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LONG TIME BEHAVIOUR OF VISCOUS SCALAR
CONSERVATION LAWS

ANNE-LAURE DALIBARD

ABSTRACT. This paper is concerned with the stability of stationary solutions
of the conservation law Oiu + divyA(y,u) — Ayu = 0, where the flux A is
periodic with respect to its first variable. Essentially two kinds of asymptotic
behaviours are studied here: the case when the equation is set on R, and
the case when it is endowed with periodic boundary conditions. In the whole
space case, we first prove the existence of viscous stationary shocks - also called
standing shocks - which connect two different periodic stationary solutions to
one another. We prove that standing shocks are stable in L1, provided the
initial disturbance satisfies some appropriate boundedness conditions. We also
extend this result to arbitrary initial data, but with some restrictions on the
flux A. In the periodic case, we prove that periodic stationary solutions are
always stable. The proof of this result relies on the derivation of uniform L
bounds on the solution of the conservation law, and on sub- and super-solution
techniques.

Keywords. Viscous shocks; shock stability; viscous scalar conservation laws.
AMS subject classifications. 35B35, 35B40, 76L05.

1. INTRODUCTION

This paper is devoted to the analysis of the long-time behaviour of the solution
u € C([0,00), LL (Q)) N L ([0, 00), L®(Q)) of the equation

loc loc
O+ divy Ay, u) —Ayu=0, t>0,y€Q,
Ujt=0 = Uo € LOO(Q>

Above, @ denotes either R or TV, the N-dimensional torus (TV = R¥/[0,1)V),
and A € WE(TN x R)N is an N-dimensional flux (with N = 1 when Q = R).
Heuristically, it can be expected that the parabolicity of equation (m) may yield
some compactness on the trajectory {u(t)}:>0. Hence, it is legitimate to conjecture
that the family w(t) will converge as t — oo towards a stationary solution of ([l]).
Such a result was proved when @ = TV by the author in [H] for a certain class
of initial conditions, namely when ug is bounded from above and below by two
stationary solutions of ([]). Such an assumption is in fact classical in the framework
of conservation laws which admit a comparison principle: we refer for instance to
, where the authors study the long time behaviour of the fast diffusion equation,
and assume that the initial data is bounded by two Barenblatt profiles. The same
kind of assumption was made in the context of travelling waves by Stanley Osher
and James Ralston in [@], let us also mention the review paper by Denis Serre [@],
which is devoted to the stability of shock profiles of scalar conservation laws, and
in which the author assumes at first that the initial data is bounded from above
1
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and below by shifted shock profiles. Nonetheless, in [[I] (see also [, [L]), Heinrich
Freistithler and Denis Serre remove this hypothesis, and prove that shock stability
holds under a mere L' assumption on the initial data.

The goal of this paper is to extend the result of [E] to arbitrary initial data,
that is, to prove that solutions of () converge towards a stationary solution for
any initial data ug € L>(TV). We also tackle similar issues on the stability of
stationary shock profiles in dimension one, when the equation is set on the whole
space case (@ = R). Thus, a large part of the paper is devoted to the proof of
the existence of shock profiles, and to the analysis of their properties. We will
see that the question of shock stability reduces in fact to the stability of periodic
stationary solutions of (m) in L'(R). Unfortunately, we have been unable to prove
that periodic stationary solutions of ([]) are stable in L*(R) for arbitrary fluxes.
Hence we have left this issue open, and we hope to come back to it in a future
paper.

The proof of stability in the periodic setting relies strongly on the derivation of
uniform L> bounds on the family {u(¢)}+>0. In the whole space case, the first step
of the analysis is to prove the property for initial data which are bounded from
above and below by viscous shocks; in fact, this result is similar to the one proved
in [E], and uses arguments from dynamical systems theory, following an idea by
S. Osher and J. Ralston [I7] (see also [Ld, [[]). But the derivation of uniform L>
bounds is not sufficient to obtain a general stability result in the whole space case.
Thus the idea is to use existing results on the long time behaviour of transport
equations, which were obtained by Adrien Blanchet, Jean Dolbeault and Michal
Kowalczyk in [ﬂ], and to apply those in the present context.

Throughout the paper, we use the following notation: if v € L*(T%),

<v>:/TNU.

We denote by L§(Q) the set of intergrable functions with zero mass:
LYQ) = {ue L'(Q). /Qu — 0.
Following L3, for a € (0,1), we define, if I is an interval in (0,00) and Q is a
domain in RV,
HE (I x Q) ={ueC(IxQ), |[ullgarauxa) < oo},
where

lull g owqy = max fult,z)]

(t,x)eIxQ
+ sup |u(ta ‘T) B U(t/, $)| + sup |u(ta ‘T) B u(ta .T/)| .
(z,4)EIXQ, [t —t']e/? (z,4)eIXQ, lo —a/|> 7
(z',t")eIxQ, (z',t")eIxQ,
[t—t'|<p lz—a’|<p

above, p is any positive number. We also set
- ’
C*(Q) :=quelC(), sup Ju(z) = u(a)| < +00 .
(z,2")EN? |$ - ‘T/|a

Eventually, for f € L _(R), h € R, we set 7, f = f(- + h).

loc
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2. MAIN RESULTS

Before stating our main results, we recall general features of equation (), to-
gether with some facts related to the stationary solutions of this equation.

In the rest of this paper, we denote by S; the semi-group associated with equation
(). Notice that S; is always well-defined on L>(Q)), thanks to the papers by
Kruzkov [@, . Moreover, we recall that the following properties hold true (these
are called the Co-properties in [[[9)):

e Comparison: if a,b € L*°(Q) are such that a < b, then S;a < S;b for all
t>0.

e Contraction: if a,b € L>°(Q) are such that a—b € L(Q), then S;a—S;b €
LY(Q) for all t > 0 and

ISea — Sibl| 1 < |la— bl ¥t > 0.

e Conservation: if a,b € L>°(Q) are such that a — b € L'(Q), then Sia —
Sib € LY(Q) for all t > 0 and

/Q(Sta—Stb):/Q(a—b) vt > 0.

Thanks to the Contraction property, the semi-group S; can be extended on L>°(Q)+
LY(Q). The so-called “Constant property” in [@] is not true in the present setting,
since the flux A does not commute with translations. In other words, constants are
not stationary solutions of equation (m) in general. The existence of periodic (in
space) stationary solutions of @) was proved by the author in [E], and we recall the
corresponding result below:

Proposition 2.1. Let A € WL™(TN x R)N. Assume that there exist Cy > 0,

loc

m € [0,00), n € [0, FE2) when N > 3, such that for all (y,p) € TV x R

(2) 10pAi(y, p)| < Co (1 +p|™) V1<i<N,
(3) |divy Ay, p)| < Co (1 + [p[").
Assume as well that one of the following conditions holds:

(4)

N +2
m=0o0r0<n<1or (n < min (T+’2) and 3po € R, div,A(-,po) = 0) .
Then for all p € R, there exists a unique solution v(-,p) € H;er(']TN) of the
equation

() —Ay(y,p) +divy Ay, v(y,p)) =0, (v(-,p)) =p-
The family (v(-,p))per satisfies the following properties:

(1) Regularity estimates: For all p € R, v(-,p) belongs to WEéT(TN) for all 1 <
q < +o0 and additionally

(6) VR>0 dCr >0 Vp € [—R,R] ||U(',p)||W2,q(’H‘N) < Cg.
(ii) Growth property: if p > p', then

v(y,p) > v(y,p’) VyeTV.
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(iii) Behaviour at infinity: assume that

(7) sup 106 A V)| o vy < 400

Then

lim sup U(y7p) = —00, lim inf ’U(y,p) = +o0.
P= =30 yeTN p—+oo yeTN

2.1. A priori bounds for solutions of scalar conservation laws. Our first
result is concerned with the derivation of a priori bounds in L> which are uniform
in time. Notice that such a result is not trivial in general: in the homogeneous
case, that is, when the flux A does not depend on the space variable z, this result
follows from the comparison principle stated earlier. However, in the present case,
this argument does not hold, since constants are not stationary solutions of (EI)
Of course, if there exists a constant C' such that ug < v(-, C'), then the comparison
principle entails that Siug < v(-,C). Hence, the derivation of a priori bounds is
easy when the initial data is bounded from above and below by solutions of equation
(ﬂ) Consequently, the goal of this paragraph is to present similar results when the
initial data does not satisfy such an assumption.

Proposition 2.2. Assume that the flux A satisfies the assumptions of Proposition
B4 Assume also that for all K > 0, there exists a positive constant Ci, such that
for allv e [-K, K], for allw € R,

®) |divy Ay, v + w) — divy Ay, v)| < Ck (Jw] + [w]™),
0vA(y, v+ w) — OvA(y, )| < Ck (Jw| + |w]™),

where n < (N +2)/N.

Let uwg € L>*(Q), and assume that there exists a stationary solution Uy €
Wh(Q) of () such that ug € Uy + LY(Q).

Then

sup || Stuol| L (q) < +o0.
t>0

Notice that in the above proposition, we do not assume that the stationary
solution Uy is periodic. Thus Uy is not necessarily a solution of equation (E), and
may be, for instance, a viscous shock profile (see Proposition @ below). In the
periodic case, any function ug € L* is such that ug — v(-,0) € L'(TV), and thus
the result holds for all functions in L.

2.2. Stability of stationary periodic solutions in the periodic case. The
derivation of uniform a priori bounds for the solutions of equation @) allows us to
extend the stability results proved in [ﬂ] to general classes of initial data. Let us
first recall the stability result of [fj:

Proposition 2.3. Assume that the flux A satisfies the assumptions of Proposition
@. Let ug € L>®(TY) such that there exists (1,32 € R such that

9) v(-, 1) < up < (-, Ba).
Then as t — oo
Siug — (-, (ug)) in Lo°(TN).
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It was also proved in [H] that under additional regularity assumptions on the flux
A, the speed of convergence is exponential, due to a spectral gap result.
We now remove assumption (f]) thanks to Proposition P.3:

Theorem 2.1. Assume that the flux A satisfies the assumptions of Proposition
B4, together with (). Then for all ug € L=(TN), as t — oo,

Siug — v(+, (ug)) in LOO(']I‘N).

The proof of this result relies mainly on Proposition E and on sub- and super-
solution methods based on the Comparison principle. Once again, it can be proved
that the speed of convergence is exponential, provided the flux A is sufficiently
smooth. For details regarding that point, we refer to [ﬂ}

2.3. Existence of viscous shocks. We now consider equation (EI) set in @ = R.
Our goal here is to prove the stability of a special class of stationary solutions, called
“standing shocks”. By analogy with the definition in ] of shocks in homogeneous
conservation laws, a standing shock is a stationary solution U of equation () which
is asymptotic to solutions of equation (ﬂ) at infinity, namely

Hpispr) €R% T (U(y) —v(y,p)) =0, lim (U(y) —v(y,pr)) =0.

Because of the spatial dependence of the flux A, it does not seem to be possible
to restrict the study of general shocks to standing shocks. For that matter, we wish
to emphasize that the definition of a viscous shock with non-zero speed should not
be exactly the same as in [@], indeed, it can be easily checked that if

u(t,z) = U(x — st)
is a solution of (EI), then s = 0 necessarily. Thus, for s # 0, a shock profile is a
solution of (fl) of the form
u(t,z) = U(t,x — st),

where for all ¢, U(t) is asymptotic to solutions of equation (f]) at infinity. This
is related (although not equivalent to) the definition of traveling pulsating fronts,
see for instance the paper of Xue Xin [@] The existence of non-stationary shock
profiles and their stability is beyond the scope of this paper, and thus, we will focus
on standing shocks from now on, sometimes omitting the word “standing”.

Our first result is concerned with the existence of viscous shocks.

Proposition 2.4 (Existence of stationary shock profiles). Assume that there exists
p~,pt € R such that p~ < pT and
(10) ApT) =Ap7) =,
and define vy := v(-, pT).

Let ug € R such that

v-(0) < up < v4(0),

and let u : I — R be the maximal solution of the differential equation
(11) v (z) = Az, u(z)) — o,
(12) U|z=0 = UO-
Then u satisfies the following properties:

(i) The function u is a global solution of ([L1)); in other words, I = R.
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(ii) For all z € R,
v (2) <u(z) <o (e);

(iii) There exist qi,qr € R such that q; # qr, Alq) = A(g,) = «, and

lim (u(z) —v(z,q)) =0, hIJIrl (u(x) —v(z,q.)) = 0.
As a consequence, the solution u of ()-(@) is a stationary viscous shock profile
of equation ([U).

Remark 1. (i) Assumption ([L0) is the analogue of the Rankine-Hugoniot con-
dition for homogeneous conservation laws. It is in fact a necessary condition,
as demonstrated in Lemma @ below.

(ii) In general, the asymptotic states v(q;),v(q,) are different from v(p™*),v(p™).
Proposition only ensures that

Aqr) = Algr) = A(p®).
However, under an additional condition of Oleinik type, the asymptotic states
can be identified:

Corollary 2.1. Assume that the hypotheses of Proposition are satisfied, and
that the flux A is such that

(13) Vpe (p~,ph), Alp) # .
Then
{a, e} ={p".p"}.

2.4. Stability of stationary shocks in the whole space case. We are now
ready to state results on shock stability for equation (EI) Our first result is the
analogue of Proposition @: indeed, Theorem @ below states that Siug converges
towards a viscous shock, provided ug is bounded from above and below by the
asymptotic states of the shock. In view of Theorem E, it is natural to expect that
this result remains true for arbitrary initial data. Unfortunately, we have not been
able to prove this result in complete generality: we prove that stationary shocks are
stable in L' provided stability holds (in L'(R)) for solutions of equation (). We
also give explicit examples of fluxes for which the stability of shocks and periodic
stationary solutions can be established.

Theorem 2.2. Assume that the flux A satisfies the assumptions of Proposition
B4 Let pi,p, € R such that p; # p, and A(p,) = A(p) =: «, and assume that
A, p1, py satisfy Oleinik’s condition (E)

Let U be a shock profile connecting v(p;) to v(p,.). Let ug € U + L*(R) such that

for almost every x € R,
(14) v(z, min(py, pr)) < uo(x) < vz, max(pi, pr)).

Then there exists a shock profile V' connecting v(p;) to v(p,) and such that u €
V + L§(R). Moreover,
tlgTolo ([ Seuo — V”Ll(]R) =0.

As outlined before, hypothesis ([14) should be compared with assumption (f).
Thus, the next step would be to prove that stability holds even when (@) is false.
In fact, we are only able to prove the following:
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Proposition 2.5. Assume that the flux A satisfies the assumptions of Proposition

B3 Let pi,p, € R such that p # pr, A(p,) = A(p1), and such that ([J) is satisfied.

Assume that the following assertion is true:
(H) For p € {pi,pr}, for all ug € v(,p) + L§(R), lim ||Spuo — v(-p)|Lr(r) = 0.
Let U be a shock profile connecting v(p;) to v(p,), and let ug € U+ L*(R). Then

there exists a shock profile V. connecting v(p;) to v(p,) and such that u € V + L§(R).
Moreover,

tlgTolo ([ Sruo — V”Ll(]R) =0.

Remark 2. e As we will see in Section ﬁ, hypothesis (H) can be relaxed into
(H?) For p € {pi,p-}, there exists § > 0 such that for all ug € v(-,p) + L{(R) ,

o — vl < 6 = Jim || Spuo —v(-,p)l|zr ey = 0.

e In Section E, we will prove the following result: for all p € R, there exists § > 0
such that if ug € v(-,p) + L§(R) satisfies ||ug — v(p)|j1 < J, then

tlilxolo [ Stuo —v(-, )|l (®) = 0.

Hence, in this case, for all ¢ > 0 there exists t. > 0 such that S;_ug € v(-,p) + L}
and
v(,p—¢) <up <v(p+e)
Consequently, hypothesis (H) can also be relaxed into
(H”) For all p € R, there exists § > 0 such that for all ug € v(-,p) + L}(R)

v(,p—96) <wu <v(,p+9d) = tliglo [Stuo — v(, p)llL1®) = 0.
To sum up, denoting by (C) the conclusion of Proposition E (that is, shock
stability), we have roughly
(H) = (H”) = (H’) = (C).
We now give an example when it is known that (H) is true. This example relies

on the analysis performed in the linear case by A. Blanchet, J. Dolbeault and M.
Kowalczyk (see [f]).

Proposition 2.6. Assume that the flur A satisfies the hypotheses of Proposition
@, and let p € R. Assume that A is linear in a neighbourhood of v(-,p), i.e.

e CH(TY), 3n >0, V& e (—n,n), Aly,v(y,p) +£&) = Aly,v(y,p)) + b(y)E.

Then, provided a technical assumption on the moments of Siug is satisfied (see
(1)), there exists § > 0 such that for all ug € v(-,p) + L},

luo —v(,p)lr <6 = lim |[Spuo —v(p)]r = 0.

The assumption ({9) is a little technical to state at this stage, and is inherited

from the analysis in [{f]. However, as explained in [, this hypothesis is expected to

be satisfied for a large class of initial data, so that in fact () is not a restriction.
This allows us to give an explicit case of flux for which shock stability holds.
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Corollary 2.2. Assume that the flux A is given by

Aly,v) =V(y) + f(v),
where V€ C3(TN) and f € C*(R) is a convex function which is linear at infinity,
i.e.

Ja_,as) € (0,00)2, JA >0 { ;EZE‘:”_U ZZ?EA

Then the following properties hold:

(i) For all o > 0 large enough, there exist (pi,pr) € R? such that p; # p, and
A(pi) = A(pr) = «, and there exists a shock profile U connecting v(p;) to
v(pr)-

(ii) Letug € U+ LY(R). Then there exists a shock profile V such that u € V + L}.
Moreover, if (@) holds for any vy € v(p*) + L3(R), then lim;_ o || Siug —
VL =0.

The plan of the paper is the following: given the similarity between the state-
ments for periodic solutions when @ = T, and stationary shocks when Q = R,
we first prove the existence of standing shocks (i.e. Proposition @) and the shock
stability result under boundedness conditions on the initial data (i.e. Theorem P2
in sections E and E respectively. At this stage, we are able to treat both models
simultaneously, and thus we prove Proposition@ in Section E Section E is devoted
to the proof of Theorem @, and at last, we give in Section [f further results on
shock stability, including the proofs of Propositions @ and P.4.

3. EXISTENCE OF ONE DIMENSIONAL STATIONARY VISCOUS SHOCKS

This section is devoted to the proof of Proposition @, together with a number
of results related to viscous shocks which will be useful in the proof of Theorem
. These auxiliary results (monotonicity of shock profiles, integrability of the
difference between two shock profiles, etc.) can be found in paragraph E We also
give in paragraph @ a few explicit examples in the case when the flux A is convex.

We begin with some comments on assumption ([L0).

3.1. Analysis of necessary conditions.

Lemma 3.1. Let q;,q € R, and let u € WH°°(R) be such that
u(z) —v(z,q) -0 asz — —o0,
u(z) —v(z,¢) = 0 asx — 400,
—u" + %(A(ZC,U(,@))) =0.
Then A(qr) = A(q) =: «, and u satisfies
—u' + A(z,u(z)) = .

Proof. We deduce from the differential equation that there exists a constant C' such
that

—u' + A(z,u) = C,
and the goal is to prove that A(g.) = C = A(g). We recall first that for all p € R,
v(+,p) is a solution of

—v'(z,p) + Az, v(z,p)) = A(p).
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Indeed, integrating (ﬂ) on R, we infer that for all p € R there exists a constant C),
such that
Vz eR, —v'(z,p)+ Az, v(z,p)) = Cp.
Taking the average of the above equality over a period, we deduce that C), = A(p).
As a consequence, we have

(15)  —o (@) ~ (. 0) + [Alw, u(e)) ~ A, ol )] = € - Ala)

Now, let § > 0 arbitrary. There exists x,, > 0 such that
z 2z = (Ju(z) —v(z,q)] <6, Az, ulz)) — Alz, v(z,¢,))] < 9).
Integrating ([L4) on the interval [z, z, + 1], we deduce that
|C — A(gr)] < 34.

Since the above inequality is true for all § > 0, we infer that C = A(g,.). The other
equality is treated similarly.
O

Remark 3. Notice that couples (p;, p,) such that p; # p, and A(p;) = A(p,.) do
not always exist. Indeed, consider the case of a linear flux A(x,v) = a(z)v, with
a € CL(T). Then, for all p € R, we have v(z,p) = pm(z), where m is the unique
probability measure on T satisfying

-m/ (x) + %(a(x)m(x)) =0, ze€T.

The positivity of m is a consequence of the Krein-Rutman Theorem; we refer to [ﬂ]
for more details.
Therefore, for all p € R,

A(p) = {av(:,p)) = p{am).

Hence, as long as (am) # 0, A(p) # A(q) for all p,q € R such that p # ¢. In
particular, if a is a non-zero constant, assumption ([L(]) is never satisfied.

3.2. Proof of Proposition @ We begin with the a priori bound (ii), from
which we deduce that u is a global solution.

The inequality (ii) follows directly from classical results in differential equations;
indeed, assume that there exists zg € I such that

u(wo) > vy (20);

since 4(0) < v4(0), there exists z1 € [0, xo] such that u(z1) = vy (x1). But u and
vy are solutions of the same differential equation, whence the Cauchy-Lipschitz
Theorem implies that u = v, which is false. Thus

u(z) <vy(z) Veel.

The lower bound is proved in the same way.

As a consequence, we deduce that v remains bounded on its (maximal) interval of
existence I. Using once again the Cauchy-Lipschitz Theorem, we infer that [ = R,
and thus w is a global solution.

We now tackle the core of Proposition E First, since the flux A is T-periodic,
the function u(- + 1) is also a solution of equation ([L1]). Hence the function z —
u(z + 1) — u(z) keeps a constant sign on R, which entails in particular that for
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all z € R, the sequences (u(z + k))ren are monotonous. Consider for instance the
sequence of functions
ug :x € [0,1] — u(x + k).
According to the above remarks, the sequence (uy) is monotonous and bounded in
L*°; hence for all z € [0,1], ux(x) has a finite limit, which we denote by wuo ().
Moreover, thanks to the uniform bound (ii) and the differential equation ([L1]), u
belongs to W1°°(IR), and thus the sequence wuy, is uniformly bounded (with respect
to k) in W1°([0,1]). Thus us € WH([0,1]), and us is a continuous function.
According to Dini’s Theorem, we eventually deduce that uj converges towards tqo
in L>°([0,1]). Notice that u is periodic by definition, and passing to the limit
in equation ([LI]), we deduce that u, is a solution of ([I]). Hence un, belongs to
W1o°(T) and satisfies
d
—ull, 4 (A oo (2))) = 0,
which means exactly that u., is a periodic solution of equation (E), according to
Proposition there exists p € R such that us, = v(+, p). Eventually, since uq is
a solution of ([L1)), we infer that a = A(p). To sum up, we have proved that there
exists p € [p~,pT], such that A(p) = A(p*), and such that
lim sup |u(z+ k) —v(x,p)| =0.
k=00 ze(0,1]
The above convergence is strictly equivalent to u(z) — v(x,p) — 0 as x — oo, and
thus the third point of the Proposition is proved. The limit as x — —o0 is treated
similarly.

3.3. Further results on viscous shocks. We have gathered in this paragraph
some results which will be important in the proof of Theorem @ The first lemma
gives a criterion allowing us to distinguish between the asymptotic states at +oc.

Lemma 3.2. Let p,p, € R such that A(p;) = A(p,), and let U be a shock profile
such that

lim [U(z) —v(z,p)] = lim [U(z)—v(z,p)]=0.

Tr——00 Tr— 400

Then
(avA("U('apl))> >0, (avA("U('apr)» <0.

Moreover, if one of the above inequalities is strict, then U converges exponentially
fast toward the corresponding solution of equation (E), for instance, if

ar = /Z%A(y,v(y,pr)) dy <0,
T
then for all a € (0, —a,), there exists a constant C, such that for all y € [0,00),
[U(y) = v(y,pr)| < Caexp(—ay).

Proof. Since U is a shock profile and v(p;), v(p,) are solutions of equation (E), we

have
U'(z) = A(z,U(z)) — a,

Ov(z,p1) = Az, v(z,p1)) — @
0zv(x, pr) = Alz,v(z,pr)) —
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where a denotes the common value of A(p;) and A(p;.).
Consequently, the function U — v(p,.), for instance, satisfies the linear equation

(16) az(U(‘T) - U(‘T’pT)) = b(‘r)(U(‘T) - U(:Capr))a

where
1
b(x) = / O Az, U () + (1 — 7)v(z, pr)) dT.
0
Notice that since U converges towards v(p,) as x — 400, we obtain

(17) lim [b(z) — 0pA(z,v(x,py))] = 0.

Tr——+00

On the other hand, equation (E) implies that

U(e) - vl ps) = [U(0) — (0, p,)] exp ( [ v dy) |

Once again, since U — v(p,-) converges towards zero, we infer that

(18) lim b(y) dy = —o0.

xr—-+00 0
The first statement of the proposition follows easily from (), (E)7 indeed, assume
that @, > 0. Then there exists a positive number K such that

ar
2 )

and consequently, using the fact that z — 9, A(z,v(z,p,)) is a periodic function,
we obtain for x > K

/Ib(y)dy > /;&A(y,v(y,pr))dy(xff)%

K 2

x> K = bz) — 0,A(x,v(x,pr)) > —

v

szKJdrf:ca—;—C’

Qr
x— —C.
- 2
The above inequality is obviously in contradiction with (@) Hence a,, < 0, which
proves the first statement in the proposition.
Now, assume that @, < 0, and choose a € (0, —a,) arbitrary. As before, we pick
K > 0 such that

V

x> K = b(z) — 0,A(z,v(z,pr)) < —Gr — a.

We then obtain an inequality of the type

A

/:b(y)dy < (-ap—a)z—K)+|z—Kla,+C

IN

—ax + C.

Inserting this inequality back into the formula for U — v(p,.) yields the exponential
convergence result.

O

The next result is concerned with the integrability of the difference between two
shock profiles.
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Lemma 3.3. Let p;,p, € R such that p; # p, and A(p;) = A(p,), and let U,V be
two shock profiles with asymptotic states v(p;), v(py).
Then U —V € L'(R).
Proof. Set
Uy :=U(0), Vp :=V(0),
and assume for instance that Uy < Vj. If Uy = Vp, then U = V according to

the Cauchy-Lipschitz Theorem (see the proof of Proposition @), and the result is
obvious. Thus we assume from now on that Uy < V. As a consequence, we have

Yy € R, w(y,min(p;,pr)) < U(y) < V(y) < v(y, max(py, pr)).

We recall that the sequence (U(k))gez is monotonous, and converges towards
v(0,p;) (resp. v(0,p,)) as k — —oo (resp. k — +o00). Hence, there exists an
integer ko € Z such that

(19) Ug < Vy < U(ko),

from which we infer that U <V < 7, U.
As a consequence, it is sufficient to prove that 7,U —U is integrable, for all k € Z.
First, remember that 7,U — U has a constant sign, since 7,U and U are both
shock profiles. Thus we only have to prove that the family

/_1(TkU—U)

remains bounded as A — oo. A simple calculation leads to

/AmUU) - /A U(y+k>dy/A U(y) dy

_A —A —A
- /::AU(y)dy—/iU(y) dy
_ KT%U@ﬁw—/j%U@My

Thus, recalling that U is a bounded function, we obtain

/A(TkU—U)

—A

sup
A>0

< 2k|| U] Lo (r)-

We deduce that 7,U — U € L'(R) for all k € Z, and eventually that U —V € L'(R)

according to ([L9).
(]

The next result is in fact the first part of the statement of Theorem @:

Lemma 3.4. Let p;, p, € R such that the assumptions of Theorem @ are satisfied,
and let U be a viscous shock connecting v(p;) to v(py).

Let w € U 4+ L'. Then there exists a unique shock profile V', with asymptotic
states v(p;) and v(p,), and such that

u€eV+ Li(R).
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Proof. According to Lemma @, we already know that for every shock profile V,
we have u — V € L'. Hence, the question is to find a shock profile V such that

(20) /]R (u—V)=0.

Notice that such a shock profile is necessarily unique: indeed, the Cauchy-Lipschitz
uniqueness principle entails that the difference of two shock profiles is a function
which keeps a constant sign. Hence, if V1, V5 are shock profiles satisfying fR(Vl —
V2) =0, then V4, = V4.

We now prove that there exists a shock profile V such that u — V € L}(R). As
before, we set p~ = min(p;, p,), pT = max(p;, p.). For all £ € (v(0,p™),v(0,pT)),
we denote by Vg the solution of

Vi(z) = Az, V(2)) — Alp),
‘/|x:0 = €
Then, according to Proposition @ and Lemma @, for all £, V¢ is a shock profile

connecting v(p;) to v(p,), and additionally u — V¢ € L'(R). Moreover, if £ > ¢,
then Ve(x) > Ve (z) for all x; hence the function

F:ée (0(0,p),0(0,p%)) = / (u(z) — Ve(x)) da

is well-defined and decreasing with respect to £; using classical results on differential
equations, it can easily be proved that F' is continuous. We wish to find &, such
that F'(&) = 0; thus it suffices to show that

lim  F(&) >0 and lim F(¢) <0.
£—v(0,p7)+ © §—v(0,p1) - ©

The above result is a direct consequence of Lebesgue’s monotone convergence The-
orem and of the fact that
(21) Vo e R, lim  Ve(z) =v(z,p7).
§—v(0,p7 )+
The same kind of result holds with v(p™). Indeed, let R > 0 be arbitrary, and let
e > 0. Without loss of generality, assume that p, = p~. Then there exists K € N
such that
x> K =v(z,p) <U(x) <v(z,pr) +e.
In particular, 7 1| r|4+1U is a shock profile which satisfies
Tk+|r)+1U () <v(z,pr) + € Vo €[-R,R]

Let € := Tx 1| g)+1U(0) = U(K + |R] +1). The Cauchy-Lipschitz Theorem entails
that Vi = 71 |gj+1U. As a consequence, for all { < ¢, for all x € [~ R, R], we have

o(a,p) < Velw) < Vel(w) < v(a,py) + 2.

The convergence result (@) follows, and thus there exists a shock profile V' such
that ug € V + L (R).
O

The next lemma allows us to replace inequality ) by an inequality in which
the upper and lower bounds are shock profiles, which will be useful in the proof of
Theorem in Section E
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Lemma 3.5. Let p;, p,- such that the hypotheses of Theorem @ are satisfied. Let U
be a shock profile connecting v(p;) to v(p,). Letu € L>°(R) such that u € U+ L}(R)
and assume that for almost every y € R,

v(y, min(pr, p1)) < uly) < vy, max(pi, pr)).

Let € > 0 be arbitrary. Then there exists a function u¢ € U + L§(R), together
with shock profiles US connecting v(p;) to v(p,), such that

lu—u|p <e, US <u® <US.

Proof. First, since u — U € L*(R), there exists a positive number A¢ such that

/ |lu—Ul] <e.
|z|>Ae

Hence, for |z| > A%, we take u®(x) = U(z).

The definition of u° on the interval [—A¢, A¢] is slighlty more technical, because
of the various constraints bearing on u®. Once again, we assume that p; > p, in
order to lighten the notation. We first consider a function v® € C([—A¢, A%]) which
satisfies

/ |u(z) — v (z)| dx < e
o] <A
and such that
v(x,pr) < v(x) <v(x,p) Ve [-A% A%].
We denote by a a positive number such that
v(z,pr) + o <v°(x) <wv(z,p) —a® Vo e[-A% A%

Notice that a® can be chosen as small as desired. For further purposes, we choose
af so that

afA® < 2/ (U —v(pr))-
|| <A
The constraint u® € U + L{(R) entails that the function u® should satisfy

/|z|§AE (u®* =U) =0.

However, the function v® does not satisfy the above constraint in general: we merely

have
/ (v =U)| < / (v —u)| + / (u—"0)
|| < A= || < A= || <As
< / |v6—u|+/ |lu —U|
|| < A= || >As
< 2e.

Assume for instance that f|m|<AE (v®* — U) > 0. We then define a non-negative
function p¢ € L>°([— A%, A®]) such that

v¥(x) — p° () > v(x,p,) + % a.e. on [—A°, A%]
(22)
and (v*—p*=U)=0.
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Such a function p° exists provided

/mSA;v& U< /mgs < — olpy) - %) ,

and the above inequality is equivalent to
af A®
JINCE A R
lz|<As

The previous condition is satisfied by definition of a®. Thus there exists a function
p° which satisfies conditions (pJ).
We then set

u®(z) = v%(x) — p°(x) for x € [— A%, A%].
The construction is similar when f|x|<A5 (v¥* =U) <0.
At this stage, we have defined a function u® € U + L} which satisfies

€

v@,p) + 5 <ui(a) Svlap) -5 Vo€ [-AT A%,
u (x) =U(z) VoeR\[-A% A%,

and / |u — uf] < 4e.
R

Now, by definition of the shock profile U, there exists a positive constant R® such
that

€

22 B = |U() - o(e,p)| < 5

Let k™ be a positive integer such that k™ > R® + A°. Then for all x € [—A®, A7,
we have

e
’U(:L',pr) < Tk+U(:C) < v(z,pr> + % < ’UJE(;L')

Similarly, there exists a negative integer k~ such that for all © € [—A°, A°],

&€

w (@) < vla,p) - 5 < 7 Ula).

Notice that 7, U are also shock profiles. We now set
US :==sup(n+U,U), U: :=inf(1,-U,U).
Since shock profiles are ordered, the functions U are viscous shocks, and
Us <uf <UL ae.
Hence the lemma is proved. ([
3.4. An application: the convex case. This paragraph is devoted to the anal-

ysis of specific examples for which the existence of shock profiles and their stability
can be proved.

Lemma 3.6. Assume that for all y € T, A(y,-) is a convex function. Then the
homogenized fluz A is conved.

Furthermore, if A(y,-) is strictly convex for all y, then A is also strictly conver,
and thus satisfies the Oleinik condition of Corollary @

The convexity properties are proved in [@] However, for the reader’s conve-
nience, we have reproduced the proof in Appendix B. Oleinik’s condition is an
immediate consequence of the strict convexity of the flux A.
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Example. Assume that the flux A is strictly convex in its second variable, and
that the assumptions of Proposition @ are satisfied. Then, with the same notation
as in Proposition @, we have

q=p" and ¢ =p.

Indeed, according to Corollary P.1, we have {q;,¢,} = {p*,p~}. Moreover, since
the flux A is strictly convex, 9, A(y, -) is strictly increasing, and

(B, A(,v(-,p7))) < (B, A(,v(-,pT))).
Proposition B.9 then allows us to conclude that p~ = ¢,, p™ = q;.

We now prove Corollary @ (pending Proposition E) Assume that the flux A
is given by
Aly,p) =V (y) + f(p),

with V' and f satisfying the assumptions of Corollary %The existence of solutions
of equation (ﬂ) follows immediately from Proposition R.1; moreover, since the flux
A is linear at infinity, hypothesis (ﬂ) is satisfied. As a consequence, for p > 0
sufficiently large, we have

Ay, v(y.p) =V(y) + agv(y,p) Vye TV,

and thus A(p) = (V) + ayp. Similarly, A(p) = (V) — a_p for p < 0 with |p|
sufficiently large. These formulas entail that if @ > 0 is large enough, then, setting
pr = +(a — (V))/ax, we have A(p~) = A(p*) = . Since A satisfies Oleinik’s
condition, we deduce that there exists a shock profile connecting v(p~) and v(p™).

Additionally, if |p| is large enough, then f is linear, say, on the intervals [inf v(|p|)—
1,00) and (—oo,supv(—|p|) + 1]. Thus, for all £ € [—1,1], we have

Ay, v(y,p) +§) =V(y) + f(v(y,p) + &) = A(y,v(y,p)) + sgn(p)asgn(p)§-

Hence the flux A satisfies the assumption of Proposition @ for all p large enough.
We infer that the solutions v(-,p™) are stable by the semi-group S; under small
perturbations in L} which satisfy (). Point (ii) in Corollary then follows
from Proposition @ and the remark following it.

4. STABILITY OF SHOCK PROFILES IN ONE SPACE DIMENSION - PART I

This section is devoted to the proof of Theorem E Hence, throughout this
section, we consider an initial data uo which satisfies ([14), and such that ug €
U+ L, where U is a stationary shock of equation ([[). Using Lemma @, we deduce
that there exists another shock profile V such that u € V + L}(R). Then, using
Lemma @ together with the Contraction principle, we can restrict the analysis to
the class of initial data wug such that

(23) I(U-,Uy) shock profiles, U_ <wg < Uy.

Indeed, assume that Theorem P.4 holds for all vg € V +L{ such that (9) is satisfied.
Consider now a function ug € V + L} satisfying (@), and let € > 0 be arbitrary.
According to Lemma B.5, there exists u§ € V + L} satisfying () and such that
lup — ugll1 < e. The L' contraction principle entails that for all ¢ > 0,

1Seuo = Vil < [|Sruo = Sruglls + [[Seug — Vi < &+ [[Seug — Vi
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Notice also that by the Contraction principle, the function ¢ — ||Siug — V1 is
non-increasing, and thus has a finite limit as t — co. We infer that

Ve > 0, tlim ||StU0 — VHl <eg,
—00

and thus Siug converges toward V as t — oo.

There remains to prove Theorem for initial data which satisfy ([3). As
emphasized in Section fl, inequalities ([l4) or (3) should be seen as the analogues
of () in the context of shock stability. The proof of Theorem P.J in this case relies
on arguments from dynamical systems theory, which are due to S. Osher and J.
Ralston (see [[7; similar ideas are developed by D. Amadori and D. Serre in [f]]).
The aim is to prove that the w-limit set of the trajectory Siug is reduced to {V'},
by using a suitable Lyapunov function. Hence, we first prove that the w-limit set,
denoted by €2, is non-empty, then we state some properties of the w-limit set, and
eventually we prove that Q2 = {V}.

First step. Compactness in L' of the trajectories.

Throughout this section, we set w(t) := Siup — V. Notice first that by the
comparison principle for equation (EI), inequality (@) is preserved by the semi-
group S;: for all ¢ > 0, we have

U_ S St’u,o S U+.

Hence, for all t > 0,
U_.-U<w() <U;-TU.

Since Uy — U and U_ — U are integrable functions, the family {w(t)}:>0 is equi-
integrable in L. Moreover, since Uy — U and U — U_ are bounded, it follows that
w is uniformly bounded in L°°. The function w satisfies a linear parabolic equation
of the type

0w + 0y (b(t, y)w) — Oyyw =0, t>0, y€eR,
with b € L>([0,00) x R). Theorem 10.1 in Chapter IIT of [[3] then implies that
there exists a > 0 such that for all ¢g > 1, for all R > 0,

Hu(t)HH“/z’“((to,toJrl)X(*RvR)) < 00.

Thus the family {w(t)}+>0 is also equi-continuous in L*.
Whence it follows from the Riesz-Fréchet-Kolmogorov Theorem that the family
{w(t)}+>0 is relatively compact in L'(R). Thus the w-limit set

Q= {W eV + Ll(R)va(tn>n€N,tn nj(;o 00, Stnuo — W in Ll(R>}

is non-empty.
Second step. Properties of the w-limit set 2.

First, 2 is forward and backward invariant by the semi-group S¢, meaning that
for all ¢ > 0,

S Q= Q.

This important property is a generic one for w-limit sets. It follows immediately,
thanks to parabolic regularity, that all functions in Q are smooth:  C H} _(R), for
instance. As a consequence, if W € Q and wq(t) := S;W, Theorem 6.1 in Chapter
ITT of [[L3] entails that wy € L3([0,T], H*(Bg))NH ([0, T], L*(Bg)) for all T, R > 0.

The second property which is important for our analysis is the LaSalle invariance
principle (see [[14]), which requires the existence of a Lyapunov function. In the
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case of scalar conservation laws, a classical choice for a Lyapunov function is F[u] =
|lu = V||1. The Contraction principle entails that ¢t — F[Siug] is non-increasing.
Thus F takes a constant value on €2, which we denote by Cj.

Eventually, using the conservation of mass, we deduce that {2 is a subset of
V + Lg.
Third step. Conclusion.

We now prove, using the parabolic structure of equation @), that Q = {V}.

Let Wy € Q be arbitrary, and let W (t) = S;(Wp). Notice that W (t) € Q for all
t > 0, according to the previous step. Moreover, W — V satisfies

KW =V)+ 0, (A(y, W) — Ay, V)) = 0yy (W = V) = 0.

Multiplying the above equation by sgn(W — V'), we obtain
QW — V|40, [sen(W — V) (A(y, W(1)) — Ay, V)] — sen(WV — V)3, (W = V) = 0.
Let ¢ be a cut-off function, i.e. ¢ € C°(R), ¢ > 0 and ¢ = 1 in a neighbourhood
of zero. For R > 0, we set ¢r := ¢(-/R). We now multiply the above equality by
¢r and integrate on [t,#'] x R. Recalling that [ [W(t) — V| = Cy for all ¢, we
infer that for all ¢/ > ¢ > 0, there exists a function e 4 : [0, 00) — [0, 00) such that
1imR4,OO Et,t! (R) =0 and

/t / sen(W(s) — V), (W (s,9) — V(1)or () ds dy| < 0 (R).

Thus, using a slightly modified version of Lemma El in the Appendix, we infer that
sgn(W(s) — V)0yy (W (s) = V) = 0y [(W(s) — V)|
almost everywhere and in the sense of distributions. Consequently, the function
|W — V] is a non-negative solution of a parabolic equation of the type
O W — 0| + 0y (b(t, y)|W = V[) = 9yy[W — V| = 0,
with b € L>([0,0cR). We now conclude thanks to Harnack’s inequality (see [§]):

let g € R be arbitrary, and let K be any compact set in R such that g € K. Then
there exists a constant C' such that

|(Wo = V)(z0)| < sup ((Wo = V)(@)| < Ok inf |(Wis=1 = V)(2)].

Now, (Wjsz1 — V) € LN H (R), and thus there exists 21 € R such that
W(l,l‘l) — V(ml) =0.

Choose K such that 1 € K. Then Wy — V vanishes uniformly on K, and in

particular, (Wy — V)(zg) = 0. Since xy was chosen arbitrarily, we deduce that
Wy = V. Hence Q = {V}, and Theorem P.9 is proved.

5. UNIFORM IN TIME @ priort BOUNDS FOR VISCOUS SCALAR CONSERVATION
LAWS

This section is devoted to the proof of Proposition @ As far as possible, we
will treat both models simultaneously. We set

w(t) := Syug — Uy, t>0.
The function w satisfies the following equation

(24) atw(ta y) + leyB(y7 ’LU(t, y)) - Ayw(ta y) = 0? t> Oa Y € Qa
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where
B(y,w) = A(y,Up(y) + w) — A(y,Uo(y)), y€Q, weR.

Due to the Contraction principle recalled in Section E, it is known that w is
bounded in L>([0,00), L}(Q)), and

(25) VteRy, [lw(®)lrr < lluo — Uollrr

The idea of this section is to use this uniform L! bound in order to derive uni-
form LP bounds on w for all p € [1,00]. To that end, we proceed by induction
on the exponent p. The first step is dedicated to the derivation of a differential
inequality relating the derivative of the L” norm to a viscous dissipation term. The
calculations are very similar to those developed in [E] to derive a prior: bounds for
solutions of equation (E) Then, we use Poincaré inequalities to control the L? norm
by the dissipation. Eventually, we conclude thanks to a Gronwall type argument.

Preliminary for the whole space case.

We begin by recalling some regularity results about the solutions of equation (EI)
in the case Q@ = R. According to the papers by Kruzkov [EI, , it is kown that
w € L2 ([0,00), L*(Q)). As a consequence, w € L ([0, 00), LP(Q)) for all p.

Then, multiplying @) by wx where x € C§°(R) is an arbitrary non-negative
cut-off function, and integrating in space and time, it is easily proved that for all
T > 0, w satisfies an inequality of the type

T
| [P ayas <cr.
0

where the constant Cr depends on T, ||wl| e (j0,7]xr) and [|wi=ol|1, but not on y.
We deduce that d,w € L2 ([0,00), L*(R)).

loc

First step. A differential inequality.
In this step, we treat the periodic and the full space models simultaneously; our
goal is to prove an inequality of the type

d g+1 a1 |2 gtn g+1
= [l ey [ |Vl <0 ([ w4 [l )

where ¢ > 1 is arbitrary, n is the exponent appearing in (E), and the constants ¢,
and Cj depend on ¢, n, N, and ||Up|lw1..

To that end, we take ¢ > 1, multiply (R4) by w|w|?~! and integrate on Q; we
obtain

1 d
g Lol v [ vl -
g+1ldt Jg Q

— g / V,wit,y) - By, w(t, y))|w(t,y)"" dy.
Q

Notice that all terms are well-defined thanks to the preliminary step.
For (y,w) € Q@ X R, set

by, w) = ¢ / B(y, ) w' " du';
0
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then

- / Vwit.y) - Bly, wt, y)|w(t, )| dy
- / [—divy (b (y, w(t, 1)) + (divybg) (y, w(t, 9))] dy

T
w(t,y)
= q// (div, B)(y, w’)|w' |91 duw’.
T Jo
Thus, we now compute, for (y,w’) € Q x R,
divyB(y,w') = divy [A(y, Uo(y) +w') — Ay, Uo(y))]

(divy, A)(y, Uo(y) +w') — (div, A)(y, Uo(y))
+  VyUo - [(0:A4)(y, Uo(y) + w') = (8uA)(y, Uo(y))] -

Consequently, according to hypothesis (E), we deduce that there exists a positive
constant C' depending only on ||Uplly1.- and ¢ such that

\q [Vt Bt dy\ <o frowir s [lowe).

Eventually, we infer that for all ¢ > 1, there exist positive constants ¢,, Cy such

that for all ¢t > 0,
2
(o )

Second step. Control of LP norms by the dissipation term (Poincaré inequalities).
In this step, we treat the periodic case and the whole space case separately, and
we begin with the periodic case.
First, remember that for all p € (1,00) such that % >

positive constant C), such that for all ¢ € H}. (TV),
(27) ¢ — (&), < CplIVll, -

Taking ¢ = |w|%, we deduce that

a+1

o) G [l 4 [ [T

1 1 .
5 — 7, there exists a

g+1

ful- < € (vl

_2
G |w||ﬂ) ,
2 2

where 7 € (1, 00) is such that

(28)

1 S 1 2
r—g+1 N(g+1)
Now, the idea is to interpolate the L"*9 and the L9*! norms in the right-hand

side of inequality (@) between L' and L", where r satisfies the constraint above.
It can be easily checked that when n < N + 2)/N, we have

L1 2
n+q  g+1 N(g+1)

hence the interpolation is always possible, and we have

[wllg+1 < Jwlly™ w7,

1—
lwllgn < el ™ flw]l?,
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where

1 1
S S S
q+1 r q+n r
Gathering all inequalities, we infer that
2
q+1

d . o ot
S lwllgth + €y |l ||

D(l-« 2a D(l-a a(g+1
< Clullfrte [, +Cll Tl

]vmﬁ¥

28(g+n)
+n)(1— atl q+1 +n)(1— +n
+ Clllf DTl |+ Ol ) 3.

g+1
2

Remember that the L' norm is bounded. For the time being, we leave aside the
L% norms of the right-hand side: those will be treated in the very last step. In
order to control the right-hand side by the dissipation term in the left-hand side,
it suffices to find r (and thus a and ) such that

2
5@+n)<2
q+1

Remembering the definition of 3, we deduce that we have to find r € (¢ + 1, 00)
satisfying the two inequalities

(29) 200 < 2,

1 —
ot afn-t
T q+1
1 1 2

> — .
r—q+1 N(g+1)

This is possible if and only if the couple (n, q) satisfies

-1
w<1’
q+1
1 2 _, atn-1
g+1 N(g+1) q+1

which amounts to the condition n < min(2, (N 4 2)/N). In the case when N = 1,
this yields n < 2, which is more restrictive than the assumption of Proposition E
(n < 3). However, when N = 1, the same arguments as in the whole space case can
be used (see below), and lead to n < 3. Thus, under the hypotheses of Theorem
, for all ¢ > 1, we may find » > max(q+ 1, ¢ + n) such that conditions (@), @)
are fulfilled. The Cauchy-Schwarz inequality then implies that

d at1 2 1 2
o) G [l o [ [T | < (e, + ool .

where the constant Co depends on |ug — Uyll1, and the exponents p1,ps on n, ¢
and N. According to the Poincaré-Wirtinger inequality, we have

2 q+1 q+1
> cfful™® - (lui'F)
2

1
o [t = iz,

2
s

\%

|
(e}
7
&
2
v+
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Eventually, we deduce that for all ¢ > 1, there exists constants Cy,Cs, p1, p2 such
that

6y g [l o [ <o (le@iz, + vl

Let us now treat the one-dimensional model set in the whole space. In dimension
one, the H' and L! norms control the L> norm. Hence we now interpolate the

two integrals in the right-hand side of (2€) between L% and L*:
atl - oatl
[l < el il

q+n < % =
|wl lelillwl\oo :

We use the following Poincaré inequality, which involves the dissipation term in
the right-hand side of (Bd) (the proof of this inequality is classical and left to the
reader: we refer to [[Ld] for the proof of similar inequalities): there exists a constant
Cy, depending only on ¢, such that for all w € L N L N HY(R)*

2
1 12\ BEFD
il < il ( [l )

Consequently, there exist positive constants C,p such that for all w € L' N L>® N

H(R),
( ) ) thnfl
3(q+1)
[ ot < el ([ loor= )7

Hence, in order that the dissipation term controls the right-hand side of (@), the
exponent n should satisfy

q+1

qg+2n—1

3(g+1)
which leads to the condition n < 3. Using Young’s inequality, we conclude that
(BO) is satisfied. Moreover, the Poincaré inequality used above entails that for all

A >0,
2(qt1) 1/3
Jrot < etz (o, )

C 1 a1 2
< Slelst 4 [ folel

Eventually, we deduce that inequality (@) is also satisfied in the whole space case.

<1l Vg>1,

q+1

Third step. Uniform bounds in LY for all ¢ < oco.
We now conclude thanks to Gronwall’s lemma, using an inductive argument.
Notice indeed that inequality (@) implies that for all ¢ > 1,

(32) w e L*>([0,00), LY(Q)) = w € L>([0,00), L*1(Q)).

3(q+1) 2/3
) T ] ;) .
2

Hfw e Lo n HY (T), the corresponding inequality is

1/3
ol oo (ry < Callwl iy ((/ |0yl 5
2
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Indeed, assume that w € L°([0,00), L9) for some ¢ > 1. According to (BI)), we
have

d
& [lwerree [eop <c.

where the constant Cy depends on ||Up||y1. and on [[w]| Lo (j0,00),21), SO that, using
Gronwall’s lemma,

[ et [lupe Ca-eon <c
1

Thus w € L>([0,00), L27) and (BY) is proved. Since w € L>([0,00), L), we deduce
that w € L*°([0, 00), L?) for all ¢ € [1,0).

Fourth step. Uniform bounds in L™ and WP,

We now derive some L°° bounds thanks to parabolic regularity results. First,
notice that in equation (@), the flux B can be written as

B(y,w(t,y)) = b(t, y)w,

where
b(t,y) = / a(y, vo(y) + Tw(t,y)) dr.

According to the previous steps, b(t,y) € L*([0,00), L .(Q)) for all ¢ > 0; in
particular, in the whole space case, for all ¢ > 1 there exists a constant C; such

that for all yo € R,
sup [[6(t) || La(yo—2,50+2) < Co-
t>0

We now use Theorem 8.1 in Chapter III of [B] we have, for all yp € @, for all
tO > 15

|w(t0, y0)| <C (”wHLZ(Qto,yo)’ ”bHLq(Qto,yo)) ’

where Q4o 1= (to — 1,20+ 1) X (yo — 1,90 + 1) and ¢ is some parameter chosen
sufficiently large. The right-hand side is bounded uniformly in yo and ¢y by a
positive constant C, and we infer that for all yo € @Q,tg > 1,

|w(t05 y0)| < C.

Thus w € L>®([0,00) x Q). Using Theorem 10.1 in Chapter III of [}, we also
deduce that there exists a > 0 and a constant C' > 0 such that for all {5 > 1, for
all zg € Q,

HwHHa/m((to,t0+1)x(zo—1,mo+1)) <C
As a consequence, we obtain

[wll Lo ((1,00),c2()) < C.

6. LONG TIME BEHAVIOUR OF SOLUTIONS FOR THE PERIODIC MODEL

Throughout this section, we assume that @ = T, and we consider a solution
u(t) = Syug of equation ([ll) (¢ > 0). Our goal is to prove, under the assumptions of
Theorem .1, that u(t) — v((uo)) vanishes in L as t — oo. The idea is to prove in
a first step the convergence for initial data which are bounded from above or from
below by a solution of equation (E), and then to extend this result to arbitrary initial
data thanks to the L bounds proved in the previous section (see Proposition @)
We thus begin with the following Proposition:
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Proposition 6.1. Let ug € L°°(TV) such that
(33) Jpo €R,  wuply) < v(y,po) for a.e. ye TN,
Let u(t) = Syug for t > 0. Then, as t — oo,
u(t) — v(-, (ug)) in L>=(TN).

Of course, the same result holds when the upper-bound is replaced by a lower-
bound:

Corollary 6.1. Let ug € L=(TY) such that
(34) Ipo €R, uo(y) >v(y,po) forae yeTV.
Let u(t) = Syug for t > 0. Then, ast — oo,
u(t) — (-, (ug)) in L=®(TV).

Proof of Proposition @ According to the previous section (see Proposition E),

sup [|u(t) | o () < +00.
t>0

Additionally, the Comparison principle yields
u(t,y) < o(y,po) ¥t >0, ¥y e TV

From now on, the proof is very close to that in [ﬂ], Section 2: we recall the main
steps for the reader’s convenience. Set

U(t,y) :=supu(t',y), t>0,y€eT",
>t

p*(t) := inf {p e R,v(y,p) > Ul(t,y) for ae. y € 'IFN} ,t>0.
Then U belongs to L>([0,00) x TV) (since u is uniformly bounded in time), and
U is clearly a non-increasing function. Moreover, U satisfies
U(t.y) < v(y,po) Vt>0, VyeT".

As a consequence, p*(t) is bounded from above by pg, and p* is a non-increasing
function. Moreover, p* is bounded from below, since for almost every y € TV,

v(y,p™(t)) = U(t,y) > —|lull Lo ([0,00) xTN)
and thus
V20, pr(t) = (v(-p (1)) = —llull Lo (o,00) xT)-
Hence p* is a bounded decreasing function, and thus p*(¢) has a finite limit, which
we denote by p*, as t — oo.

The idea is to prove that u(t) — v(-,p*) converges towards zero as t — co. Let
€ > 0 be arbitrary. We first choose tyo > 0 such that

lo(p"(£)) —v(P")]loe <€ Vi =to,
and then we pick p < p* and yo € TV such that
v(yo,P") — € < v(yo,p) < U(to + 1,50) < v(yo,p"(to + 1)) < v(yo,p") +e.
Now, choose t; > ty + 1 such that
Ulto+1,y0) — & < ulti,y0) < Ulto +1,90).
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By construction, the function
Vi(sy) € (=1,1) x TV = v(y, p*(to)) — u(ti + 5,)
is a non-negative solution of a linear diffusion equation of the type
OV +div,(bV) — A,V =0

for some vector field b € L>([—1, 1] x TV)". Hence by Harnack’s inequality, there
exists a constant C such that

1
V(-=,y) <C inf V(0,y) < Ck.
ysgrr;v ( Qy)_ nf (0,%) €

Thus, there exists a sequence of positive numbers (¢,) such that lim, o t, =
+00 and such that u(t,) converges towards v(p*) in L°°. The L' contraction
principle, together with parabolic regularity results, entails that the whole family
u(t) converges. Eventually, we obtain that p* = (ug) by conservation of mass.

O

The core of the proof of Theorem then lies in the following argument: if
ug € L™ is arbitrary, we set

U := inf(ug, v(p)),

The value of parameter p above is irrelevant. One can choose for instance p = 0,
or p = (wo).

The function g obviously satisfies the assumptions of Proposition @ Hence as
t — o0,

at) - v (@) in L,

and thus there exists a positive time o such that for ¢ > t, for all y € TV,

ﬂ(t,y) 2 (ya <ﬂ’0> - 1) .

On the other hand, notice that %y < ug by definition, and thus by the comparison
principle,

a(t) <wu(t) Ve
Hence, for t > tg,
u(t) > v ((do) —1).
In particular, u(tg) satisfies the assumptions of Corollary @, and thus, as t — oo,
Su(to) — v ((u(to))) -
Since
u(t) = St—t,u(to)
and (u(top)) = (ug) by the Conservation property, we deduce eventually that

u(t) — v ({ug)) ast— oo.

Thus Theorem @ is proved.
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7. STABILITY OF SHOCK PROFILES IN ONE SPACE DIMENSION - PART II

This section is devoted to the proof of additional results on shock stability in the
whole space case. We start by proving Proposition E, and then we prove that the
conclusion of Proposition P.§ still holds when (H) is replaced by (H’). We have
not been able to prove that (H”) is satisfied for arbitrary fluxes. Thus, at the end
of this section, we prove Proposition @ and thereby provide explicit examples for
which (H?’) is satisfied. We also explain which difficulties are encountered when
trying to prove (H?).

We start by introducing some notation. Following [@], we denote by G the set
of shock profiles connecting v(p;) to v(p,), and we set

A={ue L (R), UEG, ueU+L'R)},
Ao :=A{u € A, v(min(p;, p,)) < u < v(max(py,pr))} -
Our goal is to prove that for all ug € A,
d(Syuo,G) = 0,

where d(u, A) denotes the L! distance from u to a set A. Notice that the Contraction
principle easily entails that the function ¢ — d(Siug,G) is decreasing. Hence, its
limit as t — oo exists; for all ug € A, set

fo(Uo) = tliglo d(Stuo, g)

Theorem P.9 states that £o(u) = 0 for all u € Ag. Moreover, it follows from the
Contraction principle that £o(ug) is a contraction, i.e.
[to(u) — lo(v)| < [lu =l Vu,v € A
Additionally, for all t > 0 and for all u € A,
Lo(u) = Lo(Ssu).
Similarly, we define, for all ug € A,
l1(ug) := tliglo d(Stug, Ag).

The function ¢; is well-defined: indeed, the Comparison property entails that Ag
is stable by the semi-group S;. Consequently, by the Contraction principle, the
function ¢ — d(Stug, Ap) is decreasing and non-negative, and thus has a finite limit
as t — o0o. Moreover, the functional #; enjoys the same properties as fo: #1 is a
contraction on A and 1 (u) = £1(Ssu) for all ¢ > 0. Eventually, since G C Ay, we
deduce that

61 (U) S Eo(u) Yu € A

7.1. Proof of Proposition E We now tackle the proof of Proposition E, which
is very similar to [@], paragraph 3.5. Let ug € A be arbitrary. For all v € Ay, we
have

o(uo) < Lo(v) + [luo — vll1 < [Juo — vl
Thus for all ug € A,
Lo(uo) < d(ug, Ao).

Replacing ug by Siug in the previous inequality, we infer that for all ug € Ay,
EO(UO) < tliglo d(StUO, A()) = 61 (Uo)
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Thus ¢y and ¢; take the same values on A, and it suffices to prove that

(35) 61 (’LLO) = thm d(StUO, AO) =0.

Notice that if w € A, then, with p™ = max(p;, p,-), p~ = min(p;, pr),
d(u, Ao) = || (=) | + | (w=vG7)_| -

We now prove that assumption (H) implies (BJ). According to Lemma B.4, there
exists a shock profile U such that u € U + L}(R). We now define functions a*,a~
in v(p*) + L} and v(p~) + L{ respectively, such that

a”(y) < uoly) < a(y).

Let us explain for instance the construction of a™. If ug(y) > v(y,p™"), we set

a™(y) = uo(y).

On the other hand, since u € U + L' and U is asymptotic to v(pT),v(p~), we have
[ @) = s dy = [ (@) =) = fua = Ul = +x.

Hence there is enough room, between the graphs of v(y, p*) and ug(y) (restricted
to the set where ug(y) < v(y,p™)), to insert a function b such that

uo(y) < v(y,p™) = uo(y) < b*(y) < vly,p?),
/ luogv(y,p+)(v(yap+) - b+ (y)) dy = / 1u0>v(y,p+)(u0(y> - ’U(yvar)) dy
R R

On the set where u(y) < v(y,p™), we define a™(y) = b (y). It is obvious that the
function a™ belongs to v(p*) + L} and that ug < a™. The function a~ is defined
in a similar fashion. Thanks to the comparison principle, we have

Sia™ < Spug < Sga™ VE > 0.
Consequently,
(36) d(Seuo, Ao) < ||Sra® —o(@)|| .+ ||Sea™ —ov(7)]| L1 -

From the above inequality, it is clear that (H) entails (B3): if S;a* — v(p*) vanish
in L', then £1(ug) = 0. In other words, the stability of shock profiles follows from
to the stability of solutions of equation (E) in L§. Thus, we now focus on the case
when merely (H”) is satisfied.

Let § > 0. If ug € A is such that

I(uo = v+l <0, (w0 —v(p7))-Ih <4,
then by construction
lag — vl <20, flam —v(p7)l1 < 20.
And according to (H”), there exists dg > 0 such that if § < dp, then
lim [Skas — (p*) 1 = 0,
and thus the right-hand side of (Bg) vanishes as ¢t — oo. Thus ¢1(ug) = 0.

Hence we now focus on the case where

(o —v(p™)) 4]l > do or [[(uo —v(p™))-[l1 > do.
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We then define the function
v(y,pt) +ay(uo —v(p*)) if uo(y) > v(y,pt),
tuo(y) = uo(y) if v(y,p~) < woly) <oy, pt),
v(y,p*)+a,(u0—v(p*)) if Uo(y) < /U(yapi)a
where

0

wp—v(pt .

o, — Il (uo gp )£l if ||(U0 o U(Pi))inl > 6o,

L=
0 else.

Since iig — ug € L*(R), g € A. Moreover,

g0 —uolly = (1 —aq)l(uo —v(E))+l1+ 1 —a)(uo—vp7))-l
< d(uo,Ao) — do-
Notice that ¢1 (i) = 0. Since ¢; is a contraction, we have
(37) £1(uo) < £1(to) + |luo — tollr < d(uo,.Ao) — do-

We now argue by contradiction. Assume that for all ¢ > 0,
1(Seuo —v(p™))+ 1 > do or [[(Seuo —v(p™))-[l1 > do-
Then we may replace ug by Siug, for ¢ > 0 arbitrary, in inequality (@) We obtain
01 (uo) = ¢1(Srup) < d(Srugp,.Ag) — do.

Passing to the limit as t — oo, we infer
£1(uo) < l1(ug) — do,

which is absurd. Hence there exists tg > 0 such that

1(Stouo — v(p™))+ 1 < do and [[(Souo — v(p7))-[l1 < do-

We have already proved that £1(Ss,ug) = 0. We deduce that £;(ug) = 0, and thus
E(UO) =0.
Consequently, assumption (H”) entails that £(u) = 0 for all u € A.

7.2. Stability of stationary periodic solutions in L'. We conclude this arti-
cle by presenting some situations in which (H) or (H’) hold true. We begin by
explaining the linear case: assume that there exists a function b € Cper(R) such
that
Aly,p) =by)p V(y,p) €[0,1] xR.

In this case, the stability of periodic solutions is a consequence of a result of Adrien
Blanchet, Jean Dolbeault, and Michal Kowalczyk (see [B, H]): indeed, set w = — (b),
and let ¢ € C2_.(R) such that ¢ = (b) —b. Let p € R be arbitrary, and let
ugp € v(p) + L§. Then, by linearity, w(t) =: Stug — v(p) solves an equation on the
type

Orw + 9y (b(y)w) — Oyyw = 0,

Wyg—g = Wo € L(l)(R).
It is then easily checked that the function f defined by
f(t,SC) = ’LU(t,SC - Wt)

solves

(38) Onf(t,x) = Oau f (£, ) + 02 (V' (z — wt) f(t, 7)) .
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This is precisely the case studied by Blanchet, Dolbeault and Kowalczyk. Let us
recall briefly their method of analysis before stating their result. The first idea is to
study the motion in the moving frame associated with the center of mass. Indeed,
set

Z(t) == /Rxf(t,ac) dx.

Then it can be easily proved, using the linearity of the evolution equation and the
periodicity of v’ that

. dz r
Jim S0 = [ wrm,
where m is the unique probability measure on [0, 1] solving
(39) —m" + 0, ((w+ " )m) = —m"” + 0, (bm) = 0.
Set ¢ := (¢p'm). The next idea is to perform a parabolic change of coordinates in
the equation satisfied by f, in order to focus on the long-time behavior. Precisely,
define U such that

f(t,l‘) = <

1 T —
Wiwwr 2tU (1og V142t Wiwwr Qt) .
Then U solves an equation of Fokker-Planck type, with a penalization growing ex-
ponentially with time, and with coefficients which have fast oscillations for large
times. Hence, this leads to the use of homogenization techniques, with the ad-
ditional difficulty that the size of the oscillations in space depends on the time
variable. An approximate solution is constructed thanks to a two-scale Ansatz.
The convergence proof then relies on entropy dissipation methods. We are now
ready to state their result.

Proposition 7.1 (Blanchet, Dolbeault, Kowalczyk). Let wg € Ly N L*¥(R), and

let f be the solution of (BY) with initial data fl,—o = wo. Assume that there exists
a constant Cy > 0 such that

1
(40) i;}g RESNE /]R |f(t,z)] (x — ct)* do < Cp.

Then there exists a constant Cy, depending only on wg and Cy, and a positive
constant «, depending only on b, such that for all t > 0,

7l < S

Remark 4. In fact, the result of Blanchet, Dolbeault and Kowalczyk is a little more
accurate than the above proposition. Indeed, they prove that any non-negative
solution f of () behaves asymptotically like

Siemo ooty o (22

VI+2t “A\vi+2t)’
where ho is a Gaussian function. In the present case, since wg € Lcl), the solutions
fT and f* of (B§) with initial data f|f:0 = (wo)+ have the same asymptotic
behaviour, and thus w = fT — f~ decays towards zero.
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Consequently, in the linear case, assumption (H) is always satisfied, provided
(@) holds. However, if the flux A is linear, standing shocks do not exist in general
(see Remark E) Thus, we now modify slightly the setting in order to use the
results of the linear case, but in a non-linear context. Precisely, we now prove
Proposition E, which, as we have already stressed, provides an explicit example of
shock stability without any assumption of the initial data except (@) (see Corollary

p3).

Thus, let A be a non-linear flux which satisfies the assumptions of Proposition
E for some p € R. Let ug € v(p) + L be arbitrary. Notice that we do not assume
that

l[uo = v(p)llee <,

so that the use of the linear setting is not straightforward. The idea is to prove,
using dispersion inequalities, that
(41) lim [Syu0 — o(p)]| o = 0,
provided |jug — v(p)||1 is sufficiently small. If the above convergence is true, there
exists tg > 0 such that for t > tg, for all y, (Siug)(y) € [v(y,p) —n, v(y,p) +n], and
thus

Ay, Sruo(y)) = Aly, v(y, p)) + bly)w(t,y) Vi >to, Vy R,

with w(t) = Siup — v(p). Consequently, for ¢ > tg, w solves a linear parabolic
equation, and we can apply the previous analysis. The assumption on the moments
of order four then becomes

1
42 dtp >0, sup —— w(t, —~t)* dy < oo,
(42) 020 s s [ ()] (=0 dy

where v := ¢ — w. Notice that v = A’(p) in the present setting. Thus, we now focus
on the proof of ([t]).
As observed before, the function w(t) = Siug — v(+, p) (t > 0) is a solution of

Oyw + 0y B(y, w) — dy,w = 0,
where the flux B is defined by
B(y.§) = A(y,v(y,p) +&) — A(y,v(y,p)), yER, (R

The idea is to linearize the flux B(-,¢) around £ = 0, and to use energy methods.

Let
b(y) = 0uA(y,v(y, p)),

B(y,€) = Ay, v(y,p) + &) — Ay, v(y,p)) — by)é.
Since A € W2>°(T x R), the flux B is quadratic in a neighbourhood of £ = 0.
According to Proposition .3, w is bounded in L>([0,00) x R), and thus there
exists a constant C' such that
[B(y, w(t,y))| < Clw(t,y)[*, Vt>0, VyeR.
The function w solves
(43) drw + 8y (b(y)w) — Byyw = —8y B(y, w).

Following an idea of Philippe Michel, Stéphane Mischler and Benoit Perthame (see
[L6]), we consider the invariant measure m, defined by (BY). Notice that m = dv/dp
in the present case, and there exists a positive constant C' > 1 such that

clt<m<cC, |9,m<C ae.
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Moreover, according to [E], the following identity holds

o (o5 0 27) o o) =

Integrating the above equation on R, we obtain

1d 2 2
—— m‘ﬂ‘ +/m 81,2‘ C/|w|2 9,
2dt R m R m

clal,
Notice that for all p € [1,00), the LP norm is equivalent to the LP(m(y)dy) norm.
We now use the following Poincaré inequality: there exists a positive constant C,
such that for all ¢ € L'(R) N H*(R), there holds

()] 2205001

IN

IN

vl

mllL2(m(y)dy)

LA (m(y)dy)

1/2 1/2
(44) 6]l L2y < ClIO N e 1 1205y -
Taking ¢ = w/m, we are led to
1d w |2 w |2
-2 d YT < Ol \ \
o R o I R\ s R T ey R

A

< Clunlug [ m]va]

Now, if [Jwo||L1(r) is sufficiently small, we obtain

d 2 2
(45) il m}ﬂ‘ +/m}v£‘ <0.

dt R m R m
We then proceed as in [@] (Paragraph 1.1): using the Nash inequality together
with the decay of the L' norm, we deduce that for all t > 0

w(t)

1/3 1/3

2/3
< Cllwo| 21

L2(m)

d w |2 C wi2\?
ol ([l <o
dt Jg Im lwollzr \Jr Im

Integrating the above differential inequality, we obtain eventually

< w2 v vl

L2(m)

Y

H m L2(m)

and thus we infer

[|wol| 2
L2(m) — t1/4

w
Dl <[]
el 2 < C || =

Thus the L? norm decays with an algebraic rate.

We now use a parabolic regularity result, from which the decay of the L°° norm
immediately follows. The key point lies in the following inequality: there exists a
constant C' such that for all t > 1,

[w®)lloo < Cllw(t —1)]2.
Indeed, w satisfies an equation of the type

(46) Oyw + 9y (alt, y)w(t, y)) — yyw =0,
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where the coefficient a is bounded in L°°(]0,00] x R). Using an energy estimate,
it can be easily proved that there exists a positive constant a, depending only on
[|a||oo, such that if W is any solution of (i), then for any ¢t > s >0

IW®)l2 < e* W (s)]2.

Moreover, according to Harnack’s inequality, there exists a constant C' such that
for any non-negative solution W of (@), for all ¢t > 0,

Wi(t,y) <C inf W(t+1,z2)dz.

z€[y—1,y+1]
And if t > 1,
1 y+1
inf  W(t+1,2)dz < (— W2(t+1,2)d )
z€[y—1,y+1] 2 y—1
y+1
< C< W2(t —1,2) )
y—1
< CIW(E = DllL2w)-

Now, let ¢ > 1 be arbitrary, and let W7 := (w(t — 1))y, W5 := (w(t — 1))_. For
s > t—1, consider the solution W; of (@) such that W;js—,—1 = W}. The functions
W; are non-negative by the maximum principle. Consequently, for all y € R, we
have

Wi(t,y) < CW7 2.
Since w = Wy — Ws, we deduce that

sup [w(t, y)| < Cllw(t = 1)]|2.
yEeR
The decay of the L> norm follows. This concludes the proof of Proposition @ ([

In fact, the decay of all L? norms for p € (1,00] is a general property, which
is true even when the flux A does not satisfy the assumptions of Proposition
However, if the flux A is not linear in a neighbourhood of v(p*), then we are unable
to conclude to the stability of periodic solutions. Let us now explain briefly where
the difficulty lies: a natural idea would be to treat the term B as a perturbation in
(13), and to write a Duhamel formula of the type

w(t) S?w0+/0t SO, [(%B(-,w(s))} ds,

where S° is the (linear) semi-group associated with the equation
Oyw + 9y (bw) — dyyw = 0.

This is exactly the method used in [[1] in order to prove the stability of constants
in the viscous model. Thanks to the results of @, it is already known that SPwg
decays in L! as t — oco. However, the method used in [E] cannot be used here,
essentially because of the complicated dependance of the constant C; appearing in
Proposition @ on the function wg. Indeed, looking carefully at the proof in [E], it
can be checked that

wg Wo Wy s
Cl<C||w0||1 (/ ( u )+/ B ln( 70 )+CO) )
lw +||1 lwg ll1ho R flwglli \llwg [l1heo
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where ho, is a normalized gaussian function, war ,w, are the positive and negative
real parts of wg, and

1 _
Co :=su 7/ Sywol(x — A (p)t)*.
0 tzIO) (1+2t)2 ]R| t O|( (p) )
The dependance of C; with respect to Cy and the relative entropies of war and wg
is disastrous for the use of the Duhamel formula: indeed, one has to control, for
instance,

OB w): | (_ 9,Blw(s):
R [|0yB(,w(s) ]l \ 19y B(:,w(s)))+l1heo

Consequently, another approach must certainly be chosen in order to prove the
stability of periodic solutions in the general case. Given the complexity of the
proof in the mere linear setting (see [E]), this question goes beyong the scope of
this article. Also, we emphasize that it is not clear that the methods of [ can be
adapted to a nonlinear setting: indeed, the proof of convergence relies on the use of
entropy dissipation techniques, which are more adapted to the linear case. We refer
to [ﬂ] for additional results and techniques concerning the asymptotic behaviour of
non linear viscous conservation laws in the homogeneous case.

APPENDIX A - PROOF OF LEMMA B.§

Assume that the flux A is convex, and let p1,ps € R such that p; # po, and let
A € (0,1). In the following, we set

vily) =o(y,pi), i=1,2,
w=Av1+ (1 —=XNva, p=2Ap1+ (1—A)pa,
u(y) = v(y, Ap1 + (1 — A)p2).
By definition of v(-,p) and of the homogenized flux A, we have
—v; + A(y, vi(y)) = A(pi),
—u' + A(y,u(y)) = AQp1 + (1 = Npa).
Consequently, using the convexity of the flux A, we deduce that for all y € TV,
(47 —w'(y) + Ay, wly) < —w'(y) + Ay, v1(y) + (1 = NA(y, v2(y))
AA(p1) + (1 = A A(p2).
Assume that A(Ap; + (1 — \)pa) > AA(p1) + (1 — ) A(p2), and write u,w as

u=p+f, w=p+yg,

with f,g € C2..(TV). Since f and g are defined up to the addition of constants, we
can assume that f < g almost everywhere. Moreover, notice that

sup (—9"(y) + Aly,p +9'(y))) < nf, (") + Aly,p+ £'(v)) -

Thus there exists a > 0 such that
"+ AWy, p+9' W) +ag < —f"+Aly,p+ f'(v) + af.

Hence, by the maximum principle, we infer that ¢ < f, which is absurd. Thus

AApy + (1= Np2) < AA(p1) + (1 = N A(p2).
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If the flux A is strictly convex, then inequality (f7) is strict for all y € TV
(remember that the family v(y,p) is strictly increasing with p for all y € TYV).
Consequently, the same argument as above leads to

AAp1 + (1= N)pa) < AA(p1) + (1 = N A(p2)
APPENDIX B

Lemma 1. Let w € L' N L>®(R) such that w’' € L*(R) and w” € L}, (R). Assume
that w is such that

. 1 y
Jim ngn(w(y))w ()¢ (E) dy =0

for all ¢ € C§°(R) such that ¢ =1 in a neighbourhood of zero. Then
o1
%li% 5 /R W' [* 1) <5 = 0.

Dyylw| = sgn(w)w” in D'(R).

As a consequence,

Proof. For § > 0, let

Ys(x) ==

- else.

{ sgn(z) if x| >4,
x
8

Then )
Vs(x) = 5 Lel<s
and for all R > 0, we have, using the chain rule

/|w/|21/13(w)¢1z = */wllwa(w)fblz */w'%(w)fﬁlpu
(-/R)

where ¢p = ¢
Since w’ € L2, we infer

/w'%(w)fb;z

Thus the above term vanishes as R — oo, uniformly in §.
On the other hand,

tim [ ws(wion = [ wsgu(w)on.
and the right-hand side vanishes as R — oo by assumption. We deduce that

lim limsup/|w/|2¢g(w)¢R =0.

R—oo 5,0

s/|w’| (8] < RV2 | 2| 2.

Now, since the integral [ |w’[?¢}(w)¢r is non-negative and increasing with re-
spect to R, we deduce that

%ir%/|w’|21/)g(w)¢3 =0 VR,

and thus the first part of the lemma is proved.
Consider S5 € VVlic1 (R) such that

S:; = 1/15 and S(;(O) = 0,
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where the function ¥s was defined earlier. Then

Ss(w) — w| in Lig(R),

and according to the chain rule,

rpliul<s

anyé(w) = w”z/J(;(w) + w 5

Passing to the limit in the sense of distributions in the above equality yields

in

Dyylw| = w"sgn(w).
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