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Abstract 

 
In this paper, we present the influence of the 

presence of a mobile platform on manipulability 
measure. We propose a normalized measure to solve 
problems inherent to physical units and velocity limits 
of the system. Simulation results on three dimensional 
positioning task are given to show the effect of 
nonholonomic constraint on manipulability measure. 
Manipulability is a well-established tool for motion 
analysis which will be used as criterion in control 
scheme to improve the coordination of two subsystems.  
 
1. Introduction 
 

The assistance with the seizure or the handling of 
usual objects by a handicapped person of the upper 
limbs aims at restoring some of the vital functions of 
the everyday life but also allows leisure or vocational 
activities. The principle consists in using a manipulator 
arm like a robotized assistant between the disabled 
person and her environment. Different arm 
configurations have been proposed. The first one 
consists in fixed working station in which a 
manipulator arm evolves in a structured environment 
(RAID-MASTER [1], PROVAR [2]). The second 
configuration consists in embarking a manipulator arm 
on an electrical wheelchair [3]. The third configuration 
permits to enlarge the action field of the system. A 
manipulator arm is embarked on a mobile base 
(MoVAR [4], URMAD-MOVAID [5], and ARPH [6]). 

The key question of research on a robotized 
assistant is the utilisability by a person whose 
capacities of control are reduced. From our point of 
view, two research orientations must be investigated. 
The human-machine co-operation which we 
approached according to the concept of appropriation 
of Piaget [7], and mobile arm dexterity which is the 
subject of this paper. 

The robotized assistant which consists of mobile 
manipulator arm is described section 2. Combining the 
mobility of the platform and the manipulator arm 
creates redundancy since the combined system 
typically possesses more degrees of freedom than 

necessary. It is interesting to exploit the redundancy of 
the system in order to choose the best configuration of 
the arm “hand” for a grasping task. Section 3 
introduces the well known concept of manipulability 
and its different measures. Relative influence of the 
two parts of the system (arm and mobile platform) is 
discussed in section 4. Simulations results illustrated in 
section 5 show the sensitivity of the manipulability 
when we consider the arm alone and the arm with 
platform. 
 
2. Description and modeling of the 
robotized assistant 
 

The mobile manipulator used in ARPH project [6] 
consist of a Manus arm manufactured by Exact 
Dynamics company [3], mounted on a mobile platform 
powered by two independent drive wheels.  

Let us define a fixed world frame of reference {W}, 
a moving platform frame {P} attached to the middle of 
the two drive wheels. A moving arm frame {A} related 
to the manipulator base and a moving end-effector 
frame {E} attached to the arm end-effector (Fig.1). 
 

 
Figure 1. Mobile arm manipulator 
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In the following the indices (a, p) will respectively 
indicate the arm and the platform. 

The forward kinematics of a serial chain 
manipulator that relates the joint space and the task 
space variables is expressed by 

 ( )a a aX f q=  (1) 

where 1 2[ , , ]Ta a a am
mX x x x R= " ∈

n∈

a

is the vector of the 
task variables in m-dimensional task space, 

 is the vector of joint 
variables in the n-dimensional variables, called 
generalized coordinates and  f

1 2[ , , ]Ta a a anq q q q R= "

a  is the nonlinear 
function of the forward kinematic mapping.  
Differentiating equation (1) with respect to time, we 
obtain a linear equation in velocity level 

 ( )a a aX J q q=� �  (2) 

where is the task velocity vector, is the joint 
velocity vector, and 

aX� aq�
( )a aJ q is Jacobian matrix. 

For kinematic modeling of the considered manipulator 
arm, we use the Denavit Hartenberg parameters [8]. 
Manus arm has six rotoide joints, with 3DOF for 
gripper positioning and 3DOF for gripper orientation. 
In this paper, we consider only the main three joints of 
the arm given by the generalized vector 

. 1 2 3[ , , ]Ta a a aq q q q=
The Cartesian coordinates of the end-effector relative 
to the arm base frame {A} are given by  

   (3) 
1 4 3 3 2 1 2 1

2 4 3 3 2 1 2

3 4 3 3 2

(L c +L c )c -L s
(L c +L c )s +L c
L s +L s

a

a a

a

x
X x

x

=⎧
⎪= =⎨
⎪ =⎩

1

The derivative of the system (3) gives the following 
Jacobian matrix 

4 3 3 2 1 2 1 3 1 2 4 1 3

4 3 3 2 1 2 1 3 1 2 4 3 1

3 2 4 3

( )
( )

0
a

- L c + L c s - L c -L c s  - L c s
J L c + L c c - L s -L s s -L s s

L c L c

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

c q= sin( )i ai

    (4) 

where ,cos( )i ai s q= and  
represents respectively the length of shoulder, upper 
arm and lower arm.  

2 3 4, ,L L L

The location of the platform is given by three 
operational coordinates ,p px y  and pθ  defining its 
position and orientation as shown in figure 2.  

Therefore, and a generalized 

velocities vector is 

[ , , ]Tp p p pq x y θ=

[ , , ].p p p pq x y θ= �� � �  

The constraint equation to which the platform is 
subjected has the following form 

 ( ) 0p pA q q =�  (5) 

where ( ) [sin( ) cos( ) 0]p p pA q .θ θ= −  
The configuration differential kinematic model of the 
mobile platform is given by ([9], [10]) 

  (6) 

cos( ) 0

sin( ) 0 ( )

0 1

p

p p p
v

q

θ

θ
ω

⎡ ⎤
⎡ ⎤⎢ ⎥

= =⎢ ⎥⎢ ⎥
⎣ ⎦⎢ ⎥

⎣ ⎦

� PS q u

where up = [v, ω]T are respectively the linear and 
angular velocities of the platform. 
 

px  

pX  

pY

wX

py pθ  

wY

 
Figure 2. Wheeled mobile platform 

 
The forward kinematic model of the mobile 

manipulator may be expressed as ([11],[12])  

 ( ,  )p aX f q q=  (7) 

pqwhere is the generalized coordinates of the mobile 

platform and  joint variables of the arm. aq
Thus, the configuration of the mobile arm is defined by 
the N generalized coordinates (N=6 in our case) 

1 2 3[ , ] [ , , , , , ]T T T T
p a p p p a a aq q q x y q q qθ= =  

The direct kinematic model for the positioning task of 
the considering mobile arm relative to world frame 
{W} is given by  

 1 2 3[ , , ] ( , )T
a pX x x x f q q= =  (8) 

1 2 1

2 2 1

3 3

( ) cos( ) ( )sin(

( )sin( ) ( ) cos( )
p a p a p

p a p a p

a

x x x a b x

X x y x a b x

x x c

)θ θ

θ θ

= + + − −⎧
⎪

= = + + + −⎨
⎪ = +⎩
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where a, b and c are the Cartesian coordinates of the 
base arm with respect to the mobile platform frame 
{P}. 
 
The instantaneous kinematic model is  

 ( )X J q q=� �  (9) 

with ( ) fJ q
q
∂

=
∂

. 

We notice that generalized velocities  are dependent; 
they are linked by the nonholonomic constraint.  

q

The platform constraint described by the equation (5) 
can be written in the following form 

  (10) [ ( ) 0] 0pA q q =�

According to equation (6), the relation between the 
generalized velocities vector of the system and its 
control velocities can be written as  

  (11) 
( ) 0

0
p p

n

S q
q

I
⎡ ⎤

= ⎢
⎢ ⎥⎣ ⎦

� u⎥

where In is n-order identity matrix (n=3 in our case) 
and  1 2 3[ , , , , ] .T

a a au v w q q q= � � �
The instantaneous kinematic model does not include 
the nonholonomic constraint of the platform given by 
the equation (10).  
The relation between the operational velocities of the 
mobile manipulator and its control velocities, which 
takes into account the nonholonomic constraint of the 
platform can be expressed by the instantaneous 
kinematic model ([9], [11]) 

 ( )X J q u=�  (12) 

with ( )J q  is called reduced Jacobian. 
 
For our system 

 12 13 14 15

22 23 24 25

31 32 33

( )

0 0

p

p

a a a

c J J J J
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⎥
⎥
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 (13) 

where 

cos( ), sin( )

= ( , ) are given in equation (4)
p pp p

aij a

c s

J J i j
θ θθ θ= =
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p

p
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a
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θ θ θ

θ θ θ θ

θ θ θ
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= − = −

θ

θ

 
3. Manipulability 
 

One of the well-established tools for motion 
analysis of manipulator robot is the manipulability 
ellipsoid approach. Concept of the manipulability was 
originally introduced by Yoshikawa ([13], [14]) for 
manipulator arms to denote the measure for the ability 
of a manipulator to move in certain directions. The set 
of all end-effector velocities that are realizable by joint 
velocities such that the Euclidean norm of , aq�

2 2 2 1/
1 2( )a a a anq q q q= + +� � � �" 2 , satisfies 1aq ≤� , is an 

ellipsoid in m-dimensional Euclidean space. This 
ellipsoid represents an ability of manipulation. It is 
called the manipulability ellipsoid. 
One of the representative measures of manipulation 
derived for the manipulability ellipsoid is 

 1 2det( ) .T
a a a a amw J J σ σ σ= = …   (14) 

where aiσ ’s are the singular values of Ja, 0 .i m≤ ≤   

In literature, several other measures for kinematic 
manipulability have been given ([15], [16], [13]). 
Manipulability has been utilized in many applications 
such as design, path planning and control of redundant 
manipulators ([17], [12], [16]). In the field of mobile 
manipulators, Yamamoto ([18]) has developed a 
control algorithm for mobile platform so that the 
manipulator arm is always positioned at the preferred 
configuration measured by its manipulability. A non 
linear feedback compensates the dynamic interaction 
between the mobile platform and the manipulator. 
Nagatani ([19]) has proposed an approach to plan 
mobile base's path which satisfies manipulator's 
manipulability. Controllers used for manipulation and 
locomotion are different. 

Manipulability of mobile manipulator has been 
studied by few research groups. Yamamoto and Yun 
([20]) have treated both locomotion and manipulation 
in the same framework from the viewpoint of task 
space. They present kinematic and dynamic 
contributions of manipulator and platform by the so 
called task space ellipsoid. Gardner and Velinsky 
([21]) have used the mobile manipulator manipulability 
in design purpose. The authors introduce numeric 
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comparisons that allow to choose the position of a 
3DOF anthropomorphic arm on the platform. Bayle et 
al. ([9], [10]) have extended the definition of 
manipulability to the nonholonomic mobile 
manipulators described by its reduced direct 
instantaneous kinematic model. Authors have defined a 
qualitative measure of manipulability extending the 
notion of ellipse eccentricity as 

 
2

5 2
1

1 mw
σ
σ

= −  (15) 

σ1, σm being respectively maximum and minimum 
singular values of J . The measure has been used as 
criterion to control mobile manipulator. 
 
4. Respective influences of the different 
part of the system 
 

Manipulator manipulability measure w has the 
advantage to be easy to compute. However, its 
numerical value does not constitute an absolute 
measure of closeness of the arm to singularities. 
Hence, it is convenient to consider the ratio between 
the minimum and maximum singular values of the 
Jacobian or to use w5 which are not affected by the 
measure units.  
In the case of mobile manipulator, the relation between 
the operational velocities  of the end-effector and 
velocity vector of the system  
can be expressed by reduced direct instantaneous 
kinematic model vector of the system ([9]). 

X�

1 2 3[ , , , , ]Ta a au v q q qω= � � �

X�  is expressed in m.s-1. u is expressed in m.s-1 for the 
first linear velocity and in rad.s-1 for other ones. So 
coefficients of J have different units: no unit for the 
first column and meter for the last four ones. This is an 
important difference with the case of the arm alone. 
Indeed, in this last case all coefficients of Ja have the 
same unit. To solve this problem and to include the 
constraint on the maximum velocities of the system 
into manipulability, we must introduce the following 
normalized velocities in deriving reduced Jacobian. 

1 2 3

max max 1,max 2,max 3,max
, , , ,

T
a a a

N
a a a

q q qvu
v q q q

ω
ω

⎡
= ⎢
⎢⎣

� � �
� � �

⎤
⎥
⎥⎦

u

)

 (16) 

Thus,  
  (17) 1

Nu R−=
where  

max max 1,max 2,max 3max( , , , ,a a aR diag v q q qω= � � � (18) 

Note that diag is diagonal matrix whose diagonal 
elements are specified by the arguments. 
With these normalized control velocities, we can 
rearrange (12) as 

 ( ) N N NX Ju JR u J u= = =�   (19) 

 ( )N NX J q u=�  (20) 

With this new reduced Jacobian NJ , we can define 
another manipulability measure as the following 
quantity 

 
2

5 2
1

1 mw
σ
σ

= −
��
�

  (21) 

1, mσ σ� �  being respectively maximum and minimum 
singular values of NJ . 

 
5. Simulation results 
 
5.1. Arm alone 
 

We consider a Manus arm for a positioning task 
(3DOF). We examine the evolution of manipulability 
for operational task which consists in following 
straight line along 1ax from retracted configuration 
(point (0, 0.12,0)Tm) to extended one. 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.75

0.8

0.85

0.9

0.95

1

Arm extent

w
5 

 
Figure 3. Arm Manus manipulability for positioning 

task 
 

Figure 3 displays the evolution of the manipulability 
w5 according to the normalized arm extension 
xa1/xa1,max,. The measure gives not only singular 
configurations (w5=1) but also a direct measure of the 
ellipsoid eccentricity. When w5 decreases to 0, the 
possible end-effector velocities are becoming more 
isotropic. 
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Figure 4 shows ellipses corresponding to largest and 
smallest singular values for certain configurations of 
the arm. 
Ellipse shapes give information about the velocities 
distribution. Singular configurations correspond to a 
flat ellipse. 

0
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-0.0500.05
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0

0.1

0.2
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Figure 4. Manipulability ellipses 

 
5.2. Mobile arm  
 

We consider now Manus arm mounted on the 
mobile platform. We use same simulation conditions as 
in previous example. For this task, the platform does 
not move, but its capacity to move is taken into 
account in the computation of manipulability. 

Figure 5 shows that mobile manipulator 
manipulability shape is the same as for the arm alone, 
and singular configurations remain the same. The 
mobile base cannot instantly move in direction 
perpendicular to its main axis because of the 
nonholonomic constraint. Therefore, the manipulability 
of the whole system is reduced to the one of the arm.  
 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.88

0.9

0.92

0.94

0.96

0.98

1

5w�  

xa1 /xa1,max  
Figure 5. Manipulability of the mobile manipulator 

 
Figure 6 shows the evolution of the manipulability 

of the mobile manipulator for the same task, but now 
the motion is along xa2 which corresponds to 

longitudinal axis of the mobile base. The effects of the 
mobile base on the shape of ellipsoid and 
manipulability measure are relevant. The extended arm 
configuration becomes non singular. Thus, the 
platform contributes to the manipulability of the 
system. 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.8

0.85

0.9

0.95

1

5w�

xa2 /xa2,max  
Figure 6. Manipulability of the mobile manipulator 

 
5.3. Influence of arm and mobile platform on 
global manipulability measure 
 

We still consider the example showing by figure 6 
with the same 6DOF arm structure of different sizes.  
Figure 7 shows influence of arm link lengths on the 
manipulability of the whole system. If the arm is too 
small, its outstretched configuration will be not 
singular because the platform effect is dominant. A 
longer arm has more influence on the manipulability of 
the system. 
 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.75

0.8

0.85
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1

(c) 
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(a): real link lengths of 
the arm manipulator

(b): all arm link lengths 
has been multiplied by 3 
  

(c): all arm link lengths 
has been divided by 2

5w�

xa2 /xa2,max 
 

Figure 7. Influence of the arm and the platform on 
the mobile arm manipulability 

 
6. Conclusion  
 

In this paper, we have presented manipulability of 
arm and mobile manipulator systems for positioning 
task in three dimensional space. The main links of the 
arm are implied in the execution of this task. The 
choice of measure is interesting because it gives 5w
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qualitative information on the distribution of the 
velocities in the task space. We proposed to use  
which is normalized and takes into account maximum 
velocities of the system. This global and normalized 
measure conceals some possible directions of motion. 
The qualitative information is not sufficient to realize 
an efficient control of the mobile manipulator. 

5w�

Current works are oriented into two directions. The 
first one is to include task information and reachability 
condition on the manipulability measure. The second 
one is to use these new measures as one of criteria for 
controlling redundant mobile manipulators. 
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