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THIN CYLINDRICAL CONDUCTIVITY INCLUSIONS IN A
3-DIMENSIONAL DOMAIN: POLARIZATION TENSOR AND UNIQUE
DETERMINATION FROM BOUNDARY DATA

ELENA BERETTA , YVES CAPDEBOSCQ , AND ELISA FRANCINI

ABSTRACT. We consider a 3-dimensional conductor containing an inclusion that can be repre-
sented as a cylinder with fixed axis and a small basis. As the size of the basis of the cylinder
approaches zero, the voltage perturbation can be described by means of a polarization tensor.
We give an explicit characterization of the polarization tensor of cylindrical inclusions in terms
of the polarization tensor of its base, and we use this result to show that the axis of the inclusion
can be uniquely determined by boundary values of the voltage perturbation.

1. INTRODUCTION

Let € be an open bounded smooth domain in R? occupied by a conducting material, and let
o : 8 — RT represent the conductivity in €.

If we assign a current g on 99 such that |, 90 9 do = 0, the voltage potential generated by this
current is the solution ug to

div(y0Vug) = 0in Q,
U
(1) W = 9onO

/ ugdo = 0,
o0

where last condition ensures the unique determination of the solution.
Let us suppose that €2 contains a small inclusion w,, made of a different material with conduc-
tivity 1 : Q — RT. The perturbed conductivity is given by

(2) Ye(z) = {70@3) z €\ w,

71 (x) = € we,

If we apply the same current g on the boundary of the body containing the inclusion, the resulting
potential is the solution u. to the boundary value problem

div (7eVue) = 0in Q,
ou,
3) Lra A

/ u.do = 0.
o0

In recent years, a considerable amount of work has been dedicated to the case of small inclusions,
that is, to subsets w. whose Lebesgue measure tends to zero with e. When this happens, the
perturbation of the voltage potential is very little, in the sense that w. converges to ug in the
H'(Q) norm. A number of asymptotic formulas have been proved for the asymptotic expansion
of ue —ug|,, with respect to € for a variety of geometries. We recall here a general, geometry
independent, result due to Capdeboscq & Vogelius [7]. Assume that

(4) lwe] 7" 1, (-) converges in the sense of measure to x when |we| — 0.
1
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Let N denote the Neumann function of the unperturbed domain: given y € Q, let N(-,y) be
the solution to

divy (yo(2)VeN(z,y)) = & ( ) for x € Q,
N
(5) Yo(w) . (z,y) |8Q| or x € 0
N(z,y) do, = 0.
a0

This function may be extended by continuity to €2 and may also be defined as the solution to

divy (y0(z)VeN(x,y)) 0 for x 6 Q,
)8N(xy) = —0y+ = for x € 09,

Iaﬂl
/ny Ydo, = 0.

The main result in [7] is the following:

Theorem 1.1. Assume (4) holds. There exists a tensor {Mij}?,jzl € L*(Q,dp) such that, for

g € H/2(99Q) satisfying fasz gdo =0, if we denote by u. and ug the solutions to boundary value
problems (1) and (8) respectively, we have that, for y € 0%,

(e = o) wz/ =0 My () G2 ) 5 o)) + o ).

1,j=1

The o (|we|) term is such that |we| ™" ||o (Jwe]) | L= (902) converges to zero as € tends to zero, uniformly
on {g € H_1/2(8Q) : fagg do =0, [|gllr20) <1}

The symmetric tensor M is the signature of the inclusion and it is called the polarization
tensor. Later on, we will give more insight of how this tensor can be constructed. The concept of
polarization tensor appears in various contexts. The term was coined by Polya, Schiffer & Szego
[18, 17]. Polarization tensors are well known in the theory of homogenization as the low volume
fraction limit of the effective properties of the dilute two phase composites [13, 14, 16] (see [14]
for an extensive list of references).

Explicit formulas for the polarization tensor are available in the case of diametrically small
inclusions, i.e. those inclusions that can be written as w. = z + €¢B where z is a point in  and
B is a bounded domain centered at the origin (see [3]). Even in the case of "thin” inclusion, that
can be described as small neighborhood of hypersurfaces (a curve in R? or a surface in R3), the
polarization tensor has been explicitly characterized (see [5]).

In this work, we want to consider inclusions that can be represented as small neighborhood
of a line segment in a 3-dimensional domain. For these cylindrically shaped inclusions we give
an explicit description of the polarization tensor. This model has many possible applications, for
example in non-destructive testing of material and in geophysical prospection. We also want to
look at this problem with the point of view of inverse problems. This approach was initiated
by Friedman & Vogelius [10] who first used the polarization tensor for the detection of small
inclusions. After that there have been many significant developments in this direction. For more
information on this subject we refer to recent books [3, 4] and references therein.

In Section 2 we will set up general assumptions and recall the definition of polarization tensor.
In Section 3 we will state and prove our main result for cylindrical inclusions. In Section 4 we
observe that the asymptotic formula that we derive in Section 3 is useful for the reconstruction of
the inclusion from boundary data. In particular we show that boundary data of the second order
term of the expansion uniquely determine the axis of the cylinder.
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2. GENERAL ASSUMPTIONS

In all that follows we will assume that our inclusions w, are contained in a compact set Kg C €2,
with positive distance from 9. The Borel measure p defined by (4) will then be concentrated on
Ky.

We will assume that both vy and v; are smooth functions in 2 and that, for some positive
constant ¢y, we have

1
co <vyilx)<—, for z€Q, i=0,1.
co
The polarization tensor M can be defined in several ways. In [7] it is defined by means of the

following auxiliary problem.
For j = 1,2,3, let e; denote the coordinate directions and let v/ € H'() be defined by

div (7. Vo!) = div(ye;) in  Q,

ovl
e = qon; on 09,
Joquido= 0,

where n; is the j-th component of the unit normal direction n to 0€Q.
The tensor M is consistently defined in [7] as the following limit

(6) /§1M¢j<w>¢><x> ap = tim —— [ 2% () o) d,

=0 |we| Jo,. O0x;

for every smooth function ¢.
We shall make use of the alternative equivalent definition ([8]).

Lemma 2.1. Let M be the polarization tensor given by (6) and let ¢ be a positive smooth function
on €, then, for every direction ¢ € R3,

(1) / (1 — )M -Eddu = (1 —10) 22 (€2 pde
Q 71

‘w€| We

1 . /
+ min
e weri(o) Jo ¢

where o(1) tends to zero with €.

2
Vw + 1, 717_705 ¢dx + o(1).
1

3. POLARIZATION TENSOR FOR A CYLINDRICAL INCLUSION IN R3

In this work we will consider cylindrical inclusions having fixed height and small basis. For sake
of simplicity we will fix our coordinate system in the center of the cylinder and the third coordinate

direction (eg) parallel to the axis of the cylinder. We will use the notation z = (x1, 2, z3).
Consider an inclusion w, given by
(8) we = wa e X (—1,1),

where wy ¢ is a bidimensional measurable set.

We assume that, for each €, wy . C D = D(0, ), the disk of radius r centered at the origin and
that, for some L > [ the cylinder Ky = D x [—L, L] is contained in . We will also assume that
lime_,¢ |wa,| =0 and

—1 .
|wa,e| " 1w, . (+) converges in the sense of measure to p’ when € — 0.

The Borel measure p defined in (4) and p’ are related by

!
Q/Jdu:l/ /Q/Jdu'dwg, for each ¢ € C(Kp).
Ko 20 J_; Jp

Let v9 be the smooth conductivity of the material in Q and let v; # 79 be the smooth con-
ductivity of the inclusion (for sake of generality we assume that both 7 and v; are defined in the
whole body 2). The conductivity in the body containing the inclusion is given by (2).
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FIGURE 1. A cylindrical inclusion. The base of the cylinder w;y  has a small area.

Now let us slice our 3-dimensional body in sections that are parallel to the plane {x3 = 0}. Let
us denote by Q. = {(z1,22) € R? : (z1,29,23) € Q} each of this slices. Let us define

Y2.e() = (1(2) = 70(2)) 1wy, (21, 22) +Y0(2).
For x3 € (—I,1) this coefficient represents the conductivity of the slice €2,,. For each x3, there is
a 2 x 2 polarization tensor m(z) that can be defined (as in Lemma 2.1) in the following way:

Lemma 3.1. Let ¢ be a positive smooth function in Q. Then, for every direction n € R?,

9) /Q (1 =) mn-nody’ =

*3

(3 — w% I ¢ daydas

| 2’€| w2, e

2
Vw + 1y, 20| $daydas + o(1).
1

1
+——  min /’yg,
jwa.of wert () Jo,.f
where o(1) tends to zero with e.

Notice that, although the measure p' is the same in each slice, the polarization tensor m may
change because both conductivities 79 and v; depend on x3.

Now, we state and prove the main results of this section.

Proposition 3.2. If w. is given by (8), the unit vector es is an eigenvector for the polarization
tensor M (x),that is,

(10) M(z)es-es =1 for p-almost every x €.

Since the polarization tensor is symmetric (see [7]), this implies that there are other two eigen-
vectors in the orthogonal plane, the one spanned by e; and es.
We prove that, in that plane, the polarization tensor coincide with the 2-dimensional tensor.

Proposition 3.3. Let w, be given by (8) and let m be the 2-dimensional polarization tensor defined
by (9). Let n be any direction in R?, and denote by n* its extension n* = (n,0). Then,

M(z)n*-n* =m(x)n-n for p-almost every x € .

In order to prove Propositions (3.2) and (3.3) we are going to use definitions (7) and (9) of
polarization tensors. Before doing that, we need to point out a variant of those formulas that is
justified by [8, remark 1, p.185]. According to this remark, the minimum in formula (7) need not
to be taken over H'(2), but it can be taken over HJ(Y') for any convex set 2’ that contains the
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whole family of inclusions. In our case we can choose ' = Kj. The same holds in formula (9)
where the minimum can be taken over H}(D).

Let us fix a positive smooth function ¢ defined in  and, for j = 1,2, 3, let us denote by ® the
3-dimensional minimizer in (7) corresponding to £ = e;. Each minimizer ®/ € H}(Kj) is solution
to

(11) div (ve¢V®!) = div (70 — 71)1w.€j¢) in Ko.
By Lemma 5.1 in the Appendix, the minimizer ®/ satisfies the estimates
(12) VD L2(x0) < Clwe|'/?, for j=1,2,3,
and

(13) 19|20y < Clae' 27, for j=1,2,3,

where the positive constants C' and « depend on Ky, ¢y and ¢, but not on .
For the bidimensional tensor, we denote by 17, for j = 1,2, the functions in HJ (D) defined by

(14) diV12 (7276¢V12wz) = diVlg ((’)/0 — 71)1w2,€ej¢) in l)7

where the notations divis and V1o mean divergence and gradient with respect to the first two
variables only. The third variable plays the role of a parameter. Due to Lemma 5.1 in the
Appendix these functions satisfies the estimates

(15) V129 || 12(py < Clwa,e|V?, for j=1,2,
and
(16) [ || L2(py < Clwa,e|?Fe, for j=1,2,

where the positive constants C' and « depend on Ky, ¢y and ¢, but not on .

Proof of Proposition 3.2. As it was noted in [8], it is easy to recover the optimal pointwise esti-
mates of the polarization tensor M from (7). namely that

: @)\ (2 20(2) | |2
min {17 '71 (.’II) } ‘€| S MZ] (x)glgj S max {17 ,71 (.’L') } |€| 9
for every ¢ € R? and for x p-almost everywhere in .
As a consequence, showing (10) will ensure that 1 is either the maximal or minimal eigenvalue
of M, with eigenvector e3.
Let ®2 be the minimizer corresponding to £ = e3.
Let us notice that ®2 is a solution of (11) and, by De Giorgi-Nash estimates (see Theorem 8.24
in [11]), it is Holder continuous and, for every x € Ky CC Ky

|22 ()| < C (11971 2(x0) + 1w, Yl La(xcs)) -

By (13) we deduce that
(17) @2 (@)] < C (Jwe 2 + |we| /1) < Cluo] 2,

By definition (11) and integrating by parts,

/ Y|V 2 pdr = /(70—71)¢63~V(13§d$,
Ko w

!
0
/ / (y0 — ’Yl)¢8733q’§ dzsdx; dzo,
w2 e —1

[/ (Yo — 1) P2 dxldle
w2,e 173:7[

(18) - / @i’a%((vo—mqs)dx-

w;;:l
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By (17) (noticing that we % [—1,{] CC Ky) and since g, 71 and ¢ are smooth, we get

T3 =l

(19) l | Go-mee? dxldm] < Ol ol < Sl
w2, e

Ingl

where C' does not depend on € and on .
In addition, by using Cauchy-Schwarz inequality, and estimate (13) we obtain

(20) < Clwe| .

/ B0) - (0 —10)6) d

By putting together (18), (19) and (20), we get

(21) / Ve |V<I>§|2¢)d3: < Clw ™, where o =min(1/4,a).

Ko

Let us now write formula (7) for £ = ej3:

1
/(’71*’70)M€3'€3¢du 7/ (11— 70) 2 pda
Q |OJ€| we st
1

2
+ o Ji Ye V@f%—lw;yl%%eg‘ ¢ dx + o(1)
€ 0
1 1 312
= o (71—70)¢dx+m B Ve |VO:|” ¢ da
€ We € 0
2 (1 — ,
(22) ol leWqﬁeg-VfbfderO(l).
€ 0
By Cauchy-Schwarz, and (21)
2 (1 — ,
(23) ‘ / 1, 2 =0) o ? dn| < Ol 2.
‘we| Ko et

By inserting (23) and (21) into (22) we get
1
/(71 —Y0)Mes - e3pdp = 7/ (11 — )¢ dz + o(1),
Q |w6| wWe

and, by letting e — 0, we get

/ (1 — o) Mes - expdp = / (12 = 0)6 d,
Q Q

which, in turn, implies (10). O

Proof of Proposition 3.3. The idea of the proof consists in constructing an approximation of the
correctors ®! and ®2 by using the 2-dimensional correctors ! and 2 defined by (14).

Let fc(x3) be a function of x5 only that we will specify better in Lemma 3.6. Let us define, for
J=12,

(24) & (x) = I (z)f(x3) for z € K.
Our proof will make use of the following technical results:
Lemma 3.4. For j = 1,2, the functions 1! satisfies

(25) o2

J

1
Org ' € < C|w276|2+°‘,

L?(Ko)

for some positive C and « independent of € and of l.
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Lemma 3.5. Let us denote by 1;(x3) = 1(_yy(x3). Assume fo € H'(R) is chosen so that

(26) 0<fe<1 and fe(x3)li(zs) = Li(zs),
(27) I fillp2(—r,) < Clwa,e|™?,
(28) 1£e() (= LD pa(-p,z) < Clwzel %

Then, for j = 1,2, the functions ® and ®I, given by (24) and (11), respectively, satisfy the
inequality

Hv (81— a7) < Clws %=,
L2(Ko)
where C' and « are independent of €.
Lemma 3.6. The function f. given by
0 if w3 < —l— 2wy
T4 L+ 2wa|*)?
(x5 T '23 %) if w3 € [—1—2wa]®, —1 — |wa.c|®]
fe(w3) = 2 2
(1‘3 + l) . o
_ W if xg €[l — |wal®, —]
1 if 3 €[-1,0],

and such that fo(—x3) = fe(xs), satisfies assumptions (26), (27) and (28).

The proof of Lemma 3.6 is safely left to the reader. Lemma 3.4 and Lemma 3.5 are proven
below. Let us first proceed with the proof of Proposition 3.3.

Let us take n* = (1,0) where 7 is a unit vector in R?. Let us consider formula (7) for £ = n*
and with the minimum taken over H{(Kj). We write the minimizer w, = Z?:l n;®I as we =

232:1 n;®1 + Z?Zl n; (CIJg - ég) and obtain

/(71 —Y)Mn*-n*edp = /(71 — 7o) L dp
Q Q 71

1 . _
+ Ve |V Zn]@i - 1..7%| ¢dx
|w€| Ko j=1 et
(29) + T1,e + T2.es

where we have set

1 L
Tle =77 Ve |V Tl‘(‘I’Z - (I)g) ¢ dz,
|W€| Ko Z ’

and

2

2 = 7 — 0 *
rre=p1 [ VD nel |+ —— Lo -V an — &) | pda.
€ 0

j=1

Let us first show that r; . and rp . are small. The term r; . can be estimated by Lemma 3.5, so
that

C
< 7|W275‘a.

IrLel < 157 \ZHV< )

L?(Ko)
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For 73 ¢, using Cauchy-Schwarz inequality and Lemma 3.5, we obtain

A

2
¢ Ife 57| 70
< lend =V > om®l | + — L’

L?(Ko)

IN

2
c a—1 ] 1
Tl T IV > + |we|?
I= L2(Ko)

Let us note that
b j 1o 9 i
VO L2(ko) < N fe Va2l |l L2(xo) + I fe0] + feafm%IIm(Ko)-

Moreover, by (16) we get

2

1feViot! |2k, = (/_LL/DfEVuwZF d!131d$2d$3>
< 2L|| Vil r2(py < Clwa,l?,

by (25) and (27), we obtain

192 fell 2y < Clwn.el 2+ wne =%,
and, by Lemma 3.4
1fe g WHH(KO) < Clws,| 7.
Hence, finally

el < Shond "% (lonel? + ot < Clonl 25

Now, we consider the second term of the right-hand-side in (29):

2

1%77* odx

Z"ﬂ )

|w€\

1 : i "
= T / / Ve anv12¢ﬁ fe+
dJ-1Jp |5

L1,,.0| ¢du+
2
1 L ‘
w0 e |2 m Vvl fe| éd
[ a-u@) [ o St £ ode
2

1 0 . .
PR R § Y E ahd f!
+ Ko rYe (91'3 - njwe f€ + - n]we fe ¢d$

|wel
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Let us notice that, for zg € (—1,1), fe(x3) =1 and, by (9),

2

1 ! j Y1 — Y0
m / l /D’Ye Zﬂjvlﬂ/}g fe+ 1w2,e77 pdx
- J

ha!

2

1 : / L=
- S0y Visyd + 1,1 éde
21|w275| /_l D’YZ - 77] 12w 2, 77 ¢

71

e 1 : 7o
== — v )mn - néd du’ dxs — 7/ / —v)—ddx + o1
51 /4/;% Yo)mn - ng dy’ dxs Slwnd ), wu(% ’Yo)méf) (1)

:/(’Yl*’Yo)mﬁ‘WSdM*/(’h*70)E¢dﬂ+0(1)~
0 Q 7

Moreover, by (15) and (28),

2

1 L _
M/L(lll(m))/D’Yo zj:njvlgwg fe| ddx

c )
< Tod] Z IV 1292172y 11 = 10) fell 21 1
‘ j

C
S 7‘w2,e|a

and, by Lemma 3.4, (16) and (27),

2
1 0 . .
ol | | 5 STud | fe+ D nil fl| dda
el o J J

2

|we |

2

0

J
8.1‘3 €

IN

2 2
+ ||’l/}g HLQ(KO) ”fe,HLQ(—L,L))
L2(Ko)
_ C
(Iwz.el 722 4 fom e 2wz e] ) = Tlemel

<

As a result, identity (29) becomes

/('Vl_'YO)MU*’n*(z)d,“:/('ﬁ_70)m77'77¢d/‘+0(1)7
Q Q

that, passing to the limit for e — 0, is our thesis. O

Remark 3.7. In the proof of Proposition 3.3, we underlined the dependence of the estimates upon
l, the macroscopic length of the cylinder. Truly, we make no use of that information. This is

merely a reminder of the fact that our approach cannot be used directly for arbitray shapes: when
l tends to zero, these estimates become trivial.

Proof of Lemma 3.4. Let us fix j = 1 or 2. If we differentiate equation (14) with respect to x3,

we obtain that for each x3, a—z/;ﬁ satisfies equation
r3

divia <%¢V12 <£))¢i)> divia (8?03((% - ’Yl)éf’)lm,(eg‘)

—divyg ((i}(%@) V12¢g) 5



10 E. BERETTA, Y. CAPDEBOSCQ, AND E. FRANCINI

hence we can write

]_
ale+a2e?

O3
where for ¢ = 1,2, the function a . € H}(D) is the solution of

divig (’yfzqﬁvuaw) = fi.in D,
and where

£ = diviy (1w2,56jaig((’}’o _ m«m) L = —diviy ((Ef;gw)) vmwz’) .

We shall show that agye can be bounded as required. Concerning a{)e, we can rely on Lemma 5.1
to obtain

Haj Clwa,e
LZ(D)
Let us now turn to aéys. Notice that we can write
. ' . 0 ;
s (1£20%1ad,) = —diviz (0500

= —divis ((’mdﬁ) UO%WH@WlWﬁ)

= —divs ((752¢)V12<<a (log(7126)) )))

¥
+ divie ((vm)wzvm (88 (log(712¢) ))
And this means that
(30) e =~ - (log(1520) +
with
divis (50V120) = diviz (0000 V1z (36 (log(vizdﬁ)))) .
By standard energy estimates, and by (16) we can conclude that
V1262 2(p) < Cluwn.e|
By Poincaré estimates for b7, by (30) and (16) again, we can conclude that

; 1
V1263 |2 (D) < Clwa,[2*

Proof of Lemma 3.5. By (24) and (14), for j = 1,2, given any function ¥ € H}(Ky), we have

| revdiveds - / 2OV (fod) VU da

Ko

_ / D ViV e + / ¢<fw3+few]) A
Ko Ko

/ (w—m)qﬁ—m 4 / (1= 176 £V 12 V1o U da

We Ko

/ ¢<f1/ﬂ+few3) 9 G
Ko

. 0
/ Y OVOIVU dr = / (Yo —m)p=—Ydx
Ko wWe 81:1

+

while, by (11),
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and, hence,
/ et (V<1>g' - vég) VU d =
Ko
j b 0 i) 2
(1 - 1l)’y€¢f€v12wgvl2\1] dx + ’Y€¢ fewe + feai,(/)e +—Vdx
Ko T3 Ors

Ko

from which it follows that

IV — VP! | 2k,

, , 9
< IVio?ll2 oy lI(1 = 10) fell 2 (=) + 1f02 L2 (ko) + ||f637%¢§\|L2(K0)

< O (el Flwnd ® + e B 78 + [ 17) < Clun ] 5°

4. RECONSTRUCTION OF THE AXIS OF THE CYLINDER FROM BOUNDARY DATA OF THE
CORRECTION TERM

Let we be a cylinder whose axis is a segment ¢ CC 2 and whose basis can be written as
wa,e = €wq, where wy is a bidimensional domain of measure |wy| = 1.
Denote by m the polarization tensor for ews as defined in Lemma 3.1. From Propositions 3.2
and 3.3, it follows that, for y € 992,
8UO ON

=) = ¢ [ =) | o

+ m(@)Vuo(z) - VN(z, y)} do, + o(e?),

(z,y)+

where 7 is the tangent direction to o and, for any vector v € R? we denote by © = v — (v - 7)7 the
non tangential part of v.
Let us denote by u, the function

B ul)= [on =)o) | G2 G )+ ) Fiale) - T (o) d
defined for y € 2\ o.
In this section we want to address the following problem: do the boundary values of the
correction term u, uniquely determine the segment o7
In order to answer to this question let us focus on some properties of this correction term.
First of all we observe that u, is solution to

(32) div (voVug(x)) =0 for z€Q\7.
Moreover
(33) o a(;:: =0 on 09,

because u, and ug have the same conormal derivative on 0f).
If we integrate by parts in equation (31), and denote by P and @ the endpoints of segment o
(such that 7 = (@ — P)/|Q — P|) we have

8u0

N@) (n =0 52@) = N2 (n -0 52 (P))

(39 - [V (6w G do,

+ / (1 — o)) Vi (z) - VN (&, y)do.

ug (y)
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Although the formulation of the correction term u, may look similar to the one that was
established for inclusions that are small neighborhood of a curve in the plane (see [1]), we point
out that the correction term given by (34) is singular at every point of the segment o. Moreover,
as it will be clear from the proof of the following proposition, at the endpoints of the segment
o, the correction term does not have worse singularities than at the other point of the segment.
This behavior is different from the case analized in [1] where the correction term presents stronger
singularities at the endpoints of the segment than at any other point.

Proposition 4.1. Let vg and v1 be smooth positive functions. Let ¥ be an open subset of 02 and
let o and o’ be two segments strictly contained in . Let ug be a smooth solution to div(~yyVug) =0
in Q such that Vug # 0 in Q, and let u, and u, be defined by (31) for segments o and o’
respectively.

If
(35) Uy = Ugr ON X,

then

Proof. For sake of simplicity, let us carry out the proof in the case of a constant conductivity ~q.
The general case is briefly discussed at the end.
Let w = uy — ugr. By (32), function w is solution to

div(yoVw) =0 in Q\ (FU).
Moreover, by (33) and (35), w has zero Cauchy data on X, hence, by unique continuation property
w=0 on Q\(@UJI).

We argue by contradiction and assume that o # ¢’. This means that there is an endpoint, say P,
that belongs to o but not to ¢’. Of course, this means that there is a segment v with endpoint
in P that belong to o \ ¢’. We fix at P the origin of our coordinate system and we set ez as the
tangent direction 7.

Let v be a direction different from 7 . Consider a line s(t) = vt approaching the origin as ¢ goes
to zero. There is a positive number to such that s(t) € Q\ (G Uo’) for 0 < t < tg, hence

uo(s(t)) = w(s(t)) + uo (s(t)) = uo (s(t))
is bounded for ¢t € (0,tp), since d(s(t),o’) > 0. We want to show that this is a contradiction to
the fact that Vugy # 0.
The Neumann function N can be written as

(36) N(z,y) =T(lz = y|) + h(z,y),
where I'(|Jz — y|) = m and h is a harmonic function in €. By inserting expression (36) into
(34) we have that, for ¢ € (0, tg),

uo(5(1)) = ~((s(0) —20) 22 ()T (s(0))

(37) - /U % (('71 - %)‘?f) D(|lz — s(t)|)dog

4 / (1 — 70)m(e) Vo () - VT, 5(t))dos + (),

where h(t) is a bounded function.

Let By = (0, R) be a ball centered at the origin with radius R, such that 0 < R < |o|/2 and
By C Kp. Let us estimate the right term of (37).

Let us introduce by vo(x) = (y1(x) — v0)Ouo(x)/07. By the regularity assumptions on ug €
C?(Q2) and 1, the function vy and its derivatives are bounded on Kj.

We first consider the first term in (37), which we rewrite in the following wat

(38) —(m(s(t) - 70)%(8(1?))F(|8(t)l) = —vo(0)L(Is()]) = (vo(s(£)) — vo(0))L(|s(2)])-
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Note that the last right-hand-side term in (38) is bounded for ¢ € (0,tp) due to the regularity of
(B
We now write
v
- OT

(@0 (e~ s@)dow = [ T2 @)D (e~ s(0) o
o\Bo 9T

dvg Ovg vy /
+/mBo( 5, (@) = 5= ( )) |z = s(t))do + 5(0) . (lx — s(t)])do
(39) = Il+[2+[3
For x € 0\ By and ¢t < R/2, it is true that |z — s(t)] > R —t > R/2 and therefore
C

L] < =

On the other hand, because of the regularity of vy, we can estimate

I ?
o [2(vf +v3) + (23 — tvg)?]"/2
Last integral in (39) can be explicitly calculated and estimated by

(1)

Now, let us turn to the last term in (37). Arguing as before, we divide it into three parts, and

|| < C

dl‘g < C for te [O,to]

|I;| < C

this time we introduce by Vo(z) := (71 — vo(x))m(x) Vue(z).

/ Vo(w) - VT (x, s(t))doy — / @ VT (2, 5(t))dos

+/ (%m—%@wﬁ%wmm%+%@1/ VT (. s(t))do
oNBy o

NBo
=J1+ J2+ J3
For x € 0\ By and t < R/2 we have that |z — s(t)| > R —t > R/2 and, hence,
C

By regularity of Vj, we can estimate

A <c/R zst
=T o 1203+ 03) + (s — tug) 232

Now, we evaluate term J3 that contains a singularity of leading order:

dxs < C for te [O,to].

R
(—v1it, —vat)
Js = V5(0) - dz
v = 0 [ e
R—vgt
_ _VO(O)' (Ul,vg) z N/ vE+vdt
(0 +v3) | VI+22|_—w

2 2
vyi+vj

- - o (i (1))

Collecting all this estimates we conclude that, for sufficiently small ¢,

Buo Cl — (’Ul 5 ’()2) 1
40 -(s(t)) = 0) — ———(0)— 0 0) ——= O(ln-]).
(a0 UGU)(%()WM< 505+ mOTu0) S ) 0 (g
The remainder term is the contr Since the function u,(s(¢)) has to be bounded for ¢t € (0, %) and
for any direction v # e3, we can choose v3 = 0 in (40) and conclude that

8u0 0 787.140 0

(41) T =520 =
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Now let us choose a direction v such that vs # 0, and obtain
m(0)Vug(0) - (v1,v2) =0 for any (vy,vp) € R?,
which, in turn, implies that
m(0)Vug(0) = 0.

_ (9

Now, we notice that Vug(0) = Guo

3 (0), 3 (O)> and that m(0) is a symmetric and positive
T i)
definite tensor, from which, together with (41), it follows that

VUO(O) =0

which contradicts our assumptions.

Let us now consider the case of a smooth coefficient 79. The Neumann function defined by (5)
has the same singularities of function I" ( see [15, ch.1 , sec.8]) and the same estimates can be
carried out. (]

5. CONCLUDING REMARKS

In this paper we proved that the polarization tensor of cylindrical inclusions can be deducted
from the polarisation tensor of cross section orthogonal to the axis of the cylinder. When conduc-
tivity in the background and in the cylinder vary smoothly, the polarisation tensor in every cross
section is only a function of the contrast 71/ in that cross section, and can be obtained by a
2-dimensional calculation. Note that our arguments do not depend on the dimension, and does
not require the base to be of small diameter. For example, iterating this result between dimension
1 and dimension d, we would recover the polarisation tensor of a flat thin plate, already obtained
in [5, 8], from that of a small segment in dimension 1.

The case of a base of small diameter is new, and we show that it allows uniquely determine
the axis of the cylinder from one boundary measurement. We believe that a similar form of the
polarization tensor holds for small neighborhoods of a general smooth curve. In this case the
singularities of the correction term along the curve should be sufficient to be able to determine the
curve itself from the knowledge of boundary data. This will be subject of a forthcoming paper.

APPENDIX

Lemma 5.1. [8, 2] Let a € L=(Q) such that ¢c; < a < ¢;* for some positive constant c1. Suppose
that ¢. € H* () is such that

div(aVoe) = div(Fe) in €,
where either
F,
or F, =

we (@) Fo(x) with || Fol| Lo )« < Fe,

1
L., (2)Fe(z) with || F.| 2(qp < Folw*/2.

where .FC is a constant independemﬁ of €. Then,
Hv¢ Hl2 a < —|w ‘ / IC
€ (Q) — ﬁc € )

Furthermore, there exists a > 0 and C > 0, independent on €, such that

1lia
¢ellL2(0) < Clwe 7 Fe.
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