
HAL Id: hal-00341672
https://hal.science/hal-00341672

Submitted on 25 Nov 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An Efficient Probabilistic Population-Based Descent for
the Median Genome Problem

Adrien Goëffon, Macha Nikolski, David James Sherman

To cite this version:
Adrien Goëffon, Macha Nikolski, David James Sherman. An Efficient Probabilistic Population-Based
Descent for the Median Genome Problem. GECCO: Genetic And Evolutionary Computation Confer-
ence, Aug 2008, Atlanta, United States. pp.315-322. �hal-00341672�

https://hal.science/hal-00341672
https://hal.archives-ouvertes.fr


��� ��� ���
	��������������������
������� ����! ��"�#���$��&%(')�*�+	-,
. 	/���0	-��213��)�546	 7 	�,!�"��� 8�	-�9�: 	 ��������$	-:

;=<+>�?A@CBED&F�GIHJFKB0LNM�OQPSR+OUT=?WVQFKXWYZV�?[L+OQB+<]\&OC^�?W<]_�R`@C>�aUObB
cedNfNcWgihkj�lnm3oqpsrutvwrImSxeyNrIo{zn|q}�~+dNf0v�}3�bp�hkfJc

�Z�u��� j�r3lnz5m3o���p���������l�ps|���j��Q} �Z�s���Z�#� ps��o�� � oZ}C�3l�ps� � o
TF�^K@Ca���@C>=�K��L5���K�b�

 *¡£¢{¤q¥s¦3§Z¤
¨©o5ª3lno{zno��w|kp0�Ij
«"o���ª�j�ª3r3��ps|���j��uxA�Cp�zno{m���j � ps�Cznoqpsl �n¬ ps��"j�l���| ¬3®°¯ j�l(| ¬ o

±³²n´�µ·¶Z¸*¹�²º¸�»�±*²+¼�½¾»w¿ºÀ�²�±�Á �k¬ oNª3l�� ® psl�Â³lno{z�r3��|kj ¯ | ¬ ��zkpsl�|�� � ��oJ��z`| ¬ ps|`| ¬ ��zª3lnj��Cps�3������z�|�� � psª3ª3lnj"p �n¬ zn��Z�3�ÄÃ � ps��|���Â!� ® ª3lnjq«"o{z#| ¬ o�ª�o�l ¯ j�l ® ps� � oÅj ¯ ps�ux
� o{z�|�l�ps�b"o��Ij ® o�lno � j��Iz�|�l�r � |���j�� � j ® ªCpslno{mÆ|nj*oºtu��z�|����3 ® o�| ¬ jwm3zq} ® psÇw���3
��|�ª�jZznzn���3��o-|njÈ|�p � Çw��o³ª3lnj��3��o ® z/É ¬ o�lno#| ¬ o � j��w|no ® ª�j�l�psl�ÂÊ"o��Ij ® o{z ® pqÂ
� j���|�ps��� ® ps�wÂ ¬ r3�Imulno{m3zJj ¯Ë® psl�Ç"o�lnz Á(Ì j�lno{jq«"o�lq}Ij�r3l ® o�| ¬ jwmÈ��z��Ij�|���� ® x��|no{m�|nj0|�l���ª3��o{z(j ¯ "o��Ij ® o{z
}�ps�Im#| ¬ rIz�znj���«"o{z�| ¬ o ® o{mu��ps�³"o��Ij ® okª3lnj��3��o ®
���Å��|nzk"o��Io�l�ps����|ÍÂ Á ¨©o�z ¬ jqÉÎ| ¬ ps|����Ålnoqps�£psª3ª3��� � ps|���j�� � p�zno{z�| ¬ o � j ® ª3r3|�p$x|���j��Cps��lno{z�r3��|nz�pslno ¬ �� ¬ ��Â=lnj��3rIzn|q}Qz�r3Z"o{z�|����3Æ| ¬ ps|�É+o � ps�&����|no�l�ª3lno�|/| ¬ o
� j ® ª3r3|no{m ® o{mu��ps�Ï"o��Ij ® o{zÆp�z � ps�Imu��mIps|no{z � psl�l�ÂS���3�| ¬ oÐz�o ® ps��|�� � zÅj ¯
ps� � o{z�|�l�ps�Kpsl �n¬ ��|no � |�r3lno{z Á

Ñ ÒKÓÅÔ�Õ`Ö=×©Ø©ÙNÔ(Ú
Ö�Ó
Û�Ü�ÝÅÞàß�ásâ[Ý�ãSä[Þåß�æ©ã�çwãSÞàè·ãSé�ÞàèåÞ�ê�ëÊìSí5íAî�èàèàë6äºÝ$ïCî�Ýsß�á$Ýsð�æSÝsß�ìuñÝsä#Ü�ãSä�íAî�Ý$èåèåÝ$ðòÝ$óKìuâ[êºä�Þåß
î�ß�ð�Ýsâ[ä[ê{ãwß�ð�Þåß�æ!ê�Ü�Ý=Ü�Þåä�ê�ìuâ�ëôãSß�ð�íAî�ß�á$ê�Þàìuß�ìwí/æuÝsß�ìSñ=Ý$äõê�Ü�âºìuî�æSÜ�ásìSñ=ö�ãwâºÞåä[ìuß�ìwí
â[Ýsè·ã�ê�Ýsð9äºöbÝsá$ÞåÝsä�ãSß�ð!ãSß�ãSè�ë�ä[Ýsä-Þåß6ásìuñö�î�ê�ãwê�Þàìuß�ãSè�é�ÞàìuèåìSæSëu÷Nø�ð�Ýsß3ê�Þ�íùëCÞåß�æÐãSß�ásÝ$ä[êºâ�ãSè
æuÝ$ß�ìuñÝsä�ãSâ[á{Ü�ÞàêºÝsá$êºî�âºÝ$ä-Þàä/ìuß�Ý³ÞåñöKìSâ[ê{ãwßIê0ïCî�Ýsä[êºÞåìuß6ê�Ü�ã�ê/á�ãSß9ß�ìZúEébÝ�ãSð�ð�âºÝ$äºäºÝ$ð
êºÜ�ãSß�ûIä³ê�ì6âºÝsá$Ýsß3êÅãwð�çwãSß�ásÝ$äõÞàßôá$ìuñÈé�Þàß�ãwêºìuâºÞåãSè`ñÝ$êºÜ�ìCð�ä�ãwß�ðüêºì9â[Ýsá$Ýsß3êÅãSá$ïIî�Þåä[Þ�ý
êºÞåìußõìSíQè·ãSâ[æuÝ
ý¾äºásãSèåÝJæuÝsß�ìuñ=ÝNð�ãwê�ãSäºÝ
ê�äs÷�þÿìuß�ä[êºâºî�á
ê�Þàß�æ#ö�è·ãwî�äºÞàé�èåÝ5Ü3ëCöKìSêºÜ�Ýsä[ÝsäJãSébìuî�ê
êºÜ�Ýsä[Ý³ãSß�ásÝ$ä[êºâ�ãSè£ãSâºá{Ü�Þ�ê�Ý$á$ê�î�âºÝsä�Þàä�ã�á$ìuñ=ö�î�ê{ãwêºÞåìuß�ãSè�ê{ãSä[û=ú/Ü�ìuä[Ý#âºÝ$äºî�è�ê�ä0ñ=ã�ë=ö�âºìwý
çCÞåð�Ýõð�Ý$Ýsö9Þåß�ä[ÞåæuÜ3ê�éKìwê�Ü6Þåß3ê�ìÆê�Ü�Ý*ö�ãSä�ê�Ü�Þåä[êºìuâºÞàÝsä/ìSí�ö�ãSâ[êºÞåásî�è·ãSâ�æuÝ$ß�ìuñÝsä�ãSß�ð6ê�Ü�Ý

�



æuÝ$ß�ÝsâºãSè+ñÝsá{Ü�ãSß�Þåä[ñ=ä-ìSí�ê�Ü�ÝsÞåâ�íAìuâºñ=ãwêºÞåìußË÷-Û�Ü�Þåä-ê{ãSä[û9Þàä-íAâºî�ä[ê�âºãwê�Ý$ðòé3ë!ê�Ü�ÝÈásìuñÅý
ö�î�ê{ãwêºÞåìuß�ãwèKá$ìuñ=ö�èåÝ���Þ�ê�ëÐìSí(êºÜ�Ý#ö�âºìSé�èåÝ$ñ2ãSä0úNÝsèàè�ãSä�é3ëÐêºÜ�Ý#ð�Þ��=á$î�èàê�ëÐìSí�Þåß3ê�Ý$æuâ�ã�ê[ý
Þàß�æÆé�ÞåìuèàìuæuÞàá�ãSèbásìuß�ä[ê�âºãSÞåß�ä�Þàß&ê�Ü�ÝõãSèåæSìuâºÞ�ê�Ü�ñäNú/Þ�ê�Ü�ìuî�ê�ãSèàêºÝsâºÞàß�æÅásìSñ=ö�èàÝ$êºÝsèàë=ê�Ü�Ý$Þåâ
ñ=ãwê�Ü�Ýsñ=ãwê�Þàá�ãSèQíAìuî�ß�ð�ãwê�Þàìuß�äs÷
�!ãwêºÜ�Ýsñ=ãwêºÞåá�ãwèåèàë��0æuÝ$ß�ìuñÝ�ãSâ[á{Ü�ÞàêºÝsá$êºî�âºÝ$ä©ãSâºÝ!Ýsß�á$ì�ð�Ý$ð�ãSäÊäºÞàæuß�Ý$ð öKÝ$âºñÈî�ê�ã�ý

êºÞåìuß�ä=ìSí³ásìSñ=ñìuß�ñ=ãSâºûwÝsâ[äs÷�Û�Ü�ÝòæuìuãSè-ìwí*êºÜ�Þåä=Ýsß�á$ì�ð�Þåß�æ ÞàäÊß�ìSê=ê�ìÎãSèàÞåæußUìuß�Ý
æuÝ$ß�ìuñÝ³ãSæ3ãSÞàß�ä[êÿê�Ü�Ý³ìSêºÜ�Ýsâ���é�î�ê�â�ãwêºÜ�Ýsâ0êºìÆásìuñö�ãSâ[Ý�ê�Ü�Ý³ìuâ[ð�Ýsâ/ìSí`æuÝsß�Ý*ñ=ãSâ[ûSÝsâ[äs÷
Û(úÿì9ñÐãwÞåß�ãSö�ö�âºì3ãSá{Ü�Ýsä³ê�ì6ásìuñö�ãSâ[Ýñ=ãSâ[ûSÝsâ³ìuâ[ð�Ýsâ[äõÝ	��Þåä[ê�
³ásìuî�ß3êºÞåß�æ©ê�Ü�Ýð�Þ�ó£Ý$â�ý
Ý$ß�ásÝ$äébÝ$ê�úNÝsÝ$ßiê�úNì�æuÝsß�ìSñ=Ý$äÅÞåß ê�Ý$âºñäÅìSí��������������������� � �"! � �"#�$ �JãSß�ðÎásìuî�ßIêºÞåß�æ
êºÜ�ÝÈñÞåß�ÞàñÐãSè£ßCî�ñÈéKÝ$â�ìSí5Ý$ð�Þàê�ìuöKÝ$â�ãwêºÞåìuß�ä�êºÜ�ãwê�êºâ�ãSß�ä[íAìuâ[ñ ìuß�Ý�æuÝ$ß�ìuñÝÈÞåß3ê�ìÐãSß�ý
ìSêºÜ�Ýsâ%�'& $ ÷)(ÿìSêºÜòìSí�ê�Ü�ÝsäºÝÆãwö�ö�âºìuãSá{Ü�Ýsä#ð�Ý�*�ß�ÝÆã,+��-���.���0/��21	34�0/��5�.����ìuß9ê�Ü�ÝÅä[ö�ãSásÝ
ìSí-äºÞàæuß�Ý$ðUöbÝsâ[ñÈî�ê�ãwê�Þàìuß�äs÷�ø�ßUêºÜ�ÞåäÅö�ãwöKÝ$âÆúNÝ&ú/ÞåèàèÿíAìuèåèàìZú ê�Ü�Ý76�ãwß�ß�Ýsß�Ü�ãSèåèàÞ�ãSß�ð
8�Ý$ç:9sß�Ý$âÆãSö�ö�â[ì3ãSá{Ü;�<& $ ú/Ü�Ý$âºÝÐêºÜ�ÝÊãSèàèåìZúNÝsðüÝsð�Þ�êÈìuöbÝsâºãwê�Þàìuß�ä*ãSâºÝ=1	3>���.�����@?A�����.�����
����/��B�@���C/���DE�5�F���G��D-�C/����H�.����ãSß�ðI����J���������D�÷�ø¾ê#ú0ãSä³ìuâ[ÞåæuÞàß�ãSèàèàë&Ý$ä[ê{ãwé�èåÞàäºÜ�Ý$ð�êºÜ�ãwê#êºÜ�Þåä
�������	�F���:K:��LM�����N+��-���O���0/��Èá�ãSß�ébÝÅásìuñö�î�êºÝsðüÞåßòöbìuèàëCß�ìuñÞ·ãwè(êºÞåñÝP�<&4� �CQ�$ ÷SR(ãwêºÝsâ
úNìuâºû&Ü�ãSä/Þåñö�âºìZçuÝ$ð6êºÜ�Ýsä[Ýõâ[Ýsä[î�èàêºä-Ý$ä[ê{ãwé�èåÞàäºÜ�Þàß�æÆãèàÞåß�ÝsãSâ�ýeê�Þàñ=Ý�ãSèåæuìSâºÞàêºÜ�ñ)íAìuâ0ê�Ü�Ý
â[Ý�ãSâ[â�ãSß�æSÝsñÝsß3ê#ð�Þàä[ê{ãwß�ásÝÈá$ìuñö�î�ê{ã�ê�ÞåìSßT� ��$ ÷=�6Þåß�Þàñ=ÞU9sÞåß�æÆêºÜ�Þåä�ð�Þåä�ê{ãSß�á$ÝÈÞåä�ãÐíAî�ß�ý
ð�ãwñ=Ý$ßIê�ãSèËä�ê�Ýsö9Þåß&á$ìuñ=ö�î�ê�Þàß�æÆö�è·ãSî�äºÞåé�èåÝ�ãwß�ásÝ$ä[ê�ìSâºäs÷

Û(úÿì©ásìSñ=ö�î�ê{ãwêºÞåìuß�ãwè+ãSö�ö�âºì3ãwá{Ü�Ýsä#íAìuâ�á$ìuß�ä�ê�âºî�á$ê�ÞàìußòìSíNãSß�á$Ýsä�ê�â�ãwèkæuÝsß�ìuñ=ÝÈãSâ�ý
á{Ü�Þ�ê�Ý$á$ê�î�âºÝsäÆúNÝsâºÝ9ö�âºìSöKìuä[ÝsðË÷iÛ�Ü�Ý$ëÏúNÝsâ[Ý9íAìuâ[ñÈî�èåãwê�Ý$ðÎãSäêºÜ�ÝWVX��+��5���ZY[���0��LM�
\2������D-��L^].�`_=8baËãSß�ð³ê�Ü�ÝcV`3:Dd�H�B�@D-�[Y[���0��LM�feg�����	�F���:K:��LM�����h\2������D-��L^].�`_=iN8ba
÷
_#ÞàçSÝsßüãÊäºÝ
êõìwíNæSÝsß�ìuñÝsä

{Πi}
�ËêºÜ�ÝÅíAìuâºñÝsâ�ásìuß�ä[Þåä�ê�ä#Þåßòá$ìuñö�î�ê�Þàß�æ©ã&öKÝ$âºñÈî�ê{ã�ý

êºÞåìuß
Π
ñ=Þàß�ÞåñÞ-9$Þåß�æ6ê�Ü�Ý©ä[î�ñ ìSí�ð�Þåä[ê�ãSß�á$ÝsäÆê�ì

{Πi}
�Nú/Ü�ÞàèåÝÊê�Ü�Ý9èåãwêºêºÝsâÆãSÞàñ=äÆãwê

á$ìuñ=ö�î�ê�Þàß�æ6êºÜ�ÝPjIê�ÝsÞàß�Ýsâ³ê�â[ÝsÝê�ÜIî�äÈñÞåß�Þàñ=ÞU9sÞàß�æÐê�Ü�ÝÐäºî�ñ ìwí�ð�Þåä�ê{ãSß�ásÝsä�ãSèåìSß�æ9Þ�ê�ä
Ý$ð�æuÝsä$÷ Û�Ü�Ýk�9Ý$ð�Þ·ãwß;_#Ýsß�ìuñÝ78�âºìué�èàÝsñ Ü�ãwäÐébÝsÝsß äºÜ�ìZú/ß êºì�ébÝ`l[8ký¾Ü�ãSâ[ðiíAìuâ
ébìSê�ÜÎìSí�ð�Þàä[ê�ãSß�ásÝÊíAî�ß�á$êºÞåìuß�äÅÝ
çuÝ$ß Þåß êºÜ�Ý©á�ãSä[Ý©ìSí�ìuß�èàëTmòæuÝsß�ìSñ=Ý$ä7]ÍäºÝ$Ý �<no� � n $
íAìuâJé�â[Ý�ãSûIöbìuÞåß3ê0ð�Þåä[ê�ãSß�á$Ý�ãSß�ð`� # �Gp $ íAìuâJâºÝsãSâºâºãSß�æuÝ$ñ=Ý$ßIêNð�Þàä[ê{ãwß�ásÝqa
÷rl-Ý
çuÝ$â[ê�Ü�ÝsèåÝ$äºä��
Ý	��ãwá$êJâºÝ$äºìuèàî�ê�ÞàìußÆìSís�`_=8�Ü�ãZçSÝ-ébÝsÝ$ßÊãwê[ê�Ý$ñ=ö�êºÝsðt�3ëCÞåÝ$èåð�Þàß�æ#ìuö�êºÞåñ=ãSèCäºìuèàî�ê�Þàìuß�äkíAìuâ
çSÝsâ[ë©ä[ñÐãwèåè£Þàß�ä[ê�ãSß�á$Ýsä=� �Cu�$ ÷
v ö�ö�âºìq��Þåñ=ãwê�Ý0ãSèåæuìSâºÞàêºÜ�ñä(íAìSâr�W_)8ôÜ�ã�çuÝ/ébÝsÝ$ßö�âºìuöbìuäºÝ$ðÅíAìuâkébìSê�ÜÅð�Þàä[ê�ãSß�ásÝ$äs÷

ø�ß#ê�Ü�Ý�é�âºÝsãSûIöKìuÞàß3ê�á�ãSä[Ý���j�ãSß�ûwìSóãSß�ð)(Nè·ãSß�á{Ü�Ý$êºêºÝkíAìuâºñ�î�è·ãwêºÝsð�êºÜ�Ý�äºìuèàî�ê�Þàìuß�êºÜ�âºìuî�æuÜ
ã�âºÝsð�î�á$êºÞåìuß*ê�ì/ê�Ü�ÝNÛ`âºãZçSÝsèàèåÞåß�æwj�ãwèåÝsä[ñÐãwß8�âºìSé�èåÝ$ñ^� �"#C$ ÷`Û�Ü�Ýsä[Ý�ãSî�êºÜ�ìuâ[ä`ö�â[ìuöbìuäºÝ$ð
ãSßôãSèàæuìuâºÞ�ê�Ü�ñ ê�Ü�ã�êõæSî�ãSâ�ãwßIêºÝsÝ$äÈã©âºÝ�ãwäºìuß�ãwé�èåÝèåìZúNÝsâ*éKìuî�ß�ð�ìuß�ê�Ü�ÝÐäºî�ñ�ìSí0ð�Þàä�ý
ê�ãSß�ásÝ$äs÷

ø�ßõêºÜ�ÝJá�ãSä[ÝNìSí�âºÝsãSâºâºãSß�æuÝ$ñ=Ý$ßIê`ð�Þàä[ê{ãwß�ásÝx�y�W_)8òãSß�ð�W_)i[8�Ü�ãZçSÝÿébÝsÝ$ßõê�ÞàæuÜ3ê�è�ë
èàÞåß�ûwÝsð!ä[Þåß�á$Ý*íAìSâ-â[Ý�ãSè�ý�äºÞU9sÝ$ð9ásãSäºÝ$ä�ê�Ü�Ýõö�âºìSöKìuä[Ýsð�ä[ìuèåî�ê�ÞåìSß�ä�íAìuâ�êºÜ�Ý*è·ãwê[ê�Ýsâ�âºÝ$èàë©ìuß
ä[î�ásá$Ýsäºä[ÞàçSÝ�ê�âºÞåãSß�æuî�è·ãwêºÞåìuß�ä��ÿãwß�ðiêºÜCî�äÊìußiêºÜ�Ý!ä[ìuèàçCÞàß�æôìwí�ê�Ü�Ý6íAìuâºñÝsâÞåßÎê�Ü�ÝWm�ý
æuÝ$ß�ìuñÝ9ásãSäºÝw÷ Û�úNì�Ý	��Þàä[êºÞåß�æôäºìSíùê�úÿãSâºÝ9ö�ãSá{û�ãSæuÝ$ä7VTY2ez�'m $ ãwß�ð{��|2J���Dd3y}����~� !�$

!



Þàñ=ö�èàÝsñÝsß3êõö�ãSâ[êºÞ·ãSè5ä[ìuèåî�êºÞåìuß�ä�ìSí��W_)8`÷`ø�ß�ð�ÝsÝ$ðt���W_=i)äºìSèàçuÝ$äÈê�Ü�ÝÐö�âºìué�èåÝsñ�íAìuâ
êºâºÞåö�èåÝsä�ìSíÿñ�î�èàêºÞåá{Ü�â[ìuñ=ìSäºìuñ=ãSè�æuÝsß�ìSñ=Ý$ä���ú/Ü�ÞåèàÝÈâ��kçSìuèåîo9$Ýsâ*á�ãSßòêºâºÝ�ã�êõñìuâ[ÝÈê�Ü�ãSß
mÏæuÝ$ß�ìuñÝsä���é�î�ê6ìuß�èàëiÞåß�ê�Ü�Ýüî�ß�Þåá{Ü�â[ìuñìuäºìuñ=ãSè�á�ãSä[ÝS÷^(ÿìwê�Ü ìSí*ê�Ü�Ýòö�â[ìuöbìuäºÝ$ð
ä[ìuèåî�êºÞåìuß�ä=ãwâºÝ6Ü�Ýsî�â[Þåä�ê�Þåá$äÐé�ãwäºÝsð ìußiêºÜ�Ý!ð�Ý
ê�Ý$á$ê�Þàìuß�ìSíN�næuìCì�ð:�&âºÝ
çuÝ$âºä�ãwèåä���ìSöKÝ$â�ã�ý
êºÞåìuß�ä*ê�Ü�ã�êÅãSâ[ÝÊæuî�ãSâºãSß3ê�Ý$Ýsð ê�ì!Þåñö�âºìZçuÝê�Ü�ÝÐäºìuèàî�ê�ÞàìußË÷!Û�Ü�Ý&æuÝsß�ìSñ=Ý$ä
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ãSâºÝ

â[Ý
ý¾ú/â[Þàê[ê�ÝsßÎä�ê�ÝsöUé3ëÏä[êºÝsöUé3ëUãSö�ö�è�ë�Þàß�æòâºÝ
çuÝ$âºä�ãwèåäÆî�ß3ê�Þàèÿê�úÿì�]ÍìSâÈê�Ü�â[ÝsÝCaÈìSí�ê�Ü�Ýsñ
ébÝsá$ìuñ=ÝÐÝsïIî�ãSèW÷òÛ�Ü�Ýsâ[Ý©ãSâºÝê�úÿì�ð�Þ�ó£Ý$âºÝsß�ásÝsäÅÞàß�ê�Ü�ÝÊö�âºìSöKìuä[ÝsðÏä[ìuèåî�êºÞåìuß�äs÷k�+Þàâºä�êq�
êºÜ�ÝÊð�Ý�*�ß�ÞàêºÞåìußôìSí�ú/Ü�ãwêÈásìuß�ä�ê�Þ�ê�î�êºÝsäÅã!æSì�ìCð âºÝ
çuÝ$âºä�ãwè0Þåäõß�ìSêÈÝ	��ãSá$êºèàëüê�Ü�ÝÊäºãSñÝS÷
j�Ý$ásìuß�ðt��ú/Ü�Ýsß9ß�ìÆæuìCì�ð©âºÝ
çuÝ$âºä�ãwèåä/âºÝ$ñÐãSÞàßt���`_=i]öbÝsâ�íAìuâºñä/ã

k
ý¾ð�Ýsö�êºÜ9ä[Ý�ãSâ[á{Ü9êºì

*�ß�ð!ãÅébÝsä[ê�â[Ý$çuÝ$âºäºãSè.��ú/Ü�ÞàèåÝ#â���çSìuèåîG9sÝsâ�ãSèàèåìZú/ä0íAìuâ�é�ãwá{ûIêºâ�ãSá{ûIÞàß�æ�÷
ø�ßiêºÜ�ÞåäÆö�ãwöKÝ$â��ÿúNÝ9ö�âºÝsä[Ýsß3ê�� vg� þÿø�R�j��Jãôß�Ý
ú ãSö�ö�âºìq��Þåñ=ãwê�Ý6ãSèàæuìuâºÞ�ê�Ü�ñ�íAìuâ

�W_)8°Þàß�ê�Ü�ÝÅæSÝsß�Ý$â�ãSèkásãSäºÝx��ê�Ü�ãwê³Þàä��£íAìSâ³ãSß�î�ß�âºÝ$ä[êºâºÞåá
ê�Ý$ðüßIî�ñ�éKÝ$â#ìSíÿñ�î�èàêºÞåá{Ü�â[ìwý
ñìuäºìSñÐãSè(æuÝ$ß�ìuñÝsä��Kú/Ü�ÞàèåÝ�Þàñ=ö�âºìZçCÞåß�æöKÝ$â[íAìuâ[ñÐãwß�ásÝ$ä�ìSí5Ý���Þàä[ê�Þàß�æ&ãSö�ö�âºì3ãwá{Ü�Ýsä#ìuß
â[Ýsä[êºâºÞàá$ê�Ý$ð&Þåß�ä�ê{ãSß�ásÝsä$÷5Û�Ü�Ý#ñÐãwÞåß�è�ëÆìuâºÞàæuÞåß�ãwèåÞàê�ëÈìSí�ìuî�â�ãSö�ö�âºì3ãwá{Ü&ÞåäÿêºÜ�Ý#ð�Ý�*�ß�ÞàêºÞåìuß
ìSí£ã³ö�âºìué�ãSé�ÞåèàÞåä�ê�ÞåáNß�ÝsÞàæuÜIéKìSâºÜ�ìCì�ðÅú/Ü�Þàá{Ü=Ý
çuìuè�çuÝ/ú/ÞàêºÜ�Þåßã³öKìuö�î�è·ãwêºÞåìußCý�é�ãSä[ÝsðÅèàì�ásãSè
ä[Ý�ãSâ[á{Ü�ãSá$ásìuâ[ð�Þåß�æÐê�ì©ìué�ä[Ýsâ�çSã�ê�ÞåìSß�ä�ñ=ãSð�ÝÈìußòêºÜ�ÝÅöKìSö�î�è·ã�ê�ÞåìSßË÷#Û�Ü�Þåä�ñ=Ý$á{Ü�ãSß�Þàäºñ
ãSèàèåìZú/ä�î�ä�ê�ìæuâ[Ý�ãwêºèàë&ãwásásÝ$èåÝ$â�ãwêºÝ³êºÜ�Ý*äºÝ�ãwâºá{Ü�ãwß�ð9Ý$ß�äºî�âºÝsä-ñ=ìSâºÝ³ásìuß3çSÝsâºæSÝsß�á$Ý��bÝsä�ý
öbÝsá$Þ·ãSèàèàëÆíAìuâ�âºÝsãSè�ìuâ�ä�ê�âºî�á$ê�î�âºÝsð9Þåß�ä�ê{ãSß�ásÝsä$÷

� ���P��� �/×&Ú��õÓ ���/Ó&Ö�� �z�EÕ`Ö������g�
v /��:����LM�C�C��LM�

π = (π1, . . . , πm)
Þåä�âºÝ$ö�âºÝ$äºÝ$ßIêºÝsð9éIë6ãÅä[ÝsïIî�Ýsß�ásÝ�ìwí+ä[Þåæuß�Ý$ð©æuÝsß�Ý

ñ=ãSâºûwÝsâ[ä©ú/Ü�ìuäºÝ�äºÞàæuß Þåß�ð�Þåá�ã�ê�ÝsäÊêºÜ�ÝsÞàâÊâºÝ$è·ãwêºÞàçSÝòð�Þåâ[Ýsá$êºÞåìuß ìSß êºÜ�Ý�á{Ü�âºìSñ=ìuä[ìuñÝS÷
v äºÞU9sÝ
ý

n
LS3:Dd�5�./��:����LM�C�C��L���DAK:���0��LM�

Π
Þåäð�Ý�*�ß�Ýsð ãSä=ãôä[Ý$ê=ìSí#á{Ü�â[ìuñìuäºìuñÝsä

{π1, . . . , πN}
äºî�á{ÜÊêºÜ�ãwê ∑

i |π
i| = n

÷b�!ãwâºûSÝ$âºä0ê�ãSûSÝ�êºÜ�ÝsÞàâNçwãSèàî�Ý�íAâ[ìuñ ê�Ü�Ý�äºÝ$ê0ìSí
ìuâ[ð�Þåß�ãSèåä

1, . . . , n � ß�ìÆæuÞàçSÝsß6ñÐãSâ[ûSÝ$â/ãSö�öbÝ�ãSâ[ä�Þàß©ñ=ìuâ[Ý�ê�Ü�ãwß9ìuß�Ý#á{Ü�âºìuñìuä[ìuñ=Ýw÷��ìuâkÝ	��ãwñ=ö�èàÝ��
{(5,−8), (1, 2,−10, 6, 4), (9), (−3, 7)}

Þåä�ã#æuÝ$ß�ìuñÝ�ìSí£ä[Þ-9$Ý �CQ ÷
ø�ß,�<m $ ��ásìSß�á�ãwêºÝsß�ã�ê�ÞåìSß&ìSí`ãSèåèbá{Ü�âºìSñ=ìuä[ìuñÝsäÿÞàä0âºÝ$ö�âºÝ$äºÝ$ßIêºÝsð9ãSä/ãÈäºÞàæuß�Ý$ð&öKÝ$âºñÈî�ê�ã�ý
êºÞåìußË÷
_#ÞàçuÝ$ß&ã�ä[Ý$ê0ìwí(äºÞ-9$Ý
ý

n
æuÝ$ß�ìuñÝsä

{Πi}
ãwß�ð&ãõæSÝsß�ìuñÝ�ð�Þåä[ê�ãSß�á$Ý-íAî�ß�á
ê�Þàìuß

d
��ãwß

Þàß�ä[ê�ãSß�ásÝ�ìSí�ê�Ü�Ý�ásìuñÈé�Þåß�ãwêºìuâºÞåãSèQñ=Þàß�ÞåñÞ-9sãwê�ÞàìußÈö�â[ìué�èàÝsñ
MGP

ÞåäNð�Ý�*�ß�Ýsð©é3ëÐê�úNì
Ý$èåÝsñÝsß3êºä

〈τn, φ〉



� ÷-ãäºÝsãSâºá{Üòä[ö�ãSásÝx�
τn

�básìuñöbìuäºÝ$ð�ìSíkêºÜ�Ý�ä[Ý$ê#ìSí�ãSèåè(öbìuäºä[Þåé�èàÝõä[Þ-9sÝqý
n
æuÝsß�ìuñ=Ý$ä��

ãwß�ð
! ÷-ãwß#ìué:�[Ýsá
ê�Þ�çuÝ�íAî�ß�á
ê�ÞåìSß

φ : τn → N
]O�C/������Ca£ð�Ý�*�ß�Ýsð*é3ë

φ(Π) =
∑

Πi
d(Π, Πi)

÷

m



v LM��+��5��� K:���0��LM�íAìuâõã!æuÞ�çuÝ$ß äºÝ
êÈìSí�æSÝsß�ìuñÝsä
{Πi}

Þåäõã!æuÝ$ß�ìuñÝ
Π
ê�Ü�ãwê

ñÞåß�Þàñ=ÞU9sÝ$ä
φ(Π)

÷b�kçuÝsâ�ë©ìuö�êºÞåñ=ãSè£ä[ìuèåî�êºÞåìußÊêºì
MGP

Þåä�ãÅñ=Ý$ð�Þ·ãwß&æuÝsß�ìSñ=Ýw÷

� � Ó Ö*Õ`Ú� õÚ$Ó��=�W¡òÖ=¡6ØP���#Ô(Ú$ÖõÓM¢o�7�=£s�/× �
ÖÙ¤�=�`£s�g�³Õ+Ùf� ¥�Ö*Õ
� ���

��ìuâ©ãSð�ð�âºÝ$äºäºÞàß�æ¦l[8+ý�ásìSñ=ö�èàÝ$êºÝüö�âºìué�èàÝsñä&èåÞàûSÝX�W_)8 Þåß ê�Ü�ÝüæuÝ$ß�ÝsâºãSè³á�ãSä[Ý ãSß�ð
â[Ý�ãSá{Ü�Þàß�æiãSásá$Ýsö�ê�ãSé�èåÝ�ä[ìuèåî�êºÞåìuß�ä&Þåß âºÝsãSäºìuß�ãSé�èåÝòêºÞåñÝ��-ãSö�ö�â[ìC��ÞàñÐãwêºÝ�ãSèåæSìuâºÞ�ê�Ü�ñä
ö�â[ìZç�Þàð�Ýòê�Ü�Ý�ñìuä[ê©ö�â�ãSá
ê�ÞåásãSè#ãSö�ö�âºì3ãwá{ÜË÷¨§�Ýüö�âºÝ$äºÝ$ßIê!ãÏöKìSö�î�è·ã�ê�ÞåìSß�ý�é�ãwäºÝsð èàìwý
ásãSè£ä[Ý�ãSâ[á{Ü!ãSèàæuìuâ[Þàê�Ü�ñ î�äºÞàß�æÆãSß&ìuâ[ÞåæuÞàß�ãSèbãSß�ð&Ý
çuìuèàî�ê�Þ�çuÝ#ß�Ý$ÞåæuÜIébìuâºÜ�ìCìCðÊâºÝ$ð�î�á$êºÞåìuß
ñÝsá{Ü�ãwß�Þåä[ñ íAìSâ�êºÜ�ÝÈâºÝ$äºìuèàî�ê�Þàìuß6ìSí2�W_)8 Þàß9êºÜ�ÝÈá�ãwäºÝÈìSíkâºÝ�ãwâºâ�ãwß�æuÝsñÝsß3ê�æuÝsß�ìSñ=Ý
ð�Þàä[ê�ãSß�ásÝ$äs÷5ø¾ê�æuÞ�çuÝ$ä0Ý���ásÝ$èåèàÝsß3ê/âºÝ$äºî�è�ê�ä0ÞàßÊê�Ýsâ[ñ=äÿìSí�ê�Ü�Ý#ïIî�ãwèåÞàê�ëìSí(êºÜ�Ý#äºìuèàî�ê�Þàìuß�äNÞàê
ìué�ê{ãSÞàß�ä���êºÜ�Ý³äºöbÝsÝ$ð9ìSí`ê�Ü�Ý³á$ìuñ=ö�î�ê{ãwêºÞåìuß0��Þàêºä0âºìSé�î�ä[êºß�Ýsä[ä��KãSß�ð6Þàêºä�äºá�ãwè·ãSé�ÞàèåÞ�ê�ëu÷

©gª¬«  ®�¯s°:±0¯s²2³µ´r¶�·r¸r¹GºO³G»�¼ ½�¸f¹�¾ ¿¦À
jCêºì�á{Ü�ãSä[êºÞåárR�ì�ásãSè:j�ÝsãSâºá{ÜM].jGR�joaf�<Á $ Þåä(ã�úNÝsèåè�ý�ûIß�ìZú/ß³ásèåãSäºä(ìSí�ñ=Ý
ê{ãSÜ�Ýsî�â[Þåä[êºÞåá$ä��"î�äºÝ$ð
íAìuâ�êºÜ�ÝNâ[Ýsä[ìuèåî�êºÞåìuß*ìSí�ñÐãSß3ë³ð�Þ��ásî�è�ê`á$ìuñÈé�Þàß�ãwêºìuâºÞåãSèSìuö�ê�ÞåñÞ-9sãwê�Þàìuß#ö�â[ìué�èåÝ$ñ=ä$÷ÂjGR�j
ãSèàæuìuâ[Þàê�Ü�ñ=ä�ãSâºÝ6ÞàêºÝsâ�ã�ê�ÞàçSÝ&ñ=Ý
ê�Ü�ìCð�äÅú/Ü�Þàá{Ü ä[ê�ãSâ[êÆíAâ[ìuñ ãSßUÞåß�Þ�ê�ÞåãSèÿá$ìußG*�æuî�â�ãwêºÞåìuß
]Aá�ãSß�ð�Þåð�ãwêºÝÆäºìuèàî�ê�Þàìußôìwíÿê�Ü�ÝÐäºÝsãSâºá{Ü�äºö�ãSá$ÝCa*ãSß�ð�Þàñ=ö�âºìZçuÝÆÞàê*é3ëüäºî�á$ásÝ$äºäºÞ�çuÝ&èàì�ásãSè
ñì�ð�ÞU*�ásãwê�Þàìuß�äs÷`ø�ß&ê�Ü�Þàä0äºÝ$á$ê�Þàìuß&úÿÝ³ð�Ý�*�ß�Ý*ãÅäºÞàñ=ö�èàÝ�ð�Ý$äºá$Ýsß3ê�ãwèåæuìuâ[ÞàêºÜ�ñ ê�ì��W_)8Â�
ú/Ü�Ý$âºÝx

� ÷/êºÜ�ÝÃ�������H�5��D�/����q?ÂK�34�F���5�.����Þåä0ê�ãSûSÝ$ß9íAâºìSñ

{Πi}
�

! ÷/êºÜ�ÝÄ��J���Dd3G���H�.���71	34�0/��5�.����Þåäõê�Ü�Ý&äºãSñ=Ý©ãwäÈê�Ü�Ý&ìué>�[Ýsá$êºÞàçSÝ©íAî�ß�á$êºÞåìuß
φ

Ðê�Ü�Ý

â[Ý�ãSâ[â�ãSß�æuÝsñÝsß3ê/ð�Þàä[ê{ãwß�ásÝ
d
�

m�÷/êºÜ�Ýc�0����K��G���������C��+N����D����5�.���õúNÝJásãSèåè
R1 Þåä�ã � ý¾ä[êºÝsö³âºÝsãSâºâºãSß�æuÝ$ñ=Ý$ßIê�
 R1(Π) =

{Π′ ∈ τn, d(Π, Π′) = 1}
�

n�÷/êºÜ�ÝLM��J��g���5�F�����.K�ÅÅÞàäÿã[?r�����5ÆÇ��L��@����J��c�C��D-��/��H�.���X]H�`ø¬a5ú/Ü�Þàá{ÜÊãSá$ásÝsö�ê�ä0ébÝ$ê[ê�Ýsâ
ãwß�ðÊÝsïIî�Þ�çwãSèåÝ$ßIêNásìSßG*�æuî�âºãwê�Þàìuß�ä�]Ç���5+:��ÆÇÈb��DB�ÆñÝsá{Ü�ãSß�Þåä[ñÉ�Gj:§ � � p $ a��CæuÞàçSÝsß&ã
ä[öKÝ$ásÞ�*�Ýsð6ßIî�ñÈébÝsâ/ìSí`Þàê�Ý$â�ãwêºÞåìuß�äw�@�����W÷

Û�Ü�Ý/öbÝsâ[íAìSâºñ=ãSß�ásÝÿìSíËã#ð�Ý$äºá$Ýsß3ê0ãwèåæuìuâ[ÞàêºÜ�ñ�Ýsä[äºÝsß3êºÞ·ãSèàèàëÈð�ÝsöbÝsß�ð�ä5ìußÅêºÜ�Ý/ß�ÝsÞàæuÜ�ý
ébìuâºÜ�ì�ìCðÅâºÝ$è·ãwêºÞåìußÈî�äºÝsð`� ����$ ÷kø�ß=ìSâºð�Ý$âkê�ì*ã�çuìuÞàðä[èåìZú�ö�âºìCásÝsä[äºÝ$äÿãSß�ð=èàì�ásãSè�ìuö�ê�Þåñ=ã

n



?

Initial configurations
candidates

Search space

Π1

Π2

Π3

Π4

Π∗

Π7

Π6

Π5

�+Þàæuî�â[Ý � 
Â_#ÝsìuñÝ$êºâºÞàáÿãSß�ãSèåìuæwë³ìSí��W_)8g
�ñÝsð�ÞåãSß�æuÝ$ß�ìuñÝsä�ãwâºÝNú/Þ�ê�Ü�ÞàßõêºÜ�Ýÿá$ìuß3çuÝ��
ÜIî�èàè+ìSí

{Πi}
Þåß9ê�Ü�ÝÅä[ö�ãSásÝÅìwíNæSÝsß�ìuñÝsä$÷�jCê{ãSâ�ê�Þàß�æÐê�Ü�ÝÈäºÝsãSâºá{ÜòíAâºìSñ ã

Πi

ìuß�ê�Ü�Ý
öbÝsâ[ÞåñÝ$ê�Ý$â0æuâ[Ý�ãwêºèàëÊâ[Ýsð�î�ásÝsä/ê�Ü�Ý*ä[Ý�ãSâ[á{Ü!ä[ö�ãSásÝw÷

ð�Þ��ásî�è�ê�ÞåÝ$ä��kúNÝ©î�äºÝ&ê�Ü�ÝÉ�`ø¬Ê=j>§ ä[ÝsèåÝ$á$êºÞåìußÏä�ê�â�ã�ê�ÝsæwëÏásìuñ�é�Þåß�Ý$ðÏú/Þàê�Ü êºÜ�Ý©è·ãSâ[æuÝ
ãSß�ð6ä�ê�âºãSÞåæuÜ3ê[íAìuâ[úÿãSâºð©ß�Ý$ÞåæuÜIébìuâºÜ�ì�ìCð

R1 ÷�+Þàæuî�âºÝ � äºÜ�ìZú/ä*ê�Ü�ãwêõásìSßG*�æuî�âºãwê�Þàìuß�ä#ê{ãwûSÝsßôíAâºìuñ
{Πi}

ñÐã�ëòébÝ=Þàß3ê�Ýsâ[Ýsä�ê�Þåß�æ
Þàß�ÞàêºÞ·ãSèCá�ãSß�ð�Þåð�ã�ê�Ýsä�íAìuâkêºÜ�Ý/éKÝ$æuÞåß�ß�Þåß�æ#ìwí£ê�Ü�Ý�ä[Ý�ãSâ[á{ÜË÷Jþÿìuß�ä[Þåð�Ý$âºÞàß�æ#ê�Ü�Ý/Ý$çwãSèàî�ãwêºÞåìuß
íAî�ß�á$ê�Þàìuß�ãwß�ð ê�Ü�Ý�ß�ÝsÞàæuÜIéKìSâºÜ�ìCì�ðiâºÝ$è·ãwêºÞåìuß

R1 �0ê�Ü�Ý!ð�Ý$äºásÝ$ß3ê&ú/Þåèåè/Ý	��ö�èåìuâ[Ý!ìuß�è�ëá$ìußG*�æuî�â�ãwêºÞåìuß�ä*íAâºìuñ�ê�Ü�Ý&äºá{Ü�Ý$ñÐãwêºÞåá&ãwâºÝ�ã9ð�ÝsèàÞåñÞàê�Ý$ð�é3ë�êºÜ�Ý
Πi

÷�ø¾í�êºÜ�Ý
Πi

ãSâºÝ
á$èåìuä[ÝÃ]AíAìuâÿÝ���ãSñö�èåÝ-ÞåßÊê�Ü�Ý�á�ãSä[Ý#ìSí�âºÝsãSèËãSö�ö�èåÞàá�ãwêºÞåìuß�ä�a��Iê�Ü�Ý$ß&ê�Ü�Ý�â[Ýsä[î�èàêºÞåß�æÈä[Ý�ãSâ[á{Ü
ä[ö�ãSásÝ³Þàä�äºÞåæSß�ÞU*�ásãSß3ê�è�ëÊâºÝ$ð�î�á$ÝsðË÷

©gª.Ë ÀW¹G¸fÌw´fÌwº�¶�º�°>³4º�±{Í�¸rÍ�Î�¶�´A³4º¬¸r²cÏ"Ìw´r°:¯s®�¶�¸c±0´r¶S°:¯s´f¹o±o»
Û�â�ãSð�Þàê�Þàìuß�ãSèàèàë��Cð�Ýsäºá$Ýsß3ê#ãwèåæuìuâ[ÞàêºÜ�ñ=äÿãSâºÝ³ä[Ýsß�ä[Þàê�Þ�çuÝ#ê�ìÝsÞ�ê�Ü�Ý$â�ä[êºì�á{Ü�ãwä[ê�Þàá#íÍãSá$êºìuâºä/ìuâ
Þàß�ÞàêºÞ·ãSè�ásìuß4*�æuî�âºãwê�Þàìuß�ä(ãSß�ðõásìuß�äºÝsïIî�Ý$ß3ê�èàë*ñ=ã�ë�ß�ìSê�ébÝ5äºîG�ásÞàÝsß3ê�ë*âºìué�î�ä[êsÐ-ê�Ü�ãwê�Þàä��
ð�Þ�ó£Ý$âºÝ$ßIê/Ý	��Ýsásî�ê�ÞåìSß�ä/ñÐã�ëÊð�ÞàçuÝ$âºæuÝ[ÐÊãSè�ê�Ü�ìSî�æuÜÐêºÜ�Ý�j:§ ñÝsá{Ü�ãSß�Þåä[ñ ãSß�ð©êºÜ�Ý³î�äºÝ
ìSí�ã-èåãSâºæuÝ�ß�ÝsÞåæSÜCébìuâ[Ü�ì�ìCð*á�ãSßõâºÝsð�î�ásÝJê�Ü�Þàä�ð�â�ã�ú/é�ãSá{ûQ÷ v ásìuññìuß�èàë�î�äºÝ$ðÈäºìSèåî�êºÞåìuß
Þàä�ê�ìÊöbÝsâ�íAìuâºñ äºÝ
çuÝ$â�ãSè�ð�Ý$äºá$Ýsß3ê�ä³íAâºìuñ ð�Þ�ó£Ý$âºÝsß3ê#Þàß�ÞàêºÞ·ãSè(á$ìußG*�æuî�â�ãwêºÞåìuß�äS]Íð�Þ�ó£Ý$âºÝsß3ê
���Ç�@Dd�./����5�.���G�ÊÞàß ãXLS3:Dd�5��Æ.���O���	�=+:���C/������#ö�â[ì�á$Ýsäºä�a
÷�ø�ß�æuÝsß�Ý
ê�ÞàáÐèåìCá�ãwèJä[Ý�ãSâ[á{ÜÎãSèåæSìwý
â[Þàê�Ü�ñ=ä���èåìCá�ãwèKä[Ý�ãSâ[á{Ü!ö�â[ì�á$Ýsäºä[Ýsä�ãSß�ð©á$âºìuä[äºìZçuÝ$âºä�ébÝ$ê�úNÝsÝ$ß!Ý$èåÝsñÝsß3êºä=]¬���@+���JC�5+�3G��DB��a
ìSíÿã&äºÝ
ê�ìuâ#ñ�î�èàêºÞåäºÝ
ê#ìSíNásî�â[âºÝ$ßIêõásìSßG*�æuî�âºãwê�Þàìuß�ä�]Ñ�����@34D����5�.���ta�ö�â[ìZç�Þàð�ÝÅÞåß3êºÝsß�ä[ÞU*�ý
ásãwê�Þàìuß©ãSß�ð6ð�ÞàçSÝsâ[äºÞU*�á�ãwêºÞåìuß©ö�Ü�ãwäºÝsä$÷
v èàì�ásãSèQäºÝsãSâºá{Ü&ö�â[ì�á$Ýsä[ä�ãSö�ö�èàÞåÝ$ðêºìÈñÐãwßIëÞàß�ð�ÝsöbÝsß�ð�ãSß3ê0â[Ýsö�èàÞåá�ã�ê�ÞåìSß�ä5ÞåäJäºìuñÝ
ý

êºÞåñÝsä�á�ãwèåèåÝ$ðãw�����@3:D����5�.����Æ¬�����C��+�D-�C/���DG�C������/��Ý$çuÝ$ßÐê�Ü�ìuî�æuÜÆê�Ü�Ý$âºÝ�ãSâ[Ý�ß�ìõÞàßIêºÝsâºãSá
ý
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êºÞåìuß6éKÝ
ê�úÿÝ$ÝsßòÞàß�ð�ÞàçCÞàð�î�ãSèàä)� � m $ ÷N6-Ý$âºÝ³úÿÝ�ð�ìÐß�ìwê�î�ä[ÝÈãSß3ë6ásâ[ìuäºä[ìZçuÝsâ�ìuöKÝ$â�ãwêºÞåìuß�ä��
é�î�êÈäºÞàñÈî�èåãwê�ÝãSßÏãwèàê�Ý$âºß�ã�ê�ÞàçSÝÐÝ
çuìuèàî�ê�Þàìuß�ãSâ�ë�ö�âºìCásÝ$äºäÈÞàß�ìuâ[ð�Ýsâ*ê�ìòãSá$ásÝ$èåÝsâºãwê�Ýê�Ü�Ý
ä[Ý�ãSâ[á{Ü�Ýsä-ãSß�ð©ê�ìÆñ=ãSûSÝ³ñÈî�è�ê�Þ�ý�ä[ê�ãSâ[êÿð�Ýsä[ásÝ$ßIêºä�ñìuâºÝ#á$ìuß3çuÝ$âºæuÝ$ßIês÷
§ôÝ�Þåß3ê�â[ì�ð�î�ásÝ5ã0ö�â[ìué�ãSé�ÞàèåÞàä[ê�Þàá`öbìuö�î�è·ãwêºÞåìuß�ý¾é�ãSä[Ýsð�èàì�ásãSèwä[Ý�ãSâ[á{Ü�ãwèåæuìuâ[ÞàêºÜ�ñ ú/Ü�Þåá{Ü

íÍã�çuìSî�âºä���ãwê�ÝsãSá{Ü©ä[ê�Ý$ö©ìSí(ê�Ü�Ý�ä[Ý�ãSâ[á{Üt��ê�Ü�Ý#äºÝsèàÝsá
ê�ÞåìSßÊìSí�ñ=ìSä[ê�öbÝsâ�ê�Þåß�Ýsß3ê�ß�Ý$ÞåæuÜIébìuâºä
� u�$ Þåß6âºÝ$äºöbÝsá$ê�ê�ìÆê�Ü�ÝõöKìuö�î�è·ãwêºÞåìuß£÷cjCêºâºî�á
ê�î�âºãSè(Þåß�íAìuâ[ñÐã�ê�ÞåìSß©ãSéKìSî�ê�ÝsãSá{Ü�Þàß�ð�ÞàçCÞàð�ý
î�ãwè�Þàä/î�äºÝ$ð!ê�ì=Ýsä[êºÞåñ=ãwê�Ý*ãÆäºÝ$èåÝsá
ê�Þàìuß!ö�â[ìué�ãSé�ÞåèåÞ�ê�ë&ãwê�ÝsãSá{Ü�ä[êºÝsö�ìwí+ê�Ü�Ýõä[Ý�ãSâ[á{ÜË÷/ø�ß
êºÜ�ÞåäÈö�âºìCásÝsä[ä��ÿãSèåèJâºÝ$ö�èåÞàá�ãwêºÞåìuß�ä�ãSâºÝ&ð�ÝsöbÝsß�ð�ãwßIê��Nú/Ü�ÞàèåÝÐêºÜ�Ý&ð�Ý$äºásÝ$ß3ê�ä=ãSâºÝ&ásãSâºâ[ÞåÝsð
ìuî�ê/äºÞåñ�î�èàê�ãSß�ÝsìSî�äºè�ëu÷

ø�ß&ê�Ü�Þàä0äºÝ$á$êºÞåìuß&úNÝ#ö�âºÝ$äºÝsß3ê�ãÈñÈî�è�ê�Þ�ý¾ä[ê�ãSâ[êNð�Ýsä[ásÝ$ßIê/íAìuâc�W_=8�÷G§ôÝ#î�äºÝ#ê�Ü�Ý#ð�Ý
ý
ä[ásÝsß3ê5ñÝsá{Ü�ãwß�Þåä[ñ ö�â[Ýsä[Ýsß3ê�Ý$ðÞàßÈäºÝ$á$êºÞåìußÃm�÷ � �uãSð�ð�Þàß�æ�ê�ì�Ý�ãSá{ÜÆß�Ý$ÞåæuÜIébìuâkã�ä[ÝsèàÝsá$êºÞåìuß
ö�â[ìué�ãSé�ÞåèåÞ�ê�ëu÷
R�Ý$ê
P
ébÝ�ê�Ü�Ý#öKìuö�î�è·ãwêºÞåìuß=ìSí�ìuî�â�öbìuö�î�èåãwê�Þàìuß�ý¾é�ãSäºÝ$ðÊð�Ý$äºásÝ$ß3êq��ú/Ü�Þåá{Ü©Þàß�ÞàêºÞ·ãSèàèàë

á$ìuß3ê{ãSÞàß�äÅÞåß�ð�ÞàçCÞåð�î�ãSèåä*ê{ãSûwÝsßÎíAâºìuñ
{Πi}

÷Il-ìZú èàÝ$êÅî�äÆá$ìuß�äºÞàð�Ýsâãòö�â[ìué�ãSé�ÞàèåÞàä[ê�Þàá
íAî�ß�á$ê�Þàìuß

p : τn× τn× τ
|P|−1
n → [0, 1]

�3ä[î�á{ÜÐê�Ü�ãwê
p(Π, Π′,P \{Π})

æuÞ�çuÝsäJã³äºÝ$èåÝsáqý
êºÞåìuß=ö�âºìué�ãSé�ÞåèàÞàê�ëÅìwí

Π′ ∈ R1(Π)
÷bj�î�á{Ü©ã�ö�âºìué�ãwé�ÞåèàÞåä[êºÞåá0íAî�ß�á$ê�ÞàìußÐÞàäÿïIî�Þ�ê�Ý�ä[ÞåñÞåèåãSâ

êºì³êºÜ�Ý�ìuß�Ý/î�äºÝ$ð=íAìuâ�ä[ÞåñÈî�è·ãwêºÝsðÆãSß�ß�Ý�ãSèàÞåß�æ³ñì"çSÝ/ä[ê�âºãwê�Ý$æSëu÷+Û�Ü�Ý-ð�ÞàóKÝsâºÝ$ß�ásÝ/Ü�Ý$âºÝ�Þåä
êºÜ�ãwê-ìuß�èàëÊéKÝ
êºê�Ý$â�ìuâ�ÝsïIî�Þ�çwãSèåÝ$ßIê-ß�Ý$ÞåæuÜIébìuâºä-ãSâºÝõãSá$ásÝsö�ê�Ýsðòé3ë©ê�Ü�ÝõñìZçuÝ�ä�ê�âºãwê�Ý$æSëy�
ú/Ü�Ý$âºÝsãSä³ß�ÝsÞàæuÜIéKìuâ[ä³ãSâºÝÅæSÝsß�Ý$â�ãwêºÝsðüéIëòã©ö�âºìué�ãwé�ÞåèàÞàê�ë6ð�Þåä�ê�â[Þåé�î�êºÞåìußÒ]��@�������Ó����Dd�-���H�./
�0����K��G���������C��+X� �y��$ aq÷-Û�Ü�ÝÈãSÞåñ Þàä-ß�ìwê�ê�ì=Ýsä[á�ãSöbÝ�ê�ì=èåìCá�ãSè(ìuö�ê�Þåñ=ãG��é�î�ê�ê�ìíÍã�çuìuî�â
ß�Ý$ÞåæuÜIébìuâºä0ú/Ü�Þåá{Ü6äºÜ�ãSâ[Ý³ö�âºìuöbÝsâ�ê�ÞàÝsä�ú/ÞàêºÜ6ìwê�Ü�Ý$â�Þàß�ð�Þ�ç�Þàð�î�ãSèàäÿÞàß

P
÷

Û�Ü�ÞàäJö�âºìué�ãwé�ÞåèàÞåä[êºÞåáÿíAî�ß�á$êºÞåìußÆÞåä5á$ìuß�ß�Ý$á$ê�Ý$ðÐê�ì#êºÜ�Ý-ß�ìSê�ÞàìußÆìSír�Ó+FÔ��:/����0/��.�����SêºÜ�ãwê
úNÝ³ð�Ý�*�ß�ÝõÞàß©êºÜ�Ý#ú0ã�ë6ãSß�ãSèåìuæSìuî�äÿêºìÕl-ãSð�ÝsãSî!ãwß�ð9Û`ã�ëCèåìuâ)� �"!"$ 

ÖP×ÓØAÙ�Ú�Û"Ú5Ü@ÙÞÝàßáÈ��%/����G�C��/�34�5��J�����D-��LM�������

πi

���@+
πi+1

��1N��/��:����LM�C�C��LM�
π ∈ Π�����w�����5+M�Ç�M����ãSð��ºãwásÝsß3êS���

Π âPã �)�0���Ç�=���:�-��Ó+FÔ��:/����0/�ÅÕ��Å (πi.πi+1) â
§ôÝ�ásìuß�äºÞåð�ÝsâÊãwð�ð�ÞàêºÞåìuß�ãSè/ãSð��ºãSá$Ýsß�á$ÞåÝ$ä&ãwêê�Ü�Ý�Ý	�Cê�âºÝ$ñ=Þ�ê�ÞàÝsäìSí³Ý�ãSá{Ü á{Ü�âºìuñìwý

ä[ìuñ=ÝÐéIë�Þåß3ê�â[ì�ð�î�ásÞàß�æ�ñ=ãSâºûwÝsâ Q ÷X��ìuâÈã�á{Ü�âºìuñìuäºìSñ=Ý
(π1, . . . , πm)

��ê�úNìôãwð��ºã�ý
á$Ýsß�á$ÞåÝsä-ãSâ[Ý�ãSð�ð�Ýsðt


(0.π1)
ãSß�ð

(πm.0)
÷¤l�ìSê�ÞàásÝ#ê�Ü�ãwê

(πi.πj) = (−πj.− πi)
ãSß�ð

(0.πi) = (−πi.0)
÷w�+Þàß�ãSèàèàëy��úÿÝÅß�ìwê�Ý

A(Π)
ê�Ü�ÝÈäºÝ
ê#ìSí5ãSèàè�ãSð��ºãSá$Ýsß�á$ÞåÝsä�Þåß

Π
÷[§ôÝ

Ü�ã�çSÝ
|A(Π)| = n + N

]
n
ÞåäÈêºÜ�Ý&ßIî�ñÈébÝsâÅìSí-ñÐãwâºûSÝ$âºäÆãSß�ð

N
êºÜ�Ý&ßIî�ñÈébÝsâÅìSí

á{Ü�â[ìuñìuäºìuñÝsä�a
÷
�5ãSá{Ü�ñìZçuÝM]ÍâºÝsãSâºâºãSß�æuÝ$ñ=Ý$ß3ê	a�é�âºÝsãSûIä�ìuß�ÝM]�*�äºäºÞàìußha�ìuâ/ê�úÿìW]ÍâºÝ
çuÝ$âºä�ãwè.�QíAî�äºÞàìußt�

â[ÝsásÞàö�âºìCá�ãwè�ê�âºãSß�äºèàì�ásãwê�ÞàìußhaãSð��ºãSá$Ýsß�á$ÞåÝsä$÷ Û�Ü�Ý�ö�âºìSé�ãSé�ÞàèåÞåä�ê�Þàá!ß�Ý$ÞåæuÜIébìuâºÜ�ìCìCð Ýsß�ý
á$ìuî�â�ãwæuÝsäJãSð��ºãwásÝsß�ásÞåÝ$ä�ú/Ü�Þåá{Ü=ãSâºÝ�ß�ìSêq�Iìuâ5ãSâ[Ý�èåÝ$äºä��Iâ[Ýsö�â[ÝsäºÝ$ß3ê�ÝsðÐÞåßÅê�Ü�Ý/öbìuö�î�èåãwê�Þàìuß
êºì�éKÝ=é�âºìSûSÝsß£÷�Û�Ü�ÝÊö�â[ìué�ãSé�ÞåèåÞàä[êºÞåáÅß�Ý$ÞåæuÜIébìuâ�ä[ÝsèåÝ$á$êºÞåìußôìuöKÝ$â�ãwêºÝsäÅãwäõíAìuèàèåìZú/ä�
ÈèàÝ$ê

p



Π′ ∈ R1(Π) � Þ�í φ(Π′) 6 φ(Π)
��ê�Ü�Ý$ß

Π′ â[Ýsö�èåãSásÝ$ä Π
Þåß
P
Þåß íAî�ß�á$ê�ÞàìußÏìSí/ê�Ü�Ý

ö�â[ìuöbìuâ[êºÞåìuß�ãwè£âºÝ$ö�âºÝ$äºÝ$ßIê�ãwê�Þàìuß6ìSí`êºÜ�Ý³é�âºìSûSÝsß9ãSð��ºãwásÝsß�ásÞåÝ$ä-Þàß
P \ {Π}




p(Π,Π′,P \ {Π}) = 1 −
|{Π′′ ∈ P \ {Π}, (A(Π) \ A(Π′)) ∩ A(Π′′) 6= ∅}|

|P| − 1

v èàæuìuâ[Þàê�Ü�ñ � ö�âºìZçCÞåð�Ýsä�ãSß*ì"çSÝsâºãSèåèSçCÞàÝ$úÏìSí�ìuî�â(ö�â[ìué�ãSé�ÞåèåÞàä[êºÞåá�öKìuö�î�è·ãwêºÞåìußCý�é�ãSä[Ýsð
ð�Ý$äºá$Ýsß3ê�úNÝ�ásãSèåèàÝsð7� vg� þÿø�RÂj&íAìuâwäá�����Âå��0/������Ç���MæO���q1q�������0/��Ççkès�����:Kké2����J����HK:�����
���@+%ê	������D�Dd��K:�����Aëá�C/���D0ìt������/��C÷
íPî�ï Ü@ð�Ú�Û"ñ�ò Ý
óô×:õtö�Ú�ð�×h÷

{Π1, . . .Πk}

Nã=äºÝ
ê�ìwí

k
ñ�î�èàêºÞåá{Ü�â[ìuñ=ìSäºìuñ=ãSèbæuÝsß�ìSñ=Ý$ä-ìSí+äºÞU9sÝ

n � l.k 
ê�Ü�Ý³ä[Þ-9sÝ³ìSí�ê�Ü�Ý*öbìuö�î�è·ãwêºÞåìuß � �@�����	
kê�Ü�Ý³ßIî�ñÈébÝsâ/ìSí`ð�Ýsä[ásÝ$ßIê�ÞàêºÝsâ�ã�ê�ÞåìSß�äs÷øùÙ�úqöáð"×@÷³ãwß9ãwö�ö�âºìq��Þåñ=ãwêºÝ#ñ=Ý$ð�Þ·ãSß&æSÝsß�ìuñÝ#äºÝ
ê
P̂î ×ÓÛ

P
éKÝÅêºÜ�ÝÆñÈî�èàêºÞåä[Ý$ê³ìSíJê�Ü�Ýásî�âºâºÝ$ß3ê�æuÝ$ß�ìuñÝsä³öbìuö�î�èåãwê�Þàìußt�£ú/Ü�Þàá{Ü�Þàß�ÞàêºÞ·ãSèàèàë

ásìuß3ê�ãSÞåß�ä
l
á$ìuö�ÞàÝsä�ìSí`Ý�ãSá{Ü

Πi

÷
î ×ÓÛ���3:LS���

← 0
ébÝ#ê�Ü�Ý³ßIî�ñÈébÝsâ/ìSí`öKÝ$â[íAìuâ[ñ=Ý$ð©èåìCá�ãSèKäºÝ�ãwâºá{Ü!Þ�ê�Ý$â�ãwêºÞåìuß�ä

û ñÂÚ î ×7��3:LS���wüý�@�����cþáÜÿ Ühð�� îHî
Π ∈ P

þáÜ
î Ü0Ü��
âºãSß�ð�ìuñèàë=äºÝ$èåÝ$á$ê

Π′ ∈ R1(Π)� ð"×����üú/Þ�ê�Ü©ö�âºìSé�ãSé�ÞàèåÞàê�ë
p(Π, Π′,P \ {Π})×:ÙÂþ î ÜtÜ��

Ú ÿ
φ(Π′) 6 φ(Π)

Û"ñá×:Ù
Π← Π′×:ÙÂþIÚ ÿ

×:Ù�þ ÿ Ühð
��3:LS���

←
��3:LS���

+ 1×:ÙÂþ û ñ�Ú î ×ð"×>ÛCö�ð�Ù
P̂ = argminΠ∈P φ(Π)
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��ìuâ-Ý���öKÝ$âºÞàñ=Ý$ßIêºä�úÿÝÆî�ä[ÝÅð�ÞàóKÝsâ[Ýsß3ê³ûIÞåß�ð�ä#ìSíJÞåß�ä�ê{ãSß�á$Ýsä�
�âºÝsãSè�ãSß�ðòâºãSß�ð�ìSñ ìuß�Ý$ä��
ú/Þ�ê�Ü©ð�ÞàóKÝsâ[Ýsß3ê�ßIî�ñÈébÝsâºä/ìSí`æuÝ$ß�Ýsä-ãSß�ð©á{Ü�â[ìuñ=ìSäºìuñÝsä/é3ë&æuÝ$ß�ìuñÝS÷
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k n ������� � "! #%$�& #%$�&('*)�+

∆
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