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A mathematical model for unsteady mixed flows in
closed water pipes

Christian Bourdarias? Mehmet Ersoyand Stéphane Gerbit

Laboratoire de Mathématiques, Université de Savoie
73376 Le Bourget du Lac, France

Abstract

We present the derivation of a new unidirectionnal model for unsteady
mixed flows in non uniform closed domains. We introduce a local reference
frame to take into account the local perturbation caused by the changes of
section and slope. Then an asymptotic analysis is performed to obtain a model
for the free surface flow and another for the pressurised flow. By coupling these
models through the transition points by the use of a common set of variables
and a suitable pressure law, we obtain a simple formulation called PFS-model
close to the shallow water equations with source terms. It takes into account
the changes of section and the slope variation in a continuous way through
transition points.

Keywords : Shallow water equations, mixed flows, free surface flows, pressurised
flows, curvilinear transformation, asymptotic analysis.

1 Introduction

The presented work takes place in a more general framework: the modelisation of
unsteady mixed flows in any kind of closed domain taking into account the cavitation
problem and air entrapment. We are interested in flows occuring in closed pipe with
non uniform sections, where some parts of the flow can be free surface (it means
that only a part of the pipe is filled) and other parts are pressurised (it means that
the pipe is full). The transition phenomenon between the two types of flows occurs
in many situations such as storm sewers, waste or supply pipes in hydroelectric
installations. It can be induced by sudden change in the boundary conditions as
failure pumping. During this process, the pressure can reach severe values and
cause damages. The simulation of such a phenomenon is thus a major challenge
and a great amount of works was devoted to it these last years (see [H],[L],[[L6],[§]
for instance). Recently Fuamba [@] proposed a model for the transition from a free
surface flow to a pressurised one in a way very close to ours.

The classical shallow water equations are commonly used to describe free surface
flows in open channels. They are also used in the study of mixed flows using the
Preissman slot artefact (see for example [E, E]) However, this technic does not
take into account the depressurisation phenomenon which occurs during a water
hammer. On the other hand the Allievi equations, commonly used to describe
pressurised flows, are written in a non-conservative form which is not well adapted
to a natural coupling with the shallow water equations.
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A model for the unsteady mixed water flows in closed pipes and a finite volume
discretization have been previously studied by two of the authors [E] and a kinetic
formulation has been proposed in [f]. We propose here the PFS-model which tends
to extend naturally the work in [f] in the case of a closed pipe with non uniform
section. For the sake of simplicity, we do not deal with the deformation of the
domain induced by the change of pressure. We will consider only an infinitely rigid
pipe.

The paper is organized as follows. The first section is devoted to the derivation
of the free surface model from the 3D incompressible Euler equations which are
written in a suitable local reference frame in order to take into account the local
effects produced by the changes of section and the slope variation. To this end, we
present two models derived by two techniques inspired from the works in [E] and
[d]. The first one consists in taking the mean value in the Euler equations along
the normal section to the main axis. The obtained model provides a description
taking in account the geometry of the domain, namely the changes of section and
also the inertia strength produced by the slope variation. The second one is a formal
asymptotic analysis. In this approach, we seek for an approximation at the first
order and, by comparison with the previous model, the term related to the inertia
strength vanishes since it is a term of second order. We obtain the FS-model.
However, the system is more convenient for the coupling process done in Section @
In Section E, we follow the derivation of the FS-model and we derive the model for
pressurised flows, called P-model, from the 3D compressible Euler equations by a
formal asymptotic analysis. Writing the source terms into a unified form and using
the same couple of conservative unknowns as in [E], we propose a natural model for
mixed flows, that we call PFS-model, which ensures the continuity of the unknowns
and the source terms.

2 Formal derivation of the FS-model for free sur-
face flow

The classical shallow water equations are commonly used to describe physical sit-
uations like rivers, coastal domains, oceans and sedimentation problems. These
equations are obtained from the incompressible Euler system (see e.g. £ E
from the incompressible Navier-Stokes system (see for instance [E ﬂ
several techniques (e.g. by direct integration or asymptotic analysis). We present
here the derivation of a new unidirectionnal shallow water model from the incom-
pressible Euler equations for non uniform closed pipe using a section-averaging and
a formal asymptotic analysis. We write the Euler equations in the local Serret-
Frenet reference frame in order to take into account the local effects produced by
the changes of section and the slope variation.

The 3D incompressible Euler system writes:

(1)

Bl

divU =
- = =
ooU+UNU+V.P =

where ﬁ)(t, x,y, z) denotes the velocity with components (u,v, w),
P = p(t, z,y, z)I3 the isotropic pressure tensor and F the exterior strenght (includ-
ing gravity).

We define the domain Qp(t) of the flow at time ¢ as the union of sections
Q(t,z) (assumed to be simply connected compact sets) orthogonal to some plane
curve with parametrization (z,0,b(z)) in a convenient cartesian reference frame

— = =
(O, i, j, k) where k follows the vertical direction; b(z) is then the elevation of



— —
the point w(x,0,b(x)) over the plane (O, i, j ). Then, at each point w(x, 0, b(x)),

Q(t, x) is defined by the set

)

{(y.2) € R%z € [-R(2), ~R(2) + H(t,2)], y € [a(x, 2),b(z, 2)]} -

Figure 1: Geometric characteristics of the domain
Mixed flow: free surface and pressurised

We close classically System (m) using a kinematic law for the evolution of the
—
free surface: any free surface particle is advected by the fluid velocity U and on

the wet boundary we assume the no-leak condition ﬁ.ﬁ)wp = 0 where ﬁwp is
the outward unit normal vector to the wet boundary (see FIG. E) defined by

1
——(=b'(2),0,1)" = (—sinf(x),0,cos §(x))". We set the atmospheric pres-
14+ 0(x)?
sure P(z = h(t,z)) to 0 at the free surface.
To define the local reference frame and to perform the curvilinear transforma-

tion, let us introduce the curvilinear variable defined by

X = [ ViT TP

where x¢ is an arbitrary abscissa. We set y =Y and we denote by Z the altitude
of any fluid particle M in the Serret-Frenet reference frame (?,ﬁ,ﬁ) at point
w(x,0,b(x)): T is the tangent vector, N the normal vector and B the binormal
vector (see FIG. EI) We denote by OM the vector position of any fluid particle at
the height Z along the binormal axis §



AZ

o(X,h(t, X))

a(X,7) b(X,Z)

Figure 2: Cross-section of the domain

In the following, we assume that:

(H) the algebraic curvature radius R of the curve z — (x,0,b(x)) is such that
VX, [R(X)| > R(X),

2.1 Incompressible Euler model in the curvilinear coordi-
nates
—_ = =
To write Sytem (fl]) in the Serret-Frenet reference frame (7', N, B) at point w(z, 0, b(z)),

we perform, following [E], the transformation 7 : (z,y, z) — (X,Y, Z) and we recall
a useful lemma;:

Lemma 2.1 Let (z,y,2) — T (z,y, ) be a C diffeomorphism and A~' = Dzy T
the jacobian matrix of the transformation with determinant J.
Then, for any vector field ® one has,

ID(x,y,2)® = D44y, (JA®).
In particular, for any scalar function f, one has
D(X,Y,Z)f = AtD(z¢y¢z)f'

Let (U, V, W) be the components of the velocity vector in the (X,Y, Z) coordinates
defined as (U, V, W)t = O(u, v, w)* where © is the matrix

cos) 0 sind
e = 0 1 0
—sinf® 0 cosf

To write the equation divU = 0 in the curvilinear coordinates, we apply Lemma E
and by a straightforward computation, we obtain the incompressibility condition in
the (X,Y, Z) coordinates as:

IV.U = 0xU + &y (JV) +dz(JW) =0 (2)

0
where J(X,Y,Z)=1-Z c(li_X is the determinant of the transformation.



df
Remark 2.1 Notice that x(X) = X is the algebric curvature of the axis at point

w(z) and the function J(X,Y,Z) =1 — Zr(X) depends only on the variables X, Z.
Morever, we have J > 0 in Qp which corresponds to the reasonnable geometric
hypothesis (H). Consequently, 7 defines a diffeomorphism and thus the performed
transformation is admissible.

Now, to perform the curvilinear transformation for the momentum equations,
— — -
we can remark that the identity (U.V f) = V.(fU) holds (thanks to div(U) = 0).
Then for any scalar field f, the term (8,5 + ﬁV) f can be written as

/

1 0

Applying Lemma with A7! = ( —
E 0 V(ny_rz)OM

), we get for all scalar C!
function f:
JOA+TNY = 0(Jf)+0x(fU) + 0y (JfV) + dz(JfW). (3)

Next, to obtain the equation for (U, V, W), we multiply the conservation equa-
tion ) on the left by the matrix JO and we get the following incompressible Euler
system in the variables (X,Y, Z):

OxU + Oy (JV) + 0z (JW) =0

O(JU) 4+ 0x (U?) + 0y (JUV) + 8z (JUW) + dxp = G )
6t(JV) + 6)((UV) + 6y(JV2) + 62(JVW) + ay(Jp) =0
(9,5(JW>+ax(UW)+ay(JVW)+8z(JW2)+Jaz(p> = Gq

where G1 = UWk(X) — Jgsinf and G = —U?k(X) — Jgcos¥.
On the wet boundary, the no-leak condition reads:

(U, V,W)E. 0y = 0, (5)
and the condition on the pressure at the free surface reads:

P(Z = h(t, X)) =0, (6)
where 7, = (—sin@(X),0,cos (X)) and .
2.2 Shallow water equations for free surface flows by orthog-

onal averaging

In this section, we derive the shallow water equations by taking the mean value
of the incompressible Euler system ({) along the cross-section Q(t,X). To this
end, let us introduce the conservative variables A(t, X) and Q(t, X) = A(t, X)U
representing respectively the wet area and the discharge defined as:

A(t,X):/QdeZ, Qt,X)=At,X)U(t, X)

where U is the mean value of the speed

U, X) = A(th)

/ Ut,X,Y,Z)dYdZ.
Q



The shallow water assumption consists in neglecting the binormal and normal

accelerations. Consequently, this hypothesis leads to the classical shallow water
equations with the hydrostatic pressure law d,p = —¢g . Here, due to the source
term —U?k(X) in System @), we get a modified hydrostatic pressure.
Indeed, if we write the shallow water assumption in the variables (X,Y,Z) by
applying the identity (E) successively with f = X,Y and Z, the following equalities
hold (for the sake of simplicity, we do not write the dependency of X (¢),Y (t), Z(t)
on x,y,z):

d —
JZX = (atX + (U.V)(X)) - U
Ly g (8tY n (E’V)(Y)) - JV (7)
dt
d —
J=Z = J (atz + (U.V)(Z)) - JW
This yields
TEVLX0.Y(0,2() = 0
d
We have then
d d d
OV + XXV + ZY (O (JV) + 220V = 0
d d d
O(IW) + X (OOxW + =Y (W + - Z(H0zW = 0
So we finally obtain:
O(JV) + UV + VOV + WV = 0 -
O (JW) + UIxW + JVOyW + JWa,W = 0

Now, according to System (f) and the equations for V and W in System ([), we
obtain:

ayp = 0
U2

Ozp = —TH(X) — gcosf

Then the modified hydrostatic pressure reads:
p(t,X,Y,Z) = Phs(t,X,Y, Z) + P.(t,X,Y, Z) (9)
where Pp4(t, X,Y, Z) = (h(t,X) — Z)g cos 6 denotes the usual hydrostatic pressure
h(t,X) Ii(X)
and P.(t,X,Y, Z) = — / U(t, X,Y, ) ———— d¢ the term due to the iner-
tia effect.
t, X,Y

Remark 2.2 We can use the particular form U(t, X,Y, Z) = % (described

in [ff]) when P. derives from a potential. Thus, one obtains:

P(tXYZ):uQ(t,X,Y) 1 B 1
e 2 (1-h(t, X)s(X)* (1-Zr(X))* )




To close System (fl), it remains to define the free surface condition in curvilinear
coordinates. Let us consider the boundary 9€(¢, X) as the union of vs,(¢, X) and
Ywp(t, X) where v¢s(t, X) and vup(t, X) represents the free surface and the wet
perimeter on the OY Z-plane. We assume the no-leak condition (E) on the wet
boundary 7., and the kinematic boundary condition on vf,. Denoting any fluid
particle M(Z = h) by My and from the boundary conditions, we have:

%A(t,X(t)) = Q,A(t, X (1)) + %X(t) Ox At X () = %/Q dY dZ.

As System ([]) holds, one has:

d U d
%X(t) = 7 and %/Q dYdZ = /yfs atMﬁfst + /ywp atM.ﬁwp ds

where 7 ;5 denotes the outward unit normal vector to the free surface (see on FIG.
E) Since 9; M represents the fluid particle velocity (U, V, W)! on the wet boundary,

the integral oM .ﬁwp ds vanishes thanks to the no-leak condition.

Ywp

Next, we have atM.Wfsds = T(X)Wys . Then, we get the following free
Vfs
surface boundary condition:

Ufs(t, X)

KAt X) + —"—=
t (’ )+Jf5(t,X)

OxA(t, X) = T(X)W;s(t, X) (10)

where we have used the generic notation Fs to denote F'(Z = h).
Now to get the shallow water equations, we integrate Sytem (E) along the normal
section Q(t, X). Thus,

. JV
/anUdeZ—i—/lev;gz( JW )deZ

8X/ UdeZ—/ Udx M. 7 ds
Q Lo}

JV —
—|—/ ( )n ds
9a \ JW

= ax(Q) - UaxM.ﬁfs ds

Yfs

JV N =
—|—/ ( JW).nfsds
Vrs

. JV
since /%JP << TW > U@XM> .ﬁwpds =0

Morever,

UaxM.ﬁ) ds = UfsaxA and TV .Wfs ds = JfSWfST.
JW
Vfs Vfs
Next, from the free surface condition ([L), we get
JpWisT = statA + UfsaxA.
Hence the mass conservation equation finally reads:

J(X,Z = h)d; (A) +9xQ =0 (11)

To get the momentum conservation equation, we integrate System ({) for U

along the cross-section (¢, X ) with the usual approximation UV ~ UV and UV?2 ~



v, Finally, the shallow water equations for free surface flows reads:

J(X,Z = h)d; (A) + 0xQ = 0
- Q5 (12)
0 (JQ) + Ox 7+Apc+g11(X,A)COSQ = G
where G = gI(X, A) cosf — gAsin — gA(h(A) — I, (X, A) /A)diX cosO(X),
Jt,X) = J(X,Z = h) + Ii(X)ﬂA,A). The terms I;(X, A) and I>(X, A) are
defined by
h h
L(X,A) = / (h— Z)odZ and I,(X,A) = / (h— Z)dxodZ
—R —R

and represent respectively the classical term of hydrostatic pressure and the pressure
source term induced by the change of geometry. In theses formulas o(X,Z) is
the width of the cross-section at position X and at height Z. In addition, by a
straightforward computation, we get:

Oal(X, A) = ADAh(A) = %

where T(X, A) := o(X, Z = h(A)) is the width of the free surface.
Remark 2.3

e The term (h(A) — I;(X, A)/A) := Z(X, A) is the Z coordinate of the center
of mass.

e Generally, we cannot compute explicitely the term Po(A4, Q). Nevertheless,
thanks to Remark .3, if U(t, X,Y, Z) = u(t, X,Y)/J(X, Z) then,

Pt, X,Y,Z) = JETXY) ) - ;
(XY, 2 (1= (AKX (1= 2r(X))7 )

_ T 1 1
Fe=55 |72 =
2A st N

Then System ([[J) can be written explicitely as:

oA+ 0xQ = G
—2
Q> JQ* (1 1
at(Q)+aX (Z—’— 2 J_?é_? +gII(X7A)COSG = GQ
(13)
where
G1 = h(A)k(X)0: A

and

Gy = K(X)o(MA)Q — (X, A)U) + gla(X, A) cos b
—gAsing — gAZ(X, A)diX(cos 0).

e If we neglect x(X) in System ([[J) or if we assume 6 to be constant then we
get the classical shallow water equations with source terms (see e.g. [, [L1]):

8tA+8xQ = 0
2
o (Q) + Ox <%+g[1(X,A)cost9) = gl(X,A)cosf — gAsind
(14)



Now, omitting the overlined notation for U except Z and P.., let us present some
classical properties of the frictionless System )

Theorem 2.1

1. The System ([I3) is strictly hyperbolic for A(t,X) > 0 under the condition

e 4%9@(/@6) + (9(AT))? + 404(AT5) > 0

gAcosf

where ¢(X, A) = T(A)

s the sound speed.

2. For smooth solutions, the velocity U satisfies
2

J(A)0:(U) + 8X(U7 +U(A4,Q) + gh(A)cosf + gb(X)) =0 (15)

P, -
where U is such that 04V = a + 04 P..
3. The still water steady state for U = 0 is given by

h(A)cosf +b(X)=0 (16)

4. It admits a mathematical entropy

2
E(A,Q) = g—A + A(V(A,Q) — P.) + gAZ(X, A) cos 0 + gb
which satisfies the entropy inequality
J(A)OE +0x ((E + AP, + gI1 (X, A) cos 0)U) < 0

We present in the next section another approach to get a simpler model.

2.3 Shallow water-like equations for free surface flow by asymp-
totic analysis

In this section, we perform a formal asymptotic analysis on System @) According
to the work in [@, @], the shallow water equations can be obtained from the
incompressible Navier-Stokes equations with particular boundary conditions. Here,
we perform this analysis directly on the incompressible Euler system in order to get
J =14 0(e), i.e. it is a way to seek for uniform solution in Y and Z variable.

Let us introduce the usual small parameter e = H/L where H (the height) and L
(the lenght) are two characteristics dimensions along the ¥ and 7 axis respectiveb)f.

=
We assume that the characteristic dimension along the j axis is the same as k.

We introduce the others characteristics dimensions T, P, U, V, W for time, pressure
and velocity repectively and the dimensionless quantities as follows:

U=U/U,V=eV/U, W =eW/TU,
X=X/L,Y=Y/H, Z=2Z/H,p=p/P,0=0,p=p.

In the sequel, we set P = U and L =TT (i.e. we consider only laminar flow).



Under these hypothesis, we have j()?, }7, Z) =1- 62% Thus, the rescaled
System (f]) reads:
N N 03U + 05 (JV) + 0;(JW) = 0
O (JU) + 05 (U?) 4+ 05 (JUV) + 05 (JUW) + 03 p Gy
& (0:(IV) + 0 (OV) + 05 (TV?) + 0,(JVIW)) +05.(Jp) = 0 (17)
e (ag(j"vv) + 05 (OW) + 0 (JVIWV) + aZ(ﬁV?))
+J05(p) = G2

where G; = eﬁ/V[v/E()?) — —— — ——5 ——=(cosb),

cos9+ ZJ cost I _ U
F’I‘,H2 FT,H2 oA \/gM

-,
along the "/ axis and the k or 7 axis where M is any generic variable equal to L
or H.

Formally, when e vanishes, the system reduces to:

Gy = —U%p(X) —

is the Froude number

8§6+8?(‘7>+32(ﬁ//) = 0 _
~ ~ e o B ind
04(0) + 05 (U2) + 05, (V) + 0, (0W) + 055 =~
r,L
Z d — (18)
_FrﬁHfd_)?(COSG)
cosf
O~ - _
7 (D) o

Now, integrating the preceding system as in Subsection E, we get the following
free surface model that we call F'S-model:

O A+ 0xQ = 0
2
0:Q + Ox <% +g9hL(X,A) cos@) = gl(X,A)cosf — gAsind (19)

—gAZ(X, A) % (cos®)

Now, omitting the overlined notation for U except Z, we get some classical
properties of Model ([[9):

Theorem 2.2
1. The System ) is strictly hyperbolic for A(t,X) >0

2. For smooth solutions, the velocity U satisfies
U2
0:(U) + 0x (7 + gh(A) cosf + gb(X)) =0. (20)

3. The still water steady state for U = 0 is given by

h(A)cosf + b(X) = 0. (21)
4. It admits a mathematical entropy

2
E(A,Q) = oA +gAZ(X,A)cosf + gb

10



which satisfies the entropy inequality
WE + 0x ((E+ g1 (X, A)cos§)U) < 0.
Remark 2.4

e We have already pointed out (see Remark @) that System ) is not suit-
able for a numerical computation, since the terms P. and J are not explicitely
expressed. Morever, as we will expose in Section H, System (@) is not con-
venient for a “natural” coupling with the pressurised model (see Section f).
Thus, we will preferably use the simple model (E) which takes into account
the domain and the slope effects through the term
AZ(X, A)4%(cos ) which was not present in the model derived in H.

e Let us also note that we recover the model obtained by two of the authors in

] from System ([L9) if we assume —& (cos @) = o(1).

3 Formal derivation of the P-model for pressurised
flows

In this section, we present a new unidirectionnal shallow water-like equations to
describe pressurised flows in closed non uniform domains to be coupled in natural
way with the obtained F'S-model (@) We will derive it from the compressible Euler
equations following the analysis used to obtain the pressurised flow model that we
call P-model.

3.1 The compressible Euler system in curvilinear coordinates

The 3D compressible Euler system in the cartesian coordinates is written as follows

N
Op+div(pU) =0, (22)

— . - = —
O(pU) +div(pU @ U)+Vp = F, (23)

where ﬁ(t,x,y, z) and p(t,z,y, z)) denotes the velocity with components (u, v, w)
and the density respectively. p(t,z,y, z) is the scalar pressure and F' the exterior
strenght (of gravity).

We define the pressurised domain of the flow as the continuous extension of
Qp (see Section E) defined by some plane curve with parametrization (,0,b(z)) in
a convenient cartesian reference frame (O, 7), 7, ?) where ? follows the vertical
direction; we recall that b(x) is then the elevation of the point w(x,0,b(z)) over the
plane (O, 7,7) (see F1G. f[). The curve may be, for instance, the axis spanned
by the center of mass of each orthogonal section 2(x) to the main mean flow axis,
particularly in the case of a piecewise cone-shaped pipe. Notice that we consider
only the case of infinitely rigid pipes: the sections are only z-dependent (since the
domain is full-filled).

As previously, to see the local effect induced by the geometry due to the changes
of sections and/or slope, we write the 3D compressible Euler system in the curvi-
linear coordinates. To this end, we perform the same change of variables using
the transformation 7 : (z,y,2) — (X,Y, Z) where X,Y, Z denote respectively the
curvilinear abscissa, the width variable and the altitude of any fluid particle M in
the Serret-Frenet reference frame (?, N), E) at point w(z,0,b(x)).

11



Let (U, V,W)* be the components of the velocity vector in the (X,Y, Z) coordi-
nates defined by:

U u
\%4 =06 v
w w

where © is the rotation matrix (see Section ).
Applying Lemma @ to the mass conservation equation, we get

J(Op + div(pﬁ))) =0 or also

9(Jp) + 0x(pU) + Oy (pJV) + 9z (pJW) =0 (24)

where

do .
1 _Zﬁ) cosf) 0 sinf

J = det 0 1 0 |. (25)
do

(1 Zd_X> sinf 0 cos6

To get the unidirectionnal model, we suppose that the mean flow follows the
X-axis. Hence, we neglect the second and third equation for the conservation of the
momentum. Therefore, we only perform the curvilinear transformation for the first
conservation equation. To this end, multiplying the conservation of the momentum

cosf
equation of System (@) by J 0 and using Lemma @, we get:
sin 0
Jl o 8(pU ) +div(pU ©@ U) + Vp = —pV(?.OM)) .
sin 0

It may be rewritten as:

O (JpU) + 0x (pU?) + 0y (pJUV?) 4+ 8z(pJUW ) + dxp

' d (26)
= —pJgsinf + pUWﬁ(cos 0)

where OM denotes the position of any particule M in the local reference frame
—- = =
(T, N, B) at point w(z,0,b(z)).

Finally, in the (X,Y, Z) coordinates the system reads:

9 (Jp) + 0x(pU) + Oy (pJV) + 0z(pJW) = 0

A (JpU) + dx (pU?) + dy (pJUV?2) + 7 (pJUW) + dxp (27)

) d
= —pJgsinf + pUWd—X (cos0)
Remark 3.1 Asin Remark @, T defines a diffeomorphism and thus the performed
transformation is admissible.

We recall that the main objective is to obtain a formulation close to the shallow
water equation in order to couple the two models in a natural way (in a close manner
described in [ff]). The direct integration of Equations (£) over (z) gives a model
which is not useful (as the model for free surface flow derived in Section fl) due to
the term J, to perform a natural coupling with the FS-model for non uniform pipes.
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We perform again the same rescaling as for the free surface model and the system
in variables (X,Y, Z) describing the slope variation and the section variation in a
closed pipe reads:

9(p) +0x(pU) + 0y (pV) + 9z(pW) = 0
0 (Up) + 0x (pU?) + 9y (pUV) + 0z(pUW) + dxp = —pgsinf (28)
d
—gZd—X(cos 0)

3.2 Shallow water-like equations for pressurised flows in a
closed pipe

In the following, we use the linearized pressure law p = p,+ pﬂ— Po (see e.g. [[Ld, L)
Po

in which pg represents the density of the fluid at atmospheric pressure p, and 3 the
water compressibility coefficient equal to 5.0 107 1°m2. N~ in practice. The sonic
speed is then given by ¢ = 1/1/Bpo and thus ¢ ~ 1400 m.s~ 1.

System (é) is integrated over the cross-section 2. In the following, _o)verlined

m
letters represents the averaged quantities over Q. For m € 0Q, w = ﬁ is the
m

outward unit vector at the point m in the Q-plane and m stands for the vector wm
(as displayed on Fic. [I).

Following the work in [H], using the approximations pU ~ pU, pU? ~ ﬁUQ and
Lebesgue integral formulas, the mass conservation equation becomes:

01(5S) + Ox (7g) = /

[ v (Uaxm - V’) 7 ds, (29)

where ¢ = SU is the discharge of the flow and the velocity V= (V,W)t in the

— =
(N, B)-plane. We denote by S the area of the cross-section S,,q.(X) of the pipe
at position X.

The equation of the conservation of the momentum becomes

= 2
_ PL™ | ooy o 2 dS
0:(pa) + Ox (=g~ +¢°pS) = —gpSsind +cpo—

—d
- gpSZ— 30
gpSZdX (cos @) (30)

+ /aQ pU (Uaxm - 7) T ds

The integral terms appearing in (R9) and (B0) vanish, as the pipe is infinitely rigid,
ie. O = Q(X) (see [] for the dilatable case). It follows the non-penetration
condition:

U

N
V | .N=0
w

Finally, omitting the overlined notation except for Z, we obtain the equations for
pressurised flows under the form

0

0(pS) + 0x (pg) 1)
P’ s g a7 b 2 45
Oi(pq) + Ox ( S pS) = —gpSsinb gpSZdX (cosf) + ¢ e

where the quantity Z = Z(X, S) is the Z coordinate of the center of mass.

13



Remark 3.2 In the case of a circular section pipe, we choose the plane curve
(x,0,b(x)) as the mean axis and we get obviously Z = 0.

S
Now, following [E], let us introduce the conservative variables A = i the equiv-
Po
alent wet area and the equivalent discharge @ = AU. Then dividing System (B1))
by po we get:

O(A)+0x(Q) = 0

Q2 : A d (32)
at(Q)+5x(7+c A) = —gAsmG—gAZ(X,S)ﬁ(COSG)—i-

d
2
c Ad In(S)

Remark 3.3 This choice of variables is motivated by the fact that this system is
formally closed to the F'S-model ([9) where the terms gI1 (X, A) cos 8, gIo(X, A) cos 6,
Z (X, A) are respectively the equivalent terms to c?A,

d _
C2Ad_X In(S), Z(X,S) in System (BJ). Finally, the choice of these unknowns leads

to a “natural” coupling between the pressurised and free surface model as we will
see in Section E

To close this section, let us give the classical properties of System @)
Theorem 3.1
1. The system ([33) is stricly hyperbolic for A(t, X) > 0.

2. For smooth solutions, the mean velocity U = Q/A satisfies

U2
X_ . d
where ®p(X) = / Z(f)ﬁ cos0(§) d¢ for any arbitrary xo and Z the eleva-
X,

tion term defined boy Ox Z = sinf.
3. The still water steady states for U = 0 is given by
*In(A/S) + g®o + gZ = 0. (34)
4. It admits a mathematical entropy

2

+ 2 Aln(A/S) + gA®y + gAZ

which satisfies the entropy inequality

OHE +0x((E+2A)U) <0

2
The quantity % + % In(A/S) + g®y + gZ is also called the total head.
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4 The PFS-model for mixed flows

The formulation of the FS-model ([d) and P-model (BJ) are very close to each
other. The main difference comes from the pressure law. In order to build a
coupling between the two types of flows, we have to build a pressure that ensure its
continuity through transition points in the same spirit of [ And as pointed out
in Remark @, we will use a common couple of unknows (4, Q) to get a continuous
model for mixed flows. _

Let us first introduce in both model the exterior strength of friction —pgSy NV
given by the Manning Strickler law (see e.g. [L6]):

Sp(4) = K(A)UU|
where K (A) is defined as follows:

1

M= TR

K > 0 is the Strickler coefficient of the roughness and Rj, = A/P,, is the hydraulic
radius where P, is the perimeter of the wet surface area A. We rewrite the FS-
model ([[9) and P-model (BJ) (resp.) with the friction term:

OA+0xQ = 0

2
0:Q + Ox (% + gL (X, A)cos 9) = —gAsinf+ gl2(X, A)cosf
(35)
— d
—gAZ(X, A)d—X(cos 0)
—gAS§(A)
8tA + aXQ - 0
2
0:Q + Ox Q +c?A) = —gAsinf+ ?Adx In(S)
A (36)

- d
—gAZ(X, S)d—X(cos 0)
—gAS§(S)

Let us recall that Sy,q.(X) denotes the area of the cross-section of the pipe at
position X. We denote also Sp,q.(X) by S(X) when we deal with pressurised state
while S(¢, X') depend on time when the type of flow is free surface and it is denoted
simply by A. Thus, we call S the physical wet area and A the wet equivalent area.

In order to ensure the continuity of the pressure through the change of state we
define the water height:

H(t,X) = ]].{p:po}h(t,X)+]1{p75p0}R(X). (37)
(also denoted by H(A)). We set
p(X,A) = c*(A—8)+gL(X,S)cosh. (38)

and we choose the same plane curve with parametrization (z,0,sin ), namely the

main pipe axis. Actually this choice is the more convenient for pressurised flows

while the bottom line is adapted to free surface flows. Thus we must assume small
d

variations of the section (KSWM small) or equivalently small angle ¢ (see FIG.

).
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main pipe axis

Figure 3: Some restriction concerning the geometric domain

This modified pressure law permits to recover both cases. Indeed, if E denotes
the state variable, we have:

[ gh(X,A)cosb if E=FS (ie. p=po)
p(X,A,E){ gl1(X,S)cos@+c2(A-S) if E=P (ie. p#po) (39)
Finally, the PFS-model for unsteady mixed flows reads:
(A)+0x(Q) = 0
Q? dz
H(Q)+0x | = +p(X,AE)| = —gA—=+Pr(X,AFE)
-G(X,AE)

where K, Pr, and G denotes respectively the friction, the pressure source and the
geometry source term defined as above:

Pr(X,AE) = (02(A/S — 1)) 5—; + gI5(X, S) cos,

= d
G(X,AE) = gAZ(X,S)E cosf

1
K2R (S)Y/3"
The PFS system (ftd) satisfies the following properties:

K(X,S, E) =

Theorem 4.1
1. The PFS system ([4) is stricly hyperbolic for A(t,X) > 0.

2. For smooth solutions, the mean velocity U = Q/A satisfies

2
U + Ox (% +c*In(A/S) + gH(S) cos O + gZ)
= _gK(X,S,E)U|U|.
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3. The still water steady states for U = 0 reads:
*In(A/S) + gH(S) cosd + gZ = 0. (42)

4. It admits a mathematical entropy

E(A,Q) = Q—2 + *AIn(A/S + S/A) + gAZ(X, S) cosb + gAZ

which satisfies the entropy inequality
HE +0x ((E+p(X,A E)U) = —gAK(X,S,E)U*|U| <0

U2
The quantity -5 + c*In(A/S) + gH(S) cos§ + g7 is called the total head. Notice

that the total head and the energy are defined continuously through the transition
points.

Proof of Theorem [{.1: The results ([t]) and () are obtained in a classical
way. We compute also the entropy inequality by classical means and we obtain the
following equation:

2
Oy (QA +c*Aln(A/S + S/A) + gAZ (X, S)cost9+gAZ)

+0x ((g—A +c2An(A/S + S/A) + gAZ(X, S) cos0 + gAZ +p)U) .

c? <8tS <g — 1)) = —gAK(X,S, E)U?U|

A
We see that the term c? (8,55 (E — 1)) is equal to 0 since we have A = S when
the flow is free surface whereas S = S(X) when the flow is pressurised. Morever,
from the last inequality, when A = S, we have the classical entropy inequality (see
B, H)) with the energy E:

E(4,Q) = Q—2 +gAZ(X S)cos0+ gAZ

while the energy is:

E(A,Q) = Q—2 +A(In(A/S) + S/A) + gAZ

for the pressurised case. Flnally, the energy for the PFS-model reads:
2
E(A,Q) = Q—A + 2 Aln(A/S + S/A) + gAZ(X, S) cosf + gAZ.
Let us remark that the term ¢25 makes the energy E continuous through transition
points and it permits also to write the entropy flux under the classical form (E+p)U.

O

5 Conclusion

We have used two different approaches to derive both a free surface flow model and a
pressurised flow model which have been coupled using a common set of variables [ﬂ]
and a suitable pressure law. We obtained a mixed model, that we call PFS-model.
This model takes into account the local perturbation of the section and of the slope,
in particular when the domain is a piecewise cone-shaped pipe. Morever it presents
a simple form which is suitable for a numerical treatment as a finite volume method
or a kinetic scheme extending [{, i, H].

17



References

[1]

2]

[12]

[13]

B. Alvarez-Samaniego and D. Lannes. Large time existence for 3D water-waves
and asymptotics. Invent. Math., 171(3):485-541, 2008.

F. Bouchut, E.D. Ferniandez-Nieto, A. Mangeney, and P.-Y. Lagrée. On new
erosion models of savage-hutter type for avalanches. Acta Mech., 199:181-208,
2008.

C. Bourdarias and S. Gerbi. A finite volume scheme for a model coupling free
surface and pressurised flows in pipes. J. Comp. Appl. Math., 209(1):109-131,
2007.

C. Bourdarias and S. Gerbi. A conservative model for unsteady flows in de-

formable closed pipes and its implicit second order finite volume discretisation.
Computers € Fluids, 37:1225-1237, 2008.

C. Bourdarias, S. Gerbi, and M. Gisclon. A kinetic formulation for a model

coupling free surface and pressurised flows in closed pipes. J. Comp. Appl.
Math., 218(2):522-531, 2008.

M. Boutounet, L. Chupin, P. Noble, and J-P. Vila. Shallow water viscous flows
for arbitrary topopgraphy. Commun. Math. Sci., 6(1):29-55, 2008.

D. Bresch and P. Noble. Mathematical justification of a shallow water model.
Methods Appl. Anal., 14(2):87-117, 2007.

H. Capart, X. Sillen, and Y. Zech. Numerical and experimental water transients
in sewer pipes. Journal of Hydraulic Research, 35(5):659-672, 1997.

Nguyen Trieu Dong. Sur une méthode numérique de calcul des écoulements
non permanents soit a surface libre, soit en charge, soit partiellement a surface
libre et partiellement en charge. La Houille Blanche, 2:149-158, 1990.

Musandji Fuamba. Contribution on transient flow modelling in storm sewers.

Journal of Hydraulic Research, 40(6):685-693, 2002.

P. Garcia-Navarro, F. Alcrudo, and A. Priestley. An implicit method for water
flow modelling in channels and pipes. Journal of Hydraulic Research, 32(5):721—
742, 1994.

J.-F. Gerbeau and B. Perthame. Derivation of viscous Saint-Venant system for
laminar shallow water; numerical validation. Discrete Cont. Dyn. Syst. Ser. B,
1(1):89-102, 2001.

C-D. Levermore, M. Oliver, and Edriss S. Titi. Global well-posedness for
models of shallow water in a basin with a varying bottom. Indiana University
Mathematics Journal., 45(2), 1996.

F. Marche. Derivation of a new two-dimensional viscous shallow water model
with varying topography, bottom friction and capillary effects. Furopean Jour-
nal of Mechanic. B, Fluids, 26(1):49-63, 2007.

P.L. Roe. Some contributions to the modelling of discontinuous flow. In B. E.
Engquist, S. Osher, and R. C. J. Somerville, editors, Large-scale computations
in fluid mechanics. Part 2. Proceedings of the fifteenth AMS-SIAM summer
seminar on applied mathematics held at Scripps Institution of Oceanography,
La Jolla, Calif., June 27-July 8, 1983, volume 22 of Lectures in Applied Math-
ematics, pages 163—-193. American Mathematical Society, 1985.

18



[16] V.L. Streeter, E.B. Wylie, and K.W. Bedford. Fluid Mechanics. McGraw-Hill,
1998.

[17] E.B. Wylie and V.L. Streeter. Fluid Transients. McGraw-Hill, New York, 1978.

19



