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for semi linear Hamiltonian PDEs.
Part II: Abstract splitting.

Erwan Faou, Benoit Grébert and Eric Paturel

November 24, 2008

Abstract

We consider Hamiltonian PDEs that can be split into a linear unbounded
operator and a regular non linear part. We consider abstract splitting methods
associated with this decomposition where no discretization in space is made. We
prove a normal form result for the corresponding discrete flow under generic non
resonance conditions on the frequencies of the linear operator and on the step size.
This result implies the conservation of the regularity of the numerical solution
associated with the splitting method over arbitrary long time, provided the initial
data is small enough. This result holds for numerical schemes controlling the
round-off error at each step to avoid possible high frequency energy drift. We
apply this results to nonlinear Schrodinger equations as well as the nonlinear
wave equation.
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1 Introduction

In this work, we consider a class of Hamiltonian partial differential equations
whose Hamiltonian functions H = Hy+ P can be divided into a linear unbounded
operator Hy with discrete spectrum and a non linear function P having a zero
of order at least 3 at the origin of the phase space. Typical examples are given
by the non linear wave equation or the non linear Schrodinger equation on the
torus.

Amongst all the numerical schemes that can be applied to these Hamiltonian
PDEs, splitting methods entail many advantages, as they provide symplectic and
explicit schemes, and can be easily implemented using fast Fourier transform if
the spectrum of Hy expresses easily in Fourier basis. Generally speaking, a
splitting schemes is based on the approximation

oy~ oy ol (1.1)

for small time h, and where ¢} denotes the exact flow of the Hamiltonian PDE
associated with the Hamiltonian K.

The understanding of the long-time behavior of splitting methods for Hamil-
tonian PDEs is a fundamental ongoing challenge in the field of geometric inte-
gration, as the classical arguments of backward error analysis (see for instance
[16]) do not applied in this situation where the frequencies of the system are
arbitrary large, and where resonances phenomenon are known to occur for some
values of the step size. Recently, many progresses have been made in this di-
rection. A first result using normal form techniques was given by DUJARDIN &



FAoU in [6] for the case of the linear Schrodinger equation with small potential.
Concerning the non linear case, results exists by COHEN, HAIRER & LUBICH,
see [8, 9], for the wave equation and GAUCKLER & LUBICH, see [10, 11], for
the nonlinear Schrédinger equation using the technique of modulated Fourier
expansion. However to be valid these results use non-resonance conditions that
are generically satisfied only under CFL conditions linking the step-size h and
highest frequencies of the space discretization of the Hamiltonian PDE.

In this paper, we use a normal form techniques to prove the long-time preser-
vation of the regularity of the initial solution under generic non resonances condi-
tions valid for a large set of equations and a large set of time step, independently
of the space discretization parameter.

Normal form techniques have proven to be one of the most important tool
for the understanding of the long time behaviour of Hamiltonian PDE (see [1,
4,12, 2, 3, 13]). Roughly speaking, the dynamical consequences of such results
are the following: starting with a small initial value of size € in a Sobolev space
H?, then the solution remains small in the same norm over long time, namely
for time t < C,e™" for arbitrary r (with a constant C, depending on 7). Such
results hold under generic non resonance conditions on the frequencies of the
underlying linear operator H associated with the Hamiltonian PDE, that are
valid in a wide number of situations (nonlinear Schrodinger equation on a torus
of dimension d or with Dirichlet boundary conditions, nonlinear wave equation
with periodic or Dirichlet conditions in dimension 1, Klein Gordon equation on
spheres or Zoll manifolds.).

In this paper, we mainly show that the same kind of results hold true for
numerical solutions associated with the abstract splitting method (1.1) under
some further restrictions specifically induced by the time discretization.

This work is the second of a series of two.

In the first part [7], we consider full discretizations of the Hamiltonian PDE,
with a spectral discretization parameter K. We show that under the hypothesis
K < 79 for some constant ¢ depending on the precision degree r, the same
conclusion as in the continuous case can be drawn. Though concerning the
discretization of a Hamiltonian PDE, the method used in [7] is by essence a
finite dimensional Birkhoff normal form result using techniques that are rather
classic in the dynamical system world.

In some sense, the present paper studies the case where K > €77 by consider-
ing the splitting method where no discretization in space is made (i.e. K = 400).
The techniques used involve the abstract framework developed in [4, 12, 2]. How-
ever, instead of being valid for the (exact) abstract splitting (1.1), we have to
consider rounded splitting methods of the form

IT, s 0 iy o lh (1.2)

where II,, s puts to zero all the frequencies ¢; whose weighted energy |j|?*|¢;|%*
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in the Sobolev space H* is smaller than a given threshold n?. Hence, for small 7,
(1.2) is very close to the exact splitting method (1.1). The good news is that this
threshold can be taken of the order ", making this projection I, s very close to
the identity, and in any case producing an error that is far beyond the round-off
error in a computer simulation (particularly for large s).

Our main result is given by Theorem 4.2.

2 Description of the method

Before going on into the precise statements and proofs, we would like to give
tentative explanations of the modifications observed in comparison with the con-
tinuous case.

The method used in [4] to prove the long-time conservation of Sobolev norms
for small data is to start from a Hamiltonian H = Hy+ P depending on an infinite
number of variable (§;,7n;), j,k € N, and for a fixed number 7, to construct a
hamiltonian transformation 7 close to the identity, and such that in the new
variable, the Hamiltonian can be written

Hy+Z7Z+R (2.1)

where Z is a real Hamiltonian depending only on the action I; = ;n; and R a
real Hamiltonian having a zero of order r.

The key for this construction is an induction process where, at each step, the
solution of an homological equation of the form

{Ho,x}+2Z=0G (2.2)

where G is a given homogeneous polynomial of order n, and where Z depending
only on the action and y are unknown. Assume that G is of the form

G =G &yMky - My

where G is a coefficients, 7 = (j1,...,7p) € NP and k = (k1,...,k;) € N9
Then it is easy to see that the equation (2.2) can be written

QM k)Xjk + Zjr = Gj (2.3)

where
Q(jak):wj1+'”+wjp_wk1_"'_wj

q
and where Zj, and G are unknown coefficients.

It is clear that for 7 = k (up to a permutation), we have Q(j, k) = 0 which im-
poses Zji, = Gji. When j # k (taking into account the permutation), the solu-
tion of (2.3) relies on a non resonance conditions on the small divisors Q(j, k)1
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In [4], BAMBUSI & GREBERT use a non resonance condition of the form
Vi#k Q5 k) Zyu k)" (2.4)

where £1(j, k) denotes the third largest integer amongst |j1],...,|ks|. They more-
over show that such a condition is guaranteed in a large number of situations
(see [4], [12] or [2] for precise results).

Considering now the splitting method gpf}io o 90}}3, we see that we cannot work
directly at the level of the Hamiltonian. To avoid this difficulty, we embed the
splitting into the family of applications

0,1] 2 A= iy o ppp

and we derive this expression with respect to A to work in the tangent space,
where it is much more easy to identify real Hamiltonian than unitary flows.

This explains why we deal here with time-dependent Hamiltonian. Note that
we do not expand the operator 90}1110 in powers of h, as this would yields positive
powers of the unbounded operator Hy appearing in the series. Unless a CFL
condition is employed, this methods do not give the desired results (and do not
explain the resonance effects observed for some specific values of h, see [7]).

Now, instead of (2.2), the Homological equation appearing for the splitting
methods is given in a discrete form

xowfﬁo—erZ:G. (2.5)
In terms of coefficients, this equations yields
(0P —1)xjk + Zik = G-

The main difference with (2.3) is that we have to avoid not only the indices
(7,k) so that Q(j,k) = 0, but all of those for which hQ(j, k) = 2mmn for some
(unbounded) integer m.

In the case of a fully discretized system for which V. P = 0 for |j| > K,
then under the CFL-like condition of the form hK? < C for some constant C
depending on r, then we have |hQ(j, k)| < 7, and hence

| HIR) — 1| > hyp(g, k) (2.6)

(2.6) is then a consequence of (2.4). Under this assumption, we can apply the
same techniques used in [4] and draw the same conclusions. This is the kind of
assumption made in [8] and [11].

The problem with (2.6) is that it is non generic in h outside the CFL regime.
For example, in the case of the Schrodinger equation, the frequencies of the
operator Hy are such that w; ~ j2. Hence, for large N, if (j1,...,jp, k1., kq)
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is such that j; = N+1, k; = N and all the other are of order 1 (N is large here),
we have Q(j,k) ~ (N +1)? — N? ~ 2N. Hence,

‘eihﬂ(j,k) o 1‘ ~ ’e2ihN o 1‘

cannot be assumed to be greater than hyu(j, k)™ ~ h. Note that a generic
hypothesis on h would be here that this small divisor is greater than hyN~¢ for
some constants v and a. This means that we cannot control the small divisors
|eih9(j k) 1] associated with the splitting scheme by the third largest integer in
the multi index, but by the largest.

Using a generic condition on h < hg, we can prove a normal form result and
show that the flow is conjugated to the flow of a hamiltonian vector field of the
form (2.1), but where Z now contains terms depending only on the actions, and
supplementary terms containing at least two large indices. Here, large means
greater than €77 where o depends on 7.

In the case of a full discretization of the Hamiltonian PDE with a spectral
discretization parameter K, we thus see that if K < 77 then the normal form
term Z actually depends only on the actions, as the high frequencies greater that
€77 are not present. This is essentially the result of [7].

In the case where K > £77, the normal form result that we obtain can be
interpreted as follows: the non conservation of the actions can only come from two
high modes (of order greater than £~7) interacting together and contaminating
the whole spectrum. The role of the projection operator I, s is to destroy these
high modes at each step but only when these high modes have an energy greater
than 7 (cf. (3.13)). As we can take n = &", the error induced is very small,
and in particular, far beyond the round-off error in the numerical simulation.
Note that the complete understanding of the numerical phenomenon, and in
particular the possible interaction (or not) between two high modes would in
principle require the introduction of round-off effects by adding stochastic terms
in high frequencies. This is clearly out of the scope of this paper.

3 Setting of the problem

3.1 Abstract Hamiltonian formalism

We denote N = Z% or N¢ (depending on the concrete application) for some d > 1.
For a = (a1,...,aq) € N, we set

la|* = max (1,a] + - + a3).

We consider the set of variables (£,,m,) € CN x CV equipped with the symplectic
structure
i déa A dna. (3.1)

aeN



We define the set Z =N x {+1}. For j = (a,d) € Z, we define |j| = |a| and we
denote by j the index (a, —6).
We will identify a couple (&,7) € CN x CVN with (2;);ez € CZ via the formula

zj = & if 6=1,
j=1(a,0) € Z= .
zj = 1n, if 6=-1,

By a slight abuse of notation, we often write z = (£, n) to denote such an element.
For a given real number s > 0, we consider the Hilbert space Py = £5(Z,C)
made of elements z € CZ such that

2 .
=11 = > 131251 < oo,
jEZ

and equipped with the symplectic form (3.1).
Let U be a an open set of P,. For a function F of C*(U,C), we define its

gradient by
8Zj jez

where by definition, we set for j = (a,d) € N' x {£1},
OF

O_F B 8—&1 lf (5 = 1,
82]' N oF .
— if d=-1.
ona

Let H(z) be a function defined on ¢. If H is smooth enough, we can associate
with this function the Hamiltonian vector field X (z) defined by

Xp(z)=JVH(z)

where J is the symplectic operator on Ps induced by the symplectic form (3.1).
For two functions F' and G, the Poisson Bracket is defined as
OF 0G  OF 0G
{F,G} =VFTJVG =i —_—— = .
g\/ In; 0¢;  OE; Onj

We say that z € Ps is real when z; = Z; for any j € Z. In this case, z = (£,6)

for some £ € CN. Further we say that a Hamiltonian function H is real if H(z)
is real for all real z.

Definition 3.1 Let s > 0, and let U be a neighborhood of the origin in Ps. We
denote by H*(U) the space of real Hamiltonian H satisfying

HeC®U,C), and Xi e COWU,Py).



With a given function H € H*(U), we associate the Hamiltonian system

2= JVH(z)
which can be written
: OH
ga = _Za—(fﬂ]) aEN
Na
. OH (3:2)
Na = Za—ga(f, 77) a€N.

In this situation, we define the flow ¢, (z) associated with the previous system
(for times ¢ > 0 depending on z € U). Note that if z = (£, ) and using the fact
that H is real valued, the flow (£%,7") = ¢!, (2) satisfies for all time where it is
defined the relation ¢ = 7, where £! is solution of the equation

: OH , -

o = —25(575)7 a€N. (3.3)

In this situation, introducing the real variables p, and g, such that

1 - 1
o= —7=atiq,) and & = —=(pa —iqa),
3 ﬁ(p qa) 3 \/i(p qa)
the system (3.3) is equivalent to the system

. OH

bo = —5(@p) acN

. OH

a — 43 \4,P) € .

q o, 0P) 0 EN

where H(q,p) = H(&, ).
Note that the flow 7t = cp; of a real hamiltonian y defines a symplectic map,
i.e. satisfies for all time ¢ and all point z where it is defined

(DI J(D.7). =T (3.4)

where D, denotes the derivative with respect to the initial conditions.
The following result is classic:

Lemma 3.2 Let U and W be two domains of Ps, and let T = ¢}, € CU, W)
be the flow of the real hamiltonian x. Then for K € H*(W), we have

Vzeld Xgor(z) = (D.7(2) ' Xk (1(2)).

Moreover, if K is a real hamiltonian, K o T is a real hamiltonian.



3.2 Function spaces

We describe now the hypothesis needed on the Hamiltonian H.

Let £ > 3 be a given integer. For 7 = (j1,...,Jr) € Z", we define u(j) as the
third largest integer between [j1], ..., |jr|.- Then we set S(3) = |7:,.|—|7i,_, |+ 1(F)
where |j;.| and |7;. ,| denote the largest and the second largest integer between

il il
Let ¢ > 3. We consider j = (ji,...,j7) € 2%, and we set for all i = 1,...p
Ji = (a;,0;) where a; € N and ¢; € {£1}. We define the moment M(7) of the
multi-index j by
M(]) =a101 + - + agdy. (3.5)

We then define the set of indices with zero moment
Iy ={j=01....50) € Z2°, with M(j) =0} (3.6)
In the following, for 5 = (j1,...,J¢) € Zy, we use the notation
25 = 2j, ** Zj,-

Moreover, for j = (j1,...,7¢) € Zy with j; = (a;,6;) € N x {1} fori=1,... ¢,
we set _
J=01,---,40) with 7, =(a;,—0;), i=1,...,¢

We recall the following definition from [12].

Definition 3.3 Let k>3, M >0 and v € [0,+00), and let

k
Q) =>_ > Qjz

(=3 jeI,

We say that QQ € %M’V if there exist a constant C' depending on M such that

VO— 3.k VieZ, | <t (3.7)
) s vy ) 21 = S(])M
Note that @ is a real hamiltonian if and only if
Ve=3,....k, Vje€TIy Qj:@; (3.8)

We have that ’Z}QM’V € H® for s > v+ 1/2 (see [12]). The best constant in the
inequality (3.7) defines a norm |Q)] M for which ’Z;M’V is a Banach space. We
set

T]:O’V _ ﬂ %M,I/‘
MeN



Definition 3.4 A function P is in the class T if
e P is a real hamiltonian and exhibits a zero of order at least 3 at the origin.

o There exists so > 0 such that for any s > so, P € H*(U) for some neigh-
borhood U of the origin in Ps.

e For allk > 1, there exists v > 0 such that the Taylor expansion of degree k
of P around the origin belongs to T,.".

With previous notations, we consider in the following Hamiltonian functions of
the form
H(z) = Hy(2) + P(2) = > _ wala(2) + P(2), (3.9)
aeN

where for all a € NV,
[a(z) = gana

are the actions associated with a € A" and where w, € R are frequencies satisfying

VaeN, |ws <Cla]™ (3.10)

for some constants C' > 0 and m > 0. The Hamiltonian system (3.2) can hence
be written op

fa = _iwaga - Za—(fan) aeN

'la (3.11)

Neg = iwana+ig—§l(§77l) a€N.

3.3 Rounded splitting methods

When considering the numerical simulation of such hamiltonian system, many
methods can be interpreted as splitting methods associated with the decompo-
sition (3.9). This means that for small step size h, we approximate the flow gpf}{
by the composed flow
ho . h h
YPH = PHy © PP

For a given time ¢, and a small step size h with ¢ = nh, the approximation of ¢!,
is then written

n
Py ~ (90’}{0 0 90?3) : (3.12)

We give examples of such schemes in the next section.
In order to control the possible numerical instabilities due to the interaction
of high frequencies, we introduce the following projection operator: Let n > 0
and s be given, we define
IL, s : Ps — Ps

10



by the formula

zj it [§%lz] <
Vjez, (Hmsz) - (3.13)

/ 0 if [j*lz] > n.

The goal of this paper is the studying of the long-time behavior of rounded
splitting schemes associated with the operator

h h
Iy s 0, © PP
to which we associate the numerical solution
n h "0
2 = (M 06l 0 0h) (). (3.14)

Obviously, for n = 0, II,, , is the identity operator.
In the following, we show a normal form result on the abstract splitting
method

h h
YHy © PP

and then draw some dynamical consequences for the discrete solution (3.14).

4 Statement of the result and applications

4.1 Main result

Let 7 = (j1,...,Jjr) € 2", and denote by j; = (a;,6;) € N x {1} fori=1,...,r.
We set
QJ) = 61wa, + -+ + drwy, .

We say that j = (j1,...,Jr) € Z, depends only of the action and we write j € A,
if r is even and if we can write

Vi=1,...7/2, ji=(a;,1), and ji1,/2 = (a;,—1)

for some a; € N. Note that in this situation,

2 = ZjyZj. = §a177a1 T gar/2nar/2
= Io Lo,
where for all a € N,
[a(z) = gana

denote the action associated with the index a. Note that if z satisfies the condi-
tion z; = z; for all j € Z, then we have I,(z) = |€4]?. For odd 7, A, is the empty
set.

We will assume now that the step size h satisfies the following property:

11



Hypothesis 4.1 For all r € N, there exist constants v* and o* such that VN €
N* and V3 = (j1,...,jr) & A,

1)y lgr] SN = |1—eihQ(j)|2%. (4.1)
Theorem 4.2 Assume that P € T and h < hg satisfies the condition (4.1). Let
r € N* be fizred. Then there exists a constant sy depending on r such that for
all s > sg, there exist constants C' and ey depending on v and s such that the
following holds: For all € < ¢ and for all 2° € Poy real such that Hmszo = 20
with n = "/ and

1%, <& and [, <1,

if we define
2" = (M5 0 oy, 0 9p) " (2°)  with n=e+1/* (4.2)

then we have z" is still real, and moreover

1
[2"]l, <2 for n< gt (4.3)
and )
Dol L") — L) <% Jor n< = (4.4)

aeN

The proof is postponed to section 5.3.

Remark 4.3 As r is arbitrary, the condition n = e"t1/* implies that IL, s is

e"t1/4 close to the identity in P, (cf. (3.13)). From the practical point of view,
we can always assume that € is beyond the round-off error, so that we can con-
sider that (4.2) coincides with the numerical solution associated with the splitting
method. The full understanding of the real numerical phenomenon taking into
account the round-off error is clearly out of the scope of this paper.

Remark 4.4 The condition ||zl|,, < 1 together with IT,, ;2% = 20 implies that
zJO- =0 for j large enough which is actually the assumption we need.

4.2 Verification of the non resonance condition

We assume that the frequencies w,, a € N fulfill the following condition (in the
next section we will verify this condition in different concrete case):

Hypothesis 4.5 For all r € N, there exist constants v(r) and a(r) such that
YN e N* and ¥j = (i, .- jr) & Ar,
> L. (4.5)

il il SN = 126)] 2 25
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The next result shows that under the previous hypothesis, the condition (4.1)
is generic. See [17, 16] for similar statements.

Lemma 4.6 Assume that Hypothesis 4.5 holds , and let hg and r be given num-
bers. Let v and o be such that (4.5) holds and assume that v* < (2/m)~,
a* > a+ mo +r with o > 1 and m the constant appearing in (3.10), then
we have

meas{ h < ho|h does not satisfy (4.1) } < C’%*h(lf”’
where C' depends on o and r. As a consequence the set
Z(ho) = {h < ho|h satisfies Hypothesis 4.1}
is a dense open subset of (0, hg).

Proof. Denote
R(ho, 7", &™) = {h < hg | h does not satisfy (4.1)}.
Assume that h € R(hg,v*,a*). There exist N > 1 and j ¢ A, such that

‘ . o hy*
il ool N amd 1 - 0] <
For this j, there exist an ¢ € Z such that
o 2
11— )| > ~[2m = hQ(5)]- (4.6)

If ¢ = 0, the previous inequality and (4.5) imply

1 — 0@ <« Zp L

| ¢ < T N@
which is impossible with the assumptions on v* and «*. Hence, we can assume
¢ # 0. Eqn. (4.6) implies

A0 20t ) h
™

Q(3) N
and using (4.5)
2ml Y hry* 1
Q(5) 2y Netme

Moreover, we have for this ¢
2ml — W) < 7

whence using (3.10)
27‘("@’ <7+ Ch()Nm
where C' is a constant depending on 7. This implies

1 _C
_ < _ m‘
€] 5 < 27ThoN

13



Hence, R(hg,~*, a*) is included in the union of balls of center

2ml
ST with il <N, |0 < 7k ChoN™, £40
Q(j)
and radius
h()ﬂ"y* 1
2'7 No*—a

Hence, we have for o > 1

meas(R(hg,v", a)) < Z Z fomy !

2y N« —«
l7il <N Je|- 1< ZhoNm

< Z Z <‘€’1_%)”h027;’v* Na*—la—mff (C2:0>U

|7:| <N ez
Yoy 1
= 07}10 y No*—a—mo—r"’
Furthermore
meas(Ny+>oR(ho, 7", a*)) =0
and thus Z(hg) has full measure. [ ]

4.3 Examples

In this section we present two examples, other examples like the Klein Gordon
equation on the sphere (in the spirit of [3]) or the nonlinear Schrédinger operator
with harmonic potential (in the spirit of [13]) could also be considered with these
technics but will require some additional efforts.
4.3.1 Schrodinger equation on the torus
We first consider non linear Schrédinger equations of the form

i00) = —AY + Ve + Oag($,4), x €T (4.7)

where V € C%(T4,R), g € C*(U,C) where U is a neighborhood of the origin in
C2. We assume that g(z, 2) € R, and that g(z,2) = O(|z|?). The corresponding
hamiltonian functional is given by

H.6) = [ V0P + 6V 0) + 9(0,5) da

Let ¢q(x) = €', a € Z% be the Fourier basis on L?(T¢). With the notation

0= ()" Xttt ma 0= (5)" 2 mnto

a€Zs acZd

14



the hamiltonian associated with the equation (4.7) can be (formally) written

H(¢,n) = Z wWa&aNa + Z ZPabgal "'éapnln © Moy - (4.8)

acZd r>3 a,b

Here w, = |a|? + V, satisfying (3.10) with m = 2 and are the eigenvalues of the
operator

Y= =AY 4V ).
Note that in (4.8) the sum is made over the set of multi-indices
{(a,b) = (a1,...,ap,b1,...,by) € (ZY x (Z4)? with p+q=r
and aj+---4+ap—by —...— by =0},

which corresponds to the set (3.6) in variables (2;);ez (here we set N = Z%).

The relation H(§,€) € R is equivalent to the fact that the coefficients Ppgp
satisfy Pap = Ppq which correspond to the hypothesis (3.8) in variables (2j)jez-
The fact that the nonlinearity P belongs to 7 can be verified using the regularity
of g and the properties of the basis functions ¢,, see [12, 4]. In this situation,
it can be shown that the Hypothesis 4.1 is fulfilled for a large set of potential V'
(see [4] or [12]).

The numerical implementation of splitting method is very easy in the case of
Eqn. (4.7): The part corresponding to the equation

) = =AY+ V *p
is easily solved in terms of Fourier coefficients, while the non linear part
O = Dag(1h, )

is a simple differential equation with fixed z € T¢. The use of a fast Fourier
transform allows to compute alternatively the solution of the linear part and the
solution of the non-linear part.

4.3.2 Wave equation on the circle
We consider the wave equation on the circle
Upp — Ugy +mu = g(u), z €T, teR,

where m is a non negative real constant and g a smooth real valued function.
Introducing the variable v = uy, the corresponding hamiltonian can be written

1
H(u,v) = /T 5(212 + u2 4+ mu?) + G(u) d,
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where G is such that 9,G = g. Let A := (=0, +m)'/?, and define the variables
(p,q) by
q:= Al/zu, and p= A2y,

Then the Hamiltonian can be written
1 _
1 = 5(Ap.a)oe + (Ag.)) + [ G4~ q)da.

Let w, = v/]al]? + m, a € N =: N be the eigenvalues of the operator A, and ¢,
the associated eigenfunctions. Plugging the decompositions

9(x) = quda(x) and p(x) =Y pada(z)

aeN aeN

into the hamiltonian functional, we see that it takes the form

2 2
2: Dy T4
H: wa%—i—P
aeN

where P is a function of the variables p, and ¢,. Using the complex coordinates

1 . 1 .
§a = E(Qa +ips) and 7, = E(Qa — iPa)
the hamiltonian function can be written under the form (3.9) with P € 7 (see
[2, 12]). As in the previous case, it can be shown that the condition (4.5) is
fulfilled for a | set of constant m of full measure (see [4, 2]).
In this situation, the symmetric Strang splitting scheme

h/2 h/2
(Pp/ O‘P}Il{() O‘Pp/

corresponds to the Deuflhard’s method [15]. Considering now the Hamiltonian
H(Z) = HO(Z) + P((I)(hHQ)Z)

where ®(z) a smooth function that is real, bounded, even and such that ®(0) = 1,
and where

(hHo)(Em) = (@(hwa) (Earma)) .

aeN
then the splitting schemes associated with this decomposition coincide with the
(abstract) symplectic mollified impulse methods (see [16, Chap. XIII| and [9]).
The fact that ® is bounded makes that the functional z — P(®(Hj)z) obviously
belongs to 7.
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5 A normal form result

5.1 Normal form

Definition 5.1 Let N > 0 be a real number. For a given multi-index 3 € 2",
let i), be the permutation such that

i < - < g |-
We define the set
Tr(N)={j €L lji,| < (r =1)N and |ji,_,| < N}.

Lemma 5.2 Let r > 3, and assume that j ¢ J.(N). Then j contains at least
two indices with modulus greater than N.

Proof. Let j = (j1,...,4r) € Z,\T-(N). We have M(j) = 0 where M(3) is
defined in (3.5). Assume that there exists only one index of modulus greater than
N. We can assume that [j;| > N and hence all the other indices are of modulus
< N (in particular, with the previous notation, we have j; = j;.). Hence we
have

il < lgel +-- 4+ 3| < (r = 1)N
and this implies that j € J,(N) which is a contradiction. ]

We motivate now the definition of normal form terms we introduce in the
sequel. For a given number N and z € P, we define

Né\/(z) = Z |a|2sfa77a

la|<N
and
RY(z) = D lal*Eana
la|>N
so that

I211? = N¥ (2) + RY (2).

Proposition 5.3 Let N € N and r > 3. Assume that the homogeneous polyno-

mial
7 = Z Zij
JET\Tr(N)

defines an element of MY for some constants M and v. Then we have for all
s>2v+4, M > s+ 2 and for all z € Ps(C),

N, Z}(2)] < Col 2] par NV FH272 272 RY (2). (5.1)
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and
VaeN, |a| <N, |{lo,Z} <ColZ]| an J\’”J’2_SIIZ\|:_2 RY(2).  (52)

Moreover )
R, Z}(2)| < ColZ parw |I21I], " R (2) (5.3)

where Cy is a constant depending on s, r and the dimension d of N' = N¢ of 7.

The proof of this proposition is given in the Appendix.

Definition 5.4 An element Z € T, is said to be in normal form if we can
write it .
Z=> 2. ZiF
€=3 {jE€AMI\Te(N)}
In other words, a normal form term either depends only on the actions or

contains at least two terms with index greater than N (cf. Lemma 5.2).

5.2 Statement of the normal form result
In the following, we set
Bs(p) ={z € Ps|[Iz]l, < p}-

Theorem 5.5 Assume that P € T and h < hqg satisfies the Hypothesis 4.1.
Let 7o > 3 be fized. Then there exist constants sg, 3 and Ng such that for all
s > Sg, there exists constants C and for all N > Ny there exists a canonical
transformation T from Bs(p) into By(2p) with p = (CN)™P satisfying for all
z € Bs(p),

Im(2) = 2ll, < (CN?|l2]  and |77} (2) — 2], < (CN)?|2]| (5.4)
and such that the restriction of T to the high modes is the identity, i.e.
(1(2)j =2 for |j| > (ro —1)N. (5.5)
Moreover, T puts gpffl{ in normal form up to order ro in the sense that
cp};loocp}lgOT:Togp}ﬁOozp (5.6)

where 1 is the solution at time A = 1 of a non-autonomous hamiltonian hZ(\)+
R(X\) with
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o Z(A\) € C([0,1], X for some My and vy depending on P, ro, s and ho,
and for all X € [0,1], Z(X\) is a real polynomial of degree r under normal
form such that

1Z(N) g < (ONYP. (57)

Ty

e R(\) € C([0,1],H*(Bs(p))) with p < (CN)™P has a zero of order ro + 1 at
the origin and satisfies and for all z € Bs(p),

VAE[0,1],  [IXppy(2)ll, < (CN)P|l2]]] - (5-8)

The proof is postponed to section 5.4 and 5.6. We first verify that this normal
form theorem has the dynamical consequences announced in Theorem 4.2.

5.3 Proof of the main Theorem 4.2

We now give the proof of Theorem 4.2.

First, let us note that as the Hamiltonian functions Hy, P, Z and R are real
hamiltonians, and by definition of II, ¢ (which is symmetric in £ and 7), it is
clear that there exist £” € CV such that for all n, we have 2" = (€m,€m).

Let ro = r, and let C' = C(r,s), sg = so(r) and S = [(r) be the constants
appearing in Theorem 5.5. We can always assume that

so(r) = 2(r+ 1)8(r). (5.9)

Let s > sg(r). Let 9 be such that

1/2 (r — 1)5
ed? < S (5.10)
Let € < 9. We define N such that
(CN)P =712, (5.11)

Notice that the assumption HzOHS < ¢ implies 20 € By(p) with p = (CN)=P.
Furthermore we have ||2°|| 5, < 1 and together with IT,, s2° = 20, this hypothesis

implies that z;-) = 0 for j large enough. Actually let j € Z be such that [j| >
(r —1)N, we have
511251 < 1317 < ((r = )N) ™.

using (5.11) we have N = C~1e725 and hence
F*l1] < (r = 1)~ Ce.

Now condition (5.9) implies that 5% > r+1 and hence (as we can always assume
that ¢ < 1),
5% S €T+l.
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Therefore we get using (5.10)
|JS||z§]| < 67“—1—1/2 ((7" o 1)_80561/2) < €T+1/2.

r+1/4

As Hn,szo =2andn=¢ , this implies that

Y1j| > (r—1)N, z? =0.

Let 7 defined by Theorem 5.5, and let y" = 7'_1(2"_). As 7 is the flow of a real
hamltonian, there exist ¢ € CN such that y™ = (¢™,¢") for all n. By definition,

we have
Vn >0, y”'H = (7'_1 oIl s 0 T) o (90};{0 o ¢) (y"). (5.12)
and as 7 is the identify for high modes (see (5.5)), we have yjo- = 0 for |j| >
(r—1)N.
Using the definition of NN, the transformation 7 in the previous Theorem
satisfies (taking p := 2e < \/€): for all z such that ||z|| A < 2e,

Ir=l2) =2l < e V2)2)?
< 432 (5.13)
< i
provided gy is sufficiently small. Hence, we have HyOHS = ”T_I(ZO)”S < Ze.

We will show by induction that the following holds for all n € N:
@) Ny 12 < 02 + 2ne+1/8
(i) yj =0for j > (r—1)N.
These assumptions are satisfied for n = 0. Assume that they hold for n > 0.
Let ¢ be the application defined by Theorem 5.5 and ¥*(z) be the flow
associated with the Hamiltonian hZ(\) + R(\) defining the application v for
A= 1
Using the results of Lemmas 5.6 and 5.7 below, we easily see that there exists
a constant ¢ depending on r such that for all A € [0, 1], Hw)‘(y")Hs < ce.
Let Ny = (r — 1)N. We have by hypothesis that R (y") = 0. Furthermore

d N1 A n I Nl

Thus using the equation (5.3), (5.7) and (5.8) we get

R

< CUNPRM (A ™) (I )L, + 1A ™M) + CINe [ ()]

S S
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for some constant C depending on r and s. Hence we have

‘ % R (WA ™M)| < Cr(ePRI (WA ™) +H12).

where (7 depends on r and s. Using the Gronwall Lemma, we obtain for all
A€ [0,1]
RN1 (¢A(yn)) < €T+1/201€€1/2)‘01.

1/4 2
We can always assume that ¢,’ Cre®o “' < 1. Hence we get
YAE01], RI@MNy") <t

On the other hand, using (5.1) we have

<

N (A (y™)| <

d
dA

ClNﬁ+V+2+d/2_sRéVl (wk(yn))(uw)\(z)”s + Hw)\(z)”;“_Q ) + ClNﬁ”w)\(z)H:-i-l

for some constant C7 depending on r and s. We can always assume that s >
B+ v+ d/2+ 2. Using the previous estimates, we get

N (¢A(yn)) < 0167’4-1/2

d
dXx ?

and then )
NV (A (™) < Iyl + Crem /2

Let g = 90};10 o(y™). As for all z we have Hz||§ = NM(2) + RM(2) and as gpf}io
preserves all the actions, therefore

1717 < ™2+ Che™™? and - R < A (5.14)
Now by construction (cf. (5.12))
Yyt =17t o I, s o T (7).
As 7 is the identity for modes |j| > Ny, we have
R (r(7) = RV (57) < e/ =,

Hence by definition of the projection II,  we get that

(Hn,s OT@n)>j =0, for [j|>(r—1)N = Ny.
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As 771 is the identity for modes greater than (r — 1)V, this shows (ii) for n + 1,
ie.
y;”rl =0 for [j|>(r—1)N.

Let z be such that z; = 0 for |j| > (r —1)N. We have

HHn,SZ - Z”s < Z n < TINd < €r+1/4—d/26 < Er+1/8
ljISN

since we can always assume 3 > 4d.
Writing
rloll,sor=T+7to(,s—I)or
and as 7 leaves the set (2;);>n, invariant, we get using (5.4),
2 .
ly™ 1S = NP (") < NV + (1+ (CN)Pe)nNe

< N?ﬁ(gn) + ;6(7’4-1/8)
Thus we get
n+1)2 ny 2 r+1/4 § r+1/8 ny 2 r+1/8
™ < Mly™ Il +es™ 7 + 5 <yl +2e"°.

This shows (i) for n + 1.

In particular, for all n < e~ "+2

we have (recall Hy0||8 < %)
lll} < (5e)* + 26241
s — 4
and hence (provided ¢¢ is small enough)
Iy, < Ze.

Now using (5.13) for the application 7, we easily see that [|z"| < 2¢ as long as
n < "2, This proves (4.3).

The proof of (4.4) is obtained similarly using (5.2) and we do not give the
details here.

5.4 Formal equations

We give now the general strategy of the proof of the normal form Theorem 5.5,
showing in particular the need of working with non autonomous Hamiltonians
and of considering the non resonance condition (4.1).

We consider a fixed step size h satisfying (4.1). We consider the propagator

h h _ h 1
PHy © PP = PHy © Php-
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We embed this application into the family of applications

(10}]%—[0 ° szPv A€ [07 1]

Formally, we would like to find a real hamiltonian y = x(A) and a real hamilto-
nian under normal form Z = Z(\) and such that

VAE[0,1] ¢ 0 @hp o @y = P © Py © Phaey: (5.15)

Let 2% € P4(C) and 2* = cp}}{O oprpo gpi‘(()\)(zo). Deriving the previous equation
with respect to A yields

dz? _
a = (DZSO}}—[O)@ES(ZA)X}LP((PHQ(Z)‘))‘F

(D=l © hp)) g pogyt (-2 Xx(Pn © 21 (7).

Using Lemma 3.2 that remains obviously valid for non autonomous hamiltonian,

we thus have
dz*

A
an = XA(/\)(Z )

where A(\) it the time dependent real hamiltonian given by

A(N) =hPo gpl_{g +x(A\) o gpglé o 901_{?'

Using the same calculations for the right-hand side, (5.15) is formally equivalent
to the following equation (up to an integration constant)

YAE[0,1] hPowg!+xowrpown =x(\)+hZ(A)o cp;é\) oy (5.16)
which is equivalent to

VYAe0,1] x(A)o gp}}{() —~x(\)op,p=hP—hZ(\)o gp;é\ (5.17)

)
In the following, we will solve this equation in x(A) and Z(\) with a remainder
term of order r in z. So instead of (5.17), we will solve in section 5.6 the equation

YA€ 0,1 x(\) ol —x(N) oy p=hP — (RZ()) + R(\)) o (,0;6\). (5.18)

where the unknown are x(\), and Z(\) are polynomials of order r, with Z under
normal form, and where R(\) possesses a zero of order r + 1 at the origin.
In the following, we formally write

T

X =D " xgN) =) (N
(=3

(=3 jeI,
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and
Z0N) =Y Zg(\) =D Pi(Nz
=3 =3 jETI,

where here the coefficients P;(\) are unknown and where x(4()\) and Zj;())
denote the homogeneous polynomials of degree ¢ in x(\) and Z(\).
Using the assumptions on P, we can write

P:A—FB:ZP[@-FB
=3
where A € 7,°°" and B € H*(Bs(po)) for s > so and po sufficiently small.

Moreover, B has a zero of order r + 1 at the origin.
Identifying the coefficients of degree ¢ < r in equation (5.18), we obtain

Xig(N) o o, — xjg(N) = hPyg — hZig(X) + hGig(A; X, Pr, Zi).

where G is a real hamiltonian homogeneous of degree ¢ depending on the poly-
nomials X[z, P and Zp for £ < £. In particular, its coefficients are polynomial
of order </ of the coefficients x;, P; and Z; for j € I, k < {.

Writing down the coefficients, this equation is equivalent to

VieZ, ("9 —1)x; =hP; —hZj+ hG,;

and hence we see that the key is to control the small divisors e(J) — 1.

5.5 Non autonomous Hamiltonians

Before giving the proof of Theorem 4.2, we give easy results on the flow of non
autonomous Hamiltonian. Let Q(\) € €([0,1], ") for some r >3, M > 0 and
v > 0. We set

1@l e = masx Q-

The following results extend the properties already proved in [12] or [2] and
needed in the proofs below.

Lemma 5.6 Let k € N, M € N, v € [0,00), s € R with s > v + 3/2, and let
P(X) € C(]o, 1],’27%’1”) be a homogeneous polynomial of order k + 1 depending on
A€ [0,1]. Then

(i) P extends as a continuous polynomial on Ps(C) depending continuously on
A € [0,1], and there exists a constant C' such that for all z € Ps(C) and all
A€ 0,1],

k+1
PO < CIPlpre 125
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(ii) Assume moreover that M > s+ 1, then the Hamiltonian vector field Xpy)
extends as a bounded function from Pg(C) to Ps(C) depending continuously
on A € [0,1]. Furthermore, for any s > v + 1, there exists a constant C
such that for any z € Ps(C) and X € [0,1],

K
X < P y .
[ Xpoy (), <C Hffkﬂii (2

Lemma 5.7 Letr >3, M > 0 and let

QN 2) = Qi(N)z

(=3 jeI,

be an element of C([0,1], ""). Let gpg()\) be the flow associated with the non

autonomous real hamiltonian Q(X). Then for s > v+ 3/2 there exist a constant
C, depending on r such that

p<inf(1/2,CollQl ) = YAE[0,1], 9y (Bs(p) C Bs(20).
(5.19)
Moreover, if F(\) € C([0, 1], H®*(Bs(2p)) has a zero of order r at the origin, then
F(\)o gpg()\) has a zero of order r at the origin in Bs(p).

Proof. Let 2} = gpg()\) (2°). Using the estimates of the previous lemma, we
have

d 2
aHZ/\HS = 2(z*, X (2Y))s

2 r—1
< Qs 122, (112 4+ 122177 )

L

A

for some constant ¢, depending on r. Hence, as long as ||z < 1, we have

12 < 2 QU e [0

By using a comparison argument, we easily get that for 2° € B,(p) we have
vae0,1], (12, <2)2°l, -

This shows (5.19) and the rest follows. ]

The next result is a consequence of Prop 6.3 in [12]. The only specificity is
the control of the sum of the indices, and the evolution of the norm

Proposition 5.8 Let k1 and ko two fized integers. Let P and @ two homoge-
neous polynomials of degree ki + 1 and kg + 1 such that P € C([0,1], 7"} and

' Tki+1
Q € C(]o, 1],%];4+q2) for some vy >0, vo >0 and M > 0.
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Then {P,Q} defines a homogeneous polynomial of degree ky + ko, and for all
M' and V' such that

M' < M —max(vy,10) —1 and V' >vi+ve+1,

we have {P,Q} € C([0, 1]77;];{;1:1/) and

P o < C||P v v
IHP, @Yl gaarr < ClNP e Qs

for some constant C depending on M, v, M', V', ki and k.

Proof.  The proof is clear using Proposition 6.3 in [12]. We only need to
verify the fact that the summations are always made over set of indices with zero
moment M(j), which is trivial. |

Lemma 5.9 Let x(\) be an element of C([0,1], T""") for some M > 0 and
v >0. Let 7(\) = 4,0;\(()\) be the flow associated with the non autonomous real

hamiltonian x(\). Let g € C([0,1], "), then we can write for all oy € [0,1],

g(o0) o 7(00) = g(00)
r—1 o o
—I—Z/ / <AdX(Uk) O OAdX(gl)g(UO))dJI"'dJk —I—R(O'o) (5.20)
k=0"0 0
where by definition Adp(Q) = {Q, P}
oo or
R(op) = / / (Adx(ar) 0---0 Adx(al)g(ao)) o7(o,)doy---do,. (5.21)
0 0

Each term in the sum in (5.20) belongs (at least) to the space C(][0, 1]’7;917\~4I’V/)
where
V=@r+1)wv+2) and M =M-V.

The term R(oo) defines an element of H*(Bs(p)) for s > v/ +3/2 and p <
inf(1/2, C’T||X||;le,y) and has a zero of order at least v + 1 at the origin.

Proof. For a fixed o € [0, 1], we have

Sgl00) 0 7(3) = {g(o0), X(V)} o 7(N).

Hence, we have that

slon) o rlen) = (o) + [ (Adonglen)) o (o) den.
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Repeating again the same argument, we have

9(00) 0 7(00) = glo0) + /0 " (Ad, o,y 9(00))dor+

oo o1
/0 /0 (Adx(02) o Adx(ol)g(00)> o T(O’g) dO’ldO'Q.

The equation (5.20) is then easily shown by induction. The result then follows
from the previous propositions. [ |

For a given polynomial x € C([0,1],Z,"""") with r > 3, we use the following

notation
T

XL 2) =D xgN) =D XNz (5.22)
(=3

(=3 je€I,

where x(g(A) € C([0, 1], 7, is a homogeneous polynomial of degree /.

Proposition 5.10 Let x(\) be an element of C([0, 1], """ for some M > 0 and
v > 0. Let cpf‘(( N be the flow associated with the non autonomous real hamiltonian

Y(\). Let g € C([0,1], M"), then we can write for all X € [0, 1],
9N o 93y = STV + T (V)

where

o SN € c([0,1], LX) with v1 = (r +1)(v +2) and My = M — vy,

Moreover, if we write
T

S(z) =) SN
(=3
where Sm(/\) is a homogeneous polynomial of degree £, then we have for all
{=3,...,r,
Sig(A) = gig(A) + Gl (As X, gx)
where Gg(x«,9«) i a homogeneous polynomial depending on A and the

coefficients S; are polynomials of order < £ of the coefficients appearing in
the decomposition of g and x. Moreover, we have

-1 -1
)4 )4
1GiCxtes gl panon < C (14 lgmllgans ) (1+ 3 Il )
m=3

m=3
(5.23)
where C' depends on £, M and v.
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o TI(N) € H3(By(p)) for s > v/ +3/2 and p < inf(l/Z,C’erH;}w,y) and
has a zero of order at least r + 1 in the origin. Moreover, we have for all
z € By(p),

VA€ 0,1, (1 Xpe (2l < Crlxs, gzl

s
where
Cr(Xss gu) < C’<1 + > gpmll par ) (1 + ) HX[mHITTTM,u>
m=3 m=3

with C' depending on r, M and v.

Proof. Using the previous lemma, we define S() as the polynomial part of
degree less than r in the expression (5.20). The remainder terms, together with
the term R()) in (5.21), define the term T")(\). The properties of S ()\) and
T)()) are then easily shown. [ ]

5.6 Proof of the normal form result

Proposition 5.11 Let P € T and N be a fived integer. Let M > V' := (r +
1)(v+2) and M' = M —v'. Then there exist

e a polynomial x € C(]0, 1],’]}M/”'l)

T

XN =D xgN)=>" > Nz
=3

=3 jeJ,(N)

e a polynomial x € C(]0, 1],7}M{’V’)
ZN=>"ZgN =Y > ZiNz
£=3 1=3 {jEAULN\TI(N)}

under normal form, item a function R(X) € C([0,1], Hs(Bs(p))) with p <
coN=P for some constant ¢y > 0 and 8 > 1 depending on r, M, P, and
having a zero of order r + 1 at the origin

such that the following equation holds:
VA€ 0,1 x(N) owl, —x(\) o wup =hP = (hZ(N) + R(\) o g (). (5.24)
Furthermore there exists Cy > 0 depending on P, v, r, M such that

‘X’TM',V/ + ’Z’TIWI,V/ < CONB
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and moreover
VYA€ [0,1], | Xpoy(2)ll, < CoN|lz|”

for z € By(p) with p < cogN7P.
Proof. Identifying the coefficients of degree ¢ < r in the equation (5.24), we

get
X(g © €, — Xjg = hPg — hZig + hG(xe Pr, Z4).

where G is a real hamiltonian homogeneous of degree ¢ depending on the poly-
nomials X[x), P and Zp for k < £. In particular, its coefficients are polynomial
of order < £ of the coefficients x;, P; and Z; for 3 € Zj, k < { and satisfy-
ing estimates of the form (5.23). Writing down the coefficients, this equation is
equivalent to

VieZ, (M9 —1)y; =hP; —hZ;+ hG,.
We solve this equation by setting
Zij=P;j+G; and x; =0 for je A UZ\T(N)
and

Zij=0 and x;= Pj+Gj) for je Ji(N)\ Ay

ethQ(F) — 1(
Using (4.1) and the result of Proposition 5.10 we get the claimed bound for some
(6 depending on r.

To define R, we simply define it by the equation (5.18). By construction, it will
satisfies the announced properties. [ |

Proof of Theorem 5.5. Integrating the equation (5.18) in A, it is clear that
the following equation holds:

VAE0,1] ¢y o @hp o ©loy = Pr © Py © Phzy R0

Note that using Proposition 5.10 and (5.19) we show that for s > v/ + 1 and
z € By(p) with p = ¢cN~” we have

2
I3 (2) — 21, < CN?J]) .
This implies in particular that
211, < gy @, + CNI|lz|)

For N sufficiently large, this shows that 90;(/\) is invertible and send Bg(p) to
Bs(2p). Moreover, we have the estimate, for all A € [0, 1],

-1 2
1(©20) 7 (2) = 21, < ONPJ)) .

We then define 7 = cp)lc(A) and ¢ = ‘P}LZ(AHR(A) and verify that these application
satisfy the condition of the theorem. [ |
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6 Appendix: Proof of Proposition 5.3

Let 7 € Z\J-(N). It is clear that for a € N, we have, with the notation

I, = ga"?a,
{Is,2;} =0

unless (a, 1) or (a,—1) appears in j. Moreover, if this is the case, we have
{1a, 25} < 2|z1.

where we set

23] = 1231 - 125,
for 3 = (j1,...,Jr) € Z". Hence we can write
NN, ZY(2) <2 ) [k > 17511231
k| <N {J€L\Tr(N)|5 Dk}
where k = (a,£1) € Z in the first sum. We thus get using (3.7)
)Mt
N, ZY) < 22 ppaw D > k[ W\Zﬂ-

|k|<N {G€T-\Tr(N)|F Dk}

Using Lemma 5.2, the indices in the previous sum are such that at least two of
them are greater than N. As |k| < N, these indices cannot be equal to k. Hence
we can rewrite each indice j containing k as (3,/<;) where 3 € 2! contains
at least two indices greater than N. Using the symmetries in the sum, we can
moreover assume that the indices are ordered in such a way that |ji| > [ja| > .. ..
Hence, we can rewrite the previous sum as

NI <Clz k%M . 6.1
{Ns', Z}(2)] < C1Z] parw > || S |zjll2x]  (6.1)
FEZr—1,j1l,l2l>N, [kI<N ’

where u(7, k) and S(7, k) denote the values of u and S associated with the r-uple
(1,725 .-+, Jr—1, k). Here, C' denote a constant depending on r.
Since u(g, k) < S(j,k) and u(g, k) < |j2| we have for M > 2

{NY. 2)(2)] < O12] v

1 2
x kP <—> B2 2.

JE€EZr_1, Ijl‘v‘j2‘>N7 Ik‘SN

Then use |k| < |71] to obtain

NS, Z}(2)| < CIZ] pns

1 ? s U420 s s
X P J2 Al zi||k Zk|- 6.2
> (rrpmy) el bl o2

jEerh |j1|7|j2|>N7 ‘kISN
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By Cauchy Schwarz, one has for s > 1/2

1/2
D lal < lzlls (Z !l!_zs) (6.3)

lez ez

and thus we get from (6.2)

NS, Z}(2)] < O1Z] s |27
1 2
T2 AN s
X g — ] |72 Pz llk? |25 ]

l71l,l52|> N, [k|[<N

Hence, introducing the sequence (b; = |j|*|2;])jez € *(Z2) we can write

N Z}(2)| < C1Z) pns |22

1 S
T (v e 60
‘]1‘7‘]2‘>N7|k‘§N

Moreover, the sum in |k| < N in (6.4) yields by Cauchy-Schwartz inequality

> b < ONY2 NN (z) < CNY2||z]) .

|k|<N

where d is the dimension of N' = N¢ or Z?. Hence, we get from (6.4) using
lj2| > N

1 2
{INY, ZH(2)| < CN= 2021z 2|20 ) <— ‘ > bj,bjy
v = L+ [j1] — [72]
l71]>]72[>N

and this concludes the proof of (5.1) since, if @ and ¢ are two sequences in £?(Z2)
we have by a convolution argument

1 2

> (t5r=m) 1ol ol < Cllallecz) lellecz (©5)
for some universal constant C.

Note that (5.2) is an easily shown by similar calculations (the only difference
lies in the fact that there is no summation in |k| < N).

We now show (5.3).
As RY contains only indices greater than N, we can write (see (6.1))

j, k M+v
RGN <Ozl S WPEEEST Al 0)

JELr—1, 71> N, [k[>N ’
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where the sum is made over ordered indices |ji| > |jo| > ---. Note that in
opposition with the previous situation, we cannot ensure that |jz| > N in this
sum. We first notice that, for all £ and 7,

p(g, k)
S, k)

Actually, if |k| < 2j; then (6.7) holds true since g(gg < 1. Now if k > 2j; then

(J,
S, 7) > [k =5l = %]k\ and thus

u(g, k)

M sGm

< 2u(4, k) < 2Jju .

Then we distinguish two cases in this sum (6.6):
{RY, Z}(2)| < CIZ| o (I + I2)

corresponding to the two cases [jo| < |k, (I1) and |k| < |j2], (I2)-

Case 1: [jo| < |k|
In this situation, we use (6.7), u(3,k) = |j2|, u(g,k) < S(j,k) to conclude
for M > s+ 2

. 1 .
ner S WP () Bl
JELr—1,|j1|>N, [k|>N Ll = Ikl

Then use (6.3) and the notation (b; = |j|*|z;|)jez € £*(Z) to get

- 1 2 o
I < 2°|[ef[° > (m) 72750, b,
Jo it >N, [K|>N !

< O||2l[sRE(2)

where we have used again (6.5) for 3°, , and (6.3) for 3_, .

Case 2: [jo| > |k
In this situation, we still have u(7, k) < |j2| and using that both |j;| and |jo|
are greater than |k| we get for M > 2

2

r—3 . . 1 .
REC Y PRl () P e i
511> N, |2l 2 k| >N Mo
2
-3 1 by, b;
<Cllz|l” < : ' > b _
107 > AT ) e e

l71]>N, |j2>|k[>N

r—3
< Izl RY (2)°
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where in the last inequality, we used that b;,,

b bj .
|k\§/2 and |j2\s/22727” are respectively

in 2(Z2), £1(2) (for s > 1) and ¢%(Z) (for s > 4 + 2v) and we used again (6.5)
and (6.3).
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