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RANDOM WALKS IN RANDOM DIRICHLET ENVIRONMENT
ARE TRANSIENT IN DIMENSION d > 3

CHRISTOPHE SABOT

Abstract: We consider random walks in random Dirichlet environment (RWDE)
which is a special type of random walks in random environment where the exit prob-
abilities at each site are i.i.d. Dirichlet random variables. On Z¢, RWDE are parame-
terized by a 2d-uplet of positive reals. We prove that for all values of the parameters,
RWDE are transient in dimension d > 3. We also prove that the Green function has
some finite moments and, on Z%, d > 3, we explicitly compute the critical integrability
exponent. Our result is more general and applies for example to finitely generated
transient Cayley graphs. In terms of reinforced random walks it implies that linearly
edge-oriented reinforced random walks are transient for d > 3.

1. INTRODUCTION

Random Walks in Random Environment (RWRE) have received a considerable
attention in the last years. At lot is known for one-dimensional RWRE, but the
situation far from being so clear in dimension 2 and larger. Progresses have been
made for multidimensional RWRE (in particular, since the work of Sznitman and
Zerner, cf [22]) essentially in two directions: for ballistic RWRE (cf [22], [19], [20],
[15] and reference therein) and more recently for small perturbations of the simple
random walk in dimension d > 3. Nevertheless, most of the important questions
as characterization of recurrence, of ballistic behavior, invariance principle remain
largely open. Recently, for RWRE which are small isotropic perturbation of the
simple random walk on Z¢, d > 3, Bolthausen and Zeitouni (|3]) made some progress
in the direction of the invariance principle and proved transience using renormalization
technics (invariance principle for the corresponding continuous model has previously
been obtained by Sznitman and Zeitouni, [21]). We refer to [25] or [17] for surveys.

In this paper we take a different approach, we consider a special type of environment,
the Dirichlet environment. It corresponds to the case where the transition probabilities
at each site are chosen as i.i.d. Dirichlet random variables. This model has been
introduced by N. Enriquez and the author in [5], where it has been remarked that
the annealed law of a random walk in a Dirichlet environment corresponds to the law
of a linearly reinforced random walk, on oriented edges. In [4], N. Enriquez and the
author obtained a simple criterion for ballisticity, latter improved by L. Tournier in
[24]. Besides, in the one-dimensional case, it appeared in [6] that limit theorems in the
sub-ballistic regime are fully explicit in the case of Dirichlet environments, highlighting
the special role of Dirichlet environment among random environments. Finally, in [16]
we have described a precise relation between RWDE and hypergeometric integrals
associated with certain arrangement of hyperplanes.

2000 Mathematics Subject Classification. primary 60K37, 60K35, secondary 5C20.
Key words and phrases. Random walk in random environment, Dirichlet distribution, Reinforced
random walks, Max-Flow Min-Cut theorem.
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On Z?, RWDE are parameterized by 2d positive reals (o, ..., asq), one for each
direction. We call (q;) the weights. In this paper, we prove that RWDE on Z, for
d > 3, are transient for all values of the weights (in particular for the case of unbiased
weights). In fact, we prove something stronger. We prove that the Green function has
some finite moments and we explicitly compute the critical integrability exponent x,
i.e. the supremum of the reals s > 0 such that the Green function G(0,0)* has finite
expectation. We show that this real is the same as the one for the RWDE killed when
it exists a finite large ball (which has been computed by Tournier in [24]). In some
way, it means that trapping is only due to finite size traps which comes from the non
uniform ellipticity of the environment. Our result is in fact more general and applies
for example to any finitely generated Caley graph on which the simple random walk is
transient. Compared to the results of [3], our results are non-perturbative, they apply
to any choice of the weights, but the counterpart is that our method is very specific
to the Dirichlet environment. Besides, the proof is remarkably simple. We think it
highlights the special role of Dirichlet environments and we think that the technics
presented in this paper will help us to understand more on RWDE.

Our proof is based on an explicit formula valid for Dirichlet environments and on
a method of perturbation of the weights. Finally, the critical exponent is obtained
thanks to an Ly version of the Max-Flow Min-Cut theorem (proposition 2). The
explicit formula (corollary 1) was in fact hinted in our joint work with N. Enriquez
and O. Zindy (|6, 7]) where it appeared that in the case of one-dimensional RWDE, the
Green function on the half-line at 0 has an explicit law (which is in fact a consequence
of a result of Chamayou and Letac on explicit solutions of renewal equations, [9]).

From the point of view of reinforced random walks, our result implies the transience
of all edge-oriented linearly reinforced random walks on Z<, for d > 3. Compared to
the two other natural models of linearly reinforced random walks, namely vertex
reinforced random walks and (non-oriented) edge reinforced random walks (cf |23,
14], [12, 13]) this model has a direct representation as a random walk in random
environment, but the difficulty of this model lies in its non-reversibility.

Let us present our results for the graph Z?. Let (e, ..., eq) be the canonical base
of Z%, and set e; = —e;j_q4, for j = d+1,...,2d. The set {eq,..., e} is the set of
unit vectors of Z¢. We consider a probability law A on

(1.1) {(x1,...,10q) €]0,1]%, Z:c =1}

We construct a Markov chain on Z¢, to nearest neighbors as follows: we choose
independently at each point € Z?, some transition probabilities
p(x) = (P2, + €)1 2a

according to the law A. It means that the vector (p(x)),ez¢ is chosen according to the
product measure = ®,czaA. It defines the transition probability of a Markov chain

on Z¢, and we denote P the law of this Markov chain starting from x:

Px(p)[Xn-i-l =X + 61|Xn = gj‘] f— p(l‘,l’+ ei)'

Random Dirichlet environment corresponds to the case where the law A is a Dirichlet
law. More precisely, we choose some positive weights (ay, ..., ag) and we take \ =
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M) with density

1—1‘_;2 L) (H xo"_1> dxg - - - dxog,

i=1
where T' is the usual Gamma function I'(a) = [7¢*"'e~'dt. We denote P(® the law
obtained on the environment in this way. This type of environment plays a specific

role, since the annealed law P[] = E@[P®(.)] corresponds to an edge oriented
reinforced random walk with an affine reinforcement, i.e.
a; + Ni(X,,n)

PO [X, 1 = X, + ei|o (X, k < n)] =

xT

Zk 1 Ok + Nk<Xn, n)

where Ni(z,n) is the number of crossings of the oriented edge (x,z + ex) up to time
n (cf [5]). When the weights are constant equal to «, the environment is isotropic:
when « is large, the environment is close to the deterministic environment of the
simple random walk, when « is small the environment is very disordered.

Let us now describe precisely our results for Z<¢, d > 3. We denote G(z, ) the green
function in the environment (p(x)),ezd.

G(I, y) = Eip) [Z ﬂXk:y]'
k=0

Theorem 1. For d > 3 and for any choice of weights (o, ..., qoq) we have
E (G(0,0)*) < oo
if and only if s < k where

k=2 Zozj — iirlli{ld(aei — Q).

In particular, the RWDE is transient for almost all environment.

Remark 1. In [24], Tournier computed the critical integrability exponent for RWDE
on finite graphs. For N > 1, let Gy be the Green function of the RWDE killed when
it exists the ball B(0, N): it appears that Gy(0,0)% is integrable if and only if s < k.
Hence, it seems to mean that there is no infinite size trap and that the trapping effect
comes only from finite size traps due to the non-uniform ellipticity of the environment.

Remark 2. The result for Z% is in fact a consequence of a more general result valid
for directed graph constructed from undirected graph, under a condition on the weights
(null-divergence), cf theorem 3.

Let us describe the organization of the paper. In section 2, we describe the model of
RWDE on directed graphs. In section 3, we prove the key explicit formulas. Section
4 is devoted to the proof of the main result on integrability. In section 5, we prove a
generalization of the Max-Flow Min-Cut theorem for flows of finite energy. In section
6 we apply the results to directed graphs constructed from undirected graphs, and we
deduce theorem 1.
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2. MARKOV CHAIN IN DIRICHLET ENVIRONMENT ON DIRECTED GRAPHS

Let us first describe Random walk in Dirichlet Environment (RWDE for short) on
a general graph. A directed graph is a couple G = (V, E) where V is the countable
set of vertices and F' is the countable set of edges (i.e. E is a collection of elements
of £ x E; for simplicity we do not allow loops). The tail of the edge e is denoted
e = x and the head is denoted € = y if e corresponds to (x,y). We suppose that the
graph has bounded degree i.e. that the number of edges exiting a vertex x or pointing
to a vertex x is bounded. For an integer n and a vertex x we denote B(x,n) the
ball with center x and radius n for the graph distance (defined independently of the
orientation of the edges). We say that a subset K C V is strongly connected if for
any two vertices z and y in K there is a directed path in K from z to y.

Let us define the divergence operator on the graph G: it is the operator div : R” —
RY defined for a function 6 : E — R by

div(0)(z) = Y _ 0(e) = > be), VzeV.

The set of environments on G is defined as the set
A = {(pe)ecr €]0,1]¥, such that Z pe =1, Vr eV}
With any environnement (p.) we associate the Markov chain on V' with law (P;,Ep )),
where Pég) is the law of the Markov chain starting from xy with transition probabilities
given by
ngf)(XnH = y|Xn = $) =Py = Z De-
e,e=x,e=y

If y is a vertex such that no edge is exiting y then we put P;,Eg)(XnH =yl X,=y) =1,
so that y is an absorbing point.

Let (ae)eer be a set of positive weights on the edges. For any vertex x we set
W=D a
e,e=x

the sum of the weights of the edges with origin . The Dirichlet environnement with
parameters (c.) is the law on A obtained by taking at each site x the transition
probabilities (p.).—. independently accordingly to the Dirichlet law with parameters
(Qe)e—y 1.6. with distribution

I(a, -
<ﬁ><np ) I dv.

€, e=r ecE.e=x

where E is obtained from E by removing arbitrary, for each vertex z, one edge with
origin z (easily, it is independent of this choice). We denote P(® the corresponding
probability measure on A and E(®) the associated expectation.

When the graph is finite the distribution of the Dirichlet environment is given by

zeV F(ax) ae—1
T (Hpe )‘”A-

eck
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where dAa is the measure on A given by

(2.1) d\a =[] dpe,

eckE
3. STABILITY BY TIME REVERSAL

3.1. The key lemma. Suppose now that the graph is finite and strongly connected
i.e. that there is a directed path between any two vertices 2 and 3. Let G = (V, E)
be the graph obtained from G by reversing all the edges, i.e. E is obtained from E
by reversing the head and the tail of the edges. For an environment (p.) we denoted
(pe) the environment obtained by time reversal of the Markov chain, i.e. for all e in
E

. Te
Pe = De,
T,

&
where (7,).cv is the invariant probability on V for the Markov chain P®). (Since we
assume that the graph is strongly recurrent and that the weights p. are positive this
invariant probability exists and is unique).

Lemma 1. Suppose that the weights (c.) have divergence null, i.e.
div(a)(z) =0, VeV,
then (Pe)ocr is a Dirichlet environment on G with parameters (a.).

Remark 3. By this we mean that (p.) is distributed according to a Dirichlet environ-
ment with parameters (Gzcp) where &z = a. if € is the reversed edge of e. We will
often identify the edges in E with their reversed edges in FE.

Proof. The proof is based on a change of variable. Let ey be a specified edge of the
graph. Let H,, be the affine space defined by
Hey = {(2e)ecr € RY, 2, =1, div(z) = 0}.
and H the vector space
H = {(2)ecr € RY, div(z) = 0}.
Let A, = He, N (R%)®. The strategy is to make the change of variable
A — A,
ﬂ-epe
——)
ﬂ-QopeO
Hence, (z.) is the occupation time of the graph normalized so that z,, = 1. It is
easy to see that the previous change of variable is a C"*°-diffeomorphism. Let T" be a
spanning tree of the graph G such that ey ¢ T. (This is possible since the graph is
strongly connected and thus eq belongs to at least one directed cycle of the graph.)

We set B =T U{ep}. Then (z¢)eere is a base of H and (z¢)eepe is a base of H,,. Let
xg € V be any vertex, and set U = V' \ {x¢}. We first prove the following lemma.

(pe)eEE - (ze: e€l-

Lemma 2. Let i be a positive test function on A. Then

J v (Hpge—l) D= [ ) (%Ei) det (Zioww) T d.

eck Aeo zeV ~x ecBc¢
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where as usual z, = Ze and Z is the V- x V matriz defined by

€,e=%

Za:,a: = Zz, Vo e ‘/a Zx,y = TRlgy = — Z Zey Va 7& Y.

€,e=T,e=y

Remark 4. This formula is essentially the same as the one which gives the correspon-
dance between RWDE and hypergeometric integrals associated with an arrangement of
hyperplanes in [16].

We see that lemma 1 is a direct consequence of the previous result. Indeed we see
that lemma 2 applied to the reversed graph (G, E), starting with the weights d; = a.
would give the same integrand with «, replaced by o, = Ze,éf .. The two coincide
after the change of variables exactly when div(a) = 0. O

Proof. of lemma 2. Let us first remark that det(Zjy«y) does not depend on the choice
of xy: indeed, the lines and columns of Z has sum 0. By addition of lines and columns

we can switch from z( to yo. Hence, we can freely choose zy = ¢,. Remark now that
H and H,, are the affine subspaces of R” defined by

H = Neev{div(z)(z) =0}, Hey = {2eg = 1} Nuer {div(2)(x) = 0}.
For simplification, we write
ha(z) = div(z)(2),
for all x in U. It is not easy to compute directly the Jacobian of the change of

variables, the strategy is to use Fourier transform to make the change of variables on
free variables. We first prove the following lemma.

Lemma 3. For any function ¢ : RE — C, C™, with compact support in (R*JF)E we

have that
dz, =
/Heo P, egc z
/RUXR . o(z) exp <2i7r <u0(zeo - 1)+ ;umhgg(z)>> (eell dze> (duoxl}]dul,) )

Proof. of lemma 3. We will use several times the following simple fact (which is a
consequence of the inverse Fourier transform). Let g : R¥** — R be a C*™ function
with compact support, then

/ g(x1,...,xn,0,...,0)dxy - - -day
RN

k
= /Rk /RN-Hc exp <2i7r ;uijH) g(x1, .., xnyk)(dry - - deygg) (duy - - - duy,)
Let us compute the Jacobian of the linear change of variables
R¥ s RY xR™"
(3'1) ((Ze)eeE) - ((hx(z))a:EUa (Ze)eeTC)'
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Denoting 7' = {ej,, ..., €5, } and T° = {ei, ..., €ip_ iy }, U =A{z1,..., 717}

Ohay Ohay
azeh azeh
: : 0
Ohary Ohay)
J d zejyp zejyy
= | det
| | | Ohg, o 8hx‘U‘
Oze, Oze,
1 1
: Idge e
B T
Oze, Oze,
i|B|-|U| i|B|-|U|
So, we get
Ohzq Bhw\U\
826]’1 8361’1
| J| = | det : : .
Ohzq Bhw\U\
zej Bzejy

The previous matrix is the incidence matrix on U of the spanning tree T', indeed we
have if x € U
on, | tiie=w
% —life=uz,
Ze 0 otherwise.

Tt is well know that this determinant is equal to +1. Let us now denote ¢ : RV xRT" —
C the function defined by

3((2e)eer) = O((he(2))sev, (2e)eere).
By formula (3.1) and since ¢(0, (ze)eere) = ¢((2)ecr) on H, we get

/Heo O, () ] dze = /R/H¢H((ze))e2mo<zeo_l> <H dze> dug

ec B¢ ecTe

— 1 . 2imup (2zeg—1)
/R/H(ba)v (Ze)eeT )6 (H dze) dug

ecTe
Using again formula 3.1 we see that the previous integral is equal to

— /R i /RU are exXp (2271’ (UO(Zeo - 1) + erU Ugghx)) q;((hx)era (Ze)eeTC)

(HmGU dhx I_IeETC dZe) (duo HmGU dum) )
Then, the change of variables (3.1) gives lemma 3. O

We make the following change of variables:
®)F — (B} x A
(Ze> = ((U:v):vEVu (pe)aEE)u

Ze
Vg = E Zey Pe = ’U_
e=x €

given by
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(More precisely, it is the change of variables onto the set (R% )Y x]0, 1% where E is
defined in (2.1). It means that we choose (p.).; as the coordinate system on A.) We
have z, = v, p. and the Jacobian is given by

ng—1
Lv

xzeU

where n, = |{e,e = z}|. Implementing this change of variables in lemma 3 gives that

/ 1., H dze

ec B¢
is equal to

/RXRU /vaA < e 1) O((vepe))  exp (ito(Vey,Pey — 1) +1 3 cry Usha)

(ILer dvs)dAa) (duo [T, er dua)
where dAa is the measure on A defined in (2.1) and with
ha((vz), (Pe)) = vz — Z UePe-

The strategy is now to apply formula (3) to get ride of variables (ug, (u;)zer). For
this we need to change to variables (ve,pe,, (hz)zer). We make the following change
of variables.

R xA — RxRYxA
<<U1‘>1‘€V7 (pe)) - (ko(U,p), (hx(vap>>I€U7 (pe)>7
with kg = ve pe,. This change of variables can be inverted by
(v2)eev = (MP) " (ko, (),
where
M®P) = (I—P),,y, VreUVyeV,

and My, = peyly—e, (Where P is the transition matrix in the environment (p)). Since
we have chosen zy = ¢, the Jacobian of the change of variables is

|J‘ = Dey det([ — P)UXU-

By this change of variables, the integral becomes

(HIEV ngil) .
AXRU /I‘QXRUXA epe)) DPey det([ P)UXU eXp (2271- (Uo(k’o - 1) + erU uwhl‘))

((dko [Leou dhx)d)\A) (duo [Lco dux) ,
Remark that if the following equalities are satisfied

he((v), (pe) = 0, Vo € U, vgpep = 1

it implies that v, = "= for all z. Integrating over the variables (uo, (u;)) by formula
goteo
(3.1) we get

/ one, [ o= [ I

e€cB¢ zeV

ng—1
’ $((2e))
( eopeo> Deg det(l_ P)UXUd)\Q’
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where z, = Weie Then we just have to replace ¢ by
egPeq
Ze He -ﬂze>0fzae_1
otz = v () Heez det(Zrn)
Ze HzeV :Bx
This can be done by monotone convergence. O

3.2. Applications. Consider now a finite graph with a cemetery point, i.e. we sup-
pose that G = (V| E), that V and F are finite and that V' can be written V = UU{d}
where

e no edge is exiting J (9 is called the cemetery point)
e for any point x in U there is a directed path form x to .

It means that J is absorbing for the Markov chain on G with law P®. For z and y
in U we denote G?)(x,y) the Green function in the environment (p,)

GP(z,y) = EP)( Z 1x,—,)

Corollary 1. (i) Suppose that div(a)(z) = 0 for all x in U such that © # xo then
div(a)(zo) > 0 and G (g, o) is distributed as o where W is a beta random variable
with parameter (div(a)(zo), gy — div(a)(zg)).

(ii) Suppose that div(a)(x) is non-negative for all x in U. For all xy in U such
that div(a)(z) > 0, G¥)(zg,x0) is stochastically dominated by < where W is a beta
random variable with parameter (div(a)(zo), oy — div(a)(zp)).-

Remark 5. The explicit formula in (i) was in fact suggested by our joint work with N.
Enriquez and O. Zindy (|6]) and by the correspondance established in [16]. Indeed, it
appeared in 6] that in the case of sub-ballistic one-dimensional RWRE limit theorems
are fully explicit in the case of Dirichlet environments. This is a consequence of the
fact that the Green function at 0 of the RWDE on the half line Z. is equal in law to
1/W where W is a beta random variable with appropriate weights. In the case of one-
dimensional RWDE, this explicit formula is a consequence of a result of Chamayou
and Letac ([9]) on explicit solutions for renewal equations.

Remark 6. By the principle of conservation of mass we know that ) ., div(a)(x) =
Y s Qe S0 that there is always a vertex x such that div(a)(z) > 0.

(i) We can freely suppose that any y in U can be reached following a directed path
from zy (indeed, the part of the graph which cannot be reached from zy does not
play any role in G(zg,x)). Suppose that div(a)(xzg) = v, v > 0. It means that
div(a)(6) = —. Consider now the graph G = (U, E) obtained by identification of the
vertices § and zy. The edges of G are just obtained by identification of § and z in the
edges of G (with eventually multiples edges in G) The graph G is clearly strongly
connected and if we keep the same weights on the edges we have div®(a) = 0. Consider
the invariant probability (7, ).cp for the RWDE on G. It gives the occupation time
on the edges z. = m.p., and the time reversal transition probabilities p. = Ze, If
GP)(z, 1) is the Green function on the graph with cemetery G then we have

») T 1
G a0, 2] ems%e D pgDe
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(where & = § is relative to the edges in the initial graph G). By the previous lemma we
know that (pe)z=s or z=z, has the law of a Dirichlet random variable with parameters
(Cte)z=s or z=z,- (Indeed, the vertices § and x are identified in the quotiented graph

G.) The conclusion comes from general properties of Dirichlet random variables.

(ii) Consider the graph G' = (U U {4}, E) obtained as follows. The set of vertices
is defined by U = U U {6} and ¢ is the new cemetery point. The set of edges E is
obtained by adding to the edges E of G some new edges with origin §: for any = # x
such that div(«)(z) > 0 we add the edge (J, x) with weight div(«a)(z); we also add the
edge (8, 0) with weight div(a)(x). Clearly, the new graph G with the previous choice
of weights satisfies the condition of (i). Moreover if (p.)ccr is a Dirichlet environment
on G with weights (c.) it can be extended to a Dirichlet environment (p.)..; on

G just by choosing independently the transition probabilities on the edges exiting o
according to a Dirichlet random variable with the appropriate weights. Remark that

G(p) (SL’Q, SL’Q) < G(ﬁ) (SL’(), SL’O).

Indeed, the Markov chains on G and G behave the same as long as they are on U but
the Markov chain on G is stuck on § although the Markov chain on G can come back
to U from 6. The conclusion is a consequence of (i) since (i) implies that G (2, o)
has the law of 1/ with W a beta random variable with appropriate weights. O

4. INTEGRABILITY CONDITION

Suppose now that G = (V, F) is a countable connected directed graph with bounded
degree. Suppose for simplicity that there is at least one edge exiting each vertex.

We recall that a unit flow from a vertex x to infinity (cf [10]) is a positive function
6 on the edges such that
div(0)(z) = 0,Vx # w0,
and
div(6)(zo) > 0.
The strength of the flow is the value
strength(0) = div(0)(xo).
A unit flow is a flow of strength 1.
We say that the flow 6 has finite energy if it is square integrable i.e. if
Z 62 < oo.
ecE
Theorem 2. Let (a.)ccr be a family of positive weights on the edges which satisfy
(H1) there exists ¢ > 0 and C' > ¢ such that ¢ < a, < C for all e in E.
(H2) For all vertex x, div(a)(x) = 0.
Suppose that 0 is a unit flow with finite energy from xq to infinity then
E® (G (z0,20)*) < 00
as soon as

L«
s < inf =<
eeEee
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Proof. Let v be a positive real. We define the weights
ol = a+96.

We clearly have

div(a™) = Y0u,-
For a positive integer IV, let Uy be the ball with center xy and radius N in G. We
define the graph Gy = (Uy U {0}, Vi) as follows. We contract all the vertices of
(Un)° to the cemetery point 6. The edges Ey are obtained from FE as follows: in £
we delete all the edges exiting a point of U, and we define Ey from the remaining
edges by contraction of U§ to the single vertex §. By the bounded degree property
we see that Gy is a finite graph. We keep the same weights on the edges and we see
that on the graph G we have

divY (a)(z) = Z Qe
ecEje=x,e¢Un

(With div" the divergence operator on the graph Gy). Hence div" (o) > 0, and for
N large enough (when all the edges pointing to zy are in Ey) we have
divY (a7) (o) = 7.

Denote by Ggf;) (x0, zo) the Green function of the Markov chain killed when it exits Uy.

From lemma 1 we see that under P(¢”) the Green function Ggf;) (20, x0) is stochastically
dominated by % where W is a beta random variable with parameters (v, o, + 0, — )
(for N large enough).

Consider now s > 0. We have (we write simply Gy(zo,x¢) for G%)(xo,xo) the
Green function in environment (p.))

I'(o, cE r al v -
E“ (G (w0, 20)°) = %EE:N Fgaei Il:lle UN FEOJ;E(G | (GN(%’:EO)S I] ». 766) |

Using Holder’s inequality for ¢ > 1 and p = _%; we get that R (G y(xg, 10)*) is lower
than

1/q
F Oy cE F O{z Y 1/p 2 —q0,
T ey e ()

Remark that the second expectation is finite if and only if ¢vf. < o for all e in Ey,
or equivalently

1< e
! Y0e
for all e in Ey. We now choose ¢ such that
Q@
4.1 —1 < inf —=
(4.1) 4 cep v0,

so that the previous condition is fulfilled for all e in E. In terms of p it is equivalent
to
il’lfe E Le +1
(4.2) p> 'E—Veea
inf.cp R
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Now we compute the second expectation. We have

1/q
HJ;EUN ( ) HEEEN ( ) E(a"/) H pe,qpyge
[ocny T(@0) [eo, T(00) AL
[Lev, T(ow) [Teep, T'(a?)
HeEEN F(Oée> HzEUN F(a;{)l_% HJ:EUN P(aaﬁ - (q - 1)702:)
Considering the function

via,u) = élnf(a —(g—1u)+ (1 - é) Inl'(a+u) —InT(a),

we see that the previous expression is equal to

exp (Z v(ae,0e) — > V(%m%)) :

ecEN zeUn

Now, v(a,0) = 0 and clearly %V(Q,O) = 0. The function v(a,u) is C*° on the
domain D = {a > 0} N {u < a/(q¢ — 1)}. By conditions (H1) and (4.1) we know
that (ae, Y0 )eer and (ag,v0,).cy are in a compact subset of D. Hence, we can find
a constant C' > 0 such that for all N > 0

Z v(ae, Y0e) — Z v(ag,v0,) < C (Z (796)2 + Z (79:2)2) .

ecE N zeUn ecE N zeUpn

Since (.) is square integrable and the graph G has bounded degree, (6,) is square
integrable. Hence we have a constant C” > 0, such that for all V

E(a) (GN(%, :L,O)s) S Cl (E(oﬂ) (GN(%, ZL‘Q)pS))l/p
Using corollary 1 we have
E©) (G (w0, 20)") < €' (B (W)

where W is a beta random variable with parameter (v, oy, + 0., — ). Since W% is
integrable for ps < v we see that

E© (G (z0,20)*) = supE ) (G (0, 0)*) < 00

for all s such that sp < 7. This is true for any choice of p which satisfies (4.2), so
G(zo,x0)® is integrable as soon as

infeeE %

§< e

1+ inf.cp 5

Letting v tend to infinity we get the result. O

5. MAX-FLOW OF FINITE ENERGY

Let us recall some notions about Max-Flow Min-Cut theorem (cf [10], section 2.6,
[2]). Let G be a countable directed graph and z, a vertex such that there is an infinite
directed simple path starting at xy. Let (c(e))ecr be a family of non-negative reals,
called the capacities.
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Definition 1. A flow 0 from xy to oo is compatible with the capacities (c(€))ecr if
f(e) <c(e), VeeE.

A cutset is a subset S C E such that any infinite directed simple path from xq contains
at least one edge of S.

The well-known Maw-Flow Min-Cut theorem says that the maximum flow equals
the minimal cutset sum (cf [8]). We give here a version for countable graphs ([10],
theorem 2.19, cf also [2]).

Proposition 1. The mazximum compatible flow equals the infimum of the cutset sum,
i.e.
max{strength(0), 0 is a flow from xo to oo compatible with (c(e))}
= inf{c(S), S is a cutset separating xy from oo}.

where

eeS
In theorem 2, we see that the max strength of flows of finite energy gives a lower
bound on the critical integrability exponent of the Green function. More precisely, let
ko = sup{strengh(f), 6 is a flow from z, of finite energy compatible with (c.)},

Then G(xg,z0)° is integrable for s < ro. Naturally, the question is to know whether
Ko is also equal to the min-cut. It is not true in general (cf the following remark) but
it is true under fairly general conditions.

Proposition 2. Let (c(e))eecr be a family of capacities. Suppose that

elgg c(e) >0,

and that the following holds

(H3) There exists a strictly increasing sequence of integers n, such that B(xg, Nn11)\
B(xg,n,) is strongly connected in G.

If there exists a unit flow of finite energy on G from xq to co then
max{strength(6), 0 is a flow from o of finite energy compatible with (c(e))}
= min{c(S), S is a cutset separating xo from oo}.
Remark 7. : If condition (H3) fails the equality maybe wrong. The following counter-
example is due to R. Aharoni, [1]: let G be a binary tree glued by its root to a copy

of Z. Take capacities constant equal to 1. Then any flow of finite energy necessarily
vanishes on the copy of Z, and the equality cannot hold.

Proof. Let 6 be a unit flow from x4 to oo of finite energy. The existence of such a flow
implies easily since ¢ is bounded from below by a positive constant that there exists
a cutset Sy such that

¢(Sp) = min{e(S), S is a cutset separating xy from oo}.

The strategy is to modify the capacities ¢ using 0. For a positive integer r, we denote
Bg(xg, ) the set of edges

Bg(zg,7) ={e € E, e € B(xo,r),€ € B(xg,7)}.
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and B

Bg(xg,r) ={e € E, e € B(xg,7)}.
Let Ny be such that Sy C Bg(zo,nn,) and

infgc

(5.1) sup  f(e) < :
e¢Bg(w0,mN,) C(SO)
Let N; be such that
(Nl — NQ) 1%fc > C(So).

Consider now the capacities ¢’ defined by

o) — cle), ifee EE(xo,an)
( ) { 0(50)9(6), ife ¢ BE(xO,an)-

By the condition on N, we clearly have
d(e) < c(e),Ve € E,

and
D (d(e)* < .
E

We now want to check that the min cutset sum is the same for ¢ and ¢’. Let S be a
minimal cutset for inclusion. If S C Bg(zo,ny,) then ¢/(S) = ¢(S) > ¢(Sy). If S C
Bg(xo,nn,)¢ then by (5.1) ¢/(S) > ¢(S0)8(S) > ¢(Sp) since 6 is a unit flow. Otherwise,
it means that S has one edge e in Bg(zo,ny,) and one edge e; in Bg(zo,nx, )¢ Let
K be the set of vertices that can be reached by a directed path in F'\ S from xz,. Since
S is minimal for inclusion, it means that there is a simple path from €, to co in K°.
Hence, there is a directed path in K¢ from B(xg, Vy) to oo, and there is a sequence
Y1,-- -, YN,—N, in K¢ such that y, € Uy where

Ux = B(2o, Me+1) \ B(xo, k)-
Similarly, there is a directed path in K from x to e;. It implies that there is a sequence
21y ..y ZN,—N, in K such that zj, € Uy. By assumption (H3) there is a directed path
in Uy from z; to yx. This directed path necessarily contains an edge of S. Hence,
|S| > Ny — Np so that ¢/(S) > ¢(Sp). Then, we apply the Max-Flow Min-Cut theorem
to the capacities ¢. It gives a flow of finite energy (since ¢’ is squared integrable)
compatible with ¢ and consequently with ¢, and with strength ¢(Sp). O

6. APPLICATIONS

Theorem 2 tells us that G(zg, xo)® is integrable for s < kg where kg is the max-flow of
finite energy, compatible with the capacities («.). Proposition 2 tells us that this max-
flow coincides with the min-cut under condition (H3). But, it is easy to see that even
under assumption (H3), ko may not coincide with the critical integrability exponent
k defined as the supremum of the reals s > 0 such that G(xg,x0)® is integrable.
Indeed, for example if there is no directed path ending at zo, then G(xg,z9) = 1
and k = oo whereas kg < co. We strongly conjecture that, when condition (H3) is
valid, then x should be the same as the integrability exponent obtained on finite large
enough boxes (as computed in [24]). In the case of directed graphs constructed from
undirected graphs, it is easy to deduce this conjecture from previous results. This
is in fact the most interesting case since it contains Z¢ and more generally finitely
generated Caley graphs.
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Let G = (V, E) be a connected undirected graph with bounded degree. Classically,
we can associate a directed graph G = (V, E') by duplicating an edge of F in 2 edges
with opposite orientation. Let (c.) be a family of weights on the set of directed edges
E.

Theorem 3. Suppose that the weights (c.) satisfy
(H1) there exists ¢ > 0 and C' > ¢ such that ¢ < a. < C for all e in E.
(H2) For all vertex x, div(a)(z) = 0.

Suppose that the simple random walk on the undirected graph G is transient. For
any xg in 'V, let

ko = max{strength(0), 6 is a flow from xy to oo of finite energy such that 0 < o}

Then ko > 0 and

B (G (20, 20)*) < 00
for all s < Kkg. In particular, the RWDE on G with parameter (c.) is transient for
almost all environment.

(ii) Assume moreover that the following condition on G holds

(H’3) There ezists a strictly increasing sequence of integers n,, such that B(xo, ns1)\
B(xg,n,) is connected in G.

Then

E) (G (xg, 20)*) < 00, if and only if s < k
where
k =min{a(pK), K CV is finite connected in G, 1o € K and K # {x¢}.}
(With as before Op K ={e€ E, ec K,e ¢ K}.)

Remark 8. In [24|, corollary 4, Tournier computed the critical integrability exponent
for RWDE on finite graphs: (ii) shows that k is the same as the critical integrability
exponent of the Green function of the RWDE killed when it exits the ball B(xq, N), for
N large enough. This suggests that trapping only comes from finite size traps which
are due to the non-uniform ellipticity of the environment.

Remark 9. The condition K # {x¢} comes from the fact that we do not allow loops,
so that {xo} itself cannot be a trap. Of course, if there is a loop at xo then the same
result holds if we remove the restriction K # {xo}: in this case, under condition

(H’3), k = Ko.

Let us recall the definition of a flow on an undirected graph. We choose an arbitrary
orientation of the edges of G. A flow from z to infinity is a (non-necessarily positive)
function € on the edges such that for the orientation chosen

div(6)(z) = 0, Va # xo.
The flow 6 is a unit flow if moreover div()(zo) = 1. To any flow 6 on the undirected
graph G we can associate a flow # on the directed graph as follows: for two opposite
edges of the directed graph, 6 is null on one of them and on the other one it is equal
to the absolute value of  on the corresponding undirected edge. The choice of the
edge with positive flow is of course made according to the sign of the flow § and the
orientation of the edges (cf [10], section 2.6). By construction the Ly norm of § and
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 is the same. Then the result comes from a classical result on electrical networks
(cf [10] proposition 2.10, or [11]) which says that the undirected graph G is transient
if and only if there exists a unit flow with finite energy from a point xg to infinity.
Hence it implies that x5 > 0.

(ii) For any environment (p), we have

Zpezla

=20

S S

hence G(xg,zo)® is integrable if and only if pSG (g, x¢)® is integrable for any e such
that e = zy. Let ey be an edge exiting z, and a(®® be the weight obtained from a by
adding s to a,,. For any cutset S containing ey, a(®)(S) > s. Hence, by theorem 2
and proposition 2, pi G(xo,xo)® is integrable if s is smaller than the minimal cutset
sum (for («)) among cutsets which do not contain ey. Since the graph has no loop it
means that G(zo, zo)® is integrable if

(6.1) s < min{a(S), S cutset, S 2 {€}e—u, }-

Let S be a cutset which does not contain {e}._,,. Let K be the set of vertices that
can be reached from xy by a directed path using edges of E'\ S. Then, 0K is a cutset
contained in S and K is connected in G. Moreover K # {x¢} thanks to the condition
on S. This implies that  is equal to the right hand side of (6.1).

If s > K, then by taking a large enough box B(zg, N), we know that the cutset which
achieves the minimum in the definition of & is included in B(zy, N) (the infimum is
reached, cf the proof of proposition 2). From [24], corollary 4, it implies that G (z¢, zo)*
is not integrable.

6.1. The case of Z%. Of course theorem 3 (i) and (ii) apply to the model of RWDE
on Z¢ described in the introduction, for d > 3. Tt is easy to see that on Z?, the critical

exponent r is obtained for K = {0, ¢;,} for some iy in {1,...,d}. Hence we have
k=2 ( Z Qe; + oz_ei> + e, ta—, -
i=1,...,d, i#ig

This proves theorem 1.

6.2. Finitely generated Caley graphs. Let {ej,...,e4} be a finite, symmetric (i.e.
the set is stable by inversion), set of generators of a group. We associate with any
generator e; a positive weight a; > 0. The RWDE on the associated Caley graph,
with weights (o(gge,) = @), has the property (H1) and (H2). Hence, if the simple
random walk on the Caley graph is transient, so are the RWDE’s.
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