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Abstract

This paper presents a numerical approach to the stationary solution of infinite Euler-
Bernoulli beams posed on Winkler foundations under moving harmonic loads. The
procedure proposed in Part 1 [1], which has been applied to consider the longitudinal
vibration of rods under constant amplitude moving loads in moving coordinates,
is enhanced herein for the case of moving loads with time-dependent amplitudes.
Firstly, the separation of variables is used to distinguish the convection component
from the amplitude component of the displacement function. Then, the stationary
condition is applied to the convection component to obtain a dynamic formulation in
the moving coordinates. Numerical examples are computed with a linear structure
to validate the proposed method. Finally, nonlinear elastic foundation problems are

presented.

Key words: moving load, moving coordinates, Fuler-Bernoulli beam, stationary,

finite element method
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1 Introduction

The coupled model of a beam resting on a Winkler foundation under moving
loads has been widely studied in various applications, especially in railway
engineering. In the literature, various beam models such as Euler-Bernoulli
beam [2] or Timoshenko beam [3][4][5] subjected to constant or varied ampli-

tude loads have been considered.

For analyzing the linear responses of this problem, most of works use the
(semi-)analytical methods, which are based on transformation techniques (e.g.
Fourier or Laplace transforms) to solve the problem in the frequency or wave-
number domain. The analytical analysis allows to determine the critical ve-
locity and critical frequency of the moving loads which cause resonances of
the system. It has also been shown that, the dynamic responses of structures
under moving loads are very different when the speed of the load is smaller

(subsonic case) or greater (supersonic case) than the critical velocity.

When taking into account the nonlinear effects, numerical procedures such
as the finite element analysis (FEA) should be used. For nonlinear dynamic
structures under moving loads, a transient analysis should be performed where
the load varies both with time and space. Consequently, using FEA for mov-
ing load problems requires larger meshes than for fixed load problems [6][7].
Especially for resolving high velocity problems (e.g., the supersonic cases), the
number of elements required for computation becomes very important. In or-

der to overcome this inconvenience, an alternative approach has been proposed
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in which the dynamic equations are reformulated in a moving reference frame
which goes with the load’s position by using a variable transformation [8]. The
advantage of this approach is that it requires smaller finite element meshes
as the load is fixed in the moving coordinates. However, it has been noticed
that when the speed of the load reaches the critical velocity, the stiffness ma-
trix formulated in the moving coordinates becomes ill-conditioned because of
an important convected term which occurs from the variable transformation
(this convected term depends on the speed of the load and on the mass of
the structure) [1][9]. In the previous paper [1], we have proposed a novel finite
element formulation for the problem of an infinite bar under a constant mov-
ing load. The finite element formulation has been obtained through 2 steps:
the dynamic equation is firstly discretized in time by using the generalized-«
method and a variable transformation is then applied to this time-discretized
equation for obtaining a static equation in the moving coordinates. It has
been shown that the condition number of the stiffness matrix derived from

the proposed method is significantly improved in the supersonic case.

The purpose of this work is the simulation of nonlinear dynamic phenomena in
railway track structures due to movement of a high speed train. It deals with
analyzing the stationary response of an infinite Euler-Bernoulli beam posed
on a nonlinear Winkler foundation under a harmonic load moving with a con-
stant velocity. Both subsonic and supersonic cases are interested. Based on the
similar technique as presented in [1], we will propose an enhanced procedure
to consider the moving harmonic load problem. Since the load amplitude is no
longer constant, the equation established in the moving coordinates becomes
a time-dependent equation. Some comparisons of the analytical and finite ele-

ment solutions will be shown to validate the proposed procedure. Then, several



examples of nonlinear foundations will be presented to illustrate the nonlinear
effects on dynamic responses of structures under moving subsonic/supersonic

and constant/harmonic loads.

2 Statement of the problem

Consider an infinite Euler-Bernoulli beam with constant bending stiffness FT
and mass per unit length m. This beam is posed on a Winkler foundation with
spring stiffness k and viscous damping 7 per unit length (see Fig. A.1). The
spring stiffness is assumed to be a linear or nonlinear function of the vertical
displacement. A concentrated load (fy(t)) moves with a constant speed v on

the beam along x-axis direction.

Taking into account the gravity force, the equation of motion of this system

is written as
m(i(z,t) + g) + mi(z, t) + kw(z, t) + Elw™ (z,t) = = fo()d(z —vt), (1)

where w(x,t) denotes the vertical displacement of a point z at instant ¢; w and
w denote respectively the first- and the second- order derivatives of w with
respect to time (i.e. velocity and acceleration); w® denotes the fourth-order
derivative of w with respect to x; g is a constant denoting the gravitational

acceleration; o denotes the Dirac’s delta function.

Since only the stationary solution of (Eq. 1) is interested in this paper, a
transform of this problem into the moving coordinates is suggested. However,

due to the numerical difficulties associated with the supersonic load (see [1]),

*

the direct variable transformation (z* := 2 — vt) will not be used. Instead,



another technique will be proposed in the next section.

3 Dynamic equation in moving coordinates

This section presents a procedure to establish and to resolve (Eq. 1) in the
moving coordinates. The function w(z, t) is firstly separated into two indepen-
dent components, of which one depends only on the load’s position (z — vt)
and the other depends only on time (). Next, a time discretized equation of
the first component will be formulated by using the generalized-a method [10].
Then, a variable transformation will be applied to this time-discretized equa-
tion to obtain a dynamic equation in moving coordinates by assembling the
components in time and in space. The finite element formulation can finally

be established based on the last equation.

3.1 Variable separation

Assume that the solution w(z,t) has the form:

w(z,t) = w,(x — vt)w(t), (2)

where the function w, depends only on the load’s position (z — vt) and the
function w; depends only on time. Hence, the first- and second derivatives of

w(x,t) are given by:

w(z, t) =wyw; + wyy (3)
’II)(CC, t) = wth —+ 2'11.)1,'11'}{/ -+ wvﬂ)t . (4)



Substitution of (Eq. 3) and (Eq. 4) into (Eq. 1) leads to an equation of w,:

1, + i, + kw, + juwl = —fo6, — g, ()
where:

m= muwe, (6)
1=2my; + nwy (7)

]%: muwy + nwt + kwt s (8)
j=FEIw, (9)
g=mg, (10)

0y =06(x — vt) (11)

3.2 Time discretized equation of w,

Using the generalized-a method [11], (Eq. 5) may be expressed in the dis-

cretized form as

~ ~ . > ~ o (4) _ -
MWy, o+ Mo,y T FWe )+ TWy) = = f00u,0 = 9, (12)
where wy,, s Wo(, o) Woi, 0 5% .., arerespectively the approximation values

of wy, Wy, Wy, 0y at tyia € [tn, tae1] obtained from linear interpolations of their

values at t,, and t,11:

Wogray = (1= @p) Wy, ) + g, (13)
Wy, 0y = (1-— af)wv(m) + Qg (14)
Wy, o\ = (1-— am)wv(w + Qi (15)
S(nta) = (1 — af)év(“l) + afév(m . (16)

where a,,, ay are two constants.

Using the Newmark scheme, w,, , and w,, , can be expressed in the ap-

proximative form as



(A=B)Ae . BAE

9 Yoy 5 Yoy
a1y =ty + (1= ) A, + i, (18)

Wy (1) = Wy + Aty +

where (1, B2 are two integration parameters and At :=t,,.1 — t,, denotes the

time step size.

Substitution of (Egs. 13-18) into (Eq. 12) leads to the following discretized

equation at ¢,

A A, 0@ B — By — B SIPCY
At Wy + A2 Wy, — Brww, = Batbyg, — Byt + Bawg,)

= F10(x — vtyyq) + Fod(x — vty,) + G, (19)

where Ay, Ay, By, Bs, By, By, Fi, F», G are the coefficients which are defined

in function of a,,, ay, 31, B2, At and m, 17, k, j as

A= —ap)m+ (1 —ap)BAth+ (1 —af)ﬁzAtQi; (20)
Ay (1— af)ﬁzﬁﬁj (21)
Bi=(1—ap)m+ (1 —ay)} At — afﬁmzlé (22)
Bo=[(1 a3 —2(1 — )] o] A 23)
By=[(1 - B — o) — (1 — o) (B — Br) At 7] S 1)
Bi=a, 2205 (25)
A= -ap®25 10 (20
Rt = as 225 o (27)
G= &QNZ (28)



3.8  Variables transformation

At the time step t,,,1, we take a variable transformation * = z — vt,, ;. Since

*

* = w,(x — vt,41)) in the steady

in moving coordinates, the function w (w

state no longer depends on time, we have the relations:

Wy (T — vtpi1) = wy(27), (29)
wy(x — vt,) =wi (" + vAt) = w’ ("), (30)
Wy (z — vt,) = —vw) (2% + vAL) == —vw}/(27), (31)
Wy (x — vty) =vPw)" (2% +vAt) == v*w) (27 . (32)

Applying these relations (Eqs. 29-32) into (Eq. 19) yields

Ay wy(z) + Ayw® (2) — Byw,(zy) + v Byw! ()
—0? Bsw!(x4) + BywP(z,) = Fi(t)d(z) + Fy(t)d(z) + G . (33)

in which the indexes “n + 17 and “*” have been omitted for simplifying pur-

poses.

3.4 Variable assembly

We note that the coefficients Ay, Ay, By, By, Bs, By can be also expressed as

Ay = Aywy + Azt + Ayt
1212 = Aywy,

By = Byw; + Bst, — By,
Bz = Bow; — Bguy ,

By = Byw, — By,

B4 = Bywy,

N N /N /N /N
w W
~N O

~— — N S



where the coefficients A; (i =1+4), B; (j =1+ 8) depend on the structural

parameters and are given in Appendix A. Now using the variable assembly
wv(x)wt<t> - U}(l‘, t)? <4O>

one can eliminate the terms related to w; in the expressions of Ay, Ay, By, B,
Bs, B, and then, express the approximative equation in the moving coordi-

nates as

[Al w(z,t) + Ayw (z,t) — Byw(z,,t)
+vByw' (24, t) — v2Bsw" (24, t) + Byw™ (2, t)}
+ [Astio(x,t) = Bst(wy,t) — v Bgui! (z4,1) + v* By (w4, 1)]

+ [A4 U}([E, t) + Bg 1:0(1’_,_, t)]
= Fy(t)6(z) + Fa(t) 6(x4) + G, (41)

This represents a dynamic equation of w(x,t) and of w(z + vAt) wherein the
load’s position is now fixed. Next, we formulate the finite element discretiza-

tion for this equation.

4 Numerical implementation

4.1  Dynamic finite element equation in moving coordinates

Consider a domain = [—L, L] with the boundary condition assumption:

wx=—-L)=wlrx=L)=w,(r=—-L) =w,(x=L)=0. The variational



formulation of (Eq. 41) may be expressed as
Find w(z,t): W — R xT suchas Yéw €W :
[<A1 w(x,t), (Sw(as)>Q + <A2 w”(x, 1), (Sw"(:zc)>Q
— <Bl w(zy,t), (5w(w)>Q + <ng w'(xy,t), (5w(x)>9+
+ <1)ng w'(xy,t), 511)’(91:)>Q + <B4 w' (x4, t), 5w”(x)>Q
(42)

+ {<A3 w(w, t), 5w(x)>Q - <B5 (2, 1), §w(:c)>Q

—(vBei! (w4, 1), 0w()) — (v2Br ! (wy,1), 0w/ (x))

+ RAM'[;(@*, t), 5w(x)>g + <Bs w(ry,t), 5w(x)>ﬂ]

= (F(1)0(x) + Fa(D)d(x.), dw(x)) |+ (G, dw(x)) |

where VW and 0V are the collections of the trial solutions and of the weight-
ing solutions, respectively; the notation < .,. >q is defined by: < a,b >q=
J _LL abdx. The boundary conditions are already taken into account in this

variational formulation.

Performing the discretisation of (Eq. 42), one can obtain the dynamic finite

element equation in the classical form

where M, C, K denote respectively the global mass, damping and stiffness

matrices; w(t), w(t), w(t) denote respectively the global nodal displacement,

10



velocity and acceleration vectors; F(t) denotes the exterior nodal force vector.
This presents a system of differential equations with given initial conditions
that may be solved by using direct time integration algorithms, e.g., classi-
cal implicit Newmark scheme [7,12] or the advanced scheme when including

nonlinearities [11,13,14].

Using a vector of interpolation function N(x), one can formulate explicitly
the elementary matrices M€, C¢, K° and the force vector F¢ of element e in

[z, x;11] as follows:

"= (NAN), + (NBN ), (15)
(NtAgN)  — (N'BsNL) = (vN'BeN, ) — (v* N"B:N, ) (46)
‘= (N'AN)_+(N"4N") —(N'BIN,)

+(vN'BoNL )+ (¥ N'BNY )+ (N'ByNY ) (47)
F = (N'F 0(2)), + (N'FBy () + (N'G) (48)

where ()Qe = [p()dz; 2y = 2 +vAt and N := N(x + vAt). Herein, the
Hermite’s interpolation function [12] that is appropriate to the Euler-Bernoulli

beam assumption can be used.

Remark 1 In linear cases, analytical formulations of the elementary matri-
ces can be expressed explicitly (see [15]). Otherwise, for nonlinear structures,
numerical quadratures by Gauss points should be used to compute these ma-

trices.

Remark 2 If the load amplitude is constant, velocity and acceleration terms
in moving coordinates should be zeros and one can check that (Eq. 43) is

reduced to the static equation form

Kw =F. (49)

11



4.2 Parameter choices

Assuming that the beam is discretized into elements with equal lengths, pa-

rameter studies show that the best approximation is obtained with the follow-

ing values of the a,, oy, Bi, B2, At: ap, = 0.25, ap = 0.5, 81 = 0.5, B = 0.5,

At = h/v where h denotes the size of an element. The error when using these

parameters is estimated by second order function of element size h as follows:
h2v

elh) = = DO (e ) + 2mi(, 1) — 37mw’(x, 0)+00),  (50)

These values of parameters will be used for all numerical examples in the

following section.

5 Absorbing boundary condition

When simulating the wave propagation in infinite structures by using FEM
with the usual finite boundary conditions, the modeled size must be sufficiently
large in order to insure that the outgoing waves are totally attenuated before
arriving at the boundaries. To reduce the mesh size without disturbing the
solution due to the reflected wave from the boundaries, one may add artificial

boundaries to absorb all outgoing energies.

For this problem, we propose adding at two ends of the beam two layers
in which viscous damping is introduced in a manner that all incident waves

should be absorbed. Denoting the depth of each layer with d, the viscous

12



damping introduced in this layer is assumed to be a function of x (Fig. A.2):

n if |£L'| < Lo,

— La\*
TH"V(mTO) if || > Lo,

where 7, v are two constant parameters chosen so that:

(1) the damping in the absorbing layer should be sufficiently important so
that the outgoing waves can be attenuated in this layer, and

(2) the evolution of the damping along this layer absorbing layer should be
sufficiently smooth so that there is no reflection waves caused by the

suddenly damping changes.

Figure (A.3) presents an example to demonstrate the feature of absorbing
layers by considering an infinite Euler beam (ET = 108 N/m?) posing on a
linear Winkler foundation without damping (k = 10° Nm~2, n = 0). This
beam is subjected to an unit harmonic load applying at = 0: f(t) = foe™?,
w = 5.8rad/s, fo = 1N. A domain [—-250m, 250m] is used for finite element
modeling and it is meshed by 100 uniform elements with the fixed boundary
conditions at two ends. The absorbing layer depth is 6 = 150m at each end.
It may be checked that the absorbing layers allow to attenuate perfectly the
waves propagating away from the load’s position and, hence, the solution in
the interested zone is in good agreement with the analytical one [2]. When
the system has no damping, the numerical solution obtained without using
absorbing layers is completely incorrect (see the dashed curve in Fig. A.3) due

to the reflected waves from the fixed boundaries.

13



6 Validation
6.1 FEzample 1: Linear cases

The proposed formulations will be firstly validated with a linear problem in
which analytical solutions are available for all velocities and frequencies of the
load (see e.g [2] or [8]). As the structure is linear, using the transformation
technique show that the critical values of the velocity (vg), of the frequency

(Qo) and of the damping (79) depend on the structural characteristics [2] as

AET /
Vo = 4—k; QOZ E; 7’]0:2\/771]{?. (52)
(m)? m

Let consider an European rail for high-speed trains with the following char-

follows

acteristics: section area S = 76.86 cm?, section inertia I = 3060 cm*, mass
density p = 7850 kg/m?3, Young’s modulus E = 200 x 10° N/m?, mass per
length m = 60.34 kg/m, flexural rigidity ET = 6.12 x 10° Nm?. The stiffness
of the Winkler foundation (k) is 1.6 x 107 N/m and its damping coefficient 7 is
assumed to be equal to 0.17y. A concentrated harmonic force fy(t) = Psinwt
(P =10kN) is applied downward on the rail and moves rightward at constant

speed v. The gravity is taken into account.

Four load cases are taken into consideration: (a) constant subsonic load (v =
0.5v9, w = 0), (b) constant supersonic load (v = 1.5vp, w = 0), (c) harmonic
subsonic load (v = 0.5vp, w = 0.5€)), (d) harmonic supersonic load (v =

1.5U0, W = 0590)

As mentioned earlier, if the load amplitude is constant, only resolution of a

static system (49) is required to obtain the stationary response. Otherwise,

14



the direct time integration is required for moving harmonic load problems. In
this example, the classical Newmark implicit scheme has been performed for
resolving the system of transient equations (43). The integration parameters
are: time step At = 0.057 (T = 27/w), number of time steps nt = 200,

tmar = Nt X At, 61 = 62 = 0.5.

Figures (A.4-A.9) present the numerical results obtained by using the pro-
posed finite element formulation (Eqgs. 43-48) in comparison with correspond-
ing analytical solutions. One can state that the numerical results have good
agreement with the analytical ones. Note that in cases (b) (Fig. A.6) and (d)
(Fig. A.8), the valid solutions are found in zone [—20m, 20m|. The no-exact
solutions outside this zone in two supersonic cases represent the effect of the

absorbing layers that absorb the outgoing waves.

The finite element meshes used for modeling the structure in all cases are
presented in Table A.1. In the subsonic cases (Figs. A.4 and A.6), the waves
are attenuated rapidly and the computations require neither a large number
of elements nor large meshes. For the contrary, when v > vy (supersonic), the
waves are attenuated slowly when they propagate farther away from the load
position (Figs. A.5 and A.8), therefore the absorbing layers would be used.
The sizes of the absorbing layers used for each case are given in the Table A.1.
Moreover, the displacement solutions in front of the load position (z > 0)
has higher frequencies than those in the subsonic cases, so denser meshes are

required for obtaining correct results.

We depict also the displacements at point x = 0 versus time in the harmonic
load cases to verify the fact that the stationary state may be obtained after

several load time periods (Figs. A.7 and A.9).

15



Also, the well-known Doppler effect can be clearly observed in these figures,

especially in the supersonic cases.
6.2 FExample 2: nonlinear cases

This example considers a weak nonlinear elastic foundation problem by as-
suming that the reaction force of the foundation R(w) is a cubic polynomial

function of the vertical displacement of the beam (Fig. A.10):
R(w) = ko (1 + yow”) w, (53)

where kg and 7y are two constant parameters. For the purpose of comparison,
these parameters are chosen so that R(w)|w=w, = kw|w=w, (k is the spring
stiffness in the linear case). Then we take ko = k/2, 9 = 1/Wg and W, =
4 x 10~*m. Other structural parameters used for this analysis are the same
as in the linear case (Example 1). The gravity force is not considered in this

case.

The analyses are performed for 4 cases of loads similar to Example 1. The
reference critical values vy and )y are the same as in the linear case. The finite
element meshes are presented in Table A.1. In order to ensure the numerical
stability, which is more difficult to obtain for nonlinear dynamic problems, we
have used the a-generalized method [12] for the direct time integration (Eq.
43). The numerical parameters used in this example are: time step At = 0.057
(T = 27w /w), number of time steps nt = 200, t,4. = nt X At; o = 0.01,

B = P2 = 0.5.

The displacements of the beam due to constant subsonic/supersonic moving

loads are plotted in Figures (A.11-A.12). One can state that the displacement

16



amplitudes are only a little greater for the nonlinear structure in comparison
with linear results. However, in the supersonic case, the wave lengths are very

different from those in the subsonic cases.

Figures (A.13-A.14) show important effects of the foundation nonlinearities
on amplitude as well as on wavelength of displacements of the beam under

harmonic moving loads.

The displacements at point x = 0 versus time in both subsonic and supersonic
cases presented in Figures (A.15) and (A.16) show that numerical solutions of
nonlinear problem are stable and the stationary response of these nonlinear

problems can be reached.

7 Conclusion

In this paper, a numerical approach has been presented for studying dynamic
responses of an infinite Euler-Bernoulli beam posed on a nonlinear Winkler
foundation in a moving reference frame. In principle, one can apply a variable
transformation to establish the problem in moving coordinates. In the moving
coordinates, the stiffness matrix is modified to take into account the convective
component that derived from the variable transformation. However, higher
velocities of loads make the convective component more important, and cause
the stiffness matrix to be ill-conditioned. When using the proposed approach
to establish the finite element formulation, the convective component is moved
partly out of the diagonal of the stiffness matrix. As a consequence, the system

could be well-conditioned even when the load moves at supersonic velocities.

The proposed formulation in moving co-ordinates greatly reduces the volume

17



of computation tasks, by taking advantage of the fact that the structure can be
meshed similarly to the fixed load problems. Particularly, the problem becomes
static when the load amplitude is constant. The numerical examples presented
show that this procedure can be applied to resolve both linear and nonlinear
problems with all values of velocity and frequency of loads. Significant dynamic
effects has been stated when taking into account the nonlinearities of the

foundation.

For these simulations, the numerical parameters have chosen by assuming that
the element sizes are identical. Further studies on the parameter choices should

be carried out in case of a mesh with variable element sizes is needed.

Similar formulations could be extended for analyzing other structures under
moving loads, for example, when considering one-dimensional structures with

numerous DOF [15] or 2D /3D solid structures.
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A Analytical expressions of coefficients A, Ay, A3, A4, By, By, Bs,

B4’ B5’ B6’ B7’ BS~

Ar=(1—ap)m+ (1 —as)5Atn+ (1 - af)

Ay=(1— ozf)ﬁzﬁ252 El

Ay =2(1 - a)htm + (1 - o) 220

Ay=(1- af)ﬁ2§t2 m

Bi=(1—ay)m+ (1 —ay)5i Aty — Oéf52§t2 k
At

By=|(1 —ay)m — [B2 —2(1 — ay) ] o At

Bs=[(1— B2 — am)m — (1 —as) (B — S1)At7)] ATt

At?
Bi=ay 522 EI
At?
B5:2(1—sz)ﬁlAtm—afﬁ2 n

2
B(; = [ﬁg — 2(1 — Oéf)ﬁl] AtQ m

Br=(1—az)(B2— ) At*m
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Fig. A.1. Infinite Euler beam resting on Winkler foundation
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under subsonic harmonic load
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Fig. A.9. Displacement in time at point z = 0 of the beam posed on a linear

foundation under supersonic harmonic load
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Fig. A.14. Displacement of beam (at ¢ = t,,,4,) posed on nonlinear elastic foundation

under supersonic harmonic load
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Fig. A.15. Displacement in time at point = 0 of beam posed on nonlinear elastic

foundation under subsonic harmonic load

x 10 v=1.5v0;oo=0.5(20

nonlinear
o linear

0) (m)

displacement at point (x

0 0.05 0.1 0.15 0.2 0.25
time (s)

Fig. A.16. Displacement at point = 0 of beam posed on nonlinear elastic founda-

tion under supersonic harmonic load
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Table A.1

Computational parameters for linear cases

load type num. of elements domain length absorbing layers

subsonic constant load 50 20 0

supersonic constant load 400 80 [—40m, —20m] & [20m, 40m]

subsonic harmonic load 90 30 0

supersonic harmonic load 400 80 [—40m, —20m| & [20m, 40m]
Table A.2

Computational parameters for nonlinear cases

load type num. of elements domain length absorbing layers
subsonic constant load 50 20 0

supersonic constant load 400 120 [—60m, —30m| & [30m, 60m]
subsonic harmonic load 200 80 0

supersonic harmonic load 400 120 [—60m, —30m] & [30m, 60m]
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