ (s,t). Relation () follows by the Dominated
Convergence Theorem, since wgg (s,t) < P (s,t) for all £,6 > 0, and

/[ st )05, 6) = (t) < o0
0,t]*

Hence, lime 5,0 E|Ltc(n) — Lt.s(n)|> = 0, i.e. (Lt:(n))eso is Cauchy in L?(1).
b) Note that lim. o Li (7)) = Li(n) a.s. (along a subsequence), and (L;..(1))e>0
is uniformly integrable, since

sup E(L . (n)") = sup o« (t,1) < an(t,n) < oo, formn > 2.
e>0 e>0

Therefore, lim. g E|Lc(n) — Li(n)|? = 0 for any p > 2. O

The next two results are the analogues of Propositions 3.1 and 3.2 of ] in
the case of a colored noise.

Proposition 4.5 Suppose thatn : [0,t]?> — R satisfies the following condition:
forallt >0

t t
[Inll1,: := max ( sup / n(r, s)dr, sup / n(r, s)ds) < 0. (24)
0 1Jo

s€[0,t] rel0,t

18



If either one of the following two conditions holds:

(i) f is the Riesz kernel of order «, or the Bessel kernel of order a < d, and
d<2+a;

(i) f is the heat kernel of order «, or the Poisson kernel of order «,
then lim. o Ly (1) = Li(n) exists in LP(Y), for all p > 2, and

Elexp (ALt (n))] < 00, for all A >0,e > 0.

Proof: We use the definition (R9) of a,,(t,7), and Lemma B4 for the estimation
of Y*(" (s, t).

(i) Using the Cauchy-Schwartz inequality, condition (@), and Lemma @
(Appendix A), we get:

n

an(t,n) < (Da,dT(d*“)/Q /0 t]%H77(83‘,tj)[ﬁ(s)ﬁ(t)]f(dﬂ)/éldet

< (D 2= a>/2 / (st —(d=a)/2gg it
Ot]an J
< (Do) il [ () s
S0
n d—
_ (Da,d2—<d—a>/2|\n||1,t) nl I(t,h) with h = — 20‘

< CpaaCt)(n!)d=/2

where C 4.0 = T(1+h) and C(t) = Dy a2~ @=)/2|n||, T (1 +h)t*+". The first
statement follows by Lemma @ The second statement follows since,

o ™ e AC ()"
E[e)\Lt,s("])] — Z _ane (t,n) Z —an (t,n) < CHdaZ n[l,%

nO' n=0 nO(')

and the last sum is finite for all A > 0, since d — a < 2.
(ii) In this case,

an(t,n) <Chy f[o,t]% H?:1 (s, t;)dsdt < Cg 4lInllT 2",
and the conclusion follows. (I

Proposition 4.6 Suppose thatn : [0,t]?> — R satisfies the following condition:
there exist v > 0 and 1/2 < H < 1, such that

|2H—2

n(r,s) <qlr—s7"7% Vrs €0,1]. (25)

(i) If f is the Riesz kernel of order «, or f is the Bessel kernel of order
a<d, and d <2+ a, then limg g Ly . (n) = Li(n) exists in LP(Q), for all p > 2,
and

sup E [exp (AL c(n))] < 00, for all 0 < X < Ao(t),
e>0

19



- —13- —2H _ )
Ao(t){ Dy 20y BT (1= gig) = #1721 ifd=2+a
> ifd<2+«

(ii) If f is the heat kernel of order o or the Poisson kernel of order «, then
the same conclusion as in part (i) holds, with A\o(t) = oo.

Proof: The proof is similarly to Proposition @ We use the definition (@) of
an(t,n), Lemma B4 and condition (23).
(i) We have:

an(t,n) < Cp.arCH)" (n)4=9/2 < oo,

where

d— o 2H
t) = D, g2~ de/2 g2 (1 _ 2H—(d—0)/2.
o) o aHﬂH 4H

The first statement follows by Lemma @ The other statement follows, since
A =\ = [C(E)N™
)\Lt,a(n) _— R T S E—
Ele ] = E oy ane(t,n) < E oy an(t,n) < Cha,f E_O: (nl)1-(d=a)/2"

n=0 n=0

If d — o = 2, then the last sum is finite for all 0 < A < Ao(t) := 1/C(¢). If
d — a < 2, then then last sum is finite for all A > 0.
(ii) The result follows, since:

an(t,n) < Z,d/ [T (s t)dsdt < Clﬁ,cﬂ"/ 1 1si — ;1" 2dsat
0.2 525 [0.2n 55

n
(CmdthH) .
amn

Using the approximation technique of [IE], for any €,0 > 0, we set:

O

t
Wi :/ / @s(t — 8)pe(z — y)dWs y,
0 R4

where ¢;5(t) = 619 5)(t). We consider the following equation:

ous? 1 5 § o Tire,d d
S = ZAututTo W, 1> 0.0 eR (26)
ug, = wuo(z), =R

Using the Feynman-Kac formula, one can prove that the process us? = {u‘ig i (t,x) €

R, x R4} defined by:
t
1
uig = BB {uo(z + B;) exp </ /d Ai:g’Bdey - §|AE’5’B|?HP)] (27)
o Jr
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is a solution of (R€), where AZ:0F = fo ws(t —s —r)pe(z + Bs — y)ds.

Let B" = (B{)ie[0,1],% > 1 be independent d-dimensional standard Brownian
motions, independent of W. Suppose that either ([L) or ([Ld) hold. For any pair
(i,7) with @ # j, let
am fo fo Jga I — s|*"7260(BL — Bl —y) f(y)dydrds if H >1/2

B B _
L, =

Jo Jra 80(BL = BL —y) f(y)dyds if H =12
be the random variable defined in Lemma [L4, with n(r,s) = ay|r — s|2H~2
if H > 1/2, respectively n(r,s) = 1y—g if H = 1/2. (By Proposition @
an(t) < oo for all n > 1, and hence the random variable L " is well-defined. )

The following result is the analogue of Theorem 5.3 of [@] in the case of the
colored noise.

Theorem 4.7 (i) Suppose that f is the Riesz kernel of order a or the Bessel
kernel of order o < d, and either @ or (@) holds. Then, for any integer
k > 2, we have:

sup E[(uj’ z) | < oo, forallO<t<to(k), (28)
£,0>0
where
—2H 32 | \2H]| TV CH-D .
(k) = 4 [FE = DDaa22 BT (1 - 2)™] ifd=2+a
0 ifd <2+«

For any 0 <t < to(2) and z € R4, the limit Uy, 1= limg o limg o ufg exists
in L2(Q), the process u = {us..; (t, ) € [0,t0(2)) x R4} is a solution of (1), and

Elui,=F {uo(z + B} )ug(x + BZ) exp (LtBl’Bzﬂ =2 (t, x).

Ift < to(M) for some M > 3, then lim.|o lims)o E|u‘§;S — Uy [P =0 for all
2<p< M, and for any integer 2 < k< M — 1,

k

Eluf,]=E |[Juole+ B)exp | Y LEP | =t ). (29)
j=1 1<i<j<k

(ii) Suppose that f is the heat kernel of order «, or the Poisson kernel of
order «o. Then the conclusion same as in part (i) holds, with to(k) = oo for all
k>2.

Proof: Let k > 2 be a fixed integer. Using (27), one can show that:

k
Bl(ug)" H (@+Bl)exp | Y (4508 A=0Bp |1 (30)

1<j
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Using the fact that
/Rd /Rd pe(x+BL, —y1)pe (4B, —y2) f (y1—y2)dy2dys = /Rd pac (B, =Bl —y) f(y)dy,
it follows that

. . t t ) )
<A87(5,B ,A87(5,BJ>HP — / / /]Rd 7’]5(81 — S2)p28(B:;1 — Bgz — y)f(y)ddeldSQ
0o Jo

i gi
széB (ns), (31)

where

aH f(f fot st — 81 —1r1)ps(t — 52— ro)|r1 — ro|?T~2dridry  if H > 1/2
ns(s1,s2) =
Jo @s(t = s1—1)ps(t — s —r)dr if H=1/2

Note that, for any continuous function g : [0,¢]> — R,

t rt _ .
lim /t /t 5 (51, 82)g(s1, s2)dsydsy = & 4 Jo Jo 51 = 52l g(s1, s2)dsrdsy i H > 1/2
610 0 0 ’ ’ fO g(S,S)dS if H= 1/2

Taking g(s1, s2) = [ga p2=(B;, —Bi,—y) f(y)dy, we get: limg o (A50B", A=9B" ), =
Lf ;’EB]. Using Lemma [L.4, we obtain:

C T €,8,B" 4e,6,B7 — iy 7 BB _ BB
1€1H)1161F01<A A YHP lglrol Lok L, a.s. (32)
If H = 1/2, then 7; satisfies condition (R4)), whereas if H > 1/2, then 7 satisfies
condition (Rd) with v = ay22-27 (see p.28 of [[4]). By applying Proposition
kg (if H = 1/2), or Proposition (if H > 1/2), and using B1), it follows
that:

sup E [eXp (A(Aa’é’Bi,AE"S’Bj)Hp)} <oo, forall0 <A< X(t). (33)
5,e>0

where \o(t) = oo if H = 1/2, and A (t) is defined in Proposition [L.q, if H > 1/2.
Since

k(k—1 i j
sup EI(152)1] < ol sup £ exp (FEH (4207 4705 |
£,0>0 £,0>0

and
k(k—1)
2
relation (Rg) follows. From (BJ), we also infer that, if 1 < X\g(t) (i.e. t < to(2)),
then

< Ao(t) if and only if ¢ < to(k),

{eXp((AE"S’Bi,AE"S’Bj)Hp)}875>O is uniformly integrable, (34)
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Using (B), (B3) and (B4), we obtain:

lim lim El(uS )k = if 2).
limlim B[(u;2)] =t @), it <to(2) (35)

’ !
Using a similar argument, one can prove that lim. .o lims 50 F [ui’gu;f ]

Y2 (t, x), if t < to(2). To see this, note that

Bluiguiy") = Eluo(e + Bjuo(x + BY) exp((4"7, 477 )yp)]
B =P

It follows that, for any ¢ < #o(2) and = € RY, {ui,’g}&bo is Cauchy in
L?(9), and there exists us, = lim, o limg)o ui’g in L2(Q). The fact that u =
{us 25 (t,2) € [0,%0(2)) x R%} is a solution of ([]) follows as in [[L4], by checking
that us . = pruo(x) + 0(pe—.(x — -Julpyy), ie.

. . 1 sl P2 . 1
and 11m€75/i0 11H1575/i0<A€’5’B ,AE 04,8 >'H73 = 11m€75/i0 Lf&

E(Fuy ) = E(F)puo(z) + E((pi—. (x — - Julps), DF)np), VF €D

If t < to(M) for some M > 3, then sup, 5. E[(ufi)M] < oo, and hence,
{(U;’i)p}s,bo is uniformly integrable, for any 2 < p < M. Since ufg — Uty — 0
a.s. (along a subsequence), we conclude that F |u§3‘5S — Ut »|P — 0. In particular,
lime o limg o E[(u$0)F] = Eluf,] for any 2 < k < M, and (R9) follows by (B).
]

A The calculation of I,(¢,h)

Lemma A.1 Let
L(t, h) ;z/ [(£ = 50)(5n — $n1) . (52 — 51)]"ds,
T,

where Ty, = {s = (s1,...,80);0 < 81 < 82 < ... <8, <t}. Then I,(t,h) < o0
if and only if 1+ h > 0. In this case,

LA+R"  n

R T

Proof: First note that [;(s2 — s1)"ds1 = s3 ' /(h + 1), and then
s3
/0 (53— s2)'shttdsy = s (h4+2,h+1)

s2M VB (h+1) 4+ 1,h+ 1))

where ((a,b) = fol 72711 — )’ 1dx is the beta function, and we used the
change of variables s3/s3 = z. In this way, the integral I, (¢, h) becomes

L(th) = %Hﬁ((h—k1)+1,h+1)...6((n—2)(h+1)+1,h+1)
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t
/ sin=DHD (¢ _ g Ve ds,,
0

"B (h+ 1)+ 1,h4+1)...8((n—1)(h+1)+1,h+1).
Using the fact that 3(a,b) = T'(a)T'(b)/T'(a+b) for a,b > 0 and T'(z+1) = 2T'(2)
for any z > 0, we obtain the desired conclusion. UJ

B Correction to Theorem 3.13 of [2]

Theorem 3.13 of [J]] gives the necessary and sufficient condition for the exis-
tence of the solution of the equation: wu; = %Au + W in (0,7) x R%, with
u(0,-) = 0. This condition is equivalent to saying that ||gi.|l#p < oo, where
Gie(5,y) = [27(t— 5)] ¥ 2 exp{—|z —y|?/[2(t — 5)]} = pi_s(x—y). The condition
is incorrectly stated in the case of the Bessel kernel, the heat kernel, and the
Poisson kernel.

We give below a correction of Theorem 3.13 of @]

Theorem B.1 (i) If f is the Riesz kernel of order «, or the Bessel kernel of
order a, then ||gi||Hp < 00 if and only if H > (d — o) /4.

(ii) If f is the heat kernel of order «, or the Poisson kernel of order «, then
lgtzllHp < o0 for any H > 1/2 and d > 1.

Proof: Note that ||gi|3,p = o fot fot |r —s[2H=2[(r, s)drds = a(t), where

I(r,s) := /Rd » @y —y1)pe—s(@ — x1)pe—r(x — y1)dzrdy; = D (r, s).

(i) In the case of the Riesz kernel, the result has been correctly proved in
[E] Suppose that f is the Bessel kernel of order aw. Then

I(r,s) =7, / w2 e (w + 2t — r — 5) Y 2duw,
0
and

||9tx||§ﬂ>

t t fe%e]
= agv, / / |r — s|2H72 / wa/Qflefw(w +r+ S)fd/dedrds
0 Jo 0

t t r+s
> OéH'Y;Q_d/2/ / Ir — s|?H=2(r 4 5)=4/2 (/ wa/Q_le_wdw) drds
o Jo 0
t r r+s
= oeH’Y,IXQ_d/}H / / (r—s)*12(r + S)_d/2 </ wo‘/Q_le_wdw) dsdr
o Jo 0
t

1 r(14x)
— aH,y;2—d/2+1/ T'2H_1_d/2/ (1 _ $)2H—2(1 + x)—d/Q (/ wa/Q—le—wdw> dl‘dr
0 0 0
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Y

where

t 1 T
204H7;/ TQH_l_d/Q/ (1—x)*H=2 (/ wa/Q_le_wdw) dxdr
0 0 0

t
2, / P2H1420 (02 ),
0

xT
v(a,x) = / w* e Ydw, a>0,z>0
0

is the imcomplete Gamma function. It is known that: (see @], Section 6.5, pages
260-263)

lim 1(%:2)

z—0 x®

~1. (36)

From (B) it follows that the function ~(c/2,7) behaves as r®/2, for r close
to zero. The fact that the integral fot r2H=1=d/2~ (o /2, r)dr is finite forces the
condition d < 4H + a.

Suppose now that H > (d — «)/4. We prove that ||g¢z|np < co. We have:

9tz 37

00 t t
20, / w2 lemw / / (r— ) =2 (w +r + )" 2drdsdw
0 0 Js
oo 2t t
2057, / w2 e / / u? =2 (w + v)_d/Ql{ugv}1{u§2t_v}dudvdw
0 0o Jo
00 t t
2H7;/ w/* e [/ V?H (w4 0) " 2dv + / V?H (w4 2t — 0) Y 2dv | dw
0 0 0

2H~, / w2 e I (w) + I (w))duw,
0

t wt
LH(w) < /(w+v)2H717d/2dv:/ V21472 g
0 w

t w42t
I(w) < / (w + 2t — ) =1=4/2 gy = / p2H=1=d/2 gy,
0 w—+t

If H > d/4, then I (w)+Ir(w) < [(w+t)?H=4/2 4 (w+2t)2H=4/2) /(2H —d/2)

and

2
< o
”gtI”HP — 2H—d/2

2H ! o0
Yo / waz/2flefw[(wth>2H7d/2+ (w+2t>2H7d/2]dw < o0,
0

If (d—a)/ < H < d/4, then I (w)+ 1o (w) < [w? =42 4 (w+t)2H=4/2)/(d/2—
2H) and

2H ! o
Yo wa/2—1€—w[w2H—d/2 +(w+t)2H—d/2]dw < 0.

lgeallFep <
HP d/2—2H |,
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If H=4d/4, then I (w) + Ix(w) < In(w + 2t) — Inw and

lgtall3ep < C/o w2 e In(w + 2t) — Inw]dw < oo

(ii) If f is the heat kernel of order a, then I(r, s) = (2m)~%/2?(a+2t—r—s)~4/?
and

t t
lgalZer = (@m)2apn / / i — P2 (0 41+ 5) Y 2drds

IN

t gt

(27ra)_d/2aH/ / Ir — s|?H2drds = (2ma) "V < .
o Jo

If f is the Poisson kernel of order «, then:

I(T,s) = Cd/ wd/2716—w/2[2(2t —r— s) + a2]—(d+1)/2dw
0

and
[e%s) t t
IgalFip = CdaH/ wd/2_1€_w/2/ / Ir — s|21=2[2(r + 5) + o]~ 4TV 2drdsdw
0 o Jo
[e’e] t t
< Cdchf(dH)/ wd/%le*wﬂ/ / |r—s|2H72drdsdw < 0.
0 o Jo
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