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Abstract

We first obtain exponential inequalities for martingales. Let (X3)(1 < k < n) be a sequence of
martingale differences relative to a filtration (Fk), and set S, = X1 + ... + X,,. We prove that if
for some 6 > 0,Q > 1, K > 0 and all k, as. E[e‘s‘xk‘QLTk,l] < K, then for some constant ¢ > 0
(depending only on §,Q and K) and all = > 0, P[|S,| > nx] < 2¢7"°®) where ¢(z) = cz? if x €]0, 1],
and c(z) = cz® if £ > 1; the converse also holds if (X;) are independent and identically distributed.
It extends Bernstein’s inequality for @ = 1, and Hoeffding’s inequality for @ = 2. We then apply
the preceding result to establish exponential concentration inequalities for the free energy of directed
polymers in random environment, show its rate of convergence (in probability, almost surely, and in
L?), and give it an expression in terms of free energies of some multiplicative cascades, which improves
an inequality of Comets and Vargas (2006, [B]) to an equality.

Key words. Martingale differences, super-martingales, large deviation inequality, exponential inequality,
Bernstein’s inequality, Hoeffding-Azuma’s inequality, directed polymers, random environment, concentra-
tion inequality, free energy, convergence rate, multiplicative cascades.
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1 Introduction and main results

Our work was initially motivated by the study of the free energy of a directed polymer in a random
environment. Comets and Vargas (2006, [L3) proved that the free energy (at oo) is bounded by the
infimum of those of some generalized multiplicative cascades, and that the equality holds if the environment
is bounded or gaussian. The essential point in their proof for the equality is an exponential concentration
inequality for the free energy (at time n), which was not known for a general environment. Using a large
deviation inequality of Lesigne and Volny (2001, [@]) on martingales, Comets, Shiga and Yoshida (2003,
[@]) did obtain a concentration inequality for the free energy; but their bound is larger than the exponential
one, and is not sharper enough to imply the equality mentioned above. Another non satisfactory point
of their inequality is that it cannot be used to prove rigourous results on the rate of convergence, for the
almost sure (a.s.) or LP convergence of the free energies.

The objective of the present paper is to establish exponential large deviation inequalities, and to use them to
show exponential concentration inequalities for the free energy of a polymer in general random environment,
its rate of convergence, and an expression of its limit value in terms of those of some multiplicative cascades.
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Large deviation inequalities are very powerful tools in probability theory, and have been studied by many
authors: see e.g. the classical works of Bernstein (1924, [{]), Cramér (1938, [[L5)), Hoeffding (1963, [2Z)),
Azuma (1967, [[[]), Chernoff (1981, [§]), the books of Chow and Teicher (1978, [{]), and Petrov (1995, [B1]),
and the recent papers by de la Pefia, (1999, [[lf]), Lesigne and Volny (2001, [27]), Bentkus (2004, [{f]), and
Chung and Lu (2006, [I]]). See also Ledoux (1999, [B€]) and Wang (2005, [B3]) for related concentration
inequalities and general functional inequalities.

Let (Q,F, P) be a probability space, and let Fo = {0,Q} C F; C --- C F,, be an increasing sequence of
sub-o-fields of F. Let X, ..., X,, be a sequence of real- valued martingale differences defined on (Q2, F, P),
adapted to the filtration (Fj): that is, for each 1 < k < n, X, is Fj, measurable, and E[X}|Fr_1] = 0. Set

S, =X+ ...+ X,. (1.1)
We are interested in exponential large deviation inequalities of the form
P[|Sy| > na] = O(ec@m), (1.2)

where > 0 and ¢(z) > 0. When (X;) are independent and identically distributed (iid) with mean EX; = 0,
it is known [see Petrov (1995, [B1] p.137)] that ([L.) holds for all > 0 and some ¢(x) > 0 if and only if for
some § > 0,

Ee?l X1l < 0. (1.3)

For a sequence of martingale differences, Lesigne and Volny (2001, [@]) proved that if for some constant
K>0andall k=1,...,n,
EelXrl < K, (1.4)

then for any =z > 0,

n

P [& > x} = O(e= 127", (1.5)

and that this is the best possible inequality that we can have under the condition (@), even in the class
of stationary and ergodic sequences of martingale differences, in the sense that there exist such sequences
of martingale differences (X;) satisfying ([L.4) for some K > 0, but

P [& > 1} > e’ (1.6)
n

for some constant ¢ > 0 and infinitely many n. It is therefore interesting to know what is the good
condition to have the exponential inequality (L) in the martingale case. It turns out that ([L.g) still holds
if we replace the expectation in ) by the conditional one given Fj_;. In fact we shall prove the following
much sharper result. It is a consequence of Theorems , @, and .

THEOREM 1.1 Let (Xi) be a {Fi}-adapted sequence of martingale differences. Assume that for some
constants Q > 1,6 >0, K >0 and all k € {1,--- ,n}, almost surely

E[efX+°|F 4] < K. (1.7)
Then there exists a constant ¢ > 0 depending only on Q, § and K, such that for all x > 0,
2
S, e~ " if x €]0,1],
P[i—>x]§ o faelo. ] (1.8)
n e~ fx €]l o0

The converse also holds in the iid case: if Xy are iid and if P[:I:% >x] < e holds for some n > 1,
Q>1,¢>0,21 >0 and all x > x1, then for all § €]0, |, there exists K = K(0,Q,c,x1) > 0 such that

E[e’ %] < K.

By the result of Lesigne and Volny ([R7]) cited above, the conditional exponential moment condition ([L.7)
cannot be relaxed to the non conditional one.
When (X}) are iid with E[X;] = 0, Bernstein’s inequality states (cf. [B1], page 57) that if o2 = E[X?] < o0
and )

EX| < 5m!02Hm—2 (1.9)



for some H > 0 and all m = 2,3, .-, then

—necoz?
P [i& > :c] < {e
n e N1

if x €]0, zo], (1.10)
if © €]z, 00,

where ¢ = 155, ¢1 = 757, To = ‘7—H2 Notice that (in the iid case) Bernstein’s condition ([L.9) is equivalent to
Cramer’s condition that 36 > 0 such that
Efe’l¥+] < 0. (1.11)

In applications we find more convenient to use Cramer’s condition. Taking @ = 1 in Theorem [L.1|, we
obtain the following Bernstein-type inequality.

COROLLARY 1.2 (A Bernstein-type inequality) Assume that (Xy) are iid with E[X;] =0, 1 < k < n. If
{.11) holds for some 6 > 0, then for some ¢ = ¢(6) > 0,

2
Sn —ncxr

P [i— > :c] < {e
n e_nC.T

Conversely, if for somen > 1, ¢ >0, g > 0 and all x > zo, P [ii—" > x} < e T then ) holds for
each 6 €]0, c[.

if © €]0,1],

1.12
if x €]1, 0. (1.12)

When @ = 2, Theorem EI extends the following well-known Hoeffding’s inequality® : if (X}) is a sequence
of martingale differences with |Xy| < a a.s. for some constant a €]0, oo, then for all n > 1 and all z > 0,

P {i& > x} < e’ (1.13)

n

where ¢ = 1/(2a?). In fact, by our result for Q = 2, we obtain:

COROLLARY 1.3 (Eztension of Hoeffding’s inequality) When (Xy) are iid, then there is a constant ¢ > 0
such that ) holds for allm > 1 and all x > 0, if and only if for some § > 0,

IEe‘st < 0. (1-14)

Moreover, if holds for some n > 1 and all x > 0, with some constant ¢ = ¢y, then it holds for all
n > 1 and x > 0, with some constant ¢ = co depending only on ci.

So our result is a complete extension of Hoeffding’s inequality even in the iid case.

We then apply the preceding results to directed polymers in random environment that we describe as follows.
Let (wp)nen be the simple random walk on 74 starting at 0, defined on a probability space (Q,F,P). Let
(n(n,2)) (n,z)enxze be a sequence of ii.d. real random variables defined on another probability space
(E,&,Q) (we use the letter E to refer the Environment). For real § (the inverse of temperature), define

A(B) = InQ[e?n(0:0)], (1.15)

(If p is a measure and f is a function, we write p(f) or p[f] for the integral of f with respect to p.) We fix
£ > 0, and only suppose that
QPO < o (1.16)

(we do not suppose that it holds for all § > 0). Of course this condition is equivalent to A(£3) < co. We
are interested in the normalized partition function

Wa(8) = P [exp | B ni.wy) —nA() | | . (1.17)

j=1

IThe inequality ([L.13) is often called Hoeffding’s inequality when (X}) are iid, and Azuma’s inequality when (X}) are
martingale differences. This is rather strange, as it was Hoeffding (1963) who first obtained it for martingales, although he
mainly treated the iid case, and only mentioned the martingale case as a remark [see [R2], p.18]. To respect the history, we
call it Hoeffding’s inequality, although Azuma (1967, [[I]) refound it four years later. We think that what happened would
be that, the first author who called it Azuma’s inequality did not know the existence of the remark of Hoeffding, the second
followed the first without verification, and so on.



and the free energy 1 In W, (3).

This model first appeared in physics literature [see Huse and Henley (1985, [@])] to modelize the phase
boundary of Ising model subject to random impurities; the first mathematical study was undertaken by
Imbrie and Spencer (1988, [24]) and Bolthausen (1989, [lf]). For recent results, see e.g. Carmona and Hu
(2004, [[), Carmona, Guerra, Hu and Méjane (2006, [[]), Comets, Shiga and Yoshida (2004, [J]), and
Comets and Yoshida (2006, [[[4]).

Assuming Q[ePI"(0:0)) < oo for all B > 0, Comets, Shiga and Yoshida ([@]) proved that Yz > 0, there
exists ng € N* such that for any n > ng,

2

Q H% In W, (3) — %@[hﬁWn(ﬁ)]‘ > x} < exp (_"iﬁ ) _ (1.18)

In fact, in their proof of ([.1), they used the condition that Q[e3?17(%-0)] < oo, due to the application of
their Lemma 3.1 (p.711).

We first improve this result to an exponential inequality under the weaker condition that Q[e” ‘"(070)‘] < o0
for the fixed .

THEOREM 1.4 (Ezponential concentration inequality for the free energy) Let > 0 be fized such that
Q[P0 < co. If for some Q@ > 1 and R > 0,

Q[e"INO0I%] < 400, (1.19)

then )
27 f0<ax <1,

. (1.20)
2e7 T if x> 1,

Q|2 W, () - QW (9)] > o] < {

where ¢ > 0 is a constant depending only on Q, R, and the law of n(0,0).

Notice that the condition ([L.1g) holds automatically for @ = 1 and R = 3, so that ([L.2() holds for Q = 1
under the only hypothesis Q[e”!"® 9] < co; when ([1.19) holds for some Q > 1 and R > 0, ([[.2() gives a
sharper bound for large values of x.

Theorem [1.4 is a consequence of Corollary p.7. As shown in Carmona and Hu (2002, [ff]) and Comets and
Vargas (2006, ]), when the environment is gaussian or bounded, the inequality can be obtained directly
by a general concentration result on gaussian or bounded variables (see e.g. Ledoux (1999, [26])). But this
method does not work for a general environment.

As applications we shall show the following properties about the free energy %ln Wi (5):

(1) for some p_(8) <0, £ InW,(8) — p—(B) in probability at an ezponential rate (cf. Theorem [.2);

(2) LInW,(8) — p—(B) a.s. and in LP, for all p > 1, at a rate O (, / 1“7”> (cf. Theorem [7.§);

(3) p—(B) can be expressed in terms of some generalized multiplicative cascades (cf. Theorem @)

Part (1) extends the same conclusion of Carmona and Hu (2002, [[]) for the gaussian environment case
to a general environment case. The rate of a.s. convergence in part (2) improves the bound O(n_(%_a))
(¢ > 0) of Carmona and Hu (2004, [[]) obtained for the gaussian environment case. Part (3) improves an
inequality of Comets and Vargas (2006, ]) to an equality.

The rest of the paper is organized as follows. In Section 2 we establish exponential inequalities for su-
permartingales, which extend Bernstein or Hoeffding’s inequalities, according to E [€6|Xi||.7:i_1} < K or

E {e‘”Xi'Z | Fi 1} < K, respectively. For large values of x, sharper inequalities are proven in Section 3 under
the condition that E [e‘”xi‘Q |‘Fi71:| < K (Q > 1). These results are extended in Section 4 to the more gen-

eral case where E [e‘”Xi‘Q |‘Fi71:| < K;. As applications, we show in Section 5 the rate of convergences, a.s.

and in LP. In the last 3 sections, we study the free energies of directed polymers in random environment,
with the help of our results on martingales: we show exponential concentration inequalities for the free
energies in Section 6, their convergence rates (in probability, a.s. and in LP) in Section 7, and, in Section
8, an expression of their limit value in terms of some generalized multiplicative cascades.



2 Exponential inequalities for supermartingales

In this section we give an extension of Bernstein and Hoeffding’s inequalities to supermartingales with
unbounded differences. Our results are sharp even in the iid case.

Let (X;)1<i<n be a sequence of real-valued supermartingale differences defined on a probability space
(Q,F, P), adapted to a filtration (F;), with Fo = {0,Q}. This means that for each 1 < i < n, X, is
Fi-measurable, and E[X;|F;,_1] < 0 a.s.. We are interested in the growth rate of the Laplace transform
E[e*S~], and the convergence rate of the deviation probabilities P [ 2u > ).

THEOREM 2.1 Let (X;)1<i<n be a finite sequence of supermartingale differences. If for some constant
K >0 and all i € [1,n],

Ele X F 1] <K as., (2.1)
then: )
("Kt ) for all t €]0, 1], (2.2)
and
P {S— > z] < exp ( ( ) ) for all z > 0. (2.3)
Consequently,
< ) if ¢ €]0, K],
P{&>z] K”‘[ (2.4)
" exp< 1+\/_ ) if v €]K, o0].
<

Conversely, if (Xx) are iid, and if P[ :L' e " for somen > 1, ¢ >0, and all x > x1 > 0 large

enough, then for all § €]0,¢],

8
E[66X1+] < K, where X;” = max(X1,0), and K = e’ + 5 e~ (e=dz,

COROLLARY 2.2 Under the conditions of Theorem @, Ve > 0, there exist 0 < g < x1 and K1 > 0
depending only on K and €, such that:

2
exp (ﬁ) Zfl' 6]0,1'0[,

P [% > x} < ¢ exp (—%) if © € [xo, 1], (2.5)
exp (— 17?55) if ¢ €]y, +ool.

We divide the proof into a series of lemmas.

LEMMA 2.3 Let (X;)1<i<n be a finite sequence of random variables adapted to a filtration (F;)1<i<n. Let
(Ii)1<i<n be a finite sequence of deterministic functions defined on a subinterval I of 10, 00[, such that for
each i and each t € I,

E[ tX;

1] < e s (2.6)

Then for every t € I,
EletS"] < exp (Z zm) , (2.7)
i=1

and for every x > 0,

P {& > x} < e k@) (2.8)
n
where
177/
L,(t)=— li(t), and L} (x) =sup (tx — L(¢ 2.9
(t) nZ() (2) teg( (t)) (2.9)



Proof. (R.7) can be obtained by a simple induction argument on n. (R.§) is an immediate consequence of
(@), since Va > 0, Vt € I,

r [& > z] = Ple!Sn > "] < e " E[e!%] < exp (—n(tz — Ln(t))).
n

REMARK 2.4 The submultiplicativity (@) for an adapted sequence corresponds to the multiplicativity
E[et%"] = [, E[e*Xi] in the independent case. This explains why it is natural to consider the conditional
Laplace transform E[e!*¢|F;_1] in the supermartingale case, instead of the Laplace transform E[e!*¢] in the
independent case. For example, using Lemma @, we can obtain the following generalization of Petrov’s

inequality (p.54 of [BI]):

LEMMA 2.5 Let a; > 0 and T > 0 be constants such that for all 1 < i < n and all t €]0,T], a.s.

n
EletXi|Fi_1] < et Then for each A > %Zai, we have
i=1

2
exp <ﬂ> if z €]0, 24T,

Sh, 4A
P [— > x} < - (2.10)
n
exp (—%) if x € 2AT, +o0.
Proof. We apply Lemma P.d with I =]0,7] and ;(t) = a;t?, L, (t) = At?, which gives:
E[e!¥"] < exp(nAt?) for every t €]0,T],
and
P [& > x} < efnL:'(z),
n
with L}, (z) = sup,¢jo,1 (tw — At?). We calculate this sup and find:
22
L if ¢ €]0, 24T,
Li(e) =4 44 ;
Ta — AT? > ; if & > 2AT,
which ends the proof. []

LEMMA 2.6 Let X be a real-valued random variable defined on some probability space (Q, F,P), with EX <
0 and E[e!X!) < K for some K > 0. Then for all t €]0,1],

Kt
E[e'*] < exp <1 t) . (2.11)
Consequently,
1
Ele'*] < exp (2Kt?) for everyt € }0, 5} . (2.12)

Proof. Let ¢t €]0,1[. Since EX < 0, we have
tX ey | X e | X
—0 =2

=k |X] 12 Kt?
<1+ ) t"Ele J<l+Kr—<ew (7).
k=2




LEMMA 2.7 For K >0 and xz > 0,

sup (t:c - ﬁ) = (VarK- x/E)Q. (2.13)

t€]0,1] 1—t

Proof. Let Ix(t) = f—fi We first consider [ (t) = 1’5—: (the case where K = 1). Let h(t) = zt — £
t €]0, 1]. Notice that A'(t) = 0 if and only if x = fﬁ;;g, that is, t =1 — \/11+7 Therefore

1

l}‘(x)h<1ﬁ

> =(Wr+1-1)>2
In the general case, we have

lielo) = K1 () = (Ve + K = \/E)2 .

Proof of Theorem [2.1. By Lemma R.G, we obtain that for every i and for every ¢ €]0, 1], a.s.

Kt?
]'—1;1] S exp (1 — t> .

Therefore by Lemmas P.3 and P4, we obtain immediately (£.9) and (£.3).
— 2
To show (2.4), we notice that the function g(z) = (Iﬂii;/?)

E[etxi

is strictly decreasing on ]0, +oo[ with
(\/erKf\/?)z

lim g(z) = 0 and lir% g(z) = £, whereas the function f(x) = is strictly increasing on
xr—

xr—-+00 1K
10, +o00[, with hIJIrl f(z) =1 and lir% f(z)=0.

2 2
Therefore for every z €]0, K], (\/erKf\/E > 2?2g(K) = ﬁzﬁy,andforeveryx>l(, (\/z+K7\/E) >
z2f(K) = m, which ends the proof of (R.4).

Conversely, suppose that (Xj) are iid, and that P [i—" > x} < e ™" for some n > 1, ¢ > 0 and all
x > x1 > 0 large enough. Let § €]0, ¢[. Then for all z > 0,

n , Sn _
(P[X; > z)) :P[Xi>xfora111§z§n]§P[—>x] <e T
n
so that P[X;" > ] = P[X; > ] < e~°*, and

+oo x1 +oo 5
E[eaxf] =1 +/ PIX > z]6e®dx < 1 Jr/ 6e%da Jr/ de(m0rgy = 071 — (e
0 0 xrq

c—9
|
REMARK 2.8 Notice that by Lemma P.q, V¢ €]0, 1], a.s.
E[etx" Fi—1] <exp (2Kt2) .
Therefore by Lemma E, we obtain immediately,
na?
IS exp (——) if x €]0,2K],
P {—" >zl < 8K (2.14)
n x

exp (—%) if x> 2K.

But (R.9) of Theorem P.1] gives more precise information.



Proof of Corollary B.2. For ¢ €]0,1], let 20 > 0 and 2; > 0 be such that g(z¢) = Wlua) and
flxy) = 1+E, where g and f are as in the proof of Theorem @

If z €]0, 2], then (W ) 22g(x0), hence P [ 2u > g < exp( #ﬂfia))

If x € [x1, +00[, then ( \/_) , hence P[22 > z] < exp (—1”—fa)

If © € [zg, 1], then (W \/_) zf(xo) = xwog(xo) = R4 We set Ky = %104-5)7 so that
P[% >$] < exp (—?(—f) ]

If we impose an exponential moment condition to X? instead of X;, we get the following Hoeffding type
inequality.

THEOREM 2.9 Let (X;)1<i<n be a sequence of supermartingale differences adapted to (F;). If there exist
some constants R > 0 and K > 0 such that for all i,

E[e®|Fis1) <K a.s., (2.15)

then there exists a constant ¢ > 0 depending only on R and K such that:

EleS"] < " for all t > 0, (2.16)

and g
P [—n > z] <e i for all x > 0. (2.17)

n

Conversely, if (X;) are iid and if (2-16) or (R-17) holds for somen > 1 and ¢ > 0, then for each R € 10, =[,

R

E[eRxlﬁ] < K, where Xfr = max(X1,0) and K =1+ R

4c

Its proof will be based on the following Lemma.

LEMMA 2.10 Let X be a random variable defined on a probability space (Q, F,P). If for some constants K
and R > 0, E[eRXz] < K, then for all t > 0,

E[e!X] <1+ I;—gtexp (g) . (2.18)

If additionally E[X] < 0, then there exists a > 0 depending only on K and R such that for all t > 0,
X at?
E[e'] < exp - ) (2.19)
Proof. By hypothesis P[|X| > z] < e 7 E[e’X"] < Ke 7" Hence for all t > 0,

E[e!X]] = /OMo Ple!X! > z]dz = /M P[IX| > uld(e™)

—+o0 —+o0 5
=1+t P[|X| > ule"du <1+ Kt/ e et gy,
0

0
K\/m t? )
<1+ tex .
SN (4R

Let ¢ > ﬁ. Then there exists t;1 > 0 such that
vt >ty, Ele!!¥l] <exp (ct?). (2.20)

On the other hand,
E[e?X] < Ele®:|X| < 1] + E[e®; | X| > 1] < R + K,



so by Lemma E, when E[X] < 0, we have
2K, R
E[e'¥] < —t*) vte |0, = 2.21
[e] < eXp( 7 €0, 5| ( )
where K1 = e® + K. From (R.20) and (2.21)) we deduce that there exists a > 0 depending only on K and

R, such that
X at?
YVt >0, Ele"*] <exp - )

Proof of Theorem R.9. Write E;_;[] = E[.|F;_1]. By Lemma there exists ¢ = a(R, K) > 0 such

that
2

t
Ei_l[etxi] <exp (%) Vvt > 0.

So by Lemmas R.3 and .5, we get (-14) and (R.17).
Conversely, suppose that (X;) are iid and that (R.17) holds for some n > 1 and ¢ > 0 (notice that (2.14)
implies (R.17)). Let R €]0, Z[. Then Va > 0,

Sy ne
(P[X1>ac])":P[Xi>acforalllgign]gP[—>$] < e de,
n

2

so that P[Xl > ,’L‘] < e_%c, and

+oo +oo
E[eRxlﬁ] =1+ P[X{ > x]QxReRzzd:E =1 —|—/ P[X; > x]QxReRIQd:E <K,
0 0
where K =1+ fOJrOO 2xRe~ (e~ B2y — 1 j—CIER' ]

3 Exponential bounds of P(S,, > nz) for large values of z
Notice that in the exponential inequality P(S, > nx) < e~"¢(®) of the preceding section, for large z, we
can take c(z) = cx or cx? according to an exponential moment condition on X or on X2, respectively. In

this section we shall see that this property remains true for ¢(z) = ca® with any Q > 1.

THEOREM 3.1 Let (X;)1<i<n be any adapted sequence with respect to a filtration (F;)1<i<n. Assume that
there exist some constants Q@ > 1, R > 0 and K > 0 such that for all i € [1,n],

E[eRXI% |7 < K as.. (3.1)

Let p > 1 and T > 0 be such that

1 1 1 1
—+—=1and (pr)?(QR)? = 1. 3.2
ot (p7)7 (QR) (3.2)

Then for any 7 > T, there exists t1 > 0 depending only on K,Q, R and 71, such that:
E[e!l%"]] < exp (nmit?) for all t > t1, (3.3)
M _ Q — p—1
P > x| <exp ( nRix ) forallx > xy = pmt] ", (3.4)
n

Q=

where R1 > 0 is such that (pﬁ)%(QRl) =1.
Conversely, if (X;) are iid and if (@) holds for somen > 1, Ry > 0, Q@ > 1 and x1 > 0, then for all
R 6]0, Ry [,

R
E[eRlxl‘Q] < 2K, where K = et 4 e (RmRy (3-5)
R —R



When (X;) are supermartingale differences, we can complete Theorem @ with an information for small
values of x > 0 and ¢ > 0, as shown in the following theorem. The conclusion follows from Theorem @ for
small values of x,¢t > 0, and from Theorem @ for large values of x,¢ > 0. The proof of (B.§) will be seen
in the proof of (B.H). Notice that for large values of x,t > 0, the conclusion of Theorem is sharper than
that of Theorem R.1].

THEOREM 3.2 Under the hypothesis of Theorem @, if moreover (X;)1<i<n 1S a sequence of supermartin-
gale differences adapted to the filtration (F;), then for any 71 > 7, there exist t;1 > 0, x1 >0, and A, B > 0,
depending only on K,Q, R, and 11, such that:

exp (nmt?) if t > tq,
E[e!5] < p( 12) f >h (3.6)
eXp(nAt) if 0 <t<ty,
and o
Sh exp (—nRiz™) if © > x1,
P[—>x}§ P 12) fozmn (3.7)
n exp(anz) if0<x<x.

Conversely, if (X;) are iid and if the first inequality in (E) holds for somen > 1, Ry >0, Q@ > 1 and
x1 > 0, then for all R €]0, Ry|,

R
E[eRXfQ] <K, where X;" = max(X;,0) and K = efa? | me_(Rl_R)l?. (3.8)

Before proving the theorems, we first give, for a positive random variable X, relations among the growth
rate of the Laplace transform E[e!X] (as t — o0), the decay rate of the tail probability P[X > x] (as
x — 00), and the exponential moments of the form E[eRXQ] (@Q>1).

LEMMA 3.3 (Relation between Ele!X] and P[X > x])
Let X be a positive real random variable. Let Q, p, T, and R €]0, +00[ be such that 1 < Q < +oo and

G+p=1 (nheRi =1

Let K > 0 be a constant. Consider the following assertions:
(1) V¥t >0, E[etX] < Ke™";
(2) Vx>0, P[X > 1] < Ke~R=°;

(3) Fora=K (%)% and all t >0, E[e"] <1+ K + atPe™".
Then we have the following implications: (1) = (2) = (3).

Lemma B.3 is closely related to the following Legendre duality between the functions ¢ — 7t and z +— Rz®.

LEMMA 3.4 Let p>1,7>0 and to > 0. Then Vo > thgfl,

1 1
sup (tx — 7tP) = Rx®, where = + = =1, (pT)%(QR)% =1.
t>to Q p

Proof. The fonction h(t) = tx — 7t* attains its supremum on ]0, +-o0o[ for t* = (Tip)ﬁ, and the supremum
is h(t*) = Rz@. As t* > tg if and only if z > prtf ", we get the result. [

Proof of Lemma @ We first prove the implication (1) = (2). If E[etX] < Kem then for every 2> 0
and t > 0,
P[X > ] = P > '] < e TE[e"Y] < Ke™" 71,

Therefore by Lemma B.4, P[X > z] < Ke Re?,
We then prove the implication (2) = (3). If (2) holds, then for every ¢ > 0,

+o0 +00
E[eX] =1 th/ P[X > x]e™dr <1+ tK/ o—RaO+tw g
0 0

10



We choose x1 = (%)ﬁ so that —Rx®+tz < —at for x > z1; by Lemma@ (with tg = 0), —Rz@+tz < 7t°
for any « > 0. Therefore

+oo o x1 o +oo v 1
/ e*Rz thxdx < / e‘rt d$+/ efztdx < :CleTt + g,
0 0 x

1
hence for a = K(%)ﬁ and ¢ > 0,
E[etx] <1+ K + atfe™.
|

LEMMA 3.5 Let X be a positive real random variable. Let @ € [1,+oo[, and K, R €]0,+o0[. Consider the
following assertions:

(1) Ele™X"] < K;
(2) Vx>0, PIX > a] < Ke B=®;

(3) For any Ry €]0, R|, E[eRle] < %(g—m'

—in
Then we have the following implications: (1) = (2) = (3).
Proof of Lemma B.5. The implication (1) = (2) is easy: if E[eRXQ] < K, then P[X > z] = P[eRXQ >

eR””Q] < Ke=B*°_ Let us now prove the implication (2) = (3). f P[X > 2] < Ke~Re?  then for any
Ry G]OvR[v

+o0 +o0
E[eRlXQ] = / P[eRlXQ >zlde =1+ RlQ/ PIX > U]eRIUQUQildU
0 0

i K—1
<1+ KRlQ/ cB-Rue Qo1 - R RI(K—1)
0 R — R1
|

REMARK 3.6 Let @, p €]0, +00[ be such that 1 < @ < 400 and % + % = 1. As a consequence of Lemma
@, we can easily see that writing
7 =1inf{a > 0: E[e™*] = O(exp(ar’))},
R =sup{a>0: P[X > x| = O(exp(—az?))},
we have . )
() QR)E =1.

This was proved in a different way by Liu in [@} It unifies Theorems 6.1, 7.1, 7.2, 7.3, 8.1, 9.1 and 9.2 of
Ramachandran ([BF)), and was first conjectured by Harris ([R1]) in the context of branching processes.

1

Proof of Theorem @ By Lemmas @ and @, we see that for a = K (%) -1,

E[e!Xil|F_ 1] <14 K +atPe™ Vit >0.

Let 71 > 7. Then there exists t; > 0 sufficiently large such that Vt > ¢;, E[e”xi‘
Lemmas @ and @, we obtain that

Fiz1] < e™”. Applying

E[ell%]] < E[etIXtl++1XaD] < exp (nritP) if t > ty,

S X X _
P[—| nl >x] SP{| 1+ + X >x} §67”R1IQ if x >z = prit] L
n n

Conversely, suppose that (X}) are iid, and that P [% > x} < exp (—anxQ) forall z > z1. Let R €
10, R1[. Then for all x > x4,

Sn Sn
(PIX;>a)"=PX;,>xforall 1 <i<n] <P [— > x} <P [u > x] <exp (—anxQ) ,
n n

11



so that X;" = max(0, X;) satisfies P[X;" > z] = P[X; > 2] < e~ M7 and

—+o0
RO Z 1 4 / PIX} > 2]RQu? e dy
0

o 1_Raz® oo 1_—(Ri—R)z® Rz
§1+/ RQxQ7 e dz+/ RQxQ7 e~ (Bi—R)z® g oRay |
0 x

1

R e*(leR)z?,

Ri—R

By considering (—S,,) instead of (S,,), we see that the same result holds for X; = max(0, —X;):

E[eR(Xf)Q] <K := e’ + R i Re_(Rl_R)le.
|-

Therefore

Q

E[eRX119] < E[eRXD°] 4+ E[efX1)°] < 2K.

Proof of Theorem @ By Theorem @, there exists t; > g such that
Ele'*"] < E[e!!*"]] < exp (nm1t?) for all ¢ > ty,

and

Sn Sh _
P [— > x} <P [u > x] < exp (—anxQ) for all z > z; := pmt} L

n n

On the other hand, notice that E[emxi‘ |Fi_1] < K1 := ef' + K, so that by Theorem @,

2n K t? R
tSn 1
Ele ]gexp< 7 > for allte}(),g} .

Ifte ]g,tl}, then
47y tf 2
2

EletS] < E[e!t!5"]] < exp (nmit?) < " =

Set A = max( 211;1 , 4;%1;’13 ). Then

Ee'Sn] < " vt €]0, 4]
Again by Theorem @, we can choose B > 0 small enough such that
Sn 2\ .
P|—>uz| <exp (—an ) if x €]0, 4].

n

4 Extension to the case E[e/X

Fio1] < K;

The following theorems are immediate generalizations of Theorems @, @, @ and @ The proofs of
the first two theorems remain the same; the proof of the third needs a short argument for the concerned
constants to be independent of n. The first theorem is an extension of Bernstein’s inequality.

THEOREM 4.1 Let (X;)1<i<n be a finite sequence of supermartingale differences.
K; >0 and alli € [1,n], a.s.
E[e'X"‘

Fi—1] < K,

then for each K > %,

Kt?
E[e""] < exp (n ) for all't €0,1],

1—-1t
and
Sh 2
P[—>x] §eXp(—n(\/x+K—\/K) ) for all x > 0.
n

12
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Consequently,
2

exp <—m> if © €]0, K],

Tl >
n nx .
exp (—m) Zf$>K

The second theorem is an extension of Hoeffding’s inequality.

THEOREM 4.2 Let (X;)1<i<n be a sequence of supermartingale differences adapted to (F;). If there exist
some constants K; > 0 and R > 0 such that for all i € [1,n], a.s.

E[eRX7|Fi_1] < K, (4.5)

then for each K > %, there exists a constant ¢ > 0 depending only on R and K such that:

E[et%"] < enet” for allt > 0, (4.6)
and
Sn _n_m2
P [— > z] <e i for all x > 0. (4.7)
n

The third theorem shows a close relation between P[|X;| > z] and P [% > x} for large values of 2 > 0.

Notice that this result is valid for any adapted sequence.

THEOREM 4.3 Let (X;)1<i<n be any adapted sequence with respect to a filtration (F;)1<i<n. Assume that
there exist some constants @ > 1, R > 0 and K; > 0 such that for all i € [1,n],

E[eRX°| £ < K, a.s.. (4.8)

Let p > 1 and T > 0 be such that
1 1 1 1
—+==1and (pr)?(QR)2 = 1. (4.9)
Q p
Let K > % Then for any ™ > 7, there exists t1 > 0 depending only on K,Q, R and 1, such that:

E[e!l%"1] < exp (nmit?) for all t > t;, (4.10)

and

< exp (fanzQ) for all x > xq1 := pTlt’ffl, (4.11)

PPS”| >
n

8
1

where Ry is such that (pﬁ)%(QRl)é =1
Proof. By Lemmas E and E, we see that for a = (%) ﬁ,
Ele!Xil|Fi_1] <14 K;(14 atPe™) Vi > 0.
By Lemma @,
E[e!S]] < E[et(X1l+-+IXuD) < f[ (1 +K(1+ at”e”p)) :
i=1
It is easy to see that 1+ K;(1 4 at?e™") < e (1 + atPe™"), so we have
E[e!!%] < (eK(l + at’)e'rtp))n .

Let 71 > 7. Then there exists ¢; > 0 sufficiently large such that Vt > ¢, e (1 + at?e™") < e™*"| which

gives (4.10). As

Sn
P [u > x] = Pletlonl > etn?] < e R[] < exp (—n(tz — 7tP)),
n

13



we deduce ([L.11]) from Lemma B.4, [ |

As in section 3, when (X;) are supermartingale differences, using Theorem @ we can complete Theorem
@ with an information for small values of x > 0 and ¢ > 0, as shown in the following theorem. For large
values of x,t > 0, it gives inequalities sharper than those of Theorem @

THEOREM 4.4 Under the same hypothesis as in Theorem B, if moreover (X;)1<i<n 1S a sequence of
supermartingale differences adapted to the filtration (F;), then for any 7 > 7, there exist t1 > 0, 1 > 0,
and A, B > 0, depending only on K,Q, R and Ty, such that:

exp (nmt?) if t > tq,
E[e!Sn] < Pl 12) fizh (4.12)
exp (nAt?) if 0 <t <ty,
and o
e —nR f © > xq,
P{&xc}g xp (—n 152)1‘”—:01 (4.13)
n exp(—nBac) if0<zx<ux.

5 Rate of convergence with probability 1 and in L?

THEOREM 5.1 Let (X;)1<i<n be a sequence of supermartingale differences. If for some constants K; > 0
and for all i € [1,n],
E[G‘Xillfi_l] < Ki a.s., (51)

then writing K = limsup,,_, , o, £3=tE gnd S = max(0, S,,), we have:

+
n

<2VK a.s., (5.2)

lim sup

S
n—-+oco V1N Inn

and for every p > 0,
P SJF P P p
limsup n2E [(—") } < p2rlKeT (5) . (5.3)
n

n—-+4oo

Proof. For the proof of (@), by Borel- Cantelli’s Lemma, it suffices to show that for every a > 2v/K,

vnlnn

Let us fix a > 2VK. Let £ > 0 be such that a > 2/K + ¢ and let n1 > 0 be such that for every n > nq,
Kt 4Ky « K 4. Then we deduce from Theorem EI that for every n > nq,
S+
P [ 2 > a] =P

n /1 2
NZITT %> %a}ﬁexp(—n(%wn—i—l(—i—a—\/l(—i—s) ),
nlnn

with 2, = /22a. When n tends to oo, n (Vz, + K +¢ — \/K+€)2 ~ 4‘1(21(13_2). As a® > 4(K + ¢), it
follows that

+oo

S+
Sop| i <o
n=0

nlnn

—+o0

S+
Sp| i <o
n=0

This ends the proof of (5.9).
We now come to the proof of (5.3). Let ny > 0 be as in the proof of (5.9). We deduce from Theorem [L.]]
that for every n > nq,

S+ p 00 Sn oo 9
E[(—") ]p/ P{—>x} zpfldzgp/ exp<n(\/z+K+5\/K+€) )xpldz.
n 0 n 0

Set y =n(Ve+K+e—vVE+e). Then VI = Va+K+e—VE+e o = VE(VI+2VE +e),

do = VarVETE
()5 o

dy, so that

NN
n n
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where

en(p) = p/0°° ety b1 (ﬁ* 2¢K—+5>p1 <\/% 4 m) dy

dim e (p) = p/ooo eyt (2VE T e) T (VETe) dy =2 (K +2)ET 3).

satisfies

In the case of a sequence of martingale differences, replacing S; by |S,| in the proof above, we obtain
immediately:

COROLLARY 5.2 Let (X;)1<i<n be a sequence of martingale differences. If for some constants K; > 0 and
for all i € [1,n],
IE[e‘Xi|

‘/,—"ifl] S Kz a.s., (55)

K1+ + Ky

n J

then for K = limsup,,_,,

lim sup [5n| <2VK a.s., (5.6)

and for every p > 0,
. 2 |Sn| P P p
5 Prl) | < p2rrET (L£). .
limsup n E{( - < p2PK 1"(2) (5.7)

n—-+o0o
REMARK 5.3 The exponential moment condition (@) can certainly be relaxed for a result of the form
p P
E [(%) } =0 (n*E). For example, as shown in [@], p-150, by Burkholder’s inequality, we can obtain
the following result: if p > 2 and E[|X;|"] < K for some K > 0 and all i € [1,n], then

E[|S,[F] < n* (18pg!/?)P K, (5.8)

1,1 _
Whereg—i—a—l.

6 Free energy of directed polymers: concentration inequalities

We now consider the model of a directed polymer in a random environment, already described in the
introduction. For convenience, let us recall it briefly as follows. Let w = (wn)nen be the simple random
walk on the d-dimensional integer lattice Z¢ starting at 0, defined on a probability space (2, F, P). Let
n = (M(n, 7)) (no)enxze be a sequence of real valued, non constant and ii.d. random variables defined
on another probability space (F,E&,Q). The path w represents the directed polymer and n the random
environment. For any n > 0, define the random polymer measure u,, on the path space (2, F) by

1

pn = © exp(B8H, (w))P(dw), (6.1)
where 3 € R is the inverse temperature,
Hy(w) = > n(j,w;), and Zn(8) = Plexp(3H(w))]- (6.2)

J=1

Let A(3) = InQ[e?7(9-9)] be the logarithmic moment generating function of 1(0,0). We fix 3 > 0 (otherwise
we consider —7), and assume only A\(££) < oo, which is equivalent to Q[e®I"*9] < co. We are interested
in the asymptotic behaviour of the normalized partition function

Zn(B)

Wal8) = QZ.(3)]

= Plexp(SH, — nA(B))]; (6.3)

15



and the free energy % In W,,(8). For simplicity, we shall write W,, for W,,(8), Z,, for Z, (), and n for n(0, 0).
We use the same letter 7 to denote the environment sequence (1(n, ))(,,2)enxze and the random variable
7(0,0); there will be no confusion according to the context. In this section, we shall prove exponential
concentration inequalities for the free energies IHZV", and convergence results of the centered energies

Wy _ QGInWul, of Theorems EI, @, @, and their corollaries.

n n

THEOREM 6.1 Assume that Q[e®"] < 400, and set K = 2exp (A(—3)) + A(8)). Then for alln > 1,

2

Qlett(n Wa—Qn Wal)] < o (nKt

1= t) for all t €]0,1], (6.4)

and

Q {i%(ln W, — Q[lnW,]) > z] < exp (n (Vv K- VE)Q) for all z > 0. (6.5)

Consequently, Yn > 1,

n(EQ

exp (—m) if = €)0, K],

exp (—ﬁ) ifr> K.

COROLLARY 6.2 Under the conditions of Theorem , Ve > 0, there exist 0 < g < x7 and K1 > 0
depending only on K and €, such that:

Q [:I:%(ln Wn —QnW,]) > x| < (6.6)

2
exp (ﬁ) Zfl' 6]0,1'0[,

Q i%(ln W, — Q[InW,]) > x} < ({ exp (Z—i) if © € [xg, x1], (6.7)
exp (—1n—f€) if ¢ €]y, +o0l.

REMARK 6.3 Using Lesigne and Volny’s martingale inequality (@), Comets, Shiga and Yoshida (2003,
[Ell]) proved that if Q[e?I"l] < +o0 for all § > 0, then Vo > 0, there exists ng € N* such that for any

n > no,
> x} < exp (—nsfs ) . (6.8)

Our result is sharper as n'/* is replaced by n. Another advantage is that our conclusion holds for all n, not
only for n large enough; thanks to this advantage, we can use our inequalities to study the convergence rate
for the a.s. and L? convergence: cf. Theorem @ The third advantage is that we assume Q[e®"] < 400
only for the fixed 3, not for all § > 0. The first two advantages are due to the application of our
exponential martingale inequality (Theorem @), the third one comes from a direct estimation of the
conditional exponential moment (Lemma @) by use of convex inequalities, without using Lemma 3.1 of

||

For the proof, as in [L1], we write In W,, — Q[In W,,] as a sum of (£;)1<;<, martingale differences:

Q Hl InW,, — l(@[hﬁ W]
n n

1/3

MW, — QW] = >V, 5, with V,, ;= Q;[InW,,] — Q-1 [In W,,],

j=1
where Q; denotes the conditional expectation with respect to Q given &;, £; = on(i,z) : 1 <i < j,x € Z4).

LEMMA 6.4 We have
Qj_1 [exp(tVi ;)] < exp (L(t)) for everyt € R, (6.9)

where

(6.10)

[ AEB) + A(=tB) if [t > 1,
= {A( 118) + 1@ i 1 <1,

16



Consequently,
Qj—1 [exp(|Vn5])] < K :=2exp (A(B) + A(=0)) . (6.11)

Proof. We fix t € R* and assume L(t) < oo (otherwise there is nothing to prove). Set

enj=exp| Y. (Bnlk,wr) = AB) |, Wa, = Plen,l.
1<k<n,k#j

Since Q;_1[InW,, ;] = Q;[In W, ;], we have

W, Wn
Vi = Qj [m —WMJ - Qi {ln —Wn,j] : (6.12)

For j € N and z € Z?, define

Plen, j;w; =

M. = 1(j,x) = exp(n(j,z) — A(B)), oz = Wi

(Throughout the paper, for a measure g, a function f, and a set A, we use the notation u[f; A] = [ f1adp,
where 14 is the indicator function of A). Then

Z o, =1 and V[v;/" Z Ty

z€Z? J

By (6.13),

Qj—1 [exp(tVy,,;)] = exp (t@jl [ln WL:JD Qi [eXp <t@j {ln MVZ”JD} '

Since the function  — €'* is convex, using Jensen’s inequality and the fact that £_; C &;, we get:

Qj—1 [exp(tVn,;)] < Qj-1 [(V?j}nj)t] Qj-1 [<$;n]>t] . (6.13)

If t <0 ort > 1 then the function z — 2t is convex, therefore by Jensen’s inequality we have

t

() = (T om) < T

RIYA IYA

We consider the o-algebra &, ; = o[n(k,x);1 < k < n,k # j,x € Z%. Then &_1 C &, j, the oy, are
& j-measurable, and the 7, are independent of &, ;, so that

Qj-1law (7,)'] = Qi1 [Qlas (7) [En,4]] = Q-1 QI(7,)']] = exp (A(t5) — tA(B)) Qj-1[as]-

Hence for t <0 ort > 1,

Qs l(VVVV fj) ] < exp (A(EB) — tA(8) - (6.14)

It is easily seen that the equality holds for t = 1: Q;_1 [V‘I//: "’j} = 1. Again by Jensen’s inequality, we have,
for ¢ €]0, 1],

o (8]« (o ) -

The inequality (B.g) is then just a combination of (b.13), (b.14)), and (p.15). In particular,

Qj—1 [exp(+Vn ;)] < exp (A(B) + A(=0)) , so that Q1 [exp(|Vn;[)] < K := 2exp (A(B) + A=) -

17



Proof of Theorem @ From Lemma @ and Theorem @, we deduce:

K¢
Q[etrWn=CQIn Wal)] < exp (q‘ — t) for all t €]0, 1], (6.16)
and ) )
Q - (InW,, — Q[InW,]) > x} < exp (n (\/:c + K- \/E) > for all z > 0. (6.17)
Applying Theorem @ to the sequence (—V,, ;), we find that
Kt?
Qe tInWa—QIn Wal)] < oxp <7I t) for every t €]0, 1], (6.18)
and . )
Q [—— (InW,, — Q[In W,,]) > x} < exp (—n (\/:c + K- \/?) ) for all z > 0. (6.19)
n
The inequalities (p.16) and (b.1§) give (6.4), (p.17) and (b.19) give (.5). [ |
Proof of Corollary @ The proof is the same as the proof of Corollary E ]

THEOREM 6.5 Assume that Q[e®I"] < 400, and set K = 2exp (A(—0)) + A(B)). Then

%ln W, — %@[hl W,] — 0 a.s. and in LP, (6.20)
with
lim sup % hlZV” - Q[h;w"] <K as., (6.21)
and for every p > 0,
lim sup n%Q [ In W *;@[IHW"] p] < p2PKET (g) . (6.22)

Proof. Recall that with the notations of the proof of Theorem EI, we have
Qj—1 [exp(|Va5])] < K.

Then the inequalities (§.21)) and (p.22)) are consequences of the inequalities (f.6) and (f.7) of Corollary f.3.
|

THEOREM 6.6 Assume that Ko = Q[eRlle] < +o0o for some @ > 1 and R > 0. Let p > 1 and 7 > 0 be

determined by

G+p =1 and ()} QR = 1. (6.23)

Then for each 71 > T, there exist constants ty, A, B > 0, depending only on 3, Kq, Q, R, 7 and 71, such
that, for alln > 1,

t
exp (2n7 BPt°) if t > EO,
QettnWa—QlinWal)) < (6.24)

exp(nAt?) if 0 <t < %0,

and L
exp (—anxQ) if © > 2pBTity

6.25
exp (—nB:c2) if0<z < 2pﬂ7’1t871, ( )

Q :I:%(ann —QuwW,]) > z] < {

where R1 > 0 is such that B(Qpﬁ)%(QRl)% —1.

If we are not interested in the values of constants, then we have

18



COROLLARY 6.7 Under the conditions of Theorem , there exist constants c1,ce > 0, depending only on
8, Ko, Q and R, such that:

o\
QlettinWa—Qlnw.]y < | P (next”) aft > 1, (6.26)
- eXp(ncth) fo<t<l1,
and Q
1 exp (—ncox if x > 1,
Q [i—(ann—@[ann]) > x] < p(—ne. 2) i (6.27)
n exp (—nczz ) if0<x<1.

In particular, if Ko := @[eR‘"‘2] < +o00 for some R > 0, then for some constants c1,co > 0 depending only
on 3, Ko and R,
QleFtInWn—QIn Wal)] < oxp (neit®) for all t € R, (6.28)

and

Q [i%(ln W, —Q[InW,]) > :I:] < exp (—ncga®) for all z > 0. (6.29)

REMARK 6.8 If the environment is bounded or gaussian, the inequality ) was proved in [E], Corollary
2.5, as a corollary of a general concentration result.

Proof of Theorem @ Let 74 > 7. By Lemmas @ and @, writing a = KO(I%)ﬁ, we have
Qle!] < 1+ Ko+ atPe™ < ™" Vit > ¢y,

for some tg = to(Ko, p, 7, 71) > 1. Hence A(%t) < 7t? Vit > g, so by Lemma @,

Q1 [exp(£6Vi )] < exp (L(£4)) < exp (2718°°) for all t > %0. (6.30)

We apply Lemma @ with [ :]%“, +ool, and with the aid of Lemma @, we conclude that

QleFtInWu=QIn W] < oxp (207 3P1P) if ¢ > %0, (6.31)
and )
Q :I:E(ln W, — Q[InW,]) > x} <exp (—nRi29) if x > 20m Bth " (6.32)

Clearly, the condition Q[e®I"°] < 0o implies Q[e?"] < co. Let K = 2exp (A(3) + A(—f3)). By Theorem

b1, (b-4), and Corollary p.2, (5.7), Ve > 0,

Kt? Kt?
Qe Wa—Cln W] < oy, (71‘ t> < exp <’I ) if0<t<e, (6.33)
— —€
and
Q|+ W, —QInw,]) > | < na’ if 0 <z < 6(K,e) (6.34)
- n Wy, n Wy, x| <exp IK(LT2) i x ,€), .

for some 6(K, ) small enough. In the following, we take e = § and § = §(K, 3). If § <t < %0, then

Q[eEtInWn—Qn WD) < {e%“lln Wn—Qlln Wnn} < 2exp (2n7itf) < exp (n(4In2+87tf)t*) . (6.35)

Combining (6.31)), (6.33) and (6.39) gives (6.24), with A = max(4K,4In2 + 87,t0).
fi<ax<zy:= 2p716t871, then by (@),

Q :I:%(ann —QInW,]) > x} < exp (—n(\/5 + K — \/E)Q) < exp (n( O+ K-~ \/E)2x2> . (6.36)

2
Lo

Combining (6.39), (6.34) and (6.36) gives (6.29), with B = min (E%K, M) [ |

TH
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7 Free energy of directed polymers: convergence rates

It is well known that the sequence Q[In W, (8)] is superadditive, hence the limit

p-(3) = lim ~QUn(W, (9)] = sup Q. (9))] €] — 00,0] (1)

n—oo N,
exists2. As an immediate consequence of (f.1]) and (p.20), we have:

LEMMA 7.1 Assume that Q[e®"l] < +o00. Then

p—(8) = lim 1 In(W,.(8)) € [BQ[n] — A(B), 0] Q-a.s. and in LP, Vp > 1. (7.2)

n—oo N

The inequality p_(8) < 0 was already indicated in (7.1); it follows from the fact that
QIn(W,(8))] < mQ[W,(8)] = 0.
The inequality p_(3) > BQ[n] — A(8) also comes directly from the definition, as
QIn(Wy)] > QP[BH,, — nA(B)] = PQ[BH, — nA(B)] = n(BQ[n] — A(B)).

The a.s. convergence was proved in [@], under the stronger condition that Q[e?I"l] < 400 for all 3 > 0;
actually their proof is valid under the condition that Q[e**!"l] < +00. We shall give an estimation of the
rate of convergence, for each of the convergences in probability, a.s., and in L? (p > 1): cf. Theorems @

and E
We first consider the rate of convergence in probability. Recall that the condition Q[e” ‘”'] < 400 is
equivalent to A(+03) < oo.

THEOREM 7.2 If K := 2exp (A(—f)) + A(B)) < oo, then V§ €]0,1[, Yz > 0, there exists ng = ng(d,x) >0
such that ¥Yn > ng,

(@H%ann—p_(ﬁ)’ >x} < 2exp (—n(\/m—\/?f). (7.3)
Consequently,

2 exp <M> if x(l =) < K,

1 K(1 2)2
of[ 2w —p-9) > 4] < (+v2) (7.4
" 2 exp (—M) ifx(l—190)>K
(1+v2)? '
In particular (take § = 1), Va €]0,2K], there exists ng = ng(z) > 0 such that Vn > n,
QH11W (5)‘> ]<2 ( na” ) (7.5)
~InW, —p_ z| <2exp| ———+— ). )
n b P\Taka+v2)2
Proof. Let 6 €]0, 1], and > 0. Let ng = ng(d, z) be large enough such that for any n > no,
1
0<p(8) ~ ~QUn(W, ()] < o
Then Vn > ng,
1 1 1
Q H—ann —p_(ﬁ)’ > x} <Q H— InW, — =QInW,]| > (1 - 5)4 .
n n n
Therefore the conclusion follows from Theorem @ [ |
2In the literature, p(B) is often used to denote the limit of the un-normalized free energy: p(3) = nimw %Q[ln(Zn(ﬁ))]. We

use the symbol p_(8) to indicate that p_(8) < 0. Of course p—(8) = p(8) — A(B).
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We next consider the rate of convergence in mean. To this end, we first introduce some notations. We
note P* the law of the simple random walk on Z? starting at z, and L,, = {x € Z¢, P(w,, = x) > 0}. In
addition to the partition function W,, we define the partition function starting from z:

W () = Wa(z;n) = P* |exp | B n(j,w;) —nA(B ] |, (7.6)

j=1

and the point to point partition function

W(2,y) = Wa(z,yin) = P* |exp | 8 n(j,w;) = nA(B) | Lu,=y | - (7.7)

j=1
Let 7,, be the time shift of ordre n on the environment:
(ran)(k,2) = n(k +n,2) (v €Z%k > 1).

Then we have
Wik = Y Wal0,2;m) Wi (23 7m). (7.8)
z€Ly,

LEMMA 7.3 (Rate of convergence in mean) If K := 2exp (A(—0)) + A(8)) < oo, then for each n € N*,

0<p-(6) ~ ~OMm(Wy()] < 2VEK T2 dnn) (7.9

n n

Proof. We adapt the proof of Proposition 2.4 of [f]. Let ¢ €]0,1[. Using (.§) and the subadditivity of
the function u — u® , we get

Wian <Y Wa(0, ;) Wi (3 7m).-

z€L,
Integrating with respect to the environment we have
QW] < |Lal QWEIQIWE] < (20)*QIWEIQIWE].
Therefore he(n) := InQ[WE] (> Q[InW,,]) satisfies
he(n+ k) < ho(n)+ he(k) +dIn(2n) Vn,k > 1.

Set h(e) = limsup,, _, | o # (in fact by Hammersley’s (1962, [P(]) theorem on sub-additive functions, the
limit exists, although we shall not use it). By the preceding recurrence relation, we have

he(nm) < mh.(n) + (m —1)dIn(2n), n,m > 1.
Dividing this inequality by nm and letting m — oo, we see that

h(E) < M’ Vn > 1.

n

By Theorem ,

K 2
_EE + eQ[In W,,].

he(n) = InQlexp (e(In W,, — Q[In W,,]))] + eQ[In W,,] <

Asp_(B) < h(s), it follows that

Ke n Q[lnW,] n dIn(2n)

_ < Ve €]0, 1]. 7.10
p(p) < L5 QW] WO g g (710
Let g(e) = ££ + 42 where d,, = dln(z") , € €]0,1[. Then ¢'(¢) = (11(8)2 —% = 0ifand only if e = \/—‘/;_

For e = %ﬁ/d_n’ g(e) = 2/Kd, + dy; therefore taking ¢ = \/—+\/_ in ([-1(), we obtain

Q[ W,
8) < 2/ Ry + dy, + 2B Wl Qfln W]
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that is,
p_(8) < 2VE, /2G| din@n) | Qln W]

n n n
|
As an immediate consequence of the preceding lemma, we have:
COROLLARY 7.4 If K :=2exp (A(—0)) + A(B)) < o0, then
In W,
lim sup | Qlln Wn] —p_(ﬁ)’ <2V Kd. (7.11)
fi— 00 Inn n
We finally consider the rate of convergence, with probability 1 and in LP. As usual, ||.||, denotes the LP
norm.
THEOREM 7.5 (Rate of convergence, a.s. and in LP) If K := 2exp (A(—8)) + A(B)) < oo, then
. n |InW,
limsup 4/— —p_(B)| <2VK(Q +Vd) as., (7.12)
n——+00 Inn n
and
In W,
lim sup LH = —p-(B)|lp <2VKd, Vp>1. (7.13)
n——+00 Inn n

Proof. We write

n n n n

) = (TR (B ).

Then combining () of Theorem @ and ) of Corollary @, we get () Again by Theorem @,

we know that for every p > 1,

e A, o) = ( hﬂ) ,

n

so that ([.13) is a consequence of Corollary [.4. [
REMARK 7.6 Carmona and Hu have proved in [ﬂ} that if the environment is gaussian, then for any € > 0,

In W,

n

p- (5)‘ < n~ (79 for n big enough.
Our estimation is sharper since n(2=9) is replaced by \/lnT".

8 Expression of the free energy by multiplicative cascades

In this section we shall prove that the free energy p_ () can be expressed in terms of the free energies of
some generalized multiplicative cascades. The expression is interesting because we know more information
on the free energies of multiplicative cascades. The model of multiplicative cascades was first introduced
by Mandelbrot (1974, ); it has been well studied in the literature: see for example Kahane and Peyriere
(1976, [R5)), Durrett and Liggett (1981,[Lq]), Guivarc’h (1990, [Ld]), Franchi (1993, [L] ); for a generalized
version and closely related topics, see Liu (2000, [R9]).

In [, Comets and Vargas introduced a generalized multiplicative cascade (cf. [@]) (Wﬁ:ﬁf)nzl associated
to the random vector (W;,,(0,))zeL,,, where we recall that

Wi (0,2) = Plexp(BHm(w) — mA(B)); wm = . (8.1)
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The associated free energy is

1
tree e . _ 0
pe(B) = 961?0%1] U (0), with v,,,(0) = 7 In <Q[z€EL Wi (0, z) ]) . (8.2)
Comets et Vargas proved that
1 1
_ < inf tree = i tree 8.3
p-(F) < inf —pip(6) = lim —pn (), (8:3)

and that the equality holds if the environment is gaussian or bounded. Here we prove that the equality
holds for general environment.

THEOREM 8.1 Assume that Q[e’1"] < +00. Then

p_(B) = inf —pree(s). (8.4)

m>1m

Proof. For the sake of completeness, we recall the argument of Comets-Vargas for the inequality (@)
Using the point to point partition functions defined by (@), we have

Wmn - Z Wm(oaxl)Wm($1;$2;Tmn) t 'Wm(xn—laxn;'r(nfl)mn)- (85)

T, Ty €LY

Let 0 €]0,1[ and m € N*. By the subadditivity of the function u — u? and Jensen’s inequality, we obtain:

L@un Whm] = QInw? ]
m

mbn

1
< m@ In Z W (0, 20)W? (21, 223 Tnn) - - Wfl(xn,l,zn;nn_l)mn)

T1, - xp E€LL

< %ln@ ZeZdW 00, 20)WP2 (21, 23 Tmn) - - Wfl(xn,l,zn;nn_l)mn)

By induction on n it is easy to see that

Q Z we (0 wl)W ($1a$277-m77) Wr?z(xn—laanT(nfl)mn) = <@ [ Z ng@)‘@]) s

L1, , Ly €L TE L,

therefore
1 0
zGL
Letting n — oo gives
1 0
TE Ly,
then taking the infimum over all 8 €]0, 1] gives
(B) < 1 tree(ﬁ)
p— S Pm .

Now we prove the reverse inequality. As W, (0,2) < W, for every x, we have, for 6 €]0, 1],

Um (9)§ ( [|Lm|W‘9])

<b|>—‘

where |L,,| is the cardinality of L,,. Writing
QW] = " mIQlexp (6(In Wiy, — Q[ln W),
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we get
Vm(0) < §1n|Lm| + QI W] + gm (Qlexp (6(1n We, — Qln Wi ]))])

Recall that by Theorem [.], for every 6 €]0, 1],

mK62

Qlexp(0(In Wi, — Q[In Wi,]))] < e e,
with K = 2exp (A(—f3)) + A(B)). Therefore for any m > 1,

Ko

3 1 ree 1 ree
inf —plie*(8) < —plie*(9) < =

1
m>11m m
<

v (0) < —ln|Lm|+ @[mw ]+

Letting m — oo and using the fact that |L,,| < (2m)?, we obtain that

P Ko
— tree <p
Jnf —p, B) <p-B) + T—5-

This gives the desired result as 6 €]0, 1] is arbitrary. ]
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