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Hedging of Defaultable Contingent Claims using BSDE
with uncertain time horizon.

Christophette BLANCHET-SCALLIET!, Anne EYRAUD-LOISEL?, Manuela ROYER-CARENZI®

25th November 2008

Abstract

This article focuses on the mathematical problem of existence and unique-
ness of BSDE with a random terminal time which is a general random variable
but not a stopping time, as it has been usually the case in the previous litera-
ture of BSDE with random terminal time. The main motivation of this work is
a financial or actuarial problem of hedging of defaultable contingent claims or
life insurance contracts, for which the terminal time is a default time or a death
time, which are not stopping times. We have to use progressive enlargement of
the Brownian filtration, and to solve the obtained BSDE under this enlarged
filtration. This work gives a solution to the mathematical problem and proves
the existence and uniqueness of solutions of such BSDE under certain general
conditions. This approach is applied to the financial problem of hedging of de-
faultable contingent claims, and an expression of the hedging strategy is given
for a defaultable contingent claim or a life insurance contract.
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Introduction

In the present work, we study backward stochastic differential equations with uncer-
tain time horizon : the terminal time of the problem is a random variable 7, which
is not a stopping time, as usually stated in the previous literature, but a general
random variable. Hedging problems with random variables as terminal time are
among possible application fields : for example defaultable contingent claims or life
insurance contracts fit into this framework, as the terminal time is a default time or
a death time, which are not stopping times.

BSDEs were first introduced by E. Pardoux and S. Peng in 1990 [23]. Such equa-
tions are frequently used, and have a large panel of application areas, especially in
mathematical finance. They also appear in several cases such as stochastic control
(see S. Peng [25], N. El Karoui, S. Peng and M.C. Quenez [10], and X. Zhou and
J. Yong [27]) or problems linked with PDEs (see E. Pardoux [21] and G. Barles,
R. Buckdahn and E. Pardoux [2]). BSDEs are useful in our framework since these
equations naturally appear when describing hedging problems. As we study hedging
of contingent claims with random exercise time, we have to model it with BSDEs
with random terminal time. Such equations were introduced by S. Peng (1991) [24],
and developed by R. Darling and E. Pardoux (1997) [9], P. Briand and Y. Hu (1998)
[8], E. Pardoux (1999) [22], M. Royer (2004) [26] among others, and by E. Pardoux
(1995) [20] for BSDEs with jumps and random terminal time.

As the terminal horizon of our problem is not a stopping time, the filtration that
appears to be convenient to work with is not the Brownian filtration F;, but the
smallest filtration that contains F; and that makes 7 a stopping time. This method
is well-known as progressive enlargement of filtration. It has been introduced in T.
Jeulin (1980) [15], T. Jeulin and M. Yor (1978,1985) [16, 17], and further developed in
J. Azema, T. Jeulin, F. Knight and M. Yor (1992) [1]. This framework has been used
in default risk models, as the default time is not a stopping time. Works on default
risk models has been developed for example in C. Blanchet-Scalliet and M. Jeanblanc
(2004) [7], T. Bielecki, M. Jeanblanc and M. Rutkowski (2004) [3], M. Jeanblanc and
Y. Le Cam (2007) [14]. A useful representation theorem in this framework is given
in S. Kusuoka (1999) [18]. Existence of solutions of BSDE under enlarged filtration
has already been studied by A. Eyraud-Loisel (2005) [11] for deterministic horizon,
and by A. Eyraud-Loisel and M. Royer-Carenzi (2006) [12] for random terminal
time (stopping time), but only under an initially enlarged filtration, as used for
asymmetrical information and insider trading modeling.

In a first part, we present the financial and actuarial motivation of this work and
introduce several notations. In the second part, the problem of existence and unique-
ness of the BSDE under the enlarged filtration G is solved. The last section is devoted
to an application of the previous results to hedging against a defaultable contingent
claim. We give an explicit hedging strategy in the defaultable world, under tradi-
tional hypothesis (H).



1 Financial motivation

Let (St)o<t<t be the price process and (Fi)o<i<r the filtration generated by the
price processes.

Suppose that an agent has to hedge against some contract with random terminal
condition, where the random terminal condition is not a stopping time. It is the
case for defaultable contingent claims, where the terminal time is a default time,
or for a life insurance contract, where the terminal time is a death time . Let us
give an example : an agent sells an option with maturity 7" based on a defaultable
asset (defaultable contingent claim). This type of contract generally involves two
different kind of possible payoffs : the seller commits itself to give the payoff of a
regular option, if default did not occur at time 7', which will be represented by a
Fr-measurable random variable V' (for instance, V' = (S — K)4 for a call option,
but in a more general case, V may depend on the paths of one or several asset prices
until time 7). If default occurs before time T, the seller has to pay a compensation
C; at time 7, which is in the financial case generally a constant, but may depend
on the paths of the risky assets strictly before default time : C € F.-. The final
payoff the agent wants to hedge at time 7 AT has the following general form :

5 = VHT>T+CT ]ngra

This kind of payoff may also be used for life insurance hedging problems : in the
case of a life insurance contract seller (or the owner of a life insurance portfolio), the
default time will be the death time of the policyholder, or the minimum of several
death times, in the case of an entire portfolio. The seller of the contract promises to
give either a pension in case of death does not occur before maturity of the contract
(in that case, the pension can be represented by its present value at time 7', which
is a conditional expectation with respect to Fr and so may also be represented by a
random variable V' € Fr), and a compensation at death time if death occurs before
time T, represented by a random variable C; € F_-, constant in the most simple
case, or which may depend on some financial aspects strictly until death time.

Finally, in both applications, payoff £ consists in a Fpr-measurable random variable
V', to hedge at maturity 7 if 7 has not occurred at time 7', and a compensation C,
payed at hit (at default/death time) in case of default (or death) occurs before T'.
The hedging terminal time is T' A 7.

Default times, as well as death times, are random variable that do not depend
entirely on the paths of some financial risky assets. They may have a financial
component, but have an exogeneous part, which makes them not adapted to the
natural filtration generated by the observations of prices.

Nevertheless, they are observable. So we suppose that at any time, the agent can
observe if default 7 has occured or not, which is quite natural to suppose for default
times as for death times. So the information of an agent is not the filtration generated
by the price processes F, but is defined by

G = FVol<),



which is the smallest filtration that contains filtration F; and that makes 7 a stopping
time. So the previous payoff belongs to the following space :

€ € Frar Vo(T) = Grar.

The problem is to find a hedging admissible strategy for this defaultable contingent
claim, i.e. a strategy that leads to a terminal wealth X7, = & An admissible
hedging strategy will be a self-financing strategy based on the non risky asset, the
risky asset, and the defaultable zero-coupon.

Let us write what this means. Following the notations of C. Blanchet-Scalliet and
M. Jeanblanc [7], let us first introduce the following conditional probability denoted
by Fj:

B =Ep(l-<|F) = P(r<tF). (1)
We will always consider the right-continuous version of this (F,IP)-submartingale.

Suppose that the dynamics of the price .Sy at time ¢ of the risky asset is the following
(for simplicity reasons, we will only consider the case where there is only one risky
financial asset) :

dSt = MtSt dt + O'tSt th, 0 <t< jﬂ7 (2)

where W, is a one-dimensional Brownian motion under IP, and (F;)o<i<r is its
natural filtration.

We will suppose, as in [7] that there exists at least one probability equivalent to
IP on F under which the discounted price process is a martingale (there exists an
equivalent martingale measure), so that the default-free market is arbitrage free.
We will also consider here that this probability is unique, so that the default-free
market is complete (o invertible and £(o~'W) integrable). We denoted by IP this

unique equivalent martingale measure (e.m.m.) on F

The riskless asset follows the dynamics :
dsp =rSPdt, 0<t<T. (3)

Let R; be the discount factor :

t
R, = exp(—/rsd,S), 0<t<T.
0

Then the price of the riskless asset has the following form :

t
S? = exp</rsd5>, 0<t<T.
0

Even if the default-free market is complete under filtration (F;)o<i<r, it is not
complete under (G;)o<t<r any more (the martingale representation property does



not held in the same way, we need another martingale representation theorem). In
short, to be able to hedge against the random time, another asset will be needed,
that will appear in the martingale representation property.

In fact, in financial defaultable markets there is often another tradable asset (or at
least attainable) : the defaultable zero-coupon bond with maturity 7', whose value
at time t is p(¢t,T') : this asset gives its owner the payment 1 if default did not
occur before T', and nothing otherwise. For more convenience, we will always denote
p(t,T) by py, without specifying maturity 7.

Two different cases will appear : whether this defaultable zero-coupon bond is trad-
able on the market or not. For instance in an insurance problem, there aren’t any
defaultable zero-coupon bond that is possibly traded, whereas in the financial set-
tings, it may be attainable.

2 BSDE under g

Let IP denote a general probability measure. Consider a standard one-dimensional
Brownian motion W, and its natural filtration F. Define the F-predictable, right-
continuous nondecreasing process (F});>o such that the process F — F is a (F, IP)-
martingale.

Denote gy (H¢ = 1l;<¢)t>0 the defaultable process and define the F-predictable,
right-continuous nondecreasing process (A;):>o such that the process M, = H;—A,,,
is a (G, IP)-martingale. Process M is called the compensated process of H.

Proposition 2.1 Process A exists, is well defined and satisfies
dE;
1—-F-"

dA, t>0.

Proof. See Lemma 8.7 in [6] for the proof. [

2.1 Representation theorem

For simplicity reasons, we consider a one-dimensional Brownian motion, but all
proofs can be adapted to the multi-dimensional case, and all results remain true.

In M. Yor [28], the decomposition of (F,IP)-martingales in filtration G is given by
the pfollowing proposition.

Proposition 2.2 If X is a (F,IP)-martingale, there exists a (G,IP)-martingale X
such that

Xy = X /Wd(X’FM 0<t<T
tAT — AT 0 11— FS— ’ =t = .



In the case where filtration F is generated by a Brownian motion W, M. Yor et al
established in [1] a representation theorem for G-martingales.

For any v € R, let us define B2 = S2 x ,C,QY(W, IP) x Eg/(M, IP) where we denote by :

° 8,3 the set of 1-dimensional G-adapted cadlag processes (Y;)o<i<7 such that
1V ls2 = EP(O?ET &) [Yi2) < o0,

. E%(W, IP) the set of all m-dimensional G-predictable processes (Z;)o<¢<7 such
that [12)%e =B ([T €712 ds) < oo,

~y )

. ,C,QY(M,IP) the set of all 1-dimensional G-predictable processes (Uy)o<t<7 such
2 _ TAT ~s 2
that U172 IE1p< AT s || dAS> < .

)

Theorem 2.3 Any (G,1IP) square-integrable martingale stopped in T can be written
as a sum of two (G,IP) square-integrable orthogonal martingales

_ tAT B tAT
XMT:/ stWs+/ UsdM,, 0<t<T,
0 0

where IE(/ 1Z,|? ds> < o0 and IE(/ |Us|2dAS> < 00.
0 NJo
This decomposition, is unique in L5(W,TP) x Lg(M,1P).

Proof.

e Existence : The proof is stated in [1]. In this paper, the integrability condition

on U is -
IE(/O |US|2dFS) < .

But one has

IE(/OOO|US|2dAs) gIE(/OOO|US|2dFS) < 0.

e Uniqueness : Let X be a square-integrable G-martingale stopped in 7. Suppose
that there exist (Z,U) and (Z,U) in La(W,P) x L(M,IP) such that

tAT _ tAT
Xipne = / ZsdW, + / U, dM,
0 0

AT _ tAT
= / Zo dW, + / U, dM,.
0 0



So
tAT R B tAT R
0:/ stWS+/ U, dM,,
0 0

where Z =27 —Zand U =U —U.

INT _ INT
0 = IE (/ stWs)2+(/ UdeS)Q]
0 0

tAT
- / 1Z:|[Pds + > U AH,
0 0<s<t

tAT R tINAT R
_ ]E/ HZSHst—i—/ \USRdHS}
0 0

tnT tAT tAT
= | [ iziass [0+ [0
0 0 0

This leads to

tAT . tAT R
0 = E (/ ||ZS||2ds> +1E (/ |US|2dAS> ,
0 0

and uniqueness is clear in £3(W,1P) x Lg(M,1P).

O

2.2 Existence theorem

Fix T > 0 and ¢ € L*(Grar). (Wi)i>0 is a Brownian motion in probability space

(Q, F,IP), and we denote by W the associated Brownian motion under (2, G, IP).

Consider process A as defined in Proposition 2.1. In addition we assume that it is a
continuous process, not necessarily absolutely continuous. So we suppose that

dA; = Ndt + dAS.

The BSDE to be solved is the following :

TAT TAT TNAT
YMT:£+/ f(s,YS,ZS,US)ds—/ ZsdW, — UsdM,, 0<t<T. (4)
tAT tAT tAT
The aim of this section is to prove an existence and uniqueness result for this BSDE
stopped at G-stopping time 7' A 7. In the previous financial interpretation, this
unique G-adapted solution (Y, Z,U), stopped at time 7, will represent the unique
portfolio that hedges the defaultable contingent claim.

Hypotheses on f and A :



e fis a Lipchitz function such that there exist a constant K satisfying
|f(s,y,2,u) = f(s,0/, 2 )| < K(Jly =9/ | + ||z =) + As Ju =], (5)
where 0 < )\ < K.
Definition 2.4
A (Q,G,IP)-solution (or a solution on (Q,G,IP)) to equation (4) is a triple of R x
R™ x R-valued (Y, Zt, Ut)>( processes such that
1. Y is a G-adapted cidlag process and (Z,U) € Lo(W,P) x LE(M,TP),
2. On the set {t > 7}, we have Yy =&, Z; =0 and Uy = 0,
3. Vr>0,Vtel0,r], we have
Yine = Yonr + ftrA/\TT f(s,Ys, Zs,Us) ds — tTAATT ZsdW, — LﬁTrT Us dMs.

Corollary 2.5
Let € € L2, Grar, IP). If (Yi, Zy, Up)o<i<r is a (2, G,P)-solution of the BDSE (4)
as defined in the Definition 2.4, with f satisfying hypothesis (5) and

TNAT
([ 15.0.00P ) < o
0

then
E ( sup |Y}|2> < ~00.
0<t<T
Proof. Let (Y;) be a solution of (4) :
TAT TAT B TAT
YMT:§+/ f(s,Ys,Zs,Us)ds—/ Zy dW, — UgdM,, 0<t<T.
tAT tAT tAT

Let us consider v € R. Apply It6’s formula to the process (e7'Y;?) between ¢ A T and
TNAT.

TAT TAT
e’y(t/\T) Yg\q— _ e’y(T/\T) 52 _ ’7/ e YSQ ds — 2/ %Y, dY,
AT tAT
TNAT
_ / A Y] - Y (Y] YR -2V, AY,)
t

AT tINT<s<TAT

TAT TAT
_ o2 7/ Y2 ds — / 1 26|12 ds
tAT tAT
TAT B
- > PUIAH, - 2/ Y, Zy dW,

tINT<s<TAT tAT

TAT TAT
—2/ eVY,UgdMg + 2/ Y, f(s,Ys, Zs,Us) ds.
t

AT tAT



Then

TAT TAT
SV 4y / Y2 ds + / N Z|*ds + Y UL AH,
AT AT tANT<s<TAT
TNAT B TAT
_ e'y(T/\T) 52 . 2/ Vs Y; Zs dWS — 2/ e’ Y; USdMS
tAT tAT
TAT
+2/ e Ys f(s,Ys, Zs, Us) ds.
tAT
Hence, for any n,e,6 € R,
TAT TAT TNt
DCNyE o [ Tervzas s [ e mipas+ [ omvzan, + an,)
tAT tAT tAT
TNAT B TNAT
< e V(TAT) 52 - 2/ VY, ZgdWy — 2/ e’ Yy Ug dMj
tAT tAT
TNAT TAT
+2/ 1% |Va| [£(5,0,0,0)| ds + 2/ 0 \Va| (K |Ya| + K | Zs] + A |Us] ) ds
tAT AT
TNAT B TNAT 1 TAT
< e’\/(T/\T) 52 _ 2/ evs Y, Z,dW, — 2/ e’ Y, UsdMg + — / e’ ‘f(sa 0,0, 0)‘2 ds
tAT tAT 0 AT
TNAT 1 TAT 1 TAT
+ / |V, (042K +eK? + 1K) + = / e[| Z|* ds + —/ ¢ UZ As ds.
tAT € tAT N Jinr

This yields to

TAT TAT
1
e'y(t/\ﬂ—)yﬁw + (")/—5—2K—€K2_77K)/ e‘/sy—jds + (1—;)/ e“/s”Zs”QdS
t

tAT AT
1 TNAT TNAT TAT
- (1 - —>/ U2 N ds + / UL dAS + / U dM,
n tAT tAT AT

< eyl

TNAT TAT B TAT
< 5/ e’ £(5,0,0,0)|*ds — 2/ Yy Zy dW, — 2/ e Y, Uy dM,.
t

AT tAT tAT
Choose e =n =08 =1, and v > 1 + 3K + K?. Taking the supremum under 0 and 7'
and the expectation, we obtain

TNT
E ( sup V("7 Yfm) + E ( sup / eV U2 dMs>
0<t<T 0<t<T Jinr

TNAT
< mere) s m( [0 0008 )
0

oo

tAT B TAT B
+2IE [ sup / eV Y, Zg dW / eV Y, Zg dW
0 0

0<t<T

)



tAT TAT
+2IE | sup / e?Ys Us dMs / e Y, Ug dM,
0 0

0<t<T

o

).

Moreover,

TNAT
E ( sup Yf) < E ( sup V(A7) Yt%w) + IE < sup / eV U? dMs>
0<t<T 0<t<T 0<t<T Jinr

TNAT
TE(E) + TE </ |f(s,0,0,0)|2d5>
0

TAT 1/2
e ( JRR ||Zs||2ds)

0

TAT 1/2
+4CBDG’IE<</ GQVSKQUSQC[[M7M]S> )

0

ITE () + TE </TAT]f(s 0,0 O)]st>
0

IN

IN

1/2

TAT
+4Cppa e’ E (sup \Yt\Z/ PARE
0<t<T 0

TAT 1/2
+4Cpa e’ E ( sup |V;[? / U2 d[M, M]S>
0<t<T 0

IN

TNT
TTE(E?) + TE </ |f(s,0,0,0)|2d5>
0

+4(¢"+ 1) Cppa e E < sup ]Y}]Q>
0<t<T

4 TNAT 4 TNAT
+—eTE 1Zsllds | + — T IE U2dM, M, ),
/ / S
€ 0 n 0
for any 7', &’ € RY.

Notice that d[M, M]s = (AM,)? = (AH,)? = AH, = dH, = dM; + dAy, so

TNAT TNAT
IE </ U2 d[M, M]8> = E (/ U? dAS>
0 0

Finally, taking ¢’ =7/ = m’

TAT
E ( sup Yf) < JTE (52) + GW/TIE(/ |£(5,0,0,0)| ds)
0<t<T 0

N | =

10



TNAT
+64C% 50 TR (/ ||Zs\|2ds>
0
TNAT
+64C%pe T IE (/ U? dAS> < 0.
0
O

Theorem 2.6
Let € € CQ(Q,QTAT,IP). If (Ya, Zi, Up)o<e<r is a (2, G,IP)-solution of BDSE (}) as
defined in Definition 2.4, with f satisfying hypothesis (5) and

TNAT
IE (/ |f(s,0,0,0)|2ds> < 400, then
0

TNAT TNAT
IE| sup |Y}AT|2—|—/ HZsH2ds—i—/ Us2dAs
0 0

0<t<T
TAT
< 2B (&4 [ 000 as).
0
where C' is a constant only depending on K.

Proof. Let v € R. We apply Itd’s formula to process €’ Y;? between t A 7 and
T A 7. Hence, for any 7,e,0 € R%, we have

TNAT TAT
1
e’y(t/\T)}/;%\T_{_(7_5_2K_6K2_77K)/ e"/SY'S2dS+ <1—g>/ 678‘|Zs||2d8
t

tAT AT
1 TAT TAT TAT
+ <1——>/ U2 \gds + / 7 U2 dAS + / e’ U2 dM,
n tAT tAT tAT
1 TAT 5 TAT B TAT
e TAT) 2 4 —/ e’ |£(5,0,0,0)*ds — 2/ Y, ZydW, — 2/ e’ Y, Uy dM,.
d tAT tAT tAT

Choose 0 = 1. Taking the supremum under 0 and 7" and the expectation, we have

TNAT
IE ( sup eV Yt%w) +(y-1-2K —eK*-nK)E (/o Y2 ds>

0<t<T
TAT TAT
/ P U2dM,| | + IE ( / e’ U? dA§>
t 0

AT

1 TNAT 1 TAT
R ) (e[ i)
e 0 n 0

+1IE| sup
0<t<T

11



1/2

IN

TNAT TNAT
TR <£2 + / If(s,0,0,0)|2d8> + 4Cppg E < / e Y? HZsH?ds>
0 0

TAT 1/2
+4Cppc IE (/ e Y2UZd[M, M]s)
0

IN

TNAT TAT
T (52 + / 1£(5,0,0,0)]? ds> + 2Cspg (e/+ ) E (/ Y2 ds)
0 0

1 TAT 1 TAT
+2CpcIE | — 678||Z3H2d8 + — e® US2 dAg

for any n/, et € R* | noticing that [M, M]s = dM, + dA.
Finally, taking e/ = 9/ = 8Cppg, e =n =4 and v > 1 + 6K + 4K? + 32C% .,

9 1 TNAT 9 1 TNAT 9
E[ sup Y + = 1Zs|I” ds + = UZdAs
2 Jo 2 Jo

0<t<T

IN

0<t<T

E ~ (tAT) Y2 1 T S|z 2d 1 T vs 772 dA dA¢
Sup e t/\7'+20 e H SH 5+20 € Us( S+ s)

IN

TNAT
e”’T]E<§2+/ \f(s,O,O,O)\2d3>.
0

By choosing C = 2 + 6K + 4K? + 32C%DG, the result follows. [J

Corollary 2.7 Let ¢ € L2(Q,Grnr, P). If (Yi, Zy, Up)o<i<r is a (,G,TP)-solution
of BDSE (/) as defined in Definition 2.4, with f satisfying hypothesis (5) and

TAT
IE (/ |f(s,0,0,0)|2ds> < 400, then
0

TNT TNAT
B sw VP s [ 0-RPZPds+ [ v2an,
0<t<T 0 0

TAT
< 2TE (52 -/ !f(s,O,O,O)\2d8> |
0
where C' is a constant only depending on K.

Proof. As OTAT(l —F)?|| Zs||* ds < fOTAT | Zs||? ds, the result follows from Theorem
2.6. O

We can now state the following theorem :

12



Theorem 2.8
Let £ € L2(Q,Grar, IP) and f: Q% [0,T] x R x R™ x R — R be G-measurable.

If ]E(fOT\f(s,O,O,O)\2 ds) < oo and if f satisfies condition (5), there exists a
unique G-adapted triple (Y, Z,U) € B3 solution of the BSDE:
TNAT TNAT

TNAT
YW:5+/ f(s,Ys,Zs,Us)ds—/ ZedW,— [ U.dM,, 0<t<T.
t

AT tAT tAT

Proof.
We can adopt the usual contraction method using representation Theorem 2.3.
Let v € R. Recall that B2 = 82 x C%(W,IP) X ,C%(M,IP). We define a function
® : B2 — B3 such that (Y, Z,U) € B2 is a solution of our BSDE if it is a fixed point
of ®.
Let (Y, Z,U) € B3. Define (Y, Z,U) = ®(Y, Z,U) with :

TNAT

Y;:]E(é“—i—/ F(5,Y s, Zs,Us) ds ( gt> 0<t<T,
AT

and processes (Z¢)o<t<7 and (Uy)o<t<7 obtained by using martingale representation
Theorem 2.3 applied to square integrable (G, IP)-martingale (N¢)o<t<7 where N; =

B¢+ J)" £ V0 20T ds | Gi).
Moreover, Z € Lo(W,IP) and U € L3(M,IP).

Hence
TAT B TAT
AGAT ::PWTAT —'/[ ZZ;dLL; - (L;dﬂ4g,
tAT tAT
tAT _ ThT .
Yirr +/ f(8,Ys, Z5,Us)ds = §+/ [(8,Ys, Zs,Us)ds
0 0
TAT B TAT
—/ ZsdWy — UsdMg
tAT tAT
Consequently
TAT L TAT B TAT
Yin, — g+/ f(s,Ys,Zs,Us)ds—/ Zy dW, — U, dM,.
tAT tAT tAT

This means that (Y, Z,U) is a (2, G, IP )-solution to Equation (4) with particular
generator s — g(s) = f(s,Ys, Zs,Us), which implies thanks to Theorem 2.6 that
the triple (Y, Z,U) belongs to the convenient space B(Q] and consequently map @ is
well defined.

Next, for (Y1, Z1, ﬁl)ind_(?ﬁz, Us) in B2, we define (Y1,21,Uh) = @(?1,_71, E)

and (Yy, Zy, U) = ®(Ya, Za,Uz). We denote (Y, Z,U) = (Y1 — Y2, Z1 — Z3, Uy — Uy)
and (Y,Z, U) = (Y1 — Y2721 — ZQ7U1 — UQ)
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So

TAT
Vi = / (F(5. V00, 710 Ts) — £ (5,20 7oy, Ts) ds
t

AT
ThAT B TAT
— / ZsdWs — Us dMs.
tAT tAT
Then, from Ito’s formula,

. TAT o TAT ~ ~ TAT . 1c
A P2 —'y/ e Yids — 2/ e Y, dYs — / e’ d [Y7Y]
t

AT tAT tAT
s (v2 -2 ¥ ¥
- Y e (Vv 2y Ay,
tINT<s<TANAT

TNAT N TNAT R TNAT R
_ _7/ 7 V2ds —/ (| 2|12 ds —/ &7 72 (dM, + dA,)
t t t

AT AT AT

TAT A B TAT R
—2/ eVSYSZSdWS—Q/ Y Us dM,
t

AT tAT

TNAT
42 / 5V, (F(5,Vigs Z1g Uns) — f(5.Vay 7oy, Uay)) ds.
t

AT

Then

DY+ /

tAT

R TAT .
e”’sHZsH2ds+/ ¢ U2 dA,

tAT

TAT TAT

¥ Y2ds + /

tAT

TNAT . TAT o B TAT A
— _/ U2 dM, — 2/ Y, ZgdWs — 2/ e Y, Us dM,
t

AT tAT tAT

TNAT
42 / 5V, (F(5,Vigs Z1g Uns) — f(5. Yoy 7oy, Uay)) ds.
t

AT

Taking expectation, it yields to the following equation, for any &”,7", " € R :

R TAT N N TAT N
E <é*/(t/\7’) |Y;f/\7-|2 + ]E(/ eYs (,}/ |Ys|2 + ||Zs||2)d5 + / evs U52 dAs>
tAT tAT
TNAT . _ _ _
< o ([ TR (KIT 4 KIZ0 4+ 0 0.]) ds)
tAT
TAT . 1 TAT .
< E (/ (K26" + K2" + 1" \s) e7® |y;|2ds> + 5 B (/ s |Ys|2ds>
tAT tAT

1 TNAT . 1 TNAT —9
+—IE | Z|?ds ) + = IE U, Ao ds | .
! /! S
€ tAT n tAT

14



Choosing €’ = 1 = 6" = 2 we obtain

. TAT . . TAT R
B (0 Fir ) + B ([ et qInp 1z s+ [ e 02an, )
tAT tAT
TAT R 1 TAT o
< (4K*+2K)E (/ s \Ysy?ds> + - IE (/ eV |Y 2 ds)
tAT 2 tAT

1 TNAT o 1 TNAT 9
+§IE</ e’® ||Z5H2d5> + §IE</ e'ysUsAsds).
tAT tAT

Chosing v = 4K? 4+ 2K + 1, it gives :

TNAT R . TNAT R
([ e ez as + [ e ozan, )
0 0

1 TAT o o TAT 9
< 51{3(/ e'YS(|yS|2+||Zs\|2)ds+/ T Asds>
0 0

1 TNAT _9
+—]E</ eVSUSdA§>.
2 0

Then @ is a strict contraction on BS with norm

TAT

TNAT 3
V. 2.0)l, = E (/ S+ Nl ds+ [ e Uszs)
0 0

We finally deduce that ® has a unique fixed point and conclude that the BSDE has
a unique solution. [

2.3 Uniqueness result

The previous theorem yields to uniqueness of the solution in Bg. But uniqueness is
needed in a larger space. Let us define

. £2F70(W, IP) the set of all 1 x m-dimensional G-predictable processes (Z;)o<t<T

h that ||Z][2 :IE(TAH—F?Z?d) .
such that 1217 =T (770~ B 12017 ds) < o

Corollary 2.9
BDSE (4) has a unique solution in Sa x C%O(W,IP) x L2(M,1P).

Proof.
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Let (Y, Z,Uy) and (Y, Zy,Uy) in S5 x L'%,O(W,IP) X L’%O(M,]P) be solutions of

(4). Define Y =Y Y, Z=2—~Zand U =U —U. Then
R TNAT L TNAT R B
Ve = [ (F6YaZuU) - 6V Z.T0) ds - [ Za.
tAT tAT

T/\’T'A
—/ U,dM,, 0<t<T.
t

AT

Define also

F(8,Y5,25,Us) — £(8,Y 5,75,Us) ify, # ?S

Ocs - YS*YS
0 else .

For any z,2’ € R™ and k = 1,2,...,m we will use the following usual notations :
(2,2 )k = (2], 25, ...,z;j,zk,zk+1, o 2m), and (z — 2 = 21, — 2.
Denote by Fis = (Zs, Zs),, and define

F(s,Yo P L Us) = f(s.Yo DE ;L Us)

ﬁk,s _ (Zs)k if (Zs)k 75 0’

0 otherwise .

For the last coordinate, we also introduce

93 == Us_Us
0 else .

f(S’YS7ZS’US)_f(S’YS’ZS’US) if Us 7& Us )

Consequently the triple of processes (f/, Z,U ) is solution of the following BSDE

~ TAT o ThT B TAT
Yine = / g(S,YS,ZS,US)dS - / ZsdWs — Us dMs,
t

AT tAT tAT

m

with generator g(s,y,z,u) = asy + Zﬁ;ﬁs 2 + Osu.
k=1

The result follows then from Corollary 2.7 [J

Remark. Given that £Z C E%,o, solutions of BSDE (4) stated in Theorems 2.8 and
in Corollary 2.9 are equal.

3 Hedging strategy in the defaultable world with BSDE

3.1 Defaultable zero-coupon

We have to introduce the following hypothesis, which is a standard hypothesis in
default risk models :

16



Hypothesis (H) Any square integrable (F, IP )-martingale is a square integrable
(G, IP )-martingale.

Under this hypothesis, Brownian motion W is still a Brownian motion in the enlarged
filtration and so results obtained in the previous section hold with W instead of W.

In this section, we assume that process A is absolutely continuous with respect to
the Lebesgue measure.
As explained in the introduction, we denote by IP the unique e.m.m equivalent to

P on F.

According to [7], section 3.3, when (H) holds on the historical probability, and when
the F-market is complete, then the defaultable market is arbitrage free. Hence, (H)
holds under any G-equivalent martingale measure IP¥ such that ]Pfgt = Ktw Pg,
with

dK}] = K" (=0, dW; + ¢y dM;), 0<t<T,

where § = 0~ !(1 — r) denotes the risk premium and @ > —1.

The equation satisfied by K% is obtained using the representation theorem for all
(G,IP) square-integrable martingales established by S. Kusuoka [18] under hypoth-
esis (H).

Let us denote by IP¥ such a G-equivalent martingale measure, chosen by the market.
Then we have IPTZ;_. = IP?}- = I[B‘ #. We shall denote by W? the Brownian motion ob-
tained using Girsanov’s transformation (since the coefficient in the Radon-Nykodym
density associated to the Brownian motion is always €). We also introduce processes
F¥ AY, MY constructed in the same way as F, A, M but associated to the proba-
bility P instead of IP. Let us denote by (p;)o<t<7 the discounted price of the
defaultable zero-coupon bond.

We obtain from Proposition 2 in [7] that :

~ ]17'>t ~ P
dpr = ST AWY — p—dMY, 0<t<T,
Pt 1Y t t Pt t

i
where (¢}");>0 comes from the representation of (F,1P%)-martingale (mi)i=0 =
(IElpo(RT L~ |.7:t)> . with respect to (F, IPO)—Brownian motion WO.
t>
~ o ]17'>t gb;n
As Vt €]0,T A 7] p;- # 0, we can set ¢; = =
1—FZ Pe-

Using Girsanov transformation, the dynamics of the defaultable zero-coupon under
historical probability is given by

dpy = p- (adt + ¢ dW; — dMy), (6)

where a; is determined by the G-equivalent martingale measure IP¥ in the following
way :
ay = rt—i—ﬁtct—i— (1_Ht*)¢t)\t- (7)
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3.2 Wealth’s dynamic

Let Y; be the wealth at time t of the agent. Suppose that she has a; parts of the
risky asset, d; parts of the riskless asset, and (; parts of the defaultable zero-coupon
bond. At any time ¢, we have :

Y = S+ Bipe- + 657 (8)

where ay, G; and d; are predictable
The self-financing hypothesis can be written :

dY} = O dSt + ﬁt dpt + 5,5 dS?,

which can be developed, for any ¢ in [0,7 A 7], using (8) and the dynamics of the
three assets (2), (6) and (3). This yields to

dY; = (oupuSt+1eYe —oure St — Bere pi— + Brag p-) dit
+ (v 0y St + Br ¢ pr-) AWy — By py— dM;.

Then, denoting by Z; = «aqz0¢Sy + Brcepi— and Uy = — B¢ ps—, we obtain a
stochastic differential equation for wealth :
d}/;f = _f(taY;aZtaUt)dt_FthWt+Uthta OStST/\T (9)
Yrar = 5
with f(t,y,z,u) = —ryy — Opz+ (ay — 1y — 0y¢;) u. Using (7), we obtain
fty,z,u) = —ry—0iz+ (1— He- ) \u. (10)

This provides a stochastic differential equation with G;-adapted coefficients. As F-
Brownian motion W remains a Brownian motion under the new filtration G, the
previous stochastic differential equation has a sense.

This equation is a backward stochastic differential equation with uncertain horizon,
with terminal condition :

YT/\T:§:V]IT>T+CT]~1T§T7

where V' € EQ(}"T) and (Ct)¢>0 is an F-adapted process.

As condition (5) holds true, as r,6 and A are bounded, and as f(s,0,0,0) = 0, the
integrability condition on f under IP is also satisfied, we can apply Theorem 2.8.

3.3 Explicit solution for the hedging strategy
We consider now the particular case of a hedging strategy against a defaultable

contingent claim. Then, the terminal value represents the payoff and has the form
=V o7 +Cr <, where V € £2(fT) and C'is an F-adapted process. Previous
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Theorem 2.8 guarantees existence and uniqueness of the solution. But we can go
further by giving an explicit formulation of processes Z and U that stands for the
strategy, thanks to the explicit representation Theorem obtained C. Blanchet-Scalliet
and M. Jeanblanc [7], instead of M. Yor representation Theorem previously used.

Theorem 3.1
Let PV an e.m.m chosen by the market and let V € /32(.7-7[) and C be an F-adapted
process. We set & =V w7 4+ Cr <.
Consider also the G-measurable generator f : Q x [0,T] x Rx R™ x R — R defined
by

[y, zu) = —ry =0z + (1 — Hi- )¢ M,
satisfying condition (5).
Suppose that AV is absolutely continuous and that FY, defined in (1), is continuous.
Then, under hypothesis (H), there exists a unique G-adapted triple (Y, Z,U) € B3
solution of the BSDE :

TNAT TNAT TAT
Yipr = §+/ £(s,Ys, Zs, Us)ds—/ Zy dW,— U,dM,, 0<t<T. (11)
t

AT tAT tAT
ac aV — —
Moreover, Z; = ﬁ and Uy = Cy—R; "By (R Cr |Gy ) — R, 'Epy (RrV 1r<,|G,- ),
where (af)>0 comes from the representation of (F, IPY)-martingale
<IE]P¢, (fooo R,C, dst|.7:t> ) and (a,Y)tZO from <IE]P¢, (RpV s |.7:t)> , where

>0 >0
R denotes the discounted factor.

Proof.
Let us consider the discounted process (R;Y;)o<t<r. Given that

Rt/\T Y;f/\ﬂ' — IEIPTZ) (RT/\T £|gt)a

we can compute separately for R.C, and for Ry V lp.,.
First case. Let XE = Epy(R;C:|Gt), where C is an F-predictable process. Then
from Proposition 3 in C. Blanchet-Scalliet and M. Jeanblanc [7], we have

tAT tAT
X¢ = x¢ + — = a%awd+ / R,Cy — X% )adM?, 12
t 0 0 IPw(T > s | fs) s s 0 ( s ) s ( )

where (af');>0 comes from the representation of (F,P¥)-martingale

(Elpw (fooo R.C, dFS]]-"t) ) with respect to (F,IP¥)-Brownian motion W0,
>0
Second case. Let V € Fr be an integrable random variable. From Proposition 3 of

(7], the (G,TP¥)-martingale X" = IEpy (RrV llr<,|G;) can be represented as follows

tAT tAT

XYV =xV+ — = JVawd - XV dam?, 13
t 0 0 ]Pw(T > S’fs) S S 0 S S ( )
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where (a} );>0 comes from the representation of (F,P¥)-martingale

<IE]P¢, (RpV s |.7:t)> with respect to (F, IPw)—Brownian motion W0.
>0

. co,V
By summing (12) and (13),we obtain RsZs = % and R,Us = R C —XS_ —
XV,

S

Consequently, using Corollary 2.9, (Y, Z,U) is the unique solution of BSDE (11)
in 8% x E%O(W,IP) x L2(M,TP). From uniqueness results in Corollary 2.9 and in
Theorem 2.8, it is also the unique solution of BSDE (11) in B3. O

The main consequence of Theorems 2.8 and 3.1 is that the BSDE has a unique
solution adapted to the enlarged space (2, G, IP). The interest of the second Theorem
instead of the first one is that it gives an explicit form of the solution, and so of the
hedging portfolio. This particular case can be used in solving hedging problems of
defaultable contingent claims and also in problems issued from hedging of non life
insurance products. These financial examples are a particular case of Theorem 3.1,
applied to BSDE (9) with generator f defined as in (10).

Remark. By means of solving BSDEs, we find the same results as those stated in
C. Blanchet-Scalliet and M. Jeanblanc [7], as a special case of the last Theorem.

4 Conclusion

This article has presented a BSDE approach to finding hedging strategies in a de-
faultable world. Results have been obtained for a large panel of hedging payoffs,
and under general assumptions. The hedging portfolios have been expressed in term
of a solution of a backward stochastic differential equation. Well known results
from T.R. Bielecki, M. Jeanblanc and M. Rutkowski [4, 3] or C. Blanchet and M.

lvd

Jeanblanc [7] have been found, giving a new way to obtain it.

From a practical point of view, the use of this approach may lead to obtain numerical
approximations of the hedging portfolios, in cases where direct computation may not
be implemented. One can use numerical schemes for backward stochastic differential
equations, such as E. Gobet and C. Labart [13], and even for reflected BSDEs, see
J. Mémin, S. Peng and M. Xu [19].

Following the approach of T.R. Bielecki, M. Jeanblanc and M. Rutkowski [5], the
market may also be completed by adding a CDS (credit default swap). The method
presented in the present article will provide hedging strategies by solving the corre-
sponding BSDE. This method may be useful as soon as the generator of the backward
equation can be expressed in a closed-form formula.
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