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Birkhoft normal form and splitting methods
for semi linear Hamiltonian PDEs.
Part I: Finite dimensional discretization.

Erwan Faou, Benoit Grébert and Eric Paturel

November 27, 2008

Abstract

We consider discretized Hamiltonian PDEs associated with a Hamiltonian
function that can be split into a linear unbounded operator and a regular nonlin-
ear part. We consider splitting methods associated with this decomposition.
Using a finite dimensional Birkhoff normal form result, we show the almost
preservation of the actions of the numerical solution associated with the splitting
method over arbitrary long time, provided the Sobolev norms of the initial data
is small enough, and for asymptotically large level of space approximation. This
result holds under generic non resonance conditions on the frequencies of the lin-
ear operator and on the step size. We apply this results to nonlinear Schrodinger
equations as well as the nonlinear wave equation.
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1 Introduction

In this work, we consider a class of Hamiltonian partial differential equations
whose Hamiltonian functionals H = Hy 4+ P can be divided into a linear un-
bounded operator Hy with discrete spectrum and a nonlinear function P having
a zero of order at least 3 at the origin of the phase space. Typical examples
are given by the nonlinear wave equation or the nonlinear Schrodinger equa-
tion on the torus. We consider discretizations of this PDEs and denote by
HE) = HSK) + PU) the corresponding discrete Hamiltonian, where K is a
discretization parameter. Typically, K denotes a spectral parameter in a collo-
cation method.

Amongst all the numerical schemes that can be applied to these Hamiltonian
PDEs, splitting methods entail many advantages, as they provide symplectic and
explicit schemes, and can be easily implemented using fast Fourier transform if
the spectrum of Hy expresses easily in Fourier basis. Generally speaking, a
splitting scheme is based on the approximation

h h h
Py = ‘PHéK) O Y p(r) (1.1)

for small time h, and where 9022 denotes the exact flow of the Hamiltonian system
associated with the Hamiltonian function ). For a given time ¢t = nh, n € N,
the solution starting at some initial value z° is then approximated by

n
Pyt (") 2 2" = (a0 0 par) () (1.2)

The understanding of the long-time behavior of splitting methods for Hamil-
tonian PDEs is a fundamental ongoing challenge in the field of geometric inte-
gration, as the classical arguments of backward error analysis (see for instance
[17]) do not apply in this situation, where the frequencies of the system are ar-
bitrary large, and where resonances phenomena are known to occur for some
values of the step size. For example, considering the case of the Schrodinger
equation on the one dimensional torus, the eigenvalues of H(SK) range from 1
to K2 and the assumption hK? << 1 used in the finite dimensional situation
becomes drastically restrictive in practice.

Recently, many progresses have been made in the understanding of the long
time behaviour of numerical methods applied to Hamiltonian PDEs. A first re-
sult using normal form techniques was given by DUJARDIN & FAouU in [6] for



the case of the linear Schrodinger equation with small potential. Concerning
the nonlinear case, results exists by COHEN, HAIRER & LUBICH, see [8, 9], for
the wave equation and GAUCKLER & LUBICH, see [10, 11], for the nonlinear
Schrodinger equation using the technique of modulated Fourier expansion. How-
ever to be valid these results use non-resonance conditions that are generically
satisfied only under CFL conditions linking the step-size h and the highest fre-
quencies of the discretized Hamiltonian PDE.

Normal form techniques have proven to be one of the most important tools
for the understanding of the long time behaviour of Hamiltonian PDE (see [1,
4, 14, 2, 3, 15]). Roughly speaking, the dynamical consequences of such results
are the following: starting with an small initial value of size ¢ in a Sobolev space
H?, then the solution remains small in the same norm over long time, namely
for time ¢ < Cre™" for arbitrary r (with a constant C, depending on r). Such
results hold under generic non resonance conditions on the frequencies of the
underlying linear operator H associated with the Hamiltonian PDE, that are
valid in a wide number of situations (nonlinear Schrodinger equation on a torus
of dimension d or with Dirichlet boundary conditions, nonlinear wave equation
with periodic or Dirichlet conditions in dimension 1, Klein Gordon equation on
spheres or Zoll manifolds.).

This work is the first of a series of two.

In this paper, we consider full discretizations of the Hamiltonian PDE, with
a spectral discretization parameter K that is finite but large. We show that
under the hypothesis K < £77 for some constant o depending on the precision
degree r then the actions of the initial value are almost preserved over a very
large number of iterations n < C.e™", provided the initial solution is small (of
order ¢) in L? norm. These actions can be interpreted as the oscillatory energies

corresponding to an eigenvalue of HO(K). Moreover, the L? norm of this numerical
solution remains small for this large number of iterations.

The method used in this situation is by essence a finite dimensional Birkhoff
normal form result (explaining why we work here essentially with the L? norm).
Using a generic non resonance condition on the step size that turns out to be
valid for many equations and that is independent on K, we mainly show that
we can take K asymptotically large without altering the nature of the classical
result. Our main result is given by Theorem 4.1.

Roughly speaking, the method consists in applying techniques that are now
standard in normal form theory, by tracking the dependence in K of the con-
stants appearing in the estimates. The use of a non resonance condition that is
independent of K is however crucial, and reflects the infinite dimensional nature
of the initial continuous problem without space approximation.

In some sense, the second paper [7] studies the case where K > 77 by
considering the splitting method where no discretization in space is made (i.e.



K = +00). The techniques used involve the abstract framework developed in
[4, 14, 2]. However, instead of being valid for the (exact) abstract splitting (1.1),
we have to consider rounded splitting methods of the form

Mys © 0, 0 Pp (1.3)

where II,, ; puts to zero all the frequencies ¢; whose weighted energy |j|**|¢;|*
in the Sobolev space H* is smaller than a given threshold n?. Hence, for small 7,
(1.3) is very close to the exact splitting method (1.1). The good news is that this
threshold can be taken of the order ", making this projection I, s very close to
the identity, and in any case producing an error that is far beyond the round-off
error in a computer simulation (particularly for large s).

2 Description of the method

Before going on into the precise statements and proofs of this work, we would
like to give tentative explanations of the restrictions observed in comparison with
the continuous case.

The method used in [4] to prove the long-time conservation of Sobolev norms
and the associated weighted actions for small data is to start from a Hamiltonian
H = Hy + P depending on an infinite number of variable (§;,7), j, k € N, and
for a fixed number r, to construct a Hamiltonian transformation 7 close to the
identity, and such that in the new variable, the Hamiltonian can be written

Hyo+Z7Z+R (2.1)

where Z is a real Hamiltonian depending only on the action I; = {;n; and R a
real Hamiltonian having a zero of order r.

The key for this construction is an induction process with, at each step, the
resolution of an homological equation of the form

{Hox}+Z =G (2.2)

where G is a given homogeneous polynomial of order n, and where Z, depending
only on the actions, and x are unknown. Assume that G is of the form

G =Gk &My Mg

where Gy, is a coefficient, j = (j1,...,jp) € NP and k = (k1,...,kq) € N9. Then
it is easy to see that the equation (2.2) can be written

Q. k)xjk + Zjk = Gjk (2.3)

where
O, k) = wjy + g, — iy — - — wj,
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and where Zjj, and xjj are unknown coefficients.

It is clear that for 7 = k (up to a permutation), we have Q(j, k) = 0 which im-
poses Zji, = Gjr. When j # k (taking into account the permutation), the solu-
tion of (2.3) relies on a non resonance conditions on the small divisors Q(j, k).

In [4], BAMBUSI & GREBERT use a non resonance condition of the form

Vi#k, QG k) =G k)" (2.4)

where (7, k) denotes the third largest integer amongst [j1], ..., |k;|. They more-
over show that such a condition is guaranteed in a large number of situations
(see [4], [14] or [2] for precise results).

Considering now the splitting method gpf}io ) 90}}3, we see that we cannot work
directly at the level of the Hamiltonian. To avoid this difficulty, we embed the
splitting into the family of applications

0,1] 2 X = ¢ o pnp

and we derive this expression with respect to A, in order to work in the tangent
space, where it is much easier to identify real Hamiltonian than unitary flows.

This explains why we deal here with time-dependent Hamiltonian. Note that
we do not expand the operator 4,0}}{0 in powers of h, as this would yields positive
powers of the unbounded operator Hjy appearing in the series. Unless a CFL
condition is employed, this methods do not give the desired results (and do not
explain the resonance effects observed for some specific values of h).

Now, instead of (2.2), the Homological equation appearing for the splitting
methods is given in a discrete form

xowfﬁo—erZ:G. (2.5)
In terms of coefficients, this equations yields
(™00 —1)xjk + Zik = G-

The main difference with (2.3) is that we have to avoid not only the indices
(7,k) so that Q(j,k) = 0, but all of those for which hQ(j, k) = 2mmn for some
(unbounded) integer m.

In the case of a fully discretized system for which V., P = 0 for |j| > K, then
under the CFL-like condition of the form AK™ < C where m depends on the
growth of the eigenvalues of Hy and C' depends on r, then we have |h§2(7, k)| < 7,
and hence

IR 1) > hyp(s, k)~ (2.6)

(2.6) is then a consequence of (2.4). Under this assumption, we can apply the
same techniques used in [4] and draw the same conclusions. This is the kind of
assumption made in [8] and [11].



The problem with (2.6) is that it is non generic in h outside the CFL regime.
For example, in the case of the Schrodinger equation, the frequencies of the
operator Hy are such that w; ~ 42. Hence, for large N, if (ji,... Jps ki, k)
is such that j; = N+1, k; = N and all the other are of order 1 (N is large here),
we have Q(j, k) ~ (N +1)? — N? ~ 2N. Hence,

|eihQ(j,k) o 1| ~ |e2ihN o 1|

cannot be assumed to be greater than hyu(j, k)~ ~ h for all (large) N. Note
that a generic hypothesis on h would be here that this small divisor is greater
than hyN~ for some constants v and «. This example shows that we cannot
control the small divisors |e"¥3-%) — 1| associated with the splitting scheme by
the third largest integer in the multi index (which is actually of order 1 in this
case), but by the largest.

Using a generic condition on h < hg, we prove in [7] a normal form result and
show that the flow is conjugated to the flow of a Hamiltonian vector field of the
form (2.1), but where Z now contains terms depending only on the actions, and
supplementary terms containing at least two large indices. Here, large means
greater than €77 where o depends on 7.

In the case of a full discretization of the Hamiltonian PDE with a spectral
discretization parameter K, we thus see that if K < 77 then the normal form
term Z actually depends only on the actions, as the high frequencies greater that
€~ % are not present. This is essentially the result of this paper.

In the case where K > 77, the normal form result that we obtain can be
interpreted as follows: the non conservation of the actions can only come from two
high modes (of order greater than £~7) interacting together and contaminating
the whole spectrum. The role of the projection operator I, s is to destroy these
high modes at each step. As we can take n = &", the error induced is very small,
and in particular, far beyond the round-off error in the numerical simulation.
This is mainly the result in [7].

The differences between the present work and [7] lie in the techniques in-
volved: In this work, the system considered are large but finite dimensional
systems, and all the hypothesis made on the nonlinearity can be expressed using
elementary conditions similar to those used in the finite dimensional case. In [7],
we study K = +oo, which requires much more elaborate technical tools in the
spirit of [4, 14, 2].



3 Setting of the problem

3.1 Hamiltonian formalism

We set N = Z% or N, For a = (a1,...,aq) €N, we set

la| = llnaxd]a,-\.

=1,..

Let K € N, and let Nk a finite subset of NV, included in the ball {a € N ||a
K }. Typically, we can take N of the form [~K,...,K]? c Z%or [0,..., K]¢
N or a sparse set of the form (see for instance [12, 18])

<
C

Nig={a=(a1,...,a0) € Z*| (1 +as) -+~ (1 +|ag]) < K } € 2.

We consider the set of variables (£,,m) € CN& x CV¥ equipped with the
symplectic structure

i > dé A dng. (3.1)

aENK

We define the set Zx = N x {x1}. For j = (a,0) € Zk, we define |j| = |a|] and
we denote by j the index (a, —6).
We then define the variables (z;)jez, € CZX by the formula

z; = fa if (5:1,

i = (a,9) € Zx =
j=(@9) r {zj:na if §=-—1,

By abuse of notation, we often write z = (£,7) to denote such an element.
We set )
2
[ NE
JE€EZK

and for any p > 0,
Bi(p) ={z € CZ¥|||z] < p}.

Note that in the case where K = +o00, we set by convention Zx = Z = N x {£1}
and the previous norm defines a Hilbert structure on 622. We denote by

Mg : 02 — (C%, ) -

the natural projection.
Let Ux be a an open set of CZ%. For a function F in C'(Ug,C), we define

its gradient as
F
8Zj JEZK



where by definition, we set for j = (a,d) € N x {£1},

oF .
OF B 8—& if (5—1,
0z | OF o o

Let H(z) be a function defined on Ug. If H is smooth enough, we can associate
with this function the Hamiltonian vector field Xy (z) defined as

Xu(z)=JVH(z)

where J is the symplectic operator induced by the symplectic form (3.1).
For two functions F' and G, the Poisson Bracket is defined as

OF 0G  OF 0G

F.G}=VFTJVG =i - _— =
6 2 On; 0&;  O&; On;

aENK

We say that z € CZX is real when =7 for any j € Zg. In this case,

z = (&,€) for some & € CNK . Further we say that a Hamiltonian function H is
real if H(z) is real for all real z.
With a given function H € C*°(Uk,C), we associate the Hamiltonian system

2= JVH(z)
which can be written
: OH
o = —Za—(fﬂ?) ac NK
Na
oH (3.2)
Na = ia—ga(ﬁﬂl) a € Ng.

In this situation, we define the flow ¢ (z) associated with the previous system
(for times t > 0 depending on z € Uk). Note that if z = (£,€) and H is real,
the flow (¢, n') = ¢4 (2), for all time where it is defined, satisfies the relation
&t = 7t, where £ is solution of the equation

é = —zZ—Z(s,o, a e N. (3.3)

In this situation, introducing the real variables p, and g, such that

Sa = %(pa + Z‘Qa) and ga = %(pa - iQQ)a



the system (3.3) is equivalent to the system

) OH

Pa = —a—qa(qm) a €Nk
. OH

o = a—%(qm), a € Nk.

where H(q,p) = H(¢,).
Note that the flow 78 = 4,0’;( of a real Hamiltonian x defines a symplectic map,
i.e. satisfies for all time ¢ and all point z where it is defined

(D HTJ(D.7Y), = J (3.4)

where D, denotes the derivative with respect to the initial conditions.
The following result is classical:

Lemma 3.1 Let Ux and Wk be two domains of CZK, and let 7 = cpi €
C>®(UK,Wrk) be the flow of the real smooth Hamiltonian x. Then for H €
C*®(Wk,C), we have

VeelU Xpor(z) = (Dor(2)) ' Xp(r(2)).

Moreover, if H is a real Hamiltonian, H o 7 is a real Hamiltonian.

3.2 Hypothesis

We describe now the hypothesis needed on the Hamiltonian H.
In the following, we consider an infinite set of frequencies (wg)qen satisfying

VaeN, |ws| <Cla™ (3.5)

for some constants C' > 0 and m > 0.

Let U be an open domain of £2(C#) containing the origin, and let Uy = I1xU
its projection onto CZx .

We consider the collection of Hamiltonian functions

HX =g+ pH, K >0, (3.6)
with
HSK) = Z waly(2)
aENK
where for all a € N,
Io(2) = &aMa (3.7)



are the actions associated with a € M. Note that if z = (¢,€), then I,(2) = [£,]?.
We moreover assume that the functions PU) € ¢ (U, C) are real, of order

at least 3, and satisfy the following: For all £ > 1, there exists constants C(¢) > 0

and 3(¢) > 0 such that for all K > 1, (j1,--- ,j¢) € Zf{ and z € Uy, the following

estimate holds:

oPK)

AN B(O). _
TR ™y <C()K (3.8)

(2)

The Hamiltonian system (3.2) can hence be written

: . OPK)
o = —iwgq — la—(&??) a € NK
Na
(3.9)
opF)
ﬁa = iwaﬁa"‘iT(an) CLENK-

Denoting by gon the exact flow of a Hamiltonian flow, splitting methods are based
on the approximation

R h h
Phr) = (PH(K) O P px)
0
for a small time step h > 0. Note that in this case, the exact flow of H(SK) is
explicit and given by

(:DZ(SK) (67 77) = (e—iwah&“ €iw“h77a)aeNK

while the calculation of gpflg( k) requires the solution of an ordinary differential
equation, whose solution is often given explicitely (see the examples below).

The goal of this paper is the study of the long-time behavior of the numerical
solution z" given by (1.2) for large number n of iterations.

Remark 3.2 Note that no hypothesis is made here concerning the preservation
of the L? norm by the flow of (3.9).

3.3 Non resonance condition

In the following, for j = (j1,...,jr) € Z} with r > 1, we use the notation
%= Zj

s

Moreover, for j = (j1,...,jr) € Zj with j; = (a;,0;) € Ng x {£1} for i =
1,...,r, we set

j=01,..-,7,) with 7, =(a;,—0), i=1,...,m

10



and we define
QJ) = 61wa, + -+ + dpwa, .

We say that 7 € Z}- depends only of the action and we write 7 € A% if r is even
and if we can write (up to a permutation of the indexes)
Vi=1,...7/2, ji=(a;,1), and ji./2= (a;—1)
for some a; € Ng. Note that in this situation,
Zj=2j %, = Callar - Eappalla, s

= Io(2)- Iar/z (2)

where for all a € Nk, I,(z) denote the actions associated with a (see (3.7)). For
odd r, A, is the empty set.
We will assume now that the step size h satisfies the following property:

Hypothesis 3.3 For all v € N, there exist constants v* and o such that for all
K e N*,
) . (A h~*
Groooodr) € B\ = [1— 90| > (3.10)
The following Lemma 3.5 shows that condition (3.10) is generic in the sense
that it is satisfied for a large set of h < hy (and in particular independently of
K), provided that the frequencies w, satisfy a non resonance condition that we

state now (see [17, 19] for similar statements):
Hypothesis 3.4 For all r € N, there exist constants y(r) and a(r) such that

VK € N¥,
) . ) v
(o) € ZR\AR - = 190)] 2 4. (3.11)
In the next section, we will check that condition in different concrete cases.

Lemma 3.5 Assume that Hypothesis 3.4 holds, and let hg and r be given num-
bers. Let v and o« be such that (3.11) holds and assume that v* < (2/7)7,
o* > a+mo—+r with o > 1 and m the constant appearing in (3.5), then we have

meas{ h < hg | h does not satisfy (3.10) } < Clhé+°
v

where C' depends on o and r. As a consequence the set
Z(hg) = {h < ho|h satisfies Hypothesis 3.3}
is a dense open subset of (0, hg).

The proof of this lemma is given in [7, Lemma 4.6].

11



4 Statement of the result and applications

4.1 Main results

Theorem 4.1 Assume that PY) and h < hg satisfy the previous hypothesis.
Let r € N* be fized. There exist constants o, C and €y depending only on r, hg
and the constants B(¢) and C(£), ¢ = 0,...7 in (3.8), such that the following
holds: For all e < g9 and K < 77, and for all 2° real such that

12°]] <e
if we define
n
2= (@Zém o b)) " (2°) (4.1)
then for all n, z" is still real, and moreover
1
12" <2 for m< o=, (4.2)
and
VaeNg, |L(z") —I1,(z°)] < Ce/? <! 4.3
a € Ng, |I,(z")—I1,(z")] < Ce for n< oo (4.3)

The proof of this result relies on the following Birkhoff normal form result,
whose proof is postponed to Section 5:

Theorem 4.2 Assume that that PY) and h < hg satisfy hypothesis (3.8) and
(3.10). Let r € N* be fized. Then there exists constants 3 and C depending on r,
ho, B(£) and C(€), £ =0,...r in (3.8) and a canonical transformation Tx from
Bk (p) into By (2p) with p= (CK)~" satisfying for all z € Bx(p),

2 _ 2
I (2) = 2| < (CK)P||z]|”  and |l (2) — 2|l < (CK)?|l=]|, (4.4)
satisfying the following result: For all z € Bg(p),
Tk O (’D}Il{é’“) o Plpae) 0 T (2) = @Zém ° i (2)

where Vg satisfies:
o Vi (z) is real if z is real,

e For all z € Bi(p),
() = 2| < (CK)°|l2||". (4.5)
e For all z € Bi(p),

La($r (2) — La(2)] < (CK)? )2 (4.6)

12



Proof of Theorem 4.1. First, let us note that as the Hamiltonian functions
HO(K) and P are real Hamiltonians, it is clear that there exist £" € CV such
that for all n, we have 2" = (£7,£"), that is 2" is real.

Let (3 given by Theorem 4.2 and let 0 = 1/(23). We have for K <&,

(CK)? < 8172,

Let 7 be defined by Theorem 4.2, and let y" = 7:[}1(7:"). Using the property of
Tk, we see that y™ is real, i.e. we have y" = (¢", (") for all n. By definition, we
have

Vn>0, y"t= ((P};Iéx) ° wK)(y") (4.7)

Using the fact that K < e and (4.4), the transformation 7x in the previous
Theorem satisfies the following: For all z such that ||z]| < 2e,

I (2) = 2| < CPe™2|2||* < 4CP? < Le (4.8)

provided e is sufficiently small. Hence we have [|y°| = [|75' (%) < Be.

Note that we have p = (CK)™# > C~P%c1/2 > 2¢ provided that e is small
enough. Using (4.5) we get that as long as ||y"|| < 2e, we have

ly" < Mly"Il + (CE)P|ly™(|” < [ly"|| +27CPe /2
By induction, we thus see that for

n< 2—r—10—ﬁ€3/2—r

we have [|y"| < %6 < 2e. Assuming that gy is such that 2_7’_10_56(1)/2 <1,

this shows that for n < e'=" we have ||y"|| < Ze. Using (4.4) and an inequality
similar to (4.8), we conclude that

1
67“—1

|z <2, for n<

which yields to (4.2).
Now using (4.6) and the fact that ||y"| < 2 we see that for n < '™ we have

Vac NK7 ‘[a(yn-H) - Ia(yn)‘ < 2T+1C65T+1/2

whence
VaeNg, Ly —I,°) <2H1COpem+1/2

Now we have for all a € Nk
1L(y™) — La(z") = 1G0T = 1€ ] = [Icat = 1€21] = [16a] + 1€21];
whence

[a(y") = LTa(z")] < 1C5" = &alClly™ I + 12" < ll7xe (™) = o™ Cly™ 1 + 12"1)-

13



Using (4.4) we see that for all n < e'~" and all a € N,
I (y™) = "] < 4C732,
and hence, as ||2"] < 2e,
1a(y") = La(z")] < 8CPY/2.
Using (4.8), we thus see that
Vn<el™ VaeNg, |.(z") —I1,(z%)] < 27HCP (52 4 ne™+1/2)

and this easily gives the result. [ |

4.2 Examples

In this section we present two examples, other examples like the Klein Gordon
equation on the sphere (in the spirit of [3]) or the nonlinear Schrédinger operator
with harmonic potential (in the spirit of [15]) could also be considered with these
technics.

4.2.1 Schrodinger equation on the torus

We first consider nonlinear Schrodinger equations of the form
100 = —AY +V xt + Oog(¥,9), @ €T (4.9)

where V € C®°(T%,R), g € C®(U,C) where U is a neighborhood of the origin in
C2. We assume that g(u, %) € R, and that g(u, @) = O(Jul?). The corresponding
Hamiltonian functional is given by

H(y, ) = /w (V|2 + h(V x)) + g(e, ) da.

Let ¢ (x) = €%, a € Z% be the Fourier basis on L?(T¢). With the notation
1\4d/2 . 1\d/2 _
v=(5) % Eadalw) and = (52) %Z: aa()

the (abstract) Hamiltonian associated with the equation (4.9) can be formally
written

H(En) = wabatla + P& 7). (4.10)

a€Zd

Here w, = |a|?> + V, are the eigenvalues of the operator

Y= =AY+ V %,

14



and we see that w, satisfy (3.5) with m = 2. Moreover, the nonlinearity function
P(&,7n) posesses a zero of order 3 at the origin. In this situation, it can be shown
that the Hypothesis 3.3 is fulfilled for a large set of potential V' (see [4] or [14]).

Following [10], a space discretization of this equation using spectral colloca-
tion methods yields a problem of the form (3.6) with

Nk =[-K,...,K —1)¢

and, with

ue = (52)" Y tale) and ve= (52)" Y mbale) @1)

aeNKk aeNk

d/2

the nonlinearity reads

P(K)(E,n) — /Td Q(g(ug,vk))dx

where, for a function 1) = (%)d/2 > aczd Vaba(T)

0W) = Y (D vurens) tala)

aeNk  bezd

is the collocation operator associated with the points z, = & € T, a € Nk. It
is easy to verify that PUC) satisfies (3.8) for some constants C'(¢) depending on
g and ((¢) depending on g and the dimension d.

Note that starting from a real initial value u% (x) (see (4.11)) this system
reduces to solving the system of ordinary differential equation

d -
VaeN, iauK(xa,t) = ngQFQ}%uK(xa,t) + g(ug (e, t), ug (xq,t))

where € is the matrix (wq)eeny, and Foi the Fourier transform associated
with M. Note that in this case, the numerical solution (1.2) is easily im-
plemented: The linear part is diagonal and can be solved explicitely in the
Fourier space, while the non-linear part is an ordinary differential equation
with fixed parameter z, at each step. If moreover g(u,@) = G(|u|?) for some
real function G then the solution of the nonlinear part is given explicitely by
@Z(K) (u) = exp(—2ihG’(|u|?)u using the fact that |u|? is constant for a fixed
point x,.

For high dimension d, the previous discretization is usually replaced by a
discretization on sparse grid, i.e. with

Ng={a=(a1,...,aq) € Z | 1 +|a1])--- (1 + |ag|) < K } c Z°.

15



As explained in [18, Chap II1.1], methods exist to write the corresponding system
under the symplectic form (3.6), upon a possible loss in the approximation prop-
erties of the exact solution of (4.9) by the solution of the discretized Hamiltonian
H)_ Note that this does not influence the long time results proven here: In
some sense we do not impose the nonlinearity pK )(z) to approximate an exact
nonlinearity P(z).

We give first a numerical illustration of resonance effects. We consider the
equation

iOph = =AY+ Vxp + 2
in the one dimensional torus T', with initial value

2
2 — cos(x)’

Yo(z) =

Note that this problem is equivalent to solving (4.9) with a small initial value
of order e. We take ¢ = 0.1, V with Fourier coefficients V, = 2/(10 + 2¢?) and
K =200 (i.e. 400 collocation points). In Figure 1, we plot the actions of the
numerical solution given by the Lie splitting algorithm (1.2) in logarithmic scale.
In the right we use the resonant stepsize h = 27 /(w7 —wy) ~ 0.17459 . ... In the
left we plot the same result but with the non resonant stepsize h = 0.174.

Lo10 of the actions

Lo10 of the actions
| |

0 200 400 600 800 1000 1200 1400 1600
TIME

Figure 1: Plot of the actions for non-resonant and resonant step size.

In Figure 2, we show the long time almost conservation of the action in the
case where h = 0.1 (non resonant), and £ = 0.1 and & = 0.01 after 107 iterations.

4.2.2 Wave equation on the circle
We consider the wave equation on the circle

Up — Ugy +mu = g(u), =T, teR,

16



Log10 of the actions
|

Log10 of the actions
\ .

0 2000 4000 6000 8000 10000 = 0 2000 4000 6000 8000 10000
TIME TIME

M M

Figure 2: Conservation of the actions for e = 0.1 (left) and e = 0.01 (right).

where m is a non negative real constant and g a smooth real valued function.
Introducing the variable v = u;, the corresponding Hamiltonian can be written

1
H(u,v) = /T 5(212 + u2 4+ mu?) + G(u) d,

where G is such that 0,G = g. Let A := (—0yy + m)l/z, and define the variables

(p,q) by
q:= A1/2u, and p= A2y,

Then the Hamiltonian can be written

1 = 3 ((App)s + (Ada)ia) + [ G P as.
T

Let w, = v/|a|?> + m, a € N =: N be the eigenvalues of the operator A, and ¢,
the associated eigenfunctions. Plugging the decompositions

g(x) =) qada(z) and p(z) =) pada(z)

aeN aeN

into the Hamiltonian functional, we see that it takes the form

2 2
Py +q
H:Zwa a2 @4 p
aeN

where P is a function of the variables p, and g,. Using the complex coordinates

1 1
§a = E(Qa + ipa) and 1, = E(Qa - ipa)

17



the Hamiltonian function can be written under the form (4.10) with a nonlinearity
depending on . As in the previous case, it can be shown that the condition
(3.11) is fulfilled for a set of constant m of full measure (see [4, 2]). A collocation
discretization on equidistant points of [0,27] yields the same discretization as
previously (with d = 1).

In this situation, the symmetric Strang splitting scheme

h/2 h h/2
Ppus) © P © Ppu

corresponds to the Deuflhard’s method [16]. If moreover we consider the Hamil-
tonian
H®)(2) = H{®) (2) + P5)((h0)2)

where  is the matrix with elements w,, a € Nk, and ®(x) a smooth function that
is real, bounded and such that ®(0) = 1, then the splitting schemes associated
with this decomposition coincide with the symplectic mollified impulse methods
(see [17, Chap. XIII] and [9]).

5 Proof of the normal form result

The rest of the paper consists in proving Theorem 4.2.
In the following, we denote by 7, the set of polynomial of order r on CZ% (for
sake of simplicity, we do note write the dependance in K in the notation 7,.). If

T
Q=Y > Qjz
/=0 jEZf(
is an element of 7., we set

QI = Sy, max |Qjl-

If moreover @ € C([0,1],7,) we set

= A .
Q7 = max 12,

Using the assumptions on P®E) we can write a Taylor expansion of P around
0
’ T
P =P +Q, = Z Z Pjzj + Q. (2)
(=3 jezt,
where
Py < OK™
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where C' and 3y depend on 3(¢) and C(¢), £ =0,...,r in (3.8).
Notice that Q,(z) € C*°(CZ#¥,C) admits of zero of order r + 1 and satisfies

IXq, ()l < CE™|l2|"

for z € Uk, provided [y = [By(r,d) is large enough.
Before giving the proof of Theorem 4.1, we give easy results on the flow of
non autonomous polynomials Hamiltonian.

Lemma 5.1 Let k > 1 and let P(\) € C([0,1],Tx+1) be a homogeneous polyno-
mial of order k + 1 depending on X € [0,1]. Then

(i) There exists a constant C depending on k such that for all z € CZX and all
A € [0,1], we have

k+1
PO\, 2)] < CKUED P lo]

(ii) There exists a constant C depending on k such that for any z € C*X and
all X € 0,1],
k
1Xpy() < ORGP 2]

Moreover, Let ki and ko two fixed integers. Let P and @Q two homogeneous
polynomials of degree ki + 1 and ka + 1 such that P € C([0,1], T3, +1) and Q €
C([0,1], Tky+1). Then {P,Q} € C([0,1], T, +k,) and we have

P @y, <CIPIy QU

for some constant C' depending on ki1 and k.

Proof. We have
PO <Pl 3 1l

jezptt
where we have set for j = (j1,...,J¢) € Zfo

251 = 12| -+~ 25
Using |2;] < ||z|| we easily obtain (i) using §Zx < (2K + 1)?. The second
statement is proven similarly. The estimate on the Poisson brackets is trivial. m

Lemma 5.2 Letr > 3,

QN2 =) QN2

(=3 jezt,
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be an element of C([0,1],7,). Let gogo\) be the flow associated with the non
autonomous real Hamiltonian Q(X). Then there exist a constant C, depending
on r such that

: Cdr -1
p<mf(1/2.CK7QI;) = YACDL @y (Brln) C Br(2)
(5.1)
Moreover, if F(X) € C([0,1],C>®(Bk(p),C)) has a zero of order r at the origin,
then F(\) o gpg()\) has a zero of order r at the origin in B (p).

Proof. Let 2} = gpg()\) (2°). Using the estimates of the previous lemma, we
have

d 2

aHz*H = 2(z* Xg(2))

K QU 1A (12217 + 11227 )
T T,

for some constant ¢, depending on 7. Hence, as long as ||2*|| < 1, we have

IN

d 2 , 3
S < 26K QYL 1)

By a standard comparison argument, we easily get that for 20 € By (p) we have
vAe0,1], (12 <2lI2°] .
This shows (5.1) and the rest follows. [ ]

We give now the general strategy of the proof of the normal form Theorem 4.2,
showing in particular the need of working with non autonomous Hamiltonians
and of considering the non resonance condition (3.10).

We consider a fixed step size h satisfying (3.10). As in this section K will be

considered as fixed, we denote shortly PU5) by P and HSK) by Hy. We consider
the propagator
i, © P = Pty © Php-
We embed this application into the family of applications
90}11{0 © 902P7 Ae [07 1]’
Formally, we would like to find a real Hamiltonian x = x(A) and a real Hamilto-
nian under normal form Z = Z(\) and such that
h A A A h A
VAE0,1]  ©H, 0 0hp 093 = Pxn) © PHy © Phz(n)- (5:2)
Let 20 € C?K and 2* = gpf}{() o gpzp o 4,0;\(()\) (2%). Deriving the previous equation
with respect to A yields
dZ)\ —h
s (Dzwfﬁo)%g(zx)XhP(wHo(ZA))JF

(D:(ol, © wﬁp))go;;owﬁz(zx)Xx(A)(SO;Z? o @ (V).
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Using Lemma 3.1 that remains obviously valid for non autonomous Hamiltonian,

we thus have
dz?

A
an = XA(A)(Z )

where A(A) it the time dependent real Hamiltonian given by
A(N) =hPo gpI_{g +x(A) o gp;; ) ‘PI_{ZL
Using the same calculations for the right-hand side, (5.2) is formally equivalent
to the following equation (up to an integration constant)
VAE[0,1] hPogy! +x(N) o wppoen = x(\) +hZ(A) o o)) o ¢h- (5.3)
which is equivalent to

VAE[0, 1] X(N)owl, = x(\) op,p=hP —hZ(N) oy (5.4)

)
In the following, we will solve this equation in x(\) and Z(\) with a remainder
term of order r + 1 in z. So instead of (5.4), we will solve the equation

VAE[0,1] x(N) o, —x(\) ogpp =hP = (RZ(N) + R(\) o9 (). (5.5)

where the unknown are x(\), and Z(\) are polynomials of order r, with Z under
normal form, and where R(\) possesses a zero of order r 4+ 1 at the origin.
In the following, we formally write

X =D xgN) =D xi(Nz
=3

=3 jezf
and . .
20 =3 2N =] > Z(Vz
(=3 =3 jezt,
where here the coefficients Z;(\) are unknown and where we denote by x(¢(A)

and Z()) the homogeneous part of degree £ in the polynomials x () and Z(X).
Identifying the coefficients of degree ¢ < r in equation (5.5), we obtain

Xig(\) o o, — xig(N) = hPyg — hZig(X) + hGig(N; X, Pr, Zi).

where G is a real Hamiltonian homogeneous of degree ¢ depending on the poly-
nomials X[y, P and Zpy for k < £. In particular, its coefficients are polynomial
of order </ of the coefficients x;, P; and Z; for j € Z}“{, k<.

Writing down the coefficients, this equation is equivalent to

Vie 2y (M9 —1)y; =hPj —hZj+ hG,;

and hence we see that the key is to control the small divisors ¢23) — 1 to solve

these equations recursively.
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Lemma 5.3 Let x() be an element of C([0,1],7,). Let T(\) := 90;(/\) be the flow
associated with the non autonomous real Hamiltonian x(\). Let g € C([0,1],7,),
then we can write for all og € [0, 1],

9(o0) o 7(00) = g(00)
r—1 oo o
+ Z/o e /0 (Adx(ak) 0---0 Adx(al)g(ao))dal --+~dog + R(og) (5.6)
k=0
where by definition Adp(Q) = {Q, P}

oo or
R(ao):/o /0 (Adyo,) 0+ 0 Ady(o,)9(00) ) 0 7o) dory -+ dar. (5.7)

Each term in the sum in Eqn. (5.6) belongs (at least) to the space C([0,1], Tg).
The term R(og) defines an element of C([0,1],C>®(C?x,C)) and has a zero of
order at least v + 1 at the origin.

The proof of this lemma is given in [7].

As mentioned previously, for a given polynomial x € C([0,1],7,) with r > 3,
we use the following notation

XA 2) =D xgN) =D xi(Nz (5.8)
(=3 =3 jgzﬁ
where x(¢(A) € C([0,1],7;) is a homogeneous polynomial of degree .

Proposition 5.4 Let x(\) be an element of C([0,1],7,). Let 90;\(()\) be the flow
associated with the non autonomous real Hamiltonian x(\). Let g € C([0,1],7;),
then we can write for all X € [0, 1],

90 0@y =SV +TO M)
where
e ST(N\) € C([0,1],7,.). Moreover, if we write

S(2)=>_ Sy
=3

where Sy (A) is a homogeneous polynomial of degree £, then we have for all
(=3,...,r,
Sig(AN) = gig(A) + Gl (A5 X, 9+)
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where Gg(A; X+, gx) s a homogeneous polynomial depending on A and the
coefficients S; are polynomials of order < £ of the coefficients appearing in
the decomposition of g and x. Moreover, we have

/—1 /—1
1G9 < (14 D Mgl ) (1D Il ) (5.9)
m=3 m=3

o T(N) € C([0,1],C®(C?5,C)) has a zero of order at least r + 1 at the
origin and satisfies for all z € Bi(1/2),

”XT(T)()\) () < CTK%dCr(X*a 9*)”2HT

where

€l < C(14 Y lgplls ) (14 3 Il ) (.20
m=3

m=3

with C depending on r.

Proof. Using the previous lemma, we define S(") as the polynomial part of
degree less or equal to r in the expression (5.6): this polynomial part may be com-
puted iteratively, from the homogeneity degree 3 to r. Actually, every Poisson
bracket appearing in (5.6) is taken with a polynomial x(cy), which decomposes
into homogeneous polynomials with degree 3 at least. The terms appearing in
the sum in (5.6) hence have an increasing valuation, and this allows the iterative
computation. The remainder terms, together with the term R(\) in (5.7), define
the term T() (which is an element of C([0,1],72,)). The properties of S (\)
and T()(\) are then easily shown using Lemma 5.1. |

The next result (Proposition 5.6 below) yields the construction of the normal
form term ¢ g of Theorem 4.2.

Definition 5.5 A polynomial Z on CZX is said to be in normal form if we can
write it .
Z=2 ). Z
=3 jeAl,

where A% is defined in the beginning of Subsection 3.3.

Proposition 5.6 Assume that H := H) satisfies (3.6) with P := P5) ful-
filling (3.8) and assume that h < hg satisfies the hypothesis (3.10). Then there
exist
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e a polynomial x € C([0,1],7,)

X =D "xgN) =" xi(Vz
=3

é:3jgz%

e a polynomial Z € C([0,1],7;)

2N =) ZuN =] D Zi(Nz
(=3

_a . ¢
=3 JEAK

i normal form,

e a function R(\) € C([0,1],C=®(Bx(p),C)) with p < coK~" for some con-
stant cg > 0 and B > 1 depending on r and d, and having a zero of order
at least v+ 1 at the origin

such that the following equation holds:
YA€ 0,1 x(\) o, —x(\) opp=hP — (hZ(\) + R()\)) o (,0;()3\). (5.11)
Furthermore there exists a constant Cy depending on r and d such that
Iy + 112l < oK
and such that for all p < coK ™" and all z € Bg(p), we have
vAC[0.1], Xyl < CokPz]l"

Proof. Identifying the coefficients of degree ¢ < r in the equation (5.11), we
get
Xi © ¢, — Xig = hPlg — hZig + hG (X, Pe, Zs).
where G is a real Hamiltonian homogeneous of degree ¢ depending on the poly-
nomials X[z, P and Zp) for £ < £. In particular, its coefficients are polynomial
of order < £ of the coefficients xj, P; and Z; for j € Zfo k < ¢ and satisfy
bounds like (5.9). Writing down the coefficients, this equation is equivalent to
VieZ, (") _1)x; =hPj —hZj+ hGj.
We solve this equation by setting
Zj=Pj+G; and x; =0 for je A
and

Zj=0 and yxj;= P;j+Gj) for j¢ A

G 1
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Using (3.10) and the result of Proposition 5.4 we get the claimed bound for some
(6 depending on r.

To define R, we simply define it by the equation (5.5). By construction and the
assumption on P = P) and using bounds of the form (5.10), it is easy to show
that it satisfies the hypothesis. [ |

Proof of Theorem 4.2. Integrating the equation (5.5) in A, it is clear that
the following equation holds:
h A A A h A
VAE[0,1] @h, 0 @hp 0 Py = Px(n) © PHy © Phz(n)+RO)-
Note that using Proposition 5.4 and (5.1) we show that for z € Bg(p) with
p = cK P we have
. — 2| < CK7|2||”
162 () — 2l < CE)l2)1%.

This implies in particular that
121l < ey @)+ CE)2]]

For K sufficiently large, this shows that 90;(/\) is invertible and send Bg(p) to
Bk (2p). Moreover, we have the estimate, for all A € [0, 1],

-1 2
1(©20) 7 (2) = 2l < CKP)).

We then define 7 = gp}lc()\) and Vi = cp}LZ( N4LRO) and verify that these applica-
tions satisfy the condition of the theorem for suitable constant C' and (. [ |
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