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Abstract

This article focuses on the mathematical problem of existence and uniqueness of
BSDE with a random terminal time which is a general random variable but not a
stopping time, as it has been usually the case in the previous literature of BSDE with
random terminal time. The main motivation of this work is a financial or actuarial
problem of hedging of defaultable contingent claims or life insurance contracts, for
which the terminal time is a default time or a death time, which are not stopping
times. We have to use progressive enlargement of the Brownian filtration, and to
solve the obtained BSDE under this enlarged filtration. This work gives a solution
to the mathematical problem and proves the existence and uniqueness of solutions
of such BSDE under certain general conditions. This approach is applied to the
financial problem of hedging of defaultable contingent claims, and an expression of
the hedging strategy is given for a defaultable contingent claim.

Key words: Progressive Enlargement of filtration, BSDE, Uncertain time
horizon, Defaultable contingent claims
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Introduction

In the present work, we study backward stochastic differential equations with
uncertain time horizon: the terminal time of the problem is a random variable
7, which is not a stopping time, as usually stated in the previous literature. In
our study, 7 is a general random variable. Hedging problems for defaultable
contingent claims fit into this framework, as the terminal time is a default
time, which is not a stopping time.

BSDEs were first introduced by E. Pardoux and S. Peng in 1990 [22]. These
equations naturally appear when describing hedging problems of financial in-
struments (see [8] for example). BSDEs with random terminal horizon were
introduced by S. Peng (1991) [23] in the Brownian setting, and by E. Par-
doux (1995) [20] for BSDEs with Brownian setting and Poisson jumps, and
were developed by R. Darling and E. Pardoux (1997) [6], P. Briand and Y.
Hu (1998) [5], E. Pardoux (1999) [21], M. Royer (2004) [24] among others.
The framework of all these studies extensively uses the hidden hypothesis that
the processes driven by the BSDE are adapted to the natural Brownian filtra-
tion (or Poisson-Brownian in cases with jumps). As the terminal horizon of
our problem is not a stopping time, the filtration that appears to be conve-
nient to work with is not the Brownian filtration F;, but the smallest filtration
that contains F; and that makes 7 a stopping time. This method is known
as progressive enlargement of filtration. It has been introduced in T. Jeulin
(1980) [15], T. Jeulin and M. Yor (1978,1985) [16, 17], and further developed
in J. Azema, T. Jeulin, F. Knight and M. Yor (1992) [1]. This framework
has been extensively used in default risk models, as the default time is not
a stopping time. Works on default risk models have been developed by C.
Blanchet-Scalliet and M. Jeanblanc (2004) [4], T. Bielecki, M. Jeanblanc and
M. Rutkowski (2004) [2], M. Jeanblanc and Y. Le Cam (2007) [12, 13]. Ex-
istence of solutions of BSDE under enlarged filtration has been studied by A.
Eyraud-Loisel (2005) [9, 10] for deterministic horizon, and by A. Eyraud-Loisel
and M. Royer-Carenzi (2006) [11] for random terminal stopping time, under an
initially enlarged filtration, as used for asymmetrical information and insider
trading modeling.

In a first part, we introduce the model. In a second part, the problem of
existence and uniqueness of the BSDE under enlarged filtration G is solved.
Last section is devoted to an application of previous results to hedging against
a defaultable contingent claim. We give an explicit hedging strategy in the



defaultable world, under traditional hypothesis (H).

1. Model

Let (2, IF, IP) be a complete probability space and (W;)o<:<r be a m-dimensional
Brownian motion defined on this space with Wy = 0. F = (F;)o<t<r denotes
the completed o-algebra generated by W.

We consider a financial market with a riskless asset Sp and m risky financial
assets S. Prices are supposed to evolve according to the following dynamics :

ds) =rSPdt, 0<t<T, (1)

dS; = i Sidt + Si(of,dW,;), 0<t<TVl<i<m, (2)

where 7; > 0 is the risk-free rate, bounded and deterministic, ! is the ith
component of a predictable and vector-valued map p : Q x [0, 7] — R™ and o!
is the ith row of a predictable and matrix-valued map o : Q x [0, 7] — R™*™.
In order to exclude arbitrage opportunities in the financial market we assume
that the number of assets is the same as the Brownian dimension. For technical
reasons we also suppose that

(M1) p is bounded and deterministic,

(M2) o is bounded, in the sense that there exist constants 0 < ¢ < K such that
el, < owof < KI, for all t € [0,T],

(M3) o is invertible, and o~! is also bounded.

where o is the transpose of o, and I,,, is the m-dimensional unit matrix.

In other words, we require usual conditions to have an arbitrage-free market
([18]), called the the default-free, and even complete market. These conditions
ensure the existence of a unique equivalent martingale measure (e.m.m.), de-

noted by P.

Suppose that a financial agent has a positive Fy-measurable initial wealth X
at time ¢ = 0. Her wealth at time ¢ is denoted by X;. We consider a hedging
problem, represented by a pay-off £, to be reached under a random terminal
condition, which is not a stopping time. It is the case for defaultable contingent
claims, where the terminal time is a default time. For example, an agent sells
an option with maturity 7', based on a defaultable asset. This type of contract



(defaultable contingent claim) generally leads to two possible payoffs: the seller
commits itself to give the payoff of a regular option, if default did not occur
at time 7', which will be represented by a Fr-measurable random variable V'
(for instance, V' = (Sp — K), for a european call option, but in general, V'
may depend on the paths of asset prices until time 7'); if default occurs before
time 7', the seller has to pay at default time a compensation C;, defined as the
value at default time 7 of an F;-predictable nonnegative semi-martingale C.
Then the final payoff at time 7 A T" has the general form :

5 =V 117'>T + CT HTST)

Default times are random variables that do not depend entirely on the paths
of some financial risky assets. They may have a financial component, but have
an exogenous part, which makes them not adapted to the natural filtration
generated by the observations of prices.
Nevertheless, they are observable : at any time, the common agent can observe
if default 7 has occurred or not. The information of an agent is therefore not
the filtration generated by the price processes (Fi)o<i<r, but is defined by
g = (gt)tE[O,T]a where

G =FVo(l.<), (3)

which is the completion of the smallest filtration that contains filtration (F3)o<t<r
and that makes 7 a stopping time. So the previous payoff belongs to the fol-
lowing space : & € Gra-. The problem is to find a hedging admissible strategy,
i.e. a strategy that leads to the terminal wealth X,,, = &.

Under G, the default-free market is not complete any more. The martingale
representation property has to be established under this new filtration. For
short, to be able to hedge against the random time, another asset will be
needed, in order to fill up the martingale representation property.

In financial defaultable markets, the payment of a contingent claim depends
on the default occurrence before maturity. Therefore another tradable asset
(or at least attainable) is often considered : the defaultable zero-coupon bond
with maturity 7', whose value at time t is p;, = p(t,T). This asset will give its
owner the face-value 1 if default did not occur before T'; and nothing otherwise.



If this asset is tradable on the market, an admissible hedging strategy will be
a self-financing strategy based on the non risky asset, the risky asset, and the
defaultable zero-coupon.

2. Solution of the BSDE under G

To avoid arbitrage opportunities, we work in a mathematical set up where
(F,TP) semi-martingales remain (G, IP) semi-martingales. This property does
not hold at any time. In context of credit risk, the good hypothesis consists
in supposing that 7 is an initial time; it is called Density Hypothesis, detailed
by M. Jeanblanc and Y. Le Cam in [13] and also by N. El Karoui et al. in [7].

Density Hypothesis : We assume that there exists an F; x B(R™)-measurable
function oy : (w,0) — ay(w, ) which satisfies

IP(r € dO|F,) :== a(0) db, IP — a.s.

Remark. For any 0, the process (a;(0)),, is an (F, IP) non-negative martin-
gale.

We introduce the following conditional probability
F,=Ep(l,«|F) = P(r <t|lF). (4)

We will always consider the right-continuous version of this (F, IP)-submartingale,
and we will also assume that F; < 1 a.s. V¢t € [0,7]. Define the F-predictable,
right-continuous nondecreasing process (Ft>t20 such that the process F — F is

a (F,IP)-martingale, denoted by (M/);>0. We denote by (¢));> the process
such that dM}" = o, dW;.

Under the Density Hypothesis, it is well known that

t
Ft:/ ay(s)ds
0



and that the process

tAT Oé(S)
M:H—/ (1—-H,)— ds
A 1— F,

is a (G, P)-martingale, where process (H;):>o is the defaultable process with
H, = 1., and process (\;)eo is defined by A, = 24 (see [3] and [13]).

1-F;

2.1. Representation theorem

In such a context any (F,IP)-martingale X is a (G,P) semi-martingale and
the process X defined by

- T d(X, F bd(x
X, = Xt_/ M_/ Mh:ﬂ 0<t<T  (5)
0 I Fs— tAT Qs (u)

is a (G, IP)-martingale (see M. Jeanblanc and Y. Le Cam in [14]).

(Wi)e>0 is a Brownian motion in probability space (€2, F,IP), and we denote

by W the associated Brownian motion under (€2, G, IP), defined by Equation

(5)-

For any v € R, let us define B2 = S? x ﬁi(W, P) x ﬁi(M, IP) where we denote
by :

° 83 the set of 1-dimensional G-adapted cadlag processes (Y;)o<i<r
such that ||Y]|2: = ]E]p< sup ¢? (A7) Yﬁw> < 00,
K 0<t<T
o Ei(W, IP) the set of all m-dimensional G-predictable processes (Z;)o<t<r

such that 12|17 = ([ e |22 ds) < oo,

v

o L’i(M ,IP) the set of all 1-dimensional G-predictable processes (U)o<i<r
such that [|U||*.. :]EIP( OTATe“’S|Us\2)\Sds) < 0.
L (p)

Y

Let recall a representation theorem established by Jeanblanc and Le Cam
under ”density hypothesis” (see theorem 2.1 [13])
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Theorem 2.1. For every (G,IP) martingale X, there exist two G-predictable
process 3 and v such that

dX; = v dW, + By dM,

Remark. If X is square integrable martingale, then the process v (respectively

3) belongs to ,C?/(W,IP) (resp. ,C?{(M,]P)).

2.2. FExistence theorem

Fix T > 0 and & € L2 (Grar).
The BSDE to be solved is the following :

TAT TNt B TAT
Y;f/\’r:g"“/ f(S,Ys,Zs,Us)dS—/ stWs_/ Udes, 0<t<T
t tAT

AT tAT
(6)
The aim of this section is to prove an existence and uniqueness result for this
BSDE stopped at G-stopping time 7' A 7. In the previous financial interpreta-
tion, this unique G-adapted solution (Y, Z, U), stopped at time 7, will represent
the unique portfolio that hedges the defaultable contingent claim.

Hypotheses on f and A :

e )\ is a non-negative function, bounded by a constant K ;
e fis a Lipchitz function such that there exist a constant K, satisfying
[f(s.y,2,u) = fs, 9,2 0) S K (ly — o] + [z = Z)) 4+ Asfu — '] (7)
Let us denote K = maz(K, Ks).
Definition 2.2.
Let us consider T > 0 and £ € [,2(9, Grar P). A (Q,G,P)-solution (or

a solution on (2,G,IP)) to equation (6) is a triple of R x R™ x R-valued
Yy, Zy, Ut)t20 processes such that

1. Y is a G-adapted cadlag process and (Z,U) € ES(W,]P) X ﬁg(M,]P),
2. On the set {t > T N1}, we have Y; =&, Zy =0 and Uy = 0,



3. Vre[0,T] and ¥t € [0, 7], we have
Yinr = Yonr + [o7 S (5, Y, 23, U) ds = [37 ZodW, — [T Uy dM.

t AT

Lemma 2.3.
Let & € EQ(Q, Grars P). If (Ya, Zi, Up)o<i<r is a (§2, G, IP)-solution of the BDSE
(6) as defined in the Definition 2.2, with [ satisfying hypothesis (7) and

TNAT
B ([ 16.000F ) <,
0

then
E < sup Yfm> < +00.

0<t<T

Proof.
The proof is given in Appendix. [J

We can now state the following theorem :

Theorem 2.4.
Let € € L2(Q,Grnr, IP) and f: 2 x [0, T]Xx RxR™ xR —> R be G-measurable.

If B (fOT |f(s,0,0,0)|2ds) < oo and if f satisfies condition (7), there exists
a unique G-adapted triple (Y, Z,U) € B2 solution of the BSDE:

TAT TAT B TAT
Yirr = §+/ £(5,Ys, Z, U,) ds—/ 7, dWS—/ U,dM,, 0<t<T.
t tAT

AT tAT

Proof.

We can adopt the usual contraction method using representation Theorem 2.1.
Let v € R. Recall that B2 = 87 x L’?{(W, IP) x Ei(M, IP). We define a function
P : B} — B3 such that (Y, Z,U) € B? is a solution of our BSDE if it is a fixed
point of ®.

Let (y,z,u) € BE. Define (Y, Z,U) = ®(y, z,u) with :

TAT

Vi—B(e+ [ fsmaziu)ds|6) 0<t<T,
AT

and processes (Z;)o<i<r € Eg(W,]P) and (Up)o<i<r € Eg(M,]P) obtained by
using martingale representation Theorem 2.1 applied to the square integrable

9



(G, IP)-martingale (N;)o<i<7 where N; = ]E(f + fOTM f(s,ys, 25, us) ds ’ gt).
Hence

TNAT B TAT
Nt/\T - NT/\’T - / Zs dWs - / Us dMsa
tAT

tAT

tAT AT
Y;f/\ﬂ— + / f<57y37237us) ds = f + / f<37y37257u3) ds
0 0
TAT B TAT
_ / Z dW, — / U, dM,.
tAT tAT

TAT TAT B TNAT
Yine = §+/ f(s,ys,zs,us)ds—/ stWs—/ Us dM;.
t tAT

AT tAT

Consequently

This means that (Y, Z,U) isa (Q, G, IP )-solution to Equation (6) with partic-
ular generator s — g(s) = f(s,ys, zs, us), which implies thanks to Lemma 2.3
that the triple (Y, Z, U) belongs to the convenient space B and consequently
map @ is well defined.

Next, for (y!, 21, ul) and (y?, 22, u?) in B2, we define (Y1, Z1, U') = ®(y*, 21, ul)
and (Y?, 2%, U%) = ®(y*, 2%, u?). Let (9, 2,0) = (y' —y? 2" — 2%, u' — ) and
(V.2,0) = (Y1 = Y2, 7' — 22, 0" — U?).
Then
R TAT
Voo = [ (bl = fls.p2 ) ds
t

AT

TNAT . B TNAT .
— / ZsdW, — / Us dM,.
tAT tAT

Let us apply Itd’s formula to process (e7? YtQ)ogth- Taking v = 4K?+2K +1,
it gives for any ¢ in [0,77] :

TNAT R . TNt .
]E(/ 675(}/52+||Z5||2)d3+/ e“/sUf)\Sds)
¢

AT tAT

1 TAT TNAT
< §]E </ e’ (s + ||28||2)ds+/ SO ds) .
0 0

10



And finally, with ¢ = 0,

TAT N . TAT .
]E(/ 678(1@2+y\zs|12)d5+/ e”sUsz)\Sds)
0 0

1 TAT TNAT
< 51E</ e (g§+|yzs|12)ds+/ e%agAsds).
0 0

Then @ is a strict contraction on B3 with norm

1
TAT 2

TNAT 2
|||<Y,Z,U>|||7:IE(/ e%(i@2+||zs||2>ds+/ eVSUzAsds)
0 0

We finally deduce that ® has a unique fixed point and conclude that the BSDE
has a unique solution. [J

3. Hedging strategy in the defaultable world with BSDE

3.1. Defaultable zero-coupon

After giving in Section 2 the results in a framework of initial times, we restrict
hereafter to consider the particular case where

ar(u) = ay(u), Yu<t

This case is equivalent to the hypothesis called immersion property or Hypoth-
esis (H).

Hypothesis (H). Any square integrable (F, IP )-martingale is a square inte-
grable (G, IP)-martingale.

Under this hypothesis, the process F'is continuous and Brownian motion W
is still a Brownian motion in the enlarged filtration. The results obtained in
the previous section are still satisfied, with W instead of W. As explained in
the introduction, we denote by IP the unique e.m.m equivalent to P on F.
According to section 3.3 in [4], when (H) holds on the historical probability,

11



as soon as the F-market is complete, the defaultable market is still arbitrage
free. (H) holds under any G-equivalent martingale measure IP¥ such that
Py, = K{ Py, with

AR = K/ (—0,dW, + ¢, dM;), 0<t<T,

where 6 = 07! (ju — r) denotes the risk premium and ¢ > —1.

The equation satisfied by K is obtained using a representation theorem for
all (G, IP) square-integrable martingales established by S. Kusuoka [19] under
hypothesis (H).

Let IPY be such a G-equivalent martingale measure. We have IPT@E = ]P|Of =
]13| 7. WY denotes the Brownian motion obtained using Girsanov’s transfor-
mation (since the coefficient in the Radon-Nikodym density associated to the
Brownian motion is always 6). We also introduce processes F'¥ and M¥ con-
structed in the same way as F' and M but associated to the probability IP¥
instead of IP. Note that process F¥ is continuous because 7 is still an initial
time with immersion property under IP¥ (see M. Jeanblanc and Y. Le Cam
in [13]). Then using Girsanov’s transformation, the (G,P¥)-martingale M
satisfies M = dM, — (1 — H;) (1 + ;) A dt.

Let (p¢)o<t<r be the discounted price of the defaultable zero-coupon bond and
R, the discount factor :

t
R, = exp(—/rsds), 0<t<T.
0

We obtain from Proposition 2 in [4] the following result :

Lemma 3.1.

~ ]lT ~
dp = - }f o AW — p-dM;, 0<t<T,
_F

Proof. (¢7")¢>0 comes from the representation of (F, IP)-martingale (m;)>o =
(]Elpo(RT L~r| ]—"t)) with respect to (F,P°)-Brownian motion W°.
0
]lT>t gb;n

As Vit €]0, T A7] pi- # 0, we can set ¢; = —_—.
] ]pt % t 1—FZ’£ pt_

12



Using Girsanov transformation, we obtain finally the dynamics of the default-
able zero-coupon under historical probability :

Proposition 3.2.
dpt = pt_ (a,t dt + Ct dVVt — th), (8)

where :
Ay = Tt + Qt Ct + (]_ _Ht*)d)t >\t' (9)

3.2. Wealth’s dynamic
3.2.1. BSDE formulation

Let Y; be the wealth at time ¢ of the agent. Suppose that she has o; parts of
the risky asset, d; parts of the riskless asset, and [, parts of the defaultable
zero-coupon bond. At any time ¢, we have :

Y, = atSt—l—ﬁtpr—l—(StS?. (10)

where «y, 3; and ¢§; are predictable.
The self-financing hypothesis can be written as :

dY;g = Oy dSt +ﬁt dpt _'_515 dS?,

which can be developed, for any ¢ in [0, T A 7], using (10) and the dynamics of
the three assets (2), (8) and (1). This yields to

dYy = (oupuSe+1 Yy —oury Sy — Byre pi- + Brag p-) dt
+ (a0 Sp + By ey p-) AWy — By pr— d M.

Then, denoting by Z; = ;05 + frce pi- and Uy = — (B pi—, we obtain a
BSDE satisfied by the wealth process Y; :
d)/t = —f(t,}/t,Zt,Ut)dt‘FthVVt+Utht, OStST/\T (11)
YT/\T - g
with f(t,y,z,u) = —riy — 0z + (ap — 10 — Oy ¢p) w.

Using (9), we obtain
flty,z,u) = —riy—0iz+ (1 — Hi-) i A\ u. (12)

13



This provides a BSDE with Gi-adapted coefficients. As F-Brownian motion W
is still a Brownian motion under the new filtration G, the previous stochastic
differential equation has a sense.

3.2.2. Application of Theorem 2.4

As condition (7) holds true, as 7,6 and A are bounded, and as f(s,0,0,0) =
0, the integrability condition on f under IP is also satisfied, Theorem 2.4
guarantees existence and uniqueness of the solution of the previous BSDE.

Proposition 3.3. There exists a unique solution of BSDE (11) with driver
(12), for all € € L (Grpr).

3.2.3. Explicit solution for the hedging strategy

When § =V 1,-7+ C; 1L.<p represents a defaultable contingent claim, we give
an explicit solution for the hedging strategy, given by the solution of (11) with
driver (12).

Theorem 3.4.
LetV € EQ(fT) and C' be a square integrable F-predictable process.

g - V ]]"T>T + CT H’TST

Let f: Q2 x[0,T] x Rx R™ x R — R be the G-measurable generator defined
by

fty,z,u) = —riy — 02+ (1 — Hi-) e M,
satisfying condition (7).
Then, under hypothesis (H), there exists a unique G-adapted triple (Y, Z,U) €
B3 solution of the BSDE :

TAT TAT TAT
Yirr = §+/ £(5,Ys, Z, U,) ds—/ 7, dWS—/ U,dM,, 0<t<T.
t tAT

AT tAT
(13)
Moreover
af +a)
R(1—FY)

t )

14



and
Uy = Cy — Ry "Epe(R.C1|Gi-) — Ry B (ReV Ly, |Gi),

where (af)>o comes from the representation of (F,PY)-martingale

(Epe (5 RCLAFYF) ) and (0 )iso from (Epo(ReV Leor | 7))

Proof.
Let us consider the discounted process (R;Y;)o<i<r. We have

Rt/\T }/t/\r - ]E]Pw (RT/\’T €|gt)

We compute separately the conditional expectation of R.C l,<p and Ry V llp.,.
Let Xtc = ]E]Pw (RTCT HT§T|gt).

From Proposition 3 in C. Blanchet-Scalliet and M. Jeanblanc [4], we have

tAT 1 tAT
Xe=xg [ Caws s [ (RO~ XMy, (1)
o PYr>s|F) 0

where (af);>¢ comes from the representation of the (F,P¥)-martingale
(]Elpw (fooo R,C, dFS|E) ) with respect to (F, ]Pw)-Brownian motion W0.
>0

For the second term, X} = Epy(RrV lr.,|G,) is a (G, IP¥)-martingale and
can be represented as follows :

tAT 1 tAT
X/ = XOV+/ al dW? —/ XY dmy?, (15)
o PYr>s|F) 0

where (a} );>o comes from the representation of the (F,P¥)-martingale
(]EHW(RTV Lsr | ]:t)> with respect to (F,P¥)-Brownian motion W°.

>0
Summing (14) and (15), we obtain RZ, = alc_%“;/ and R,U, = R,Cy — XSC_ —
XV S
Since X} and XC are square integrable, Z € Lo(W,P). Using Theorem 2.4,
(Y, Z,U) is the unique solution of BSDE (13) in &% x L3(W,IP) x L3(M,1P).
U

Remark. By solving BSDEs, we detailed a new approach to find the same
results as those stated in C. Blanchet-Scalliet and M. Jeanblanc [4], as a special

15



case of the last Theorem.

4. Conclusion

This article has presented a new BSDE approach to finding hedging strategies
in a defaultable world. Results have been obtained for a large panel of hedging
payoffs, and under general assumptions. The hedging portfolios have been
expressed in term of a solution of a backward stochastic differential equation.
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Appendix : Proof of Lemma 2.3
Let (Y, Zt, Up)o<i<r be a solution of (6) :

TNAT TAT B TNAT
Yinr, =&+ f(s,Ys,Zs,Us)ds—/ stWs—/ UsdMg, 0<t<T.
tAT tAT tAT
Let us consider v € R. Apply Itd’s formula to the process (7' Y}?) >0 between
tANTand T'AT.

e'y(t/\T) Yfm _ e’y(T/\T) 52 o ,Y/
t

AT

TNAT
ooVds 2 [V f(s Y2 U ds

tAT

TAT

TNAT _ TAT
—2/ e?Y, Z,dW, — 2/ e”Y,_ UsdM,
t

AT tAT
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TNAT
—/ N Z|ds — > e*UZAH,.
t

AT tANT<s<TNAT

Then
TAT
SINE oy [ enyias
tAT
TNAT
< ST @2 4o / Y, [(5, Y, Zo, Us) ds
AT

TAT _ TAT
—2/ eVSYSZSdWS—Q/ Y, U, dM, .
t

AT tAT

TAT TAT

6"/(T/\T) §2 + / e’ |f($,0,0,0)|2d$ + (1+3K+K2) / e‘/s}/SQdS
tAT

AT
TNT TNT
+ / e || Z,||” ds + / e U? N, ds
¢

AT tAT

IN

TAT B TAT
—2/ Y, Z,dW, — 2/ e’ Y- UgdM,.
t

AT tAT

Choosing v > 1 + 3K + K? and taking the supremum under 0 and 7" and the
expectation, we obtain

TNAT
]E< sup €77 Yfm) < JTE(E) +TE </ |f(870,070)\2d5)
0

0<t<T
TNAT TNT
+1E (/ e’ ||ZS||2ds) + [E (/ e U? )\Sds)
0 0
TNAT 1/2
raCma ([ e vzizias)
0
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TNAT 1/2
+4Cppc E ((/ e Y2 UZd[M, M]s) )
0
TAT
< JTE(E) + TE ( / |f(s,0,0,0)|2ds)
0

2 TNAT
+ (14 2 cune) e ([ 127 0s)
0

+4eCppae’ E < sup (Y;QAT))

0<t<T
2) TAT TAT
+—CBDG€7T]E</ de[MaM]s) +67T]E</ Ufksds) ;
€ 0 0

for any € > 0.

Notice that d[M,M], = (AH,)*> = AH, = dH, = dM, + (1 — H,) \,ds, so

applying the standard procedure of localization, one has

TAT TAT
]E(/ de[M,M]S) = IE(/ Uf)\sds) :
0 0

. . 1 .
Choosing ¢ = gz——r, we obtain

1 TAT
s (s v2) < o mE) o m ([ ire000rs)
2 0<t<T 0
. 1 TNAT ) T 1 ThT 9
+ T+ E 1Z||?ds | + (e + = | IE U; A ds
4 0 4 0
< 400
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