N
N

N

HAL

open science

Utility maximization in incomplete markets with default

Thomas Lim, Marie-Claire Quenez

» To cite this version:

Thomas Lim, Marie-Claire Quenez. Utility maximization in incomplete markets with default. 2008.

hal-00342531v3

HAL Id: hal-00342531
https://hal.science/hal-00342531v3

Preprint submitted on 9 Jul 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00342531v3
https://hal.archives-ouvertes.fr

Exponential utility maximization and indifference price in an

incomplete market with defaults

Thomas LIM *  Marie-Claire QUENEZ'

July 9, 2010

Abstract

In this paper, we study the indifference pricing of a contingent claim via the maxi-
mization of exponential utility over a set of admissible strategies. We consider a finan-
cial market with a default time inducing a discontinuity in the price of stocks. We first
consider the case of strategies valued in a compact set. Using a verification theorem,
we show that in the case of bounded coefficients the value function of the exponential
utility maximization problem can be characterized as the solution of a Lipschitz BSDE
(backward stochastic differential equation). Then, we consider the case of non con-
strained strategies. By using dynamic programming technics, we state that the value
function is the mazimal subsolution of a BSDE. Moreover, the value function is the
limit of a sequence of processes, which are the value functions associated with some
subsets of bounded admissible strategies. In the case of bounded coefficients, these
approximating processes are the solutions of Lipschitz BSDEs, which leads to possible
numerical computations. These properties can be applied to the indifference pricing
problem and they can be generalized to the case of several default times or a Poisson
process.
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1 Introduction

In this paper, we study the indifference pricing problem in a market where the underlying
traded assets are assumed to be local martingales driven by a Brownian motion and a default
indicating process. We denote by S; = (S})1<i<p for all t € [0, T the price of these assets
where T" < oo is the fixed time horizon and n is the number of assets. The price process
(S¢) is defined on a filtered space (2,3, (G¢)o<t<7,P). Following Hodges and Neuberger
[18], we define the (buying) indifference price p(§) of a contingent claim &, where £ is a
Gr-measurable random variable, as the implicit solution of the equation

sng[U(z + /OT ﬂtdSt)] = sng[U(z —p(§) + /OT mdSy + f)}, (1.1)

where the suprema are taken over admissible portfolio strategies w, x € R is the initial
endowment and U is a given utility function. In other words, the price of the contingent
claim is defined as the amount of money p(§) to withdraw to his initial wealth x that allows
the investor to achieve the same supremum of the expected utility as the one he would have
had with initial wealth 2 without buying the claim. A lot of papers study the indifference
pricing problem. Among them, we quote Rouge and El Karoui [34] for a Brownian filtra-
tion, Biagni et al. [1] for the case of general semimartingales, Bielecki and Jeanblanc [5] for
the case of a discontinuous filtration. An extensive survey of the recent literature on this
topic can be found in Carmona [8].

Throughout this paper, the utility function U is assumed to be the exponential utility.
By (1.1), the study of the indifference pricing of a given contingent claim is clearly linked
to the study of the utility maximization problem.

Recall that concerning the study of the maximization of the utility of terminal wealth,
there are two possible approaches:

— The first one is the dual approach formulated in a static way. This dual approach
has been largely studied in the literature. Among them, in a Brownian framework,
we quote Karatzas et al. [20] in a complete market and Karatzas et al. [21] in an
incomplete market. In the case of general semimartingales, we quote Kramkov and
Schachermayer [24], Shachermayer [36] and Delbaen et al. [9] for the particular case
of an exponential utility function. For the case with a default in a markovian setting
we refer to Lukas [27]. Using this approach, these different authors solve the utility
maximization problem in the sense of finding the optimal strategy and also give a
characterization of the optimal strategy via the solution of the dual problem.

— The second approach is the direct study of the primal problem(s) by using stochastic
control technics such as dynamic programming. Recall that these technics had been
used in finance but only in a markovian setting for along time. For example the
reference paper of Merton [28] uses the well known Hamilton-Jacobi-Bellman verifi-
cation theorem to solve the utility maximization problem of consumption/wealth in
a complete market. The use in finance of stochastic dynamic technics (presented in
El Karoui’s course [13] in a general setting) is more recent. One of the first work in



finance using these technics is that of El Karoui and Quenez [14]. Also, recall that the
backward stochastic differential equations (BSDEs) have been introduced by Duffie
and Epstein [11] in the case of recursive utilities and by Peng [32] for a general Lips-
chitz coefficient. In the paper of El Karoui et al. [15], several applications to finance
are presented. Also, an interesting result of this paper is a verification theorem which
allows to characterize the dynamic value function of an optimization problem as the
solution of a Lipschitz BSDE. This principle stated in the Brownian case has many
applications in finance. One of them can be found in Rouge and El Karoui [34] who
study the exponential utility maximization problem in the incomplete Brownian case
and characterize the dynamic indifference price as the solution of a quadratic BSDE
(introduced by Kobylanski [23]). Concerning the exponential utility maximization
problem, there is also the nice work of Hu et al. [19] still in the Brownian case. By
using a verification theorem (different from the previous one), they characterize the
logarithm of the dynamic value function as the solution of a quadratic BSDE.

The case of a discontinuous framework is more difficult. One reason is that there are
less results on BSDEs with jumps than in the Brownian case. Concerning the study of
the exponential utility maximization problem in this case, we refer to Morlais [29]. She
supposes that the price process of stock is modeled by a local martingale driven by an inde-
pendent Brownian motion and a Poisson point process. She mainly studies the interesting
case of admissible strategies valued in a compact set (not necessarily convex). Using the
same approach as in Hu et al. [19], she states that the logarithm of the associated value
function is the unique solution of a quadratic BSDE (for which she shows an existence and
a uniqueness result). In the non constrained case, she obtains formally a quadratic BSDE.
She proves the existence of a solution of this BSDE by using an approximation method but
she does not obtain uniqueness result. Hence, in this case, this does not allow to charac-
terize the value function in terms of BSDEs.

In this paper, we first consider the case of strategies valued in a compact set. By using
a verification theorem, which is a generalization of that of El Karoui et al. [15] to the
case of jumps, we show that the value function of the exponential utility maximization
problem can be characterized as the solution of a Lipschitz BSDFE. Second, we consider the
case of non constrained strategies. We use the dynamic programming principle to show
directly that the value function is characterized as the maximal solution or the maximal
subsolution of a BSDE. Moreover, we give another characterization of the value function as
the nonincreasing limit of a sequence of processes, which are the value functions associated
with some subsets of bounded admissible strategies. In the case of bounded coefficients,
these approximating processes are the solutions of Lipschitz BSDEs. As a direct conse-
quence, this suggests some possible numerical computations in order to approximate the
value function and the indifference price. Also, we generalize these results to the case of
several default times and several stocks, and to the case of a Poisson process instead of a
hazard process.

The outline of this paper is organized as follows. In Section 2, we present the market
model and the maximization problem in the case of only one risky asset (n = 1). In Section
3, we study the case of strategies valued in a compact set. In Section 4, we consider the



non constrained case and state a first characterization of the value function as the maximal
subsolution of a BSDE. In Section 5, we give a second characterization of the value function
as the nonincreasing limit of a sequence of processes. In Section 6, we consider the classical
case where the coefficients are bounded which simplifies the two previous characterizations
of the value function. In Section 7, we study the case of unbounded coefficients which satisfy
some exponential integrability conditions. Finally in Section 8, we study the indifference
price for a contingent claim. In the last section, we generalize the previous results to the
case of several assets (n > 1) and several default times and we also extend these results to
a Poisson jump model.

2 The market model

Let (22,G,P) be a complete probability space. We assume that all processes are defined
on a finite time horizon [0,7]. Suppose that this space is equipped with two stochastic
processes: a unidimensional standard Brownian motion (W;) and a jump process (Ny)
defined by N; = 1,<; for any t € [0,7], where 7 is a random variable which modelizes a
default time (see Section 9.1 for several default times). We assume that this default can
appear at any time that is P(7 > ¢) > 0 for any ¢t € [0,7]. We denote by G = {G;,0 <t < T}
the completed filtration generated by these processes. The filtration is supposed to be right-
continuous and (W;) is a G-Brownian motion.

We denote by (M;) the compensated martingale of the process (N;) and by (A;) its
compensator. We assume that the compensator (A;) is absolutely continuous with respect
to Lebesgue’s measure, so that there exists a process (\¢) such that Ay = fot Asds. Hence,
the G-martingale (M) satisfies

t
Mt:Nt—/ Asds . (2.1)
0

We introduce the following sets:

— 8T is the set of positive G-adapted P-essentially bounded cad-lag processes on
[0,T7].

— LYT is the set of positive G-adapted cad-lag processes on [0, T] such that E[Y;] < oo
for any ¢ € [0,T].

— L*(W) (resp. L2 (W)) is the set of G-predictable processes on [0,7] under P with
T T
E[/ |Zt|2dt] < oo (resp. / | Z;%dt < 0 a.s.).
0 0

~ L*(M) (resp. L? (M), L} (M)) is the set of G-predictable processes on [0,7] such
that

T T T
E[/ /\t|Ut|2dt} < 0o (resp. / | U 2dt < oo,/ M| Ui|dt < 00 a.s. ).
0 0 0



We recall the useful martingale representation theorem (see Jeanblanc et al. [17]):

Lemma 2.1. Any (P, G)-local martingale has the representation

t t
my = myg +/ asdW +/ bsdMs, ¥Vt €[0,T] a.s., (2.2)
0 0

2
loc

where a € L
on the right-hand side of the representation (2.2) is square integrable.

(W) and b € L} (M). If (my) is a square integrable martingale, each term

We now consider a financial market which consists of one risk-free asset, whose price
process is assumed for simplicity to be equal to 1 at any date, and one risky asset with
price process S which admits a discontinuity at time 7 (we give the results for n assets and
p default times in Section 9.1). In the sequel, we consider that the price process S evolves
according to the equation

dSt = Stf (Mtdt + Utth + ,Btht), (23)
with the classical assumptions:

Assumption 2.1.

(i) (ut), (or) and (B;) are G-predictable processes such that o; > 0 and
T T
/ |at|2dt+/ M| B¢ |2 dt < o0 a.s.,
0 0

(ii) the process (B;) satisfies 5, > —1 (this assumption implies that the process S is
positive).

We also suppose that Elexp(— fOT asdWy — 3 OTozfdt)] = 1 where oy = (pt + \ef3t) /o4,
which gives the existence of a martingale probability measure and hence the absence of
arbitrage.

A G-predictable process m = (m)o<t<7 is called a trading strategy if fOT S:—idSt is well

defined, e.g. fOT |0 |2dt + fOT Me|mBe|?dt < oo a.s. The process (m)o<t<r describes the
amount of money invested in the risky asset at time ¢. The wealth process (X;”") associated
with a trading strategy 7 and an initial capital x, under the assumption that the trading
strategy is self-financing, satisfies the equation

(2.4)

dXth" =T (Ntdt + oy dW; + Btht)’
Xg”’r = .

For a given initial time ¢ and an initial capital x, the associated wealth process is denoted
by X557,

We assume that the investor in this financial market faces some liability, which is mod-
eled by a random variable £ (for example, £ may be a contingent claim written on a default
event, which itself affects the price of the underlying asset). We suppose that & € L?(Gr)



and is non-negative (note that all the results still hold under the assumption that £ is only
bounded from below).
Our aim is to study the classical optimization problem

V(x, &) = SugIE[U(X;’?7r + E)], (2.5)
TE
where D is a set of admissible strategies (independent of x) which will be specified in the
sequel and U is an exponential utility function

U(:E) = —exp(—y:p), S R)

where v > 0 is a given constant, which can be seen as a coefficient of absolute risk aversion.
Hence, the optimization problem (2.5) can be clearly written as

Vi(z,§) = eV (0,£).

Hence, it is sufficient to study the case = 0. To simplify notation we will denote X[
(resp. X}'™) instead of X,"" (resp. X"™). Also, note that

V(0,§) = — inf Efexp (—(XF +9))]. (2.6)

3 Strategies valued in a given compact set (in the case of
bounded coefficients)

In this section, we study the case where the strategies are constrained to take their
values in a compact set denoted by C' (the admissible set will be denoted by C instead of
D).

Definition 3.1. The set of admissible strategies C is the set of predictable R-valued pro-
cesses 7 such that they take their values in a compact set C' of R.

We assume in this part that:

Assumption 3.1. The processes (p¢), (0¢), (B:) and the compensator (\;) are uniformly
bounded.

This case cannot be solved by using the dual approach because the set of admissible
strategies is not necessarily convex. In this context, we address the problem of character-
izing dynamically the value function associated with the exponential utility maximization
problem. We give a dynamic extension of the initial problem (2.6) (with D = C). For any
initial time ¢ € [0,T], we define the value function J(¢,¢) (also denoted by J(t)) by the
following random variable

J(t, &) = efrseicrtle[exp ( — W(XZ}’7r + f)) !gt}, (3.1)

where C; is the set of predictable R-valued processes m beginning at ¢ and such that they
take their values in C. Note that V(0,&) = —J(0,&).



In the sequel, for ¢ fixed, we want to characterize this dynamic value function J(t)
(= J(t,€)) as the solution of a BSDE.
For that, for each 7 € C, we introduce the cad-lag process (J]) satisfying

JF=E[exp (—v(X3" +€))|G], vt € [0,T].

Since the coefficients are supposed to be bounded and the strategies are constrained to
take their values in a compact set, it is possible to solve very simply the problem by using
a verification principle in terms of Lipschitz BSDEs in the spirit of that of El Karoui et al.
[15].

Note first that for any 7 € C, the process (J]) can be easily shown to be the solution of
a linear Lipschitz BSDE. More precisely, there exist Z™ € L?(W) and U™ € L?(M), such
that (J, Z[,UT) is the unique solution in ST x L2(W) x L?(M) of the linear BSDE with
bounded coefficients

—dJ[ = (¢, [, ZF,U)dt — Z[dW, — U dMy ; J} = exp(—vE), (3.2)
where fﬂ(sa Y, =, u) - gﬂgo’gy - ’Yﬂ's(ﬂsy + USZ) - )‘5(1 - e—’yﬂsﬁs)(y + u)
Using the fact that J(t) = essinfrec, JI for any t € [0,7], we state that (J(t)) cor-

responds to the solution of a BSDE, whose driver is the essential infimum over w of the
drivers of (J])zec. More precisely,

Proposition 3.1. The following properties hold:
~ Let (Yy, Z,Uy) be the solution in ST x L2(W) x L*(M) of the following BSDE

2
—dY; = esseiéaf {%WfafYt — (e Yy + 0eZy) — (1 — e‘wtﬁt)(Yt + Ut)}dt
— Z,dW,; — U,dM,, (3.3)
Y = exp(—7§).
Then, for any t € [0,T], J(t) =Y; a.s.

— There exists a unique optimal strategy ©# € C for J(0) = infrec Elexp(—vy(XT + €))]
and this strateqy is characterized by the fact that it attains the essential infimum in
(3.3) dt @ dP — a.e.

Proof. Let us introduce the driver f which satisfies ds ® dPP — a.e.
f(s7 y? Z7 u) = €88 inf fﬂ-(s7 y? Z7 u)'
el

Since the driver f is written as an infimum of linear drivers f™ w.r.t (y, z,u) with uniformly
bounded coefficients (by assumption), f is clearly Lipschitz (see Lemma B.1 in Appendix
B). Hence, by Tang and Li’s results [37], BSDE (3.3) with Lipschitz driver f

—dYy = f(t, Y, Z, Up)dt — 2, dWy — Upd My 5 Y = exp(—~€)



admits a unique solution denoted by (Yz, Z;, Uy).
Since, we have

[Tty z,u) = [Tty 2,u") = M(u —u')y, (3.4)
with 7 = e~ 7P _ 1 and since there exist some constants —1 < € < 0 and 0 < Cy such
that C; < ~' < (s, the comparison theorem in case of jumps (see for example Theorem 2.5
in Royer [35]) can be applied and implies that Y; < JT, Vt € [0,7] a.s. As this inequality
is satisfied for any = € C, it is obvious that Y; < essinf cc J a.s. Also, by applying

a measurable selection theorem, one can easily show that there exists # € C such that
dt ® dP-a.s.

2
esﬂseiélf {%ﬂ?atz}/} — (e Yy + 01 Z;) — M(1 — e 7B (Y, + Ut)}
2

— %fr?afY} — (1 Ys 4 00 75) — (1 — e TP Yy 4 Uy).

Thus (Y:, Z;, Uy) is a solution of BSDE (3.2) associated with 7. Therefore by uniqueness of
the solution of BSDE (3.2), we have Y; = Jff, 0 < ¢t < T a.s. Hence, Y; = essinf,cc, JJF =
JF, V¥t €[0,T] a.s., and 7 is an optimal strategy. It is obvious that the optimal strategy is
unique because the function x — exp(—yz) is strictly convex. O

Remark 3.1. The proof is short and simple thanks to the wverification principle of BS-
DEs and optimization. Note that this verification principle is similar to the one stated in
the Brownian case by El Karoui et al. [15] but needs some particular conditions on the
coefficients (see (3.4)) due to the presence of defaults.

Remark 3.2. Note that this problem has already been studied by Morlais [29]. By using
a verification theorem similar to that of Hu et al. [19], she states that the logarithm of the
value function is the unique solution of a quadratic BSDE. In order to obtain this char-
acterization, she proves the existence and the uniqueness of a solution for this quadratic
BSDE with jumps by using a quite sophisticated approximation method in the spirit of
Kobylanski [23].

Note that by making a change of variables, the above proposition (Proposition 3.1) corre-
sponds to Morlais’s result [29]. Indeed, put

( 1
Yt :—lOg(Y;t),
Y
17,
2 =——
t 7}/;7
1 U,
uy =—log <1 + —),
Y Y-

it is clear that the process (y¢, 2, u;) is the solution of the following quadratic BSDE
—dy; = g(t, 2, ug)dt — 2 dWy — wpdMy 5 yr = =€,

where

s + /\sﬁs . |,us + /\sﬁs|2

>‘2 + |u— wsﬁm) — (s + Asfs)z =

g(s,z,u) = inf (% TsOs — (z +

el



((u=mf))—1—(u—7pt)
~ .

which corresponds exactly to Morlais’s result [29] with |u—m 3|, = A\ =L

This characterization of the value function as the solution of a Lipschitz BSDE leads to
possible numerical computations of the value function (see for example Bouchard and Elie
[7]) and of the indifference price defined via this utility maximization problem (see Section
8).

Moreover, this property will be used to state that in the non constrained case, the value
function can be approximated by a sequence of Lipschitz BSDEs (see Theorem 7.2).

4 The non constrained case: characterization of the value
function by a BSDE

In this section, the coefficients are no longer supposed to be bounded. We now study the
value function in the case where the admissible strategies are no longer required to satisfy
any constraints (as in the previous section). Since the utility function is the exponential
utility function, the set of admissible strategies is not standard in the literature. The next
subsection studies the choice of a suitable set of admissible strategies which will allow to
dynamize the problem and to characterize the associated value function (and even the
dynamic value function).

4.1 The set of admissible strategies

Recall that in the case of the power or logarithmic utility functions defined (or restricted)
on R, the admissible strategies are the ones that make the associated wealth positive. Since
we consider the exponential utility function U(x) = — exp(—~x) which is finitely valued for
all z € R, the wealth process is no longer required to be positive. However, it is natural to
consider strategies such that the associated wealth process is uniformly bounded by below
(see for example Schachermayer [36]) or even such that any increment of the wealth is
bounded by below. More precisely,

Definition 4.1. The set of admissible trading strategies A consists of all G-predictable
processes m = (m¢)o<t<T, Which satisfy fOT |7Tt0t|2dt—|—f0T \¢|miBe|?dt < o0 a.s., and such that
for any 7 fixed and any s € 0,77, there exists a real constant K, , such that X] — X7 >
—Ksr, s <t<T as.

Recall that in their paper, Delbaen et al. [9] also consider the two following sets of
strategies:

— the set O3 of strategies such that the wealth process is bounded,
— the set ©9 defined by
Oy := {77, Elexp (—v(XF +¢))] < 400 and X™ is a Q — martingale for all Q € ]P’f},

where PPy is the set of absolutely continuous local martingale measures Q such that
its entropy H (P|Q) is finite.



Note that O3 C A. Of course, there is no existence result neither for the space ©3 nor for
A whereas there is one on the set ©9 stated by Delbaen et al. [9]. More precisely, by using
the dual approach, under the assumption that the price process is locally bounded, these
authors show the existence of an optimal strategy on the set O.

Also, they stress on the following important point: under the assumption that the price
process is locally bounded (which is satisfied if for example (3 is bounded), the value function
associated with ©5 coincides with that associated with ©3. From this, we easily derive that
these value functions also coincide with that associated with A. More precisely,

Lemma 4.1. Suppose that the process (3¢) is bounded. The value function V(0,&) associ-
ated with A defined by

V(0,€) = = inf Eexp (= 7(XF +9))]. (4.1)
is equal to the one associated with Oy (and also the one associated with Og).

Proof. By the result of Delbaen et al. [9], the value function associated with ©9 coincides
with that associated with ©3 denoted by V?3(0,¢). Now, since ©3 C A, we have V(0,¢) >
V3(0,€). By a localization argument (such as in the proof of Lemma 4.3), one can easily
show the equality, which gives the desired result. O

Our aim is mainly to characterize and even to compute or approximate the value func-
tion V (0,§).

Our approach consists in giving a dynamic extension of the optimization problem and
in using stochastic calculus technics in order to characterize the dynamic value function.
In the compact case (with the set C), the dynamic extension was easy (see Section 3). At
any initial time ¢, the corresponding set C; of admissible strategies was simply given by
the set of the restrictions to [t,T] of the strategies of C. In the case of A or Og, it is also
very simple (see below for A). However, in the case of the set ©9, things are not so clear.
Actually, this is partly linked to the fact that, contrary to the set ©4, the set A is closed
by binding. More precisely, we clearly have:

Lemma 4.2. The set A is closed by binding that is: if m*, 7% are two strategies of A and
if s € [0,T], then the strategy 7 defined by

3 {th ift <s,

wy  ift > s,
belongs to A.

Also, the set O4 is clearly not closed by binding because of the integrability condition
Elexp(—y(XT + &))] < 4+00. One could naturally think of considering the space 0, =
{m, X7 is a Q — martingale for all Q € Py} (instead of ©3) but this set is not really
appropriate: in particular it does not allow to obtain the dynamic programming principle
since the Lebesgue theorem cannot be applied (see Remark 4.2).

However, there are some other possible sets which are closed by binding as for example

10



— the set O3 of strategies such that the wealth process is bounded,

— the set A" defined as the set of G-predictable processes T = (m¢)o<t<T With fOT |Tio¢ |2 dt+
fOT M\e|miBe|?dt < oo a.s., and such that for any ¢ € [0, 7] and for any p > 1, the fol-
lowing integrability condition

ELEE%} exp < — prg’”ﬂ < 00 (4.2)

holds.

Note that O3 c A C A'.

Remark 4.1. Note that in general, there is no existence result for the set A’

For the proof of the closedness by binding of the set A’ one is referred to Appendix C.
Note that in this proof, we see that the integrability condition E[exp(—v(XT +§))] < +oo
is not sufficient to derive this closedness property by binding. It is the assumption of p-
integrability (4.2) for p > 1 (and not only the integrability) which allows to derive the
desired property. Note that this type of p-exponential integrability condition appears in
some papers related to quadratic BSDEs.

Let us now give a dynamic extension of the initial problem associated with A given by
(4.1). For any initial time ¢t € [0,7], we define the value function J(¢,&) by the following
random variable

J(t,€) = essinfE[exp (= v(X7" +))|G] (4.3)
™ t
where the set A; consists of all G-predictable processes m = (mg)t<s<7, Which satisfy

ftT |Tsos|?ds + ftT As|msBs|?ds < 0o a.s., and such that for any 7 fixed and any s € [t, 7]
there exists a constant K . such that X2 > —Ksr,s<u<T as.

Note that J(0,&) = —V(0,&). Also, for any t € [0,T], J(t,&) is also equal a.s. to the essinf
in (4.3) but taken over A instead of A;. This clearly follows from the fact that the set A;
is equal to the set of the restrictions to [t,T] of the strategies of A.

For the sake of brevity, we shall denote J(t) instead of J(¢,&). Note that the random vari-
able J(t) is defined uniquely only up to P-almost sure equivalent. The process (J(t)) will
be called the dynamic value function. This process is adapted but not necessarily cad-lag
and not even progressive.

Similarly, a dynamic extension of the value function associated with A’ (or also O3) can
be easily given. Under the assumption that the price process is locally bounded (which
is satisfied if for example /3 is bounded), the corresponding value functions can be easily
shown to coincide a.s. More precisely,

Lemma 4.3. Suppose that the coefficient (5;) is bounded. The dynamic value function
(J(t)) associated with A coincides a.s. with the one associated with A" (or also ©3).

Proof. We give here the proof for A’ (it is the same for ©3). Fix ¢t € [0,T]. Put J (t) :=
essinf__ A I[Z[exp(—y(X;’7r +€))|Gi], where A; is the set defined similarly as A" but for initial

time ¢. Note that A, can be seen as the set of the restrictions to [t,T] of the strategies of
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A'. Since A; € Aj, we get J' (t) < J(t). To prove the other inequality, we state that for
any m € A;, there exists a sequence (7"),en of A; such that 7 — 7, dt ® dP a.s. Let us
define 7™ by

e =msls<r,, Vselt,T],

where 7, is the stopping time defined by 7,, = inf{s > ¢, |X§’7r| >n}.

It is clear that for each n € N, 7" € A;. Thus, exp(—erfF’”n) = exp(—yXl}ZTn) =%
exp(—yX5T) as n — +oo. By definition of A}, E[supseqe,r exp(—yXE™)] < oo. Hence,
by the Lebesgue Theorem, E[exp(—y(Xl}Wn +6)IG] — Elexp(—y(X5™ +€))|G] as. as

n — +oc. Therefore, we have J(t) < J (t) a.s. which ends the proof. O

Hence, concerning the dynamic study of the value function, if (3;) is supposed to be
bounded, it is equivalent to choose A, A’ or O3 as set of admissible strategies. We have
chosen the set A because it appears as a natural set of admissible strategies from a financial
point of view.

After this dynamic extension of the value function, we will use stochastic calculus tech-
nics in order to characterize the value function via a BSDE. However, it is no longer possible
to use a verification theorem like the one in Section 3 because the associated BSDE is no
longer Lipschitz and there is no existence result for it. One could think to use a verification
theorem like that of Hu et al. [19]. But because of the presence of jumps, it is no longer
possible since again there is no existence and uniqueness results for the associated BSDE
as noted by Morlais [29]. In her paper, Morlais proves the existence of a solution of this
BSDE by using an approximation method but she does not obtain uniqueness result, even
in the case of bounded coefficients. Hence, this does not a priori lead to a characterization
of the value function via a BSDE.

Therefore, as it seems not possible to derive a sufficient condition so that a given process
corresponds to the dynamic value function, we will now directly study some properties of
the dynamic value function (J(¢)) (in other words some necessary conditions satisfied by
(J(t))). Then, by using dynamic programming technics of stochastic control, we will derive
a characterization of the value function via a BSDE. This is the object of the next section.

4.2 Characterization of the dynamic value function as the maximal sub-
solution of a BSDE

The dynamic programming principle holds for the set A:
Proposition 4.1. The process (exp(—yX[)J(t))o<t<T is a submartingale for any ™ € A.
To prove this proposition, we use the random variable JJ* which is defined by
JI = E[exp ( — W(XF}’7T + E)) ‘gt}.

As usual, in order to prove the dynamic programming principle, we first state the following
lemma:

12



Lemma 4.4. The set {JI, m € A;} is stable by pairwise minimization for any t € [0,T].
That is, for every ©*, 72 € A; there exists 1 € Ay such that J[ = Jt’rl A Jt’rQ.
Also, there exists a sequence (1")nen € Ay for any t € (0,71, such that

J(t) = lim | J a.s.

n—o0

Proof. Fix t € [0,T]. Let us introduce the set £ = {J7 < Jr'} which belongs to G;. Let
us define 7 for any s € [t,T] by ms = nllp + 721 ge. It is obvious that m € Ay, since the
sum of two random variables bounded by below is bounded by below. By construction of
m, it is clear that J = J,ZT1 A Jt’TZ.

The second part of lemma follows by classical results on the essential infimum (see Appendix
A). O

Let us now give the proof of Proposition 4.1.
Proof. Let us show that for ¢ > s,
Elexp (— (X[ = X]))J(t)|Gs] = J(s) a.s.

Note that X[ — X7 = X;"". By Lemma 4.4, there exists a sequence (7, )neny € A¢ such
that J(t) = lim | J[ a.s.
n—oo n
Without loss of generality, we can suppose that 7° = 0. For each n € N, we have JJ <
Jr’ < 1 as. Moreover, the integrability property E[exp(—yX™)] < oo holds because
m € A. This with the Lebesgue theorem give
E[ lim exp(—yX;™)JF" |G| = lim E[exp(—yX;™)J" |G- (4.4)

n—oo

Recall that X;" = [/ Z»dS,. Now, we have a.s.

t

exp (7 [ ;T“dSu)anzE[exp(—v(LT as,+o)la). 4

where the strategy 7" is defined by

~n
7Tu

T fO0<u<t,
o ift<u<T.

u

Note that by the closedness property by binding (see Lemma 4.2), 7" € A for each n € N.
By (4.4) and (4.5), we have a.s.

E[exp ( —’y/: %dSU)J(t)

5] =t elon(r( [ Easiv)
>

because by definition of J(s), we have JT~ > J(s) a.s., for each n € N. Hence, the process
(exp(—yX[)J(t)) is a submartingale for any = € A. O

13



Remark 4.2. Note that the integrability property E[exp(—yX;"")] < oo is essential in
the proof of this property. Indeed, if it is not satisfied, equality (4.4) does not hold since
the Lebesgue theorem cannot be applied. One could argue that the monotone convergence
theorem could be used but since the limit is decreasing, it cannot be applied without an
integrability condition. Moreover, Fatou’s lemma is not relevant since it gives an inequality
but not in the suitable sense. Actually, the importance of the integrability condition is due
to the fact that we study an essential infimum of positive random variables. In the case of
an essential supremum of positive random variables, the dynamic programming principle
holds without any integrability condition (see for example the case of the power utility
function in Lim and Quenez [26]).

Also, the value function can easily be characterized as follows:

Proposition 4.2. The process (J(t)) is the largest G-adapted process such that (e~ VXt J(t))
is a submartingale for any admissible strategy m € A with J(T) = exp(—v&). More precisely,
if (J;) is a G-adapted process such that (exp(—vXF).J;) is a submartingale for any m € A
with Jp = exp(—~€), then we have J(t) > J; a.s., for any t € [0,T].

Proof. Fix t € [0,T)]. For any 7 € A, E[exp(—yXF)J7|Gi] > exp(—yXF)J; a.s. This implies

essinf B[ exp (— Y(XET + ))|G] > Ji a.s.,

TEAL

which gives clearly that J(t) > J; a.s. O

With this property, it is possible to show that there exists a cad-lag version of the value
function (J(t)). More precisely, we have:

Proposition 4.3. There exists a G-adapted cad-lag process (Jy) such that for any t € [0,T],

Jy=J(t) a.s.

A direct proof is given in Appendix D.

Remark 4.3. Note that Proposition 4.2 can be written under the form: (J;) is the largest
G-adapted cad-lag process such that the process (exp(—yX/)J;) is a submartingale for any
m € A with Jr = exp(—~¢).

We now prove that the process (J;) is bounded. More precisely, we have:

Lemma 4.5. The process (J;) verifies

0<J, <1, Vte|0,T] a.s.
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Proof. Fix t € [0,T]. The first inequality is easy to prove, because it is obvious that
0< E[exp ( — V(Xélﬂ + 5)) \gt] a.s.,

for any m € A;, which implies 0 < J;.

The second inequality is due to the fact that the strategy defined by w4 = 0 for any s € [t, T
is admissible, which implies J; < E[exp(—~¢)|G:] a.s. As the contingent claim ¢ is supposed
to be non negative, we have J; <1 a.s. U

Remark 4.4. Note that if £ is only bounded by below by a real constant —K, then (.J;) is
still upper bounded but by exp(yK) instead of 1.

In our setting, it is not possible to use the verification theorem of Section 3 or even the
verification theorem of Hu et al. [19] in the Brownian case. Using the previous charac-
terization of the value function (see Proposition 4.2), we will show directly that the value
function (J;) is characterized by a BSDE. Since we work in terms of necessary conditions
satisfied by the value function, the study is more technical than in the cases where a veri-
fication theorem can be applied.

Since (J;) is a cad-lag submartingale and is bounded (see Lemma 4.5), and hence of
class D, it admits a unique Doob-Meyer decomposition (see Dellacherie and Meyer [10],
Chapter 7)

dJy = dmy + dA;,

where (m;) is a square integrable martingale and (A;) is an increasing G-predictable process
with Ay = 0. From the martingale representation theorem (see Proposition 2.1), the
previous Doob-Meyer decomposition can be written under the form

dJ, = Z,dW, + U,dM, + dA,, (4.6)

with Z € L>(W) and U € L*(M).

Using the dynamic programming principle, it is possible to precise the process (A;) of (4.6).
This allows to show that the value function (J;) is a subsolution of a BSDE. For that we
define the set A? of the increasing adapted cad-lag processes K such that Ky = 0 and
E|K7|? < co. More precisely,

Proposition 4.4. There ezists a process K € A? such that the process (Je, Zy, Uy, Ky) €
ST x L2(W) x L3(M) x A% is a subsolution of the following BSDE

2

—dJ; = eSSiEf {%W?O’?Jt — ywt(utJt + O'tZt) — /\t(l — E_Wrtﬁt)(Jt + Ut)}dt
S

— dK; — Z;dW; — UdM,,
Jr = exp(—§).

(4.7)

Proof. The proof of this proposition is based on the dynamic programming principle: the
process (exp(—yX[)J;) is a submartingale for any m € A (see Proposition 4.2). First, we
write the derivative of exp(—yX7)J; under the following form

d(e X0 ) = dAT + dm7,
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with A7 = 0 and

2
dA;r = e_VXtﬂ |:dAt + {%W?O’?Jt - )\t(l - e_ﬁymﬁt)(Ut + Jt) - ’Yﬂ't(O’tZt + ,Utht)}dt},
dmf = 7% [(Zy — ymor ) AWy + Uy + (7™ — 1)U, + Jp-))dM;).

Since for any 7 € A the process (exp(—y X[ )J:) is a submartingale, we have

2
dA; > esssup {)\t(l — e_wtﬁt) (U + Jp) + yme(oeZy + e dy) — %W?O’?Jt}dt. (4.8)
TeA

We define the process (K;) by Ky = 0 and

2
dK; = dA; — esssup {)\t(l — e‘wtﬁt) (U + Jy) + yme(04 Zy + puedy) — %F?U?Jt}dt.
TeA

It is clear that the process (K;) is nondecreasing from (4.8). Since the strategy defined by
m = 0 for any ¢ € [0,T] is admissible, we have
2

€SS sup {)\t(l — C_PYﬂtBt)(Ut + Jt) + ’Y?Tt(O'tZt + NtJt) — %W?O’?Jt} > 0.
TeA

Hence, 0 < K; < Ay as. As E|A7p|? < oo, we have K € A2, Thus, the Doob-Meyer
decomposition (4.6) of (J;) can be written as follows

2
dJ; = esssup {/\t(l — e‘wtﬁt)(Ut + J) +ym(or Zy + pedy) — %Wfath}dt
TeA
+ dKy + ZydWy 4+ Upd My,

with Z € L*(W), U € L?*(M) and K € A% This ends the proof. O

The fact that (J, Zy, Uy, Ky) is a subsolution of BSDE (4.7) does not allow to characterize
the value function, since the subsolution of BSDE (4.7) is not unique. However, we have
the following characterization of the value function:

Theorem 4.1. (Characterization of the value function)

(Jt, Zi, Uy, Ky) is the maximal subsolution in ST°° x L2(W) x L?(M) x A% of BSDE (4.7).
That is for any subsolution (J;, Zy, Uy, Ky) of the BSDE in ST*° x L*(W) x L*(M) x A2,
we have J; < Jy, Vt € [0,T] a.s.

Remark 4.5. If £ and the coefficients are supposed to be bounded, we will see in Section 6
that (Jy, Zy,Uy) is the mazimal solution of BSDE (4.7) that is, with K; = 0 for any t € [0,T]
(see Theorem 6.2).

Proof. Let (J;, Z;, Uy, K3) be a solution of (4.7) in ST x L2(W) x L?>(M) x A2. Let us
prove that the process (exp(—yX[)J;) is a submartingale for any 7 € A.
From the product rule, we can write the derivative of this process under the form

d(e™ " ) = dMT + dAT + e " dK,,
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with AT =0 and
_ 72 — — _ — _
dAt = — essinf {77%20}2Jt — ’Y?Tt(utjt + O'tZt) — )\t(l — e_ywtﬁt)(Jt + Ut)}dt,

TeA
_ - ,Y2 _ _ _ _ _ _
dA;r :e_'th { [77%20}2&]% — ’Y?Tt(utjt + O'tZt) — )\t(l — e_ywtﬁt)(Jt + Ut)] dt + dAt},

AMT =" [(Zy — ymo ) AW, + (U + (€77 —1)(T, + J,- ) ) dMy).

Since the strategy 7 is admissible, there exists a constant C; such that exp(—yX[) < Cr
for any ¢ € [0,7]. With this, one can easily derive that E[supc(o 1) exp(—v X[ )Ji] < 400
and that E[fOT exp(—yXT)dK;] < +oo. It follows that the local martingale (M[") is a
martingale and that the process (exp(—yXJ).J;) is a submartingale.

Now recall that (J;) is the largest process such that (exp(—~vX/)J;) is a submartingale for
any m € A with Jr = exp(—v&) (see Proposition 4.2). Therefore, we get

Jy < Jy, Yt €[0,T] a.s.
U

Remark 4.6. Note that the integrability property E[sup;cpo ) exp(—yX{")] is essential in
this proof.

5 The non constrained case: approximation of the value
function

In this section, we do not make any assumptions on the coefficients of the model.
In the following, the value function is shown to be characterized as the limit of a non-
increasing sequence of processes (JF)pen as k tends to +oco where for each k € N, (JF)
corresponds to the value function over the set of admissible strategies which are bounded
by k.

Note that in the classical case of bounded coefficients, we will see in the next section
that for each k € N, (JF) can be characterized as the solution of a Lipschitz BSDE.

For each k € N, we denote by .Af the set of strategies of A; uniformly bounded by k,
and we consider the associated value function J*(¢) defined by

JE(t) :esgﬁfE[exp(—’y(Xfp’”—i—f))‘gt]. (5.1)

By similar argument as for (J;), there exists a cad-lag version of (J*(t)) denoted by (JF).
As previously, the dynamic programming principle holds:

Proposition 5.1. The process (exp(—yX[)JF) is a submartingale for any 7 € A*.

We now show that the value functions (Jf)gen converge to the value function J;. More
precisely, we have:
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Theorem 5.1. (Approzimation of the value function)

For any t € [0,T], we have
Jy = lim | JF a.s.
k—o0

Proof. Fix t € [0,T)]. It is obvious with the definitions of sets A; and A¥ that A} C A, for
each k € N and hence
Jy < JF a.s.

Moreover, since AF C Af“ for each k € N, it follows that the sequence of positive random
variables (JF)ren is nonincreasing. Let us define the random variable

J(t) = lim | JF a.s.
k—o0

It is obvious from the previous inequality that .J; < J(t) a.s., and this holds for any ¢ € [0, T.
It remains to prove that J; > J(t) a.s. for any ¢ € [0, T]. This will be done by the following
steps.

Step 1: Let us now prove that the process (J(t)) is a submartingale. Fix 0 < s <t < T.
From Proposition 5.1, (JF) is a submartingale, which gives for each k € N

E[th‘gs] > Jk > J(s) a.s.

The dominated convergence theorem (which can be applied since 0 < JF < 1 for each

k € N) gives ) )
E[J(1)|g,] = lim_ E[Jf|Gs] = J(s) a.s.,

which gives step 1.

Step 2: Let us show that the process (exp(—yX/)J(t)) is a submartingale for any bounded
strategy m € A.

Let m be a bounded admissible strategy. Then, there exists n € N such that 7 is uni-
formly bounded by n. For each k > n, since 7 € A*, (exp(—yX[)JF) is a submartin-
gale from Proposition 5.1. Then, by the dominated convergence theorem, the process

(exp(—yX[)J(t)) can be easily proven to be a submartingale.

Step 3: Note now that the process (J(t)) is a submartingale not necessarily cad-lag. How-
ever, by a theorem of Dellacherie-Meyer [10] (see VI.18), we know that the nonincreasing
limit of a sequence of cad-lag submartingales is indistinguishable from a cad-lag adapted
process. Hence, there exists a cad-lag version of (J(t)) which will be denoted by (.J;). Note
that (.J;) is still a submartingale.

Step 4: Let us show that J; < .J;, Vt € [0,7] a.s. Since by steps 1 and 3, (.J;) is a cad-lag
submartingale of class D, it admits the following Doob-Meyer decomposition

dJy = ZydW; + UpdM; + dA,,

where Z € L?(W), U € L*(M) and (A;) is a nondecreasing G-predictable process with
Ay =0.
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As before, we use the fact that the process (exp(—yX[)J;) is a submartingale for any
bounded strategy m € A to give some necessary conditions satisfied by the process (A;).
Let m € A be a uniformly bounded strategy. The product rule gives

d(e X7 J;) = dMT + dAT,
with flg =0 and

- T - 2 — — — — —
dA? = e_VXt {dAt + [%W?O’th + )\t(e_ﬂmtﬁt — 1)(Ut + Jt) — vﬂt(,utJt + O'tZt)} dt},
AM] = e 7 [(Zy — ymoy J)dWy + (U + (€772 — 1)U + J,-))dMy).

Let A be the set of uniformly bounded admissible strategies. Since the process (e /X7 .J;)
is a submartingale for any m € A, we have dAT > 0 a.s. for any 7 € A. Hence, there exists
a process K € A? such that

2
dA; = —ess i}\lf {%W?J?jt — ymi(pe s + ¢ Zs) — M(1 — e_wtﬁt)(jt + Ut)}dt + dK;.
S
Now, the following equality holds dt ® dP — a.e. (see Appendix E for details)
7 07 . o,
essinf {Eﬂfath — yme(pedy + 0¢Zy) — Me(1 — e_wtﬁt)(Jt + Ut)} =

TeA
2

eiseijgf {%Wfafjt — ymi(pedy + ¢ Zs) — Me(1 — e‘wtﬁt)(jt + Ut)}. (5.2)

Hence, (J;, Zs, Uy, Ky) is a subsolution of BSDE (4.7) and Theorem 4.1 implies that
Jy < Jy, Vt€1[0,T) as.,
which ends the proof. O

In the next section, we will see that in the classical case of bounded coefficients, for each
k € N, (JF) can be characterized as the solution of a Lipschitz BSDE.

6 Case of bounded coefficients

In this section, the coefficients of the model (u), (o¢), (5¢) and (\;) are supposed to
be bounded. We will see that in this case, the two previous theorems (Theorem 4.1 and
Theorem 5.1) will lead to more precise characterizations of the dynamic value function.

For each k € N, we define the set B* as the set of all strategies (not necessarily in A)
such that they take their values in [k, k]. Also, we denote by Bf the set of all strategies
beginning at ¢ and such that they take their values in [—k, k].

Note that for each k € N, Vp > 1 and V¢ € [0,T] the following integrability property

sup E[exp(—ypX])] < o0 (6.1)
weBk

clearly holds.
We state the following lemma:
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Lemma 6.1. The following equality holds for any k € N and for any t € [0, T

JF = essinf E exp(—y(X5" + )]G a.s.,

reBk
with (JF) defined in the previous section by (5.1).

Proof. Fix k € N and t € [0,7]. Put JF := essinf ¢y IE[eXp(—y(Xéi7T + £))|Ge]. Since
Af c B, we get JF < JF. To prove the other inequality, we state that there exists a
sequence (m"),en of AF such that 7 — 7, dt ® dP a.s., for any 7 € BF. Let us define 7"
by

e =msls<r,, Vs elt,T],

where 7, is the stopping time defined by 7,, = inf{s > ¢, |X§’7r| >n}.

It is clear that for each n € N, 7" € AF. Thus, exp(—erfp’Wn) = exp(—yXfp’;T\Tn) =%
exp(—yX5T) as n — +oo. By (6.1), the set of random variables {exp(—yXy"), 7 € B} is
uniformly integrable. Hence, E[exp(—’y(erp’ﬂn + NG — Elexp(—y(X5™ +£))|G] as. as

n — +o00. Therefore, we have JF < JF a.s. which ends the proof. O

Now by Proposition 3.1, we have that for each k € N, the process (JF) is characterized
as the solution of a Lipschitz BSDE given by (3.3) with C replaced by B*. Hence, we have
that:

Theorem 6.1. (Approzimation of the value function)
The value function is characterized as the nonincreasing limit of the sequence (JF)ren as k
tends to +oo, where for each k, (JF) is the solution of Lipschitz BSDE (3.3) with C = B*.

Remark 6.1. Note that this allows to approximate the value function by numerical com-
putations (by applying for example Bouchard and Elie’s results [7]).

We now recall a result of convergence stated by Morlais [29]. For each k € N, let us
denote by (ZF, UF) the pair of square integrable processes such that (JF, ZF, UF) is solution
of the associated Lipschitz BSDE (3.3) with C replaced by BF. We make the following
change of variables

( 1
yr ==log(J}),
7
p L2
v JE
1 Uk
k t
U :—log<1+—).
Ty JF

It is clear that the process (yf , zf, uf ) is a solution of the following quadratic BSDE

—dyf = gF(t, 2F ul)dt — AWy — ufdM, 5 k= —¢

where

s+ AsBs?

! e (Y
— inf <_

reBk

+ |u — 77858|'y> — (s +XsfBs)z

by 2
v

20



1 ex u—1 —1—~(u—m
with |u — 78|, = A p(y( ﬁ”f, Yu=mpt)

Recall that by using Kobylanski’s technics [23] on monotone stability convergence theorem,
Morlais [29] shows the following nice result:

Proposition 6.1. (Morlais’s result) Suppose that the coefficients are bounded and that &

is bounded. Then, (yF,zF, ulf) converges to (yi, 2, uz) in the following sense

E( sup |yf — ) + |25 — Zlr2owy + b — ulr2y) = 0,
te[0,7

where (yg, z¢, ut) is solution of
—dy; = g(t, ys, 2, up)dt — 2 dWy — ugdMy 5 yr = =€,
with

ILLS + A858
Y

s+ AsBsP

)|+ = mfi) = (e Az -

9(s,z,u) = inf (% TsOs — <z+

el

)

where B = U,B".

By similar arguments as in the proof of the above lemma (Lemma 6.1) or as in Appendix
E, the set B can be replaced by A or even by A.

Using this proposition and our characterization of (J;) as the nonincreasing limit of
(JF)ren, we can identify the limit (). More precisely, let us define the following processes

Ji =,
Zf =iz,
Ur = (M — 1)

Since J; = limy_,o0 JF by Theorem 6.1 (or 5.1), J = J;, ¥t € [0,T] a.s., and the uniqueness
of the Doob-Meyer decomposition (4.6) of J; implies that Z; = Z; and U} = U dt@dP—a.e.
Also, by using Morlais’s result (Proposition 6.1), we derive that (J;, Z;, Uy) is a solution of
BSDE (4.7), and not only a subsolution. This, with the characterization of (.J;) of Theorem
4.1, give:

Theorem 6.2. (Characterization of the value function)
Suppose that & and the coefficients are bounded. Then, the value function (Jy, Zy, Uy) is the
mazximal solution of BSDE (4.7) (that is with K; =0 for any t € [0,T]).

Remark 6.2. Moreover, if there is no default, our result corresponds to that of Hu et
al. [19] in the complete case (by making the simple exponential change of variable y, =
%log(Jt)). Also, in this case, the optimal strategy belongs to the set A’. Indeed, the
optimal terminal wealth is given by Xp = I (AZo(T)), where I is the inverse of U, \ is a
fixed parameter, Zy(T) := exp{— fOT o dWy — %fOT a?dt} and oy 1= %ﬁ‘tﬁt (supposed to
be bounded).
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7 Case of coefficients which satisfy some exponential inte-
grability conditions

In this section, we will study the case of coefficients not necessarily bounded but sat-
isfying some integrability conditions. We will first study the particular case of strategies
valued in a convex-compact set. Then, we will see that the approximation result of the
value function in the non constrained case (Theorem 5.1) can be precised.

7.1 Case of strategies valued in a convex-compact set

We suppose that the set of admissible strategies is given by C (see Section 3) where
C' is a convex-compact (not only compact) set. Here, it simply corresponds to a closed
interval of R because we are in the one dimensional case. However, the following results
clearly still hold in the multidimensional case (see Section 9). Let (J(t)) be the associated
dynamic value function to C; defined as in Section 3 (see (3.1)). Using some classical results
of convex analysis (see for example Ekeland and Temam [12]), we easily state the following
existence property:

Proposition 7.1. There exists an optimal strategy @ € C for the optimization problem
(2.5), that is

J(0) = inf E[exp (= 1(XF +¢))] = E[exp (— (X7 +9))].

Proof. Note that C is strongly closed and convex in L?([0,T] x ). Hence, C is closed for
the weak topology. Moreover, since C is bounded, C is compact for the weak topology.

We define the function ¢(m) = E[exp(—vy(XX + €))] on L([0,T] x Q). This function is
clearly convex and continuous for the strong topology in L?([0,T] x Q). By classical results
of convex analysis, it is s.c.i for the weak topology. Now, there exists a sequence (7")nen
of C such that ¢(7™) — mingec ¢(m) as n — oo.

Since C is weakly compact, there exists an extracted sequence still denoted by (7™) which
converges for the weak topology to 7 for some © € C. Now, since ¢ is s.c.i for the weak

topology, it implies that

() < liminf p(7") = melg o(m).

Therefore, ¢(7) = infrcc ¢(7) and the proof is ended. O

We now want to characterize the value function J(t) by a BSDE. For that we cannot
apply the same technics as in the case of bounded coefficients. Indeed, since the coefficients
are not necessarily bounded, the drivers of the associated BSDEs are no longer Lipschitz.
Hence, the existence and uniqueness results and also the comparison theorem do not a priori
hold. Therefore, as in Section 4, we will use dynamic programming technics of stochastic
control but also the existence of an optimal strategy.

First, one can show easily that the set {JJ, m € C;} is stable by pairwise minimization.
In order to have the dynamic programming principle, we now suppose that the coefficients
satisfy the following integrability condition:
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Assumption 7.1. (5;) is uniformly bounded and

8 exp (a [ lular)] +Bexp (o [ foar)] <o

where a = 27|C||so and b = 872||C||>, .

By classical computations, one can easily derive that for any ¢ € [0,7] and any 7 € Cy,
the following inequality holds

E[ sup exp (—~vX.™)] < oo (7.1)
s€[t,T)

Using this integrability property and similar arguments as in the proof of Proposition
4.1, the process (J(t)) can be shown to satisfy the dynamic programming principle over C
that is: (J(t)) is the largest G-adapted process such that (exp(—yX/)J(t)) is a submartin-
gale for any m € C with J(T') = exp(—~¢).

Also, the following classical optimality criterion holds:

Proposition 7.2. Let @ € C. The two following assertions are equivalent:
(i) & € C is optimal that is J(0) = E[exp(—v(XF + £))]

(i) The process (exp(—yX[)J(t)) is a martingale.

The proof is given in Appendix F.
Corollary 7.1. There exists a cad-lag version of (J(t)) which will be denoted by (J;).

Proof. The proof is simple here because we have an existence result. More precisely, from
Proposition 7.1, there exists # € C which is optimal for Jy. Hence, by the optimality
criterium (Proposition 7.2), we have J(t) = exp(—yX])Elexp(—y (X% + €))|G] for any
t € [0,T] (in other words, 7 is also optimal for J(t)). By classical results on the conditional
expectation, there exists a cad-lag version denoted by (J;). O

Note that the process (J;) verifies 0 < J; < 1, V¢ € [0,7] a.s. Using the dynamic
programming principle and the existence of an optimal strategy, we state the following

property:

Proposition 7.3. There exist Z € L*(W) and U € L*(M) such that (J;, Zs, Uy) is the
mazimal solution in ST°° x L2(W) x L*(M) of BSDE (3.3).

The proof is given in Appendix G.

Remark 7.1. It can be noted that the optimal strategy 7 € C for Jy is characterized by
the fact that 7, attains the essential infimum in (3.3), dt ® dP — a.e.

With Assumption 7.1 it is possible to prove the unicity of the solution to BSDE (3.3).

Theorem 7.1. (Characterization of the value function)
The value function (J;, Zy,Uy) is characterized as the unique solution in ST x L2(W) x
L?(M) of BSDE (3.3).
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Proof. Let (J;, Zy, U;) be a solution of BSDE (3.3). Using a measurable selection theorem,
we know that there exists at least a strategy @ € C such that dt ® dP — a.e.
2
esseiélf {%ﬂ?afjt — yme(pe Sy + 0 Zp) — A1 — e‘wfﬁt)(jt + Ut)}
7 2 25 s FBN( T4 T
= 777'2O't2=]t — Wﬁt(,lttJt + O'tZt) — )\t(l — e_ﬁﬂrtﬁt)(zjt + Ut).

Thus (3.3) can be written under the form
— — — — — — 2 — — —
dJ; = {w‘rt(,utJt + O'tZt) + )\t(l — G_Pymﬁt)(zjt + Ut) — %ﬁzJ?Jt}dt + ZydWy + Upd M.
Let us introduce by B; = exp(—yX[). It6’s formula and rule product give
d(Btjt) = (BtZt — ’)/O'tﬁ'tBtjt)th + [(B_Wﬁtﬁ—t — 1)Bt* jt + G_WﬁtﬁtBt— Ut] th

By Assumption 7.1 and since (J;) is bounded, one can derive that the local martingale
(ByJy) satisfies Elsupg<;<r |BiJi|] < co. Hence, (B.J;) is a martingale. Thus,

Ji= E[%je—% 6] = B exp(—(X}7 + )]G,

Thus, )
Jy > esseiélfl[*l[exp(—y(Xl}’7r + g))\gt] = J.

Now, by the previous Proposition 7.3, (J;) is the maximal solution of BSDE (3.3). This
gives that for any ¢ € [0,7], J; < J;, P— a.s. Hence, J; = J;, Vt € [0,T], P —a.s., and 7
is optimal and the proof is ended.

O

7.2 The non constrained case

In this section, the set of admissible strategies is given by A. Under some exponential
integrability conditions on the coefficients, we can also precise the characterization of the
value function (J;) as the limit of (JF)ren as k tends to +oo.

Assumption 7.2. (f;) is uniformly bounded, E| fOT Atdt] < oo and for any p > 0 we have

Blow (v [ luldt)] + B[ (o [ looir)] <o

Again, for each k € N, we consider the set Bf of strategies beginning at ¢ and valued in
[—k, k]. Since Assumption 7.2 is satisfied, the integrability condition (6.1) holds and hence,
for each k € N,

Jk = essgng[exp (- VXET + ))|G] a.s.
weby

In this case, for each & € N, the process (Jf) is characterized as the unique solution of
BSDE (3.3) with C = B*. Therefore, we have:

Theorem 7.2. (Characterization of the value function)
The value function is characterized as the nonincreasing limit of the sequence (JF)ren as k
tends to 0o, which are the unique solutions of BSDEs (3.3) with C = B¥ for each k € N.

24



8 Indifference pricing via the maximization of exponential
utility

We first present a general framework of the Hodges and Neuberger [18] approach with
some strictly increasing, strictly concave and continuously differentiable mapping U, defined
on R. We solve explicitly the problem in the case of exponential utility.

The Hodges approach to pricing of unhedgeable claims is a utility-based approach and
can be summarized as follows the issue at hand is to assess the value of some (defaultable)
claim £ as seen from the perspective of an investor who optimizes his behavior relative to
some utility function, say U. The investor has two choices

— he only invests in the risk-free asset and in the risky asset, in this case the associated
optimization problem is

V(z,0) = SEFPE[U(X%’W)] ,

— he also invests in the contingent claim, whose price is p at 0, in this case the associated
optimization problem is

V(r —p,§) = SlipE[U(sz«_p’ﬂ +8)].

Definition 8.1. For a given initial endowment x, the Hodges buying price of a defaultable
claim & is the price p such that the investor’s value functions are indifferent between holding
and not holding the contingent claim &, i.e.

V(z,0) =V(z —p,¢&).

Remark 8.1. We can define the Hodges selling price p, of £ by considering —p, where p
is the buying price of —¢, as specified in the previous definition.

In the rest of this section, we consider the case of an exponential utility function. With
our notation, if the investor buys the contingent claim at the price p and invests the rest
of his money in the risk-free asset and in the risky asset, the value function is equal to

V(z —p,§) = exp(—v(z —p))V(0,8).

If he invests all his money in the risk-free asset and in the risky asset, the value function is
equal to
V(x,0) = exp(—yz)V(0,0).

Hence, the Hodges price for the contingent claim & is given by the formula

- %ln<V(0,0)> _ 1 1m(J(O,O)).

V(0,6))  ~ \J(0,¢

since J(0,§) = —V(0,¢).
In the case of Section 3, that is where the strategies take their values in a compact set
C, we have:
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Proposition 8.1. (Compact case) Suppose that the coefficients are bounded. Let (Jf) be
the solution of Lipschitz BSDE (5.3) and (J}) be the solution of Lipschitz BSDE (3.3) with
& =0. The Hodges price for the contingent claim & is given by the formula

p=1n (:%). (8.1)

Remark 8.2. Consequently, the indifference price is simply given in terms of two Lipschitz
BSDESs. This leads to possible numerical computations by applying the results of Bouchard
and Elie [7].

Note that in the case where the coefficients are not supposed to be bounded but only satisfy
some exponential integrability conditions (see Section 7), Proposition 8.1 still holds except
that BSDE (3.3) is no longer Lipschitz (but still admits a unique solution).

In the non constrained case, without any assumptions on the coefficients, we have

Proposition 8.2. (Non constrained case) Let (Jf) (resp. (J})) be the mazimal subsolution
of BSDE (4.7) (resp. with & =0). The Hodges price for the contingent claim & associated
with A is given by formula (8.1).

Note that if the coefficient (3 is bounded (but not necessarily the others), the indifference
price associated with the set ©9 of Delbaen et al. [9] and that associated with the set A
coincide because the value functions V' (z,0) and V(x — p, &) are the same for O or A.

Recall that in the case of bounded coefficients, (Jt5 ) is the maximal solution of BSDE
(4.7). Also, in this case, we have:

Proposition 8.3. (Approzimation of the indifference price) Suppose that the coefficients
are bounded. The Hodges price p for the contingent claim & associated with ©9 (or equiva-
lently with A) satisfies
p = lim p",
k—00

where for each k, p* is the Hodges price associated with the simple set B* of all strategies
bounded by k. For each k, p* is given by

1. Jeo
pk =—In (OT€>7
!]07

where (Jf’g) (resp. (Jf’o)) is the solution of Lipschitz BSDE (3.3) (resp. with & =0) with
C =B

Remark 8.3. This leads to possible numerical computations in order to approximate the
indifference price. Also, note that in the case where the coefficients are not supposed
to be bounded but only satisfy some exponential integrability conditions (see Section 7),
Proposition 8.3 still holds except that BSDE (3.3) is no longer Lipschitz (but still admits
a unique solution).
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9 Generalizations

In this section, we give some generalizations of the previous results. The proofs are not
given, but they are identical to the proofs of the case with a default time and a stock. In all
this section, elements of R™, n > 1, are identified to column vectors, the superscript ’ stands
for the transposition, ||.|| the square norm, 1 the vector of R™ such that each component
of this vector is equal to 1. Let U and V two vectors of R", U %V denotes the vector such
that (U *V); = U;V; for each i € {1,...,n}. Let X € R", diag(X) is the matrix such that
diag(X)i; = X; if i = j else diag(X);; = 0.

9.1 Several default times and several stocks

We consider a market defined on the complete probability space (€2, G, P) equipped with
two stochastic processes: an m-dimensional Brownian motion (W;) and a p-dimensional
jump process (Ny) = ((Nf),1 < i < p) with N = 1o, where (7°)1<i<p are p default
times. We denote by G = {G;,0 < t < T} the completed filtration generated by these
processes.

Assumption 9.1. We make the following assumptions on the default times:
(i) The defaults do not appear simultaneously: P(7% = 77) = 0 for i # j.
(ii) Each default can appear at any time: P(7¢ > t) > 0.

We consider a financial market which consists of one risk-free asset, whose price process
is assumed for simplicity to be equal to 1 at any time, and n risky assets, whose price
processes (S})1<i<, admit p discontinuities at times (77)1<;<p,. In the sequel, we consider
that the price processes (S})i<i<, evolve according to the equation

dS; = diag(Stf)(utdt + o dWy + ﬁtht), (91)
with the classical assumptions:
Assumption 9.2.

(i) (ut), (or) and (B;) are G-predictable processes such that oy is nonsingular for any

t €[0,7] and
/ ||oe||2dt + Z/ |8 2dt < oo a.s.,
0 INIRA
(ii) there exist d coefficients @', ...,0% that are G-predictable processes such that

D d
Ll +ZA§5§’J = Zai’mg, Vte[0,T] a.s., 1 <i<n;
j=1 j=1

we suppose that 7 is bounded,

(i) the processes (8/”) satisfy 5%7 > —1 a.s., for each ¢ and j.
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Using the same technics as in the previous sections, we can generalize all the results
stated in the previous sections to this framework. In particular, in the classical case of
bounded coefficients, if (J;) denotes the dynamic value function associated with the admis-
sible sets A or A’ which are equal, we have:

Theorem 9.1. There exist Z € L*(W) and U € L*(M) such that (J;, Zy, Uy) is the mazimal
solution in ST x L2 (W) x L*(M) of the BSDE

2
- th = eSSEi}‘lf {%HTI’;O}’FJt — ’Y?T;(/Ltjt + O'tZt) — (]]. — e_fyﬂtﬁt)()\tjt + )\t * Ut)}dt

— ZdW; — UydM,,
Jr = exp(—7§).

Remark 9.1. The value function Jy coincides with the value function associated with the
set O.

9.2 Poisson jumps

We consider a market defined on the complete probability space (€2,G,P) equipped
with two independent processes: a unidimensional Brownian motion (W;) and a real-valued
Poisson point process p defined on [0,7] x R\{0}, we denote by N,(ds,dx) the associated
counting measure, such that its compensator is N,(ds, dz) = n(dz)ds and the Levy measure
n(dz) is positive and satisfies n({0}) = 0 and fR\{O}(l A |z|)?n(dx) < co. We denote by
G = {G;,0 < t < T} the completed filtration generated by the two processes (W;) and
(N,). We denote by N,(ds,dz) (Ny(ds,dz) = Np(ds,dz) — N,(ds,dz)) the compensated
measure, which is a martingale random measure. In particular, for any predictable and
locally square integrable process (U;), the stochastic integral [ Us(z)N,(ds, dz) is a locally
square integrable martingale. Let us introduce the classical set L?(N,) (resp. L7 .(Np))

loc

given by the set of G-predictable processes on [0, 7] under P with

E[/OT /]R\{O} |Ut(x)|2n(d:17)dt] < 00 (resp. /OT /]R\{O} \U(z)|*n(dz)dt < oo a.s.).

The financial market consists of one risk-free asset, whose price process is assumed to be
equal to 1, and one single risky asset, whose price process is denoted by S. In particular,
the stock price process satisfies

dS; = St— (,utdt + o dWy + /
R\{0}

All processes (u¢), (0¢) and (f;) are assumed to be G-predictable, the process (o) satisfies

Bi(2)Ny (dt, dz) ).

oy > 0 and the process (3;) satisfies 5;(z) > —1 a.s. Moreover we suppose that

T t T + Bi(x)n(dx)ds 2
/ ’Ut‘2dt+/ / ‘5t(x)’2n(dx)dt+/ ‘ ! fR\{O} @)n(dr) ‘ dt < oo a.s.
0 0 JR\{0o} 0

Ot

Using the same technics as in the previous sections, we can generalize all the results
stated in the previous sections to this framework. In particular, in the classical case of
bounded coefficients, if (J;) denotes the dynamic value function associated with the admis-
sible sets A or A’ which are equal, we have:
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Theorem 9.2. There exist Z € L>(W) and U € L*(N,) such that (Jy, Z;,Uy) is the
mazimal solution in ST x L*(W) x L*(N,) of the BSDE

( 2
—dJ; = essinf {llﬂtat\2Jt — (e Jy + 01 Zy) — / (1 —e ™) (Jp + Ut(a:))n(dx)}dt
TeA 2 R\{0}

— ZydWy — / U (2)Ny(dt, dz),
R\{0}

L JT - exp(—’yﬁ),

Remark 9.2. The value function Jj coincides with the value function associated with the
set Os.

Appendix

A Essential supremum

Recall the following classical result (see Neveu [30]):

Theorem A.1. Let F be a non empty family of measurable real valued functions f : Q — R
defined on a probability space (2, F,P). Then there exists a measurable function g : Q@ — R
such that

(i) forall f € F, f <g a.s.,
(ii) if h is a measurable function satisfying f < h a.s., for all f € F, then g < h a.s.

This function g, which is unique a.s., is called the essential supremum of F' and is denoted
essSsupsep f-

Moreover there exists at least one sequence (fy,) in F such that ess supsep [ = limy 00 fn
a.s. Furthermore, if F is filtrante croissante (i.e. f, g € F then there exists h € F such
that both f < h a.s., and g < h a.s.), then the sequence (f,) may be taken nondecreasing

and esssupsep [ = lim, 00 T fr a.s.

B A classical lemma of analysis

Lemma B.1. The supremum of affine functions, whose coefficients are bounded by a con-
stant ¢ > 0, is Lipschitz and the Lipschitz constant is equal to c.

More precisely, let A be the set of [—c,c|™ x [—k,k|. Then, the function f defined for any
y € R™ by

f(y) = sup {a.y+b}
(a,b)eA

is Lipschitz with Lipschitz constant c.

29



Proof.

sup {a.y +b} < sup {a.(y —y)} + sup {ay +0b}.
(a,b)eA (a,b)eA (a,b)eA

Which implies
) = 1) <cly =yl
By symmetry, we have also

) = fly) <clly =y,
which gives the desired result. O

C Proof of the closedness by binding of A’

Lemma C.1. Let 7', 72 be two admissible strategies of A and s € [0,T]. The strategy 7>
defined by

3 {th ift <s,

e 72 ift> s,
belongs to A'.
Proof. For any u € [0,T], we have for any p > 1
(i) if u > s, then

7'('3 ’7'I'2
E[ sup exp(—ypX;"" )] =E[ sup exp(—ypX;"" )] < oo,
refu,T) réeu,T)

(ii) if u <'s, then

E[ sup exp(—pX2™)] <E[ sup exp(—pX ™))
refu,T) refu,T|

+E[ sup exp(—yp(X5™ 4+ X5,
re(s,T]

By Cauchy-Schwarz inequality,

E[ sup exp(—’yp(X;"7r1 +X;f’7r2))] < E[ sup exp(—2’prff’7r1)]1/2
re(s,T) r€u,T)

x E[ sup exp(—QVpXﬁ’”z)]lp.
re(s,T)

Hence, E[supre[uﬂ eXP(—’YPXrL’L’ﬂS)] < 0.
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D Proof of the existence of a cad-lag modification of (J;)

The proof is not so simple since we do not know if there exists an optimal strategy in A.
Let D = [0, 7] NQ, where Q is the set of rational numbers. Since (J(t)) is a submartingale,
the mapping t — J(¢,w) defined on D has for almost every w € Q and for any t of [0, 7] a
finite right limit

J(tT,w) = A J(s,w),

(see Karatzas and Shreve [22], Proposition 1.3.14 or Dellacherie and Meyer [10], Chapter 6).
Note that it is possible to define J(¢t,w) for any (t,w) € [0,T] x Q by J(TT,w) := J(T,w)

and
J(tT,w) == limsup J(s,w), t € [0,7T].
seD,s|t

From the right-continuity of the filtration (G;), the process (J(t1)) is G-adapted. It is possi-
ble to show that (J(¢1)) is a G-submartingale and even that the process (exp(—yX[)J(t1))
is a G-submartingale for any © € A. Indeed, from Proposition 4.2, for any s < ¢ and for
each sequence of rational numbers (t,),>1 converging down to ¢, we have

E[exp(—y X[ ) J(tn)|Gs] > exp(—yX])J(s) a.s.

Let n tend to +o00. By the Lebesgue theorem, we have that for any s < t,
E[exp(—yX])J(t1)|Gs] > exp(—X])J(s) a.s. (D.1)

This clearly implies that for any s < ¢, Elexp(—yX[)J(t7)|Gs] > exp(—yXT)J(sT) a.s.,
which gives the submartingale property of the process (exp(—yX[)J(t")). Using the right-
continuity of the filtration (G;) and inequality (D.1) applied to 7 = 0 and s = t, we get

J(tT) =E[J(tN|G] = J(t) a.s.

On the other hand, by the characterization of (J(t)) (see Proposition 4.2), and since the
process (exp(—yX[)J(t7)) is a G-submartingale for any m € A, we have that for any
te[0,T],

J(tT) < J(t) a.s.
Thus, for any ¢ € [0,7],

J(tT) = J(t) a.s.

Furthermore, the process (J(t1)) is cad-lag. The result follows by taking J, = J(tT).

E Proof of equality (5.2)

For any 7 € A, we define the strategy mF = Tl r, <k for each k € N. The strategy 7 is
uniformly bounded but not necessarily admissible. For that we define for each (k,n) € NxN
the stopping time

Tk = inf{t, |ngk| >n}
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and the strategy Wf "= Li<ry - By construction, it is clear that the strategy %" € A¥
for each (k,n). Since m = limy lim,, 7Tt " dt ® dP a.s., the following equality

2

ess inf {lﬂgagjt — (e dy + 0eZ) — M(1 — e 7™ (T + Ut)} =
TeA 2
2

essinf {%ﬂfafjtfym — (s + 00 Zy) — M(1 — e 7P (T, + Ut)}

TeEA

holds dt ® dP a.s.

F  Proof of optimality criterion (Proposition 7.2)

Suppose (7). Hence,
J(0) = inf Bfexp (= y(XF +€))] = E[exp (= 1(XF + )]

As the process (exp(—yX])J(t)) is a submartingale and as J(0) = E[exp(—v(XX + £))], it
follows that (exp(—yX7)J(t)) is a martingale.

To show the converse, suppose that the process (exp(—vyX/)J(t)) is a martingale. Then,
Elexp(—yX%)J(T)] = J(0). Also, since the process (exp(—yX[)J(t)) is a submartingale
for any m € A and since J(T') = exp(—~€), it is clear that J(0) < ig&E[eXP(_V(X% +£))).

Consequently,
J(0) = inf Efexp (= (XF +9))] = E[exp (= 7(XF +9))].

thus 7 is an optimal strategy.

G Characterization of the value function as the maximum
solution of BSDE (3.3)

Step 1: Let us show that there exist Z € L2(W) and U € L?(M) such that (J;, Z;,Uy) is
a solution in ST*° x L2(W) x L?(M) of BSDE (3.3).

From the Doob-Meyer decomposition, since the process (J;) is a bounded submartingale,
there exist Z € L*(W), U € L*(M) and (4;) a nondecreasing process with Ay = 0 such
that

dJy = ZidWy + UgdM; + d Ay

By the same technics as in the proof of Proposition 4.4, since for any m € C the process
(exp(—yX])J(t)) is a submartingale, we have
A2
dA; > esssup {ywt(utJt + o1 Zy) + M(1 — e_WtBt)(Jt +Uy) — 2 7Tt o; Jt}dt
meC
Since there exists an optimal strategy 7 € C from Proposition 7.1, the optimality criterion
gives
2,

dA; = {’Yﬁt(MtJt +0:20) + M(1— e TP (Jp + Up) — 9 - T U?Jt}dt
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which implies

2
dA; = esssup {ywt(utJt + o1 Zy) + M(1 — e‘wtﬁt)(Jt + Uy) — %Wfath}dt,
el

and (J;, Zy, Up) is solution of BSDE (3.3).

Step 2: Using similar arguments as in the proof of Theorem 4.1, one can derive that
(Ji, Zy, Uy) is the mazimal solution in ST x L2(W) x L?(M) of BSDE (3.3).
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