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ON THE QALE GEOMETRY OF NAKAJIMA’S METRIC

GILLES CARRON

ABSTRACT. We show that on Hilbert scheme ofn points onC2, the hyperkähler metric
construsted by H. Nakajima via hyperkähler reduction is the Quasi-Asymptotically Locally
Euclidean (QALE in short) metric constructed by D. Joyce.

1. INTRODUCTION

The Hilbert scheme (or Douady scheme) ofn points onC2, denoted byHilbn0 (C2), is a

crepant resolution of the quotient of
(
C

2
)n
0

=
{
q ∈

(
C

2
)n
,
∑
j qj = 0

}
by the action of

the symmetric groupSn which acts by permutation of the indices :

σ ∈ Sn, q ∈
(
C

2
)n
0
, σ.q = (qσ−1(1), qσ−1(2), ..., qσ−1(n)).

Hence we have a map

π : Hilbn0 (C2) →
(
C

2
)n
0
/Sn.

The complex manifoldHilbn0 (C2) carries a natural complex symplectic structure which
comes from theSn invariant one of

(
C2
)n
0
. A compact Kähler manifold admitting a com-

plex symplectic form carries in his Kähler class a hyperkähler metric, this is now a well-
know consequence of the solution of the Calabi conjecture byS-T. Yau (see [3]). However,
Hilbn0 (C2) is non compact, for instanceHilb2

0(C
2) = T ∗P1(C). There are many exten-

sions of Yau’s result to non compact manifold (see for instance [2],[26],[27]) and in 1999,
D. Joyce has introduced a new class of asymptotic geometry called Quasi-Asymptotically
Locally Euclidean (QALE in short) ; this class is the extension of the class of ALE (for
Asymptotically Locally Euclidean) ; roughly a complete manifold (Md, g) is called ALE
asymptotic toRd/Γ whereΓ ⊂ O(d) is a finite subgroup acting freely onSd−1, if outside a
compact setM is diffeomorphic to

(
Rd \ B

)
/Γ and if on there the metric is asymptotic to

the Euclidean metric (the precise definition requires estimates betweeng and the Euclidean
metric). WhenXm is a crepant resolution ofCm/Γ for Γ ⊂ SU(m) a finite group, then
roughly a Kähler metric onXm is called QALE if firstly away from the pulled back of
the singular set the metric is asymptotic to the Euclidean one and secondly on pieces of
Xm which (up to a finite ambiguity) are diffeomorphic to a subsetof XA×Fix(A) where
A is a subgroup ofΓ, andXA is a crepant resolution ofFix(A)⊥/A, then the metric is
asymptotic to the sum of a QALE Kähler metric onXA and a Euclidean metric onFix(A).
And D. Joyce has proved the following ([15],[16][theorem 9.3.3 and 9.3.4]):

Theorem A. WhenΓ ⊂ SU(m) is a finite group andXm → Cm/Γ is a crepant resolution
, then in any K̈ahler class of QALE metric there is a unique QALE Kähler Ricci flat metric.
Moreover ifΓ ⊂ Sp(m/2), then this metric is hyperkähkler.

In particular, up to scaling,Hilbn0 (C2) carries an unique hyperkähler metric asymptotic
to
(
C

2
)n
0
/Sn.
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2 GILLES CARRON

Another fruitful construction of hyperkähler metric is the hyperkähler quotient con-
struction of N. Hitchin, A. Karlhede, U. Lindström and M. Rocek [13]. In fact in 1999,
H. Nakajima has constructed a hyperkähler metric onHilbn0 (C2) as a hyperkähler quotient
[24]. Moreover H. Nakajima asked wether this metric could berecover via a resolution
of the Calabi conjecture ; also D. Joyce said hat it is likely that QALE hyperkähler met-
ric can be explicitly constructed using the hyperkähker quotient , but outside the case of
Γ ⊂ SU(2) = Sp(1) treated by Kronheimer [17], he has no examples. The main result of
this paper is the following :

Theorem B. OnHilbn0 (C2), up a scaling, D.Joyce’s and H.Nakajima’s metrics coincide.

It should be noted that a given complex manifold can carry twovery different hy-
perkähler metrics ; for instance as it has been clearly explain by C. LebrunC2 carries
two quite different Kähler Ricci flat metrics, the Euclidean one and the Taub-Nut metric
which has cubic volume growth [19].

The main evident idea of the proof of this result is to study the asymptotics of Naka-
jima’s metric ; however in order to used D. Joyce unicity result, we would need also asymp-
totics on the derivatives of Nakajima’s metric, this is probably possible but requires more
estimates. Our analyze of the asymptotics of Nakajima’s metric gives that Joyce and Naka-
jima’s metrics differ byO

(
ρ−2σ−2

)
; whereρ is the distance to a fixed point andσ a

regularized version of the distance to the singular set. Andin order to used the classical
argument of S-T. Yau giving the unicity of the solution to theCalabi conjecture, we need
to find a functionϕ vanishing at infinity such that, the difference between the two Kähler
forms of Nakajima and Joyce’s metric isi∂∂̄ϕ. D. Joyce has developed elaborate tools to
solve the equation of the type∆u = f on QALE manifold ; but the decayO

(
ρ−2σ−2

)

is critical for this analysis. In fact, we have circumvent this difficulty using the Li-Yau’s
estimates for the Green kernel of a manifold with non negative curvature [20], and we have
obtained the following result, which has a independent interest and which can be generalize
to other QALE manifolds :

Theorem C. Let f is a locally bounded function onHilbn0 (C2), such that for someε > 0
satisfies

f = O

(
1

ρεσ2

)

then the equation∆u = f has a unique solution such that

u = O

(
log(ρ+ 2)

ρε

)
.

For further more profound results on the analysis on QALE space, there is a very inter-
esting work of A. Degeratu and R. Mazzeo [7].

In the physic litterature,Hilbn0 (C2) is associated to the moduli space of instantons on
noncommutativeR4 [25]. Our motivation for the study of the asymptotic geometry of the
Nakajima’s metric comes from a question of C.Vafa and E. Witten about the space ofL2

harmonic forms onHilbn0 (C2) endowed with the Nakajima’s metric. LetHk be the space
of L2 harmonick−forms onHilbn0 (C2) :

Hk =
{
α ∈ L2

(
ΛkT ∗Hilbn0 (C2)

)
, dα = d∗α = 0

}
.

In [28], see also the nice survey of T. Hausel [10], the following question is asked :
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Conjecture D.

Hk =

{
{0} if k 6= 2(n− 1) = dimR Hilbn0 (C2)
Im
(
Hk
c (Hilbn0 (C2)) → Hk(Hilbn0 (C2))

)
if k = 2(n− 1)

However, C. Vafa and E. Witten said ”Unfortunately, we do notunderstand the predic-
tion ofS-duality on non-compact manifolds precisely enough to fully exploit them.”

In fact, N. Hitchin has shown that the vanishing of the space of L2 harmonicsk−forms
outside middle degree is a general fact for hyperkähler reduction of the flat quaternionic
spaceHm by a compact subgroup ofSp(m) [12] ; he obtained this result with a general-
ization of an idea of M. Gromov ([9] see also related works by J.Jost, K. Zuo and J. Mc
Neal [14],[21]). For the degreek = 2(n−1), the cohomology ofHilbn0 (C2) is well known
:

H2(n−1)
c (Hilbn0 (C2)) ≃ Im

(
H2(n−1)
c (Hilbn0 (C2)) → H2(n−1)(Hilbn0 (C2))

)

≃ H2(n−1)(Hilbn0 (C2)) ≃ R

and a dual class to the generator isπ−1{0}. Moreover a general result of M. Anderson says
that the image of the cohomology with compact support in the cohomology always injects
inside the space ofL2 harmonics forms [1]. Hence for the Hilbert scheme ofn points in
C

2 endowed with Nakajima’s metric we always have

dimH2(n−1) ≥ 1

and the conjecture D predicts the equalitydimH2(n−1) = 1.
There are many results on the topological interpretation ofthe space ofL2 harmonic

forms on non compact manifolds but all of them requires a little on the knowledge of the
asymptotic geometry (see [11] for results related to some prediction from string theory and
[6] for a list of such results) ; the rough idea is that this asymptotic geometry would provide
a certain behavior ofL2 harmonic forms (decay, polyhomogeneity in a good compactifica-
tion) and that would imply a topological interpretation of this space with a cohomology of
a compactification. With our paper [5], our main result implies :

Theorem E. The Vafa-Witten conjecture D conjecture is true whenn = 3.

The casen = 2 can be treated by explicit computation (see [12] for clever computa-
tions).

As the Vafa-Witten conjecture is in fact more general and concerns the quivers varieties
constructed by H.Nakajima [23], a natural perspective is tounderstand the asymptotic
geometry of the quivers varieties and the class of Quasi-asymptotically Conical manifolds
introduced by R. Mazzeo should be usefull [22]. In a different direction it would be good
to develop appropriate QALE tolls to settle the status of theVafa-Witten conjecture.

Acknowledgements.It is a pleasure to thank A. Degeratu, P. Romon, R. Mazzeo, M. Singer,
C. Sorger and Y. Rollin for interessing discussion related to this work ; a special thank is
due to O. Biquard who suggested that I could used the classical proof of the unicity of the
solution of the Calabi conjecture in place of difficult derivative estimate. This paper was
finished during a stay at the MSRI, and I was partially supported by a joint NSF-CNRS
project and the project ANR project GeomEinstein 06-BLAN-0154.
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2. NAKAJIMA ’ S METRIC

In [24], H. Nakajima has shown that the Hilbert scheme ofn points inC
2 carries a

natural hyperkähler metric ; this metric is obtained from the Hyperkählerian quotient con-
struction of N. Hitchin, A. Karlhede, U. Lindström and M. Rocek [13] : the complex vector
space

Mn = M := {(A,B, x, y) ∈ Mn(C) ⊕Mn(C) ⊕ C
n ⊕ (Cn)∗, trA = trB = 0}

has a complex structure

J(A,B, x, y) = (B∗,−A∗, y∗,−x∗)

if we let K = iJ then(M, I = i, J,K := iJ) becomes a quarternionic vector space ;
moreover the unitary groupU(n) acts linearly onM : if g ∈ U(n) andz = (A,B, x, y) ∈
M then

g.z =
(
gAg−1, gBg−1, gx, yg−1

)
.

The real moment map associated to this action is

µ(A,B, x, y) =
1

2i
([A,A∗] + [B,B∗] + xx∗ − yy∗) ∈ u(n).

If h ∈ u(n) andz = (A,B, x, y) ∈ M we let

lz(h) =
d

dt

∣∣∣∣
t=0

eth.z = ([h,A], [h,B], hx,−yh) .

By definition, we have forz ∈ M, δz ∈ TzM ≃ M :

〈dµ(z)(δz), h〉 = 〈ilz(h), δz〉

The action ofGLn(C) onM preserves the complex symplectic form

ωC(z, z′) = tr (A.B′ −B.A′) + y′(x) − y(x′),

and the associated complex moment map is :

µC(A,B, x, y) = [A,B] + xy ∈ Mn(C).

Let t > 0 and defined

Lt(n) = Lt := µ−1

{
t

2i

}
∩ µ−1

C
{0},

then the map

µµ := (µ, µC) : M → u(n) ⊕Mn(C)

is a submersion nearLt andU(n) acts freely on it, hence the quotientHt := Lt/U(n) is a
smooth manifold, this manifold is endowed with the Riemannian metricgN which makes
the submersionLt → Lt/U(n) Riemannian. By definition the tangent space ofU(n)z is
naturally isometric to the orthogonal of the space

Im lz ⊕ I Im lz ⊕ J Im lz ⊕K Im lz.

In particular,Ht is endowed with a quaternionic structure which is in fact integrable ; hence
the metricgn is hyperkähler hence Kähler and Ricci flat.
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2.1. Some remarks. Because forλ > 0, we haveλLt = Lλ2t, all the spaces{Ht}t>0 are
isomorphic and their Riemannian metrics are proportional.

For t = 0, the quotientL0/U(n) is not a smooth manifold. It is easy to show that

(A,B, x, y) ∈ L0 ⇔ (x = 0, y = 0, [A,B] = [A,A∗] = [B,B∗] = 0) ;

hence to(A,B, 0, 0) ∈ L0 we can associated their joint spectrum

Sn. ((λ1, µ1), (λ2, µ2), ..., (λn, µn)) ∈
(
C

2
)n
0
/Sn

where
(
C2
)n
0

:= {(q1, ..., qn ∈
(
C2
)n
,
∑
j qj = 0} and the symmetric groupSn acts on(

C2
)n
0

by permutation of the indices. We get an isomorphism (in factan isometry)

L0/U(n) ≃
(
C

2
)n
0
/Sn.

In fact for t > 0, we still have

(2.1) (A,B, x, y) ∈ Lt ⇒ y = 0.

Hence forz := (A,B, x, 0) ∈ Lt, the joint spectrum of(A,B) is still defined and we can
defined

π(U(n)z) = Sn. ((λ1, µ1), (λ2, µ2), ..., (λn, µn)) ∈
(
C

2
)n
0
/Sn

where(λ1, µ1), (λ2, µ2), ..., (λn, µn) are such that for ag ∈ U(n), the matrixgAg−1

(resp. gBg−1) is upper triangular with diagonal(λ1, λ2, .., λn) (resp. (µ1, µ2, .., µn) ).
Ht is isomorphic to the Hilbert scheme ofn points1 in C2 Hilbn0 (C2). The mapπ :

Hilbn0 (C2) →
(
C2
)n
0
/Sn is in fact a crepant resolution of

(
C2
)n
0
/Sn.

Remark2.1. We also remark that ifv = (δA, δB, δx, 0) ∈ TζLt is orthogonal to the range
of lζ, thenJv is also inTζLt, and henceδx = 0.

2.2. The geometry of Hilb2
0(C

2). As an example, we look at the geometry ofHilb2
0(C

2).
Let z = (A,B, x, 0) ∈ M2(C) ⊕M2(C) ⊕ C2 ⊕

(
C2
)∗

such thattrA = trB = 0 and
{

[A,A∗] + [B,B∗] + xx∗ = t Id
[A,B] = 0

.

WhendetA 6= 0 or detB 6= 0 then we can find ag ∈ U(2) such that

gAg−1 =

(
λ a
0 −λ

)
, gBg−1 =

(
µ b
0 −µ

)

then letg(x) = (x1, x2). The equation[A,B] = 0 implies that there is a numberρ such
thata = λρ andb = µρ. Then the remaining equations are forR2 := |λ|2 + |µ|2






|ρ|2R2 + |x1|2 = t
−|ρ|2R2 + |x2|2 = t
−2R2ρ+ x1x2 = 0

We can always chooseg such thatx1, x2 ∈ R+ then we obtainρ2 =
√

4 + t2

R4 − 2 Hence

ρ =
t

2R2
+O

(
1

R6

)

1with the center of mass removed.
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if x1 =
√

2t sin(φ), x2 =
√

2t cos(φ), thent cos(2φ) = ρ2R2 and t sin(2φ) = 2ρR2

Henceφ = π
4 + O

(
1
R

)
andx1 =

√
t
2 +O

(
1
R

)
, x2 =

√
t
2 +O

(
1
R

)
. Hence for(λ, µ) ∈

C2 \ {0} ≃
(
C2
)2
0

we have found

z(λ, µ) =

((
λ λρ(R)
0 −λ

)
,

(
µ µρ(R)
0 −µ

)
, x(R), 0

)
∈ Lt.

Moreover,z(λ, µ) andz(λ′, µ′) are in the sameU(2) orbit if and only if(λ, µ) = ±(λ′, µ′)
; hence we have a map

z :
(
C

2 \ {0}
)
/{±Id} → Lt/U(2).

From the exact value ofz, we can show that

z∗gN = 2
[
|dλ|2 + |dµ|2

]
+O

(
1

R4

)
.

This shows that(Hilb2
0(C

2), gN ) is a hyperkähler metric which is Asymptotically Locally
Euclidean asymptotic toC2/{±Id}. These manifolds has been classified by Kronheimer
[18], so that in this case Nakajima’s metric is the Eguchi-Hansen metric onT ∗P1(C).

2.3. A last useful remark. A priori, it is not clear wether the above mapz is holomorphic,
this is in fact true as a consequence of the following useful lemma :

Lemma 2.2. Suppose that a compact Lie groupG acts onH
m by quaternionic linear

maps and letµµ : Hm → g∗ ⊗ Im H be the associated moment map. Assume that for some
ζ = (ζR, ζC) ∈ g∗⊗ImH the hyperk̈ahler quotientQ := µµ−1{ζ}/G is well defined. When
X is a complex manifold andΨ : X → µµ−1{ζ} is a smooth map such that locally

Ψ(x) = g(x)Ψ̃(x)

whereg : X → GC is smooth and̃Ψ : X → µ−1
C

{ζC} is holomorphic, then the induced
mapΨ̄ : X → Q is also holomorphic.

Proof. If q ∈ Hm let Pq be the orthogonal projection onto the orthogonal ofIm lq ⊕
I Im lq ⊕ J Im lq ⊕K Im lq = Im lCq ⊕ J Im lCq wherelq : k → Hq is defined as before by

lq(h) =
d

dt

∣∣∣∣
t=0

eth.q = h.q .

We must show that ifx ∈ X , then forq := Ψ(x) :

Pq
(
dΨ(x)(Iv)

)
= IPq

(
dΨ(x)(v)

)
.

But ġ(x) = dg(x)(Iv) ∈ GC we have

dΨ(x)(Iv) = ġ(x).q + g(x).dΨ̃(x)(Iv) = lCq (ġ(x)) + g(x).dΨ̃(x)(Iv)

By definitionPq(lCq (ġ(x))) = 0 and becauseg(x) andPq are complex linear :

Pq
(
dΨ(x)(Iv)

)
= Pq

(
g(x).IdΨ̃(x)(v)

)
= IPq

(
dΨ(x)(v)

)
.

�
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3. JOYCE’ S METRIC

In [15, 16], D. Joyce has build many new Kähler, Ricci flat metrics on some crepant
resolution of quotient ofCm by a finite subgroup ofSU(m) ; his construction relies upon
the resolution of a Calabi-Yau problem for a certain class ofasymptotic geometry which
is called QALE for Quasi Asymptotically Locally Euclidean.We will follow the presen-
tation of D. Joyce for the Hilbert Scheme ofn points onC2 and we will then describe the
asymptotic geometry of these QALE metrics onHilbn0 (C2).

3.1. The local product resolution of Hilbn0 (C2). If p = (I1, I2, ..., Ik) is a partition of
{1, 2, .., n} 2, theIl’s are called the cluster ofp. We will denote

Vp = {q ∈
(
C

2
)n
0
, ∀l ∈ {1, ..., k}, ∀i, j ∈ Il : qi = qj}

andAp = {γ ∈ Sn, γq = q ∀q ∈ Vp} ≃ Sn1
× Sn2

× ...× Snk
wherenl = #Il. Then

Wp = V ⊥
p ≃

k⊕

l=1

(
C

2
)nl

0
.

Letmp = codimCVp = dimC Wp = 2(n− l(p)) wherel(p) = k. The setPn of partitions
of {1, 2, ..., n} has the following partial order :

p ≤ q ⇔ Vq ⊂ Vp ⇔Wp ⊂Wq

Hencep ≤ q if and only if p is a refinement ofq : i.e. if q = (J1, J2, ..., Jr), then there
are partitions(Il,1, Il,2, ..., Il,nl

) of Jl = Il,1 ∪ ... ∪ Il,nl
such that the cluster ofp are the

Il,j ’s. The smallest partition isp0 = {1} ∪ {2} ∪ ... ∪ {n} with Vp0
=
(
C2
)n
0
, the largest

partition isp∞ = {1, 2, ..., n} with Vp∞
= {0}. The fundamental partitions are thepi,j

such that

pi,j =
(
{i, j}, {k1}, {k2}, ..., {kn−2}

)

with {1, 2, ..., n}\{i, j} = {k1, k2, ..., kn−2}, thenVi,j := Vpi,j
= {q ∈

(
C2
)n
0
, qi = qj}.

We have for any partitionp 6= p0

Vp = ∩pi,j≤pVi,j

We will also denote∆p = {(i, j) ∈ {1, 2, ..., n}2, pi,j 6≤ p} and ∆c
p = {(i, j) ∈

{1, 2, ..., n}2, pi,j ≤ p}. The singular locus of
(
C

2
)n
0
/Sn is the quotient of the gen-

eralized diagonal

S =




⋃

p 6=p0

Vp



 /Sn =




⋃

i,j

Vi,j



 /Sn.

Finally let

Sp =




⋃

(i,j)∈∆p

Vi,j



 /Ap

and forR > 0, letTp be theR-neighborhood ofSp is
(
C

2
)n
0
/Ap :

Tp := {q ∈
(
C

2
)n
0
, ∃(i, j) ∈ ∆p |qi − qj | < R}/Ap.

2theIl’s are disjoint and their reunion is{1, 2, ..., n}.
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The resolutionπ : Hilbn0 (C2) →
(
C2
)n
0
/Sn is a local product resolution ; indeed there is

a resolution ofWp/Ap namely

πp : Hilbp

0(C
2) :=

k∏

l=1

Hilbnl

0 (C2) →Wp/Ap

such that forUp = (πp × Id)−1(Tp) ⊂ Hilbp

0(C
2)×Vp andφp

(
C2
)n
0
/Ap →

(
C2
)n
0
/Sn

the natural map there is a local biholomorphism onto his imageψp : Up → Hilbn0 (C2) for
which the following diagram is commutative :

Hilbp

0(C
2) × Vp \ Up

πp×Id

��

ψp
// Hilbn0 (C2)

π

��(
C2
)n
0
/Ap \ Tp

φp
//
(
C2
)n
0
/Sn

In the hyperkählerian quotient description, the local biholomorphismψp is given as follows

identifyingVp with
(
C2
)k
0
, if we let

ζ = ((A1, B1, x1, 0), (A2, B2, x2, 0), ..., (Ak, Bk, xk, 0)) ∈
k∏

j=1

Lt(nj)

and η = ((λ1, µ1), (λ2, µ2), ..., (λk, µk)) ∈
(
C2
)k
0
\ Up, we associated to(ζ, η), the

vector(A,B, x, 0) ∈ M(n) such thatA andB are block diagonal with respective diagonal
(A1+λ1, A2+λ2, ..., Ak+λk) and(B1+µ1, B2+µ2, ..., Bk+µk) andx = (x1, x2, ..., xk)
thenψp ((U(n1) × U(n2) × ...× U(nk)) .ζ, η) is the set of points, in theGLn(C)-orbit
of (A,B, x, 0), satisfying the real moment map equation (see the part 4 for more details).

3.2. QALE metric on Hilbn0 (C2). We introduce several functions of distance’s type on(
Hilbp

0(C
2) × Vp

)
\ Up, if z ∈ Hilbp

0(C
2) × Vp \ Up andv = (πp × Id)(z), we note

µp,q(z) = inf
γ∈Ap

d(γ.v, Vq) = d (v, (ApVq)/Ap)

and

νp(z) = 1 + inf
p6=p0

µp,q(z)

Then a Riemannian metricg on Hilbn0 (C2) is called QALE (asymptotic to
(
C2
)n
0
/Sn) if

for each partitionp there is a metricgp onHilbp

0(C
2) such that for alll ∈ N :

(3.1) ∇l
(
ψ∗

pg − (gp + euclVp
)
)

=
∑

q6≤p

O

(
1

ν2+l
p µ

2mq−2
p,q

)

However, ifq 6≤ p there is always a(i, j) ∈ ∆p such thatpi,j 6≤ p andpi,j ≤ q , therefore

µ
2mpi,j

−2

p,pi,j
= µ2

p,pi,j
≤ µ

2mq−2
p,q

If we introduceρp(z) = inf(i,j)∈∆p
µp,pi,j

then in fact forv = (πp × Id)(z) ∈
(
C2
)n
0
/Ap

we have

ρp(z) = inf
(i,j)∈∆p

|vi − vj |
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The asymptotic 3.1 are equivalent to

(3.2) ∇l
(
ψ∗

pg − (gp + euclVp
)
)

= O

(
1

ν2+l
p ρ2

p

)

We can introduce two functions of distance’s type : whenz ∈ Hilbn0 (C2) andπ(z) =

(v1, v2, ...vn) ∈
(
C2
)n
0
/Sn, then we let

ρ(z) =

√∑

i<j

|vi − vj |2,

and
σ(z) = inf

i6=j
{|vi − vj |} + 1

If p is a partition of{1, 2, .., n}, andǫ, τ, R are positive real numbers, then we introduce

Čp0
= {(v1, ..., vn) ∈

(
C

2
)n
0
/Sn, such that |v| > R

and ∀i 6= j, |vi − vj | > ε|v|}

Čp = {(v1, ..., vn) ∈
(
C

2
)n
0
/Ap, such that |v| > R,

∀(i, j) ∈ ∆p |vi − vj | >
√

2

n(n− 1)
|v|

and ∀(i, j) ∈ ∆c
p, |vi − vj | < 2ǫ|v|}

It is clear that ifǫ is small enough then the
(
C

2 \RB
)n
0
/Sn = ∪pφp(Čp).

Moreover onCp := (πp × Id)−1
(
Čp

)
, the asymptotic3.2 are

(3.3) ∇l
(
ψ∗

pg − (gp + euclVp
)
)

= O

(
1

σ2+lρ2

)

Remark3.1. It can be shown that if all metricgp are QALE and if the estimate 3.3 is
satisfied theng is also QALE.

3.3. Joyce’s result. The result of D. Joyce concerning the Hilbert scheme ofn points on
C2 is the following :

Theorem 3.2. Up to scaling,Hilbn0 (C2) has a unique hyperk̈ahler metric which is QALE
asymptotic to

(
C2
)n
0
/Sn.

4. ASYMPTOTIC OFNAKAJIMA ’ S METRIC

4.1. Induction’s hypothesis. In this part, we will prove the following result by induction
onn :

i) On Hilbn0 (C2), Nakajima’s metricgN satisfies the estimate (3.3) forl = 0, more
precisely ifgp is the sum of Nakajima’s metric onHilbp

0(C
2), then for all partition

p then forǫ > 0 small enough andR large enough, we have on(πp × Id)−1
(
Čp

)

ψ∗
p(gN ) − gp + euclVp

= O

(
1

σ2ρ2

)

ii) There is a constantC such that ifz = (A,B, x, 0) ∈ Lt then

∀h ∈ un, ‖lz(h)‖2 = ‖[h,A]‖2 + ‖[h,B]‖2 + ‖hx‖2 ≥ C‖h‖2
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iii) There is a constantM such that for allz ∈ Lt and (δA, δB, 0, 0) ∈ TzLt
orthogonal toIm lz then

‖[δA, δA∗]‖ + ‖[δB, δB∗]‖ ≤ M

σ2

(
‖δA‖2 + ‖δB‖2

)
.

It is easy to check these three conditions forHilb2
0(C

2) thanks to the explicit description
of Lt in this case. So we now assume that these induction hypothesis are true for allm < n.

4.2. The case of well separated points. We first examine the easiest case corresponding
to p0. More precisely, we considerq = (q1, q2, ..., qn) ∈

(
C

2
)n
0

such that for alli 6= j,
then|qi − qj | > R (R will be chosen large enough), the set of suchq’s will be denote by
O0. If qj = (λj , µj) we search a solutionz = (A,B, x, 0) ∈ M of the equation

(4.1)

{
[A,A∗] + [B,B∗] + xx∗ = t Id
[A,B] = 0

WhereA, B are upper triangular matrices with respective diagonals(λ1, λ2, ..., λn) and
(µ1, µ2, ..., µn) and upper diagonal coefficientsa = (ai,j), b = (bi,j). We obtain the
following equation3 for the(i, j) coefficients of the equation (4.1) :
(4.2){

(λ̄i − λ̄j)ai,j + (µ̄i − µ̄j)bi,j +
∑

k

[
āk,iak,j + b̄k,ibk,j − ai,kāj,k − bi,k b̄j,k

]
= xix̄j

−(µ̄i − µ̄j)ai,j + (λi − λj)bi,j +
∑

k [ai,kbk,j − bi,kak,j ] = 0

And the equation for the diagonal coefficient(i, i) of (4.1) gives :

(4.3)
∑

k

[
|ai,k|2 − |ak,j |2 + |bi,k|2 − |bk,j |2

]
+ |xi|2 = t

We letRi,j =
√
|λi − λj |2 + |µi − µj |2 and

(4.4)






x0
i =

√
t

a0
i,j = (λi − λj)

t
R2

i,j

b0i,j = (µi − µj)
t

R2
i,j

Then if we write the equations (4.2,4.3) in the synthetic form

F (q, a, b, x) = 0

whereF :
(
C2
)n
0
×Cn(n−1)/2 ×Cn(n−1)/2 × Cn → Cn(n−1)/2 ×Cn(n−1)/2 ×Cn. We

have
F
(
q, a0, b0, x0

)
= O

(
σ−2

)

Moreover it is easy to check that whenσ is large enough, the partial derivative in the
last three argumentD(a,b,x)F

(
q, a0, b0, x0

)
is invertible and the norm of the inverse is

uniformly bounded. The mapF being polynomial of degre2 in its arguments, the implicit
function theorem implies that the equations (4.2,4.3) havea unique solution such that

(4.5) (a, b, x)(q) = (a0, b0, x0) +O
(
σ−2

)
.

MoreoverDq(a, b, x)(q) = O
(
σ−2

)
. We have then build a map

Ψ̂0 : O0 → Lt

q 7→ (A(q), B(q), x(q), 0)

3with the convention thatai,j = bi,j = 0 if j ≤ i.
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MoreoverΨ̂0(q) andΨ̂0(q’) live in the sameU(n)-orbit if and only if q andq’ live in the
sameSn-orbit hencêΨ0 induces a map

Ψ0 : O0/Sn → Hilbn0 (C2)

which is holomorphic according to the lemma (2.2). With (4.5), we have

(4.6) |dΨ0(q).v|2 = |v|2 +O

( |v|2
σ4

)

The first term comes from the diagonals ofA andB the second one from the off-diagonal
terms and the derivative ofx. In order to check the pointi) of the induction hypothesis we
must show that

|dΨ0(q).v|2 − |Πz (dΨ0(q).v)|2 = |v|2 +O

( |v|2
σ4

)
.

Where if Ψ̂0(q) = z ∈ Lt, Πz is the orthogonal projection onto the spaceIm lz. But
by construction, ifX ∈ Im lz thenIX is normal toTzLt hencedΨ0(q).(Iv) ⊥ IX in
particularΠz (I.dΨ0(q).(Iv)) = 0; Hence

(4.7) Πz (dΨ0(q).v) = Πz (dΨ0(q).v + IdΨ0(q).Iv) = 2Πz

(
∂̄Ψ0(q).v

)
.

But by construction

(4.8)
∣∣∂̄Ψ0(q).v

∣∣2 =
∣∣∂̄a
∣∣2 +

∣∣∂̄b
∣∣2 +

∣∣∂̄x
∣∣2 = O

( |v|2
σ4

)

The assertion i) of the induction hypothesisi) follows from the estimates (4.6,4.7,4.8).
For the induction hypothesisii), we have forz = Ψ̂0(q) andh = (hi,j) ∈ un :

‖lz(h)‖2 ≥ 1

2




∑

i,j

R2
i,j |hi,j |2 + t

∑

i

|hi,i|2


− Cσ−2‖h‖2

Hence ifR is chosen large enough the induction hypothesisii) hold onO0.
Now we check the induction hypothesisiii) let

(δA, δB, 0, 0) = dΨ0(q).v − Πz (dΨ0(q).v)

we have just said that

‖Πz (dΨ0(q).v) ‖ = O
(
σ−2

)
|v|.

Hence the off-diagonal part ofδA andδB are bounded byO
(
σ−2

)
|v|, this implies that

‖[δA, δA∗]‖2
+ ‖[δB, δB∗]‖2 ≤ O

(
σ−4

)
|v|4.

4.3. The general case. We examine now the regionCp associated to another partition
p 6= p0., we can always assume that

p = ({m0 = 1, ...,m1}, {m1 + 1,m2}, ..., {mk−1 + 1, .., n = mk}) ,

let nl = ml −ml−1. We consider the setOp of

(q,A,B, x) ∈
(
C

2
)k
0
×

k⊕

j=1

Mnj
(C) ×

k⊕

j=1

Mnj
(C) ×

k⊕

j=1

C
nj
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such that ifq = (q1, q2, ..., qk) then for all i 6= j then |qi − qj | >
√

1
n(n−1) |q| and

|q| ≥ R and if A = (A1, A2, ..., Ak), B = (B1, B2, ..., Bk), x = (x1, x2, ..., xk) then
each(Aj , Bj , xj) satisfiestrAj = trBj = 0 and the moment map equation :

{ [
Aj , A

∗
j

]
+
[
Bj, B

∗
j

]
+ xjx

∗
j = t Idnj

[Aj , Bj ] = 0

and moreover
sup
j

‖Aj‖2 + ‖Bj‖2 ≤ τ2|q|2

We will search a solutionz = (A,B, x, 0) of the moment map equation which is approxi-
matively

A ≃





A1 + λ1 0 . . . 0

0 A2 + λ2
. . .

...
...

. . .
. . .

...
0 . . . . . . Ak + λk




,

B ≃





B1 + µ1 0 . . . 0

0 B2 + µ2
. . .

...
...

. . .
. . .

...
0 . . . . . . Bk + µk




,

x ≃ (x1, x2, ..., xk)

We first fix someζ = (q,A,B, x) ∈ Op and we search az0 = (A0, B0, x0, 0) where
if qj = (λj , µj) thenx0 = (x1, x2, ..., xk), A0 (resp.B0) is upper block triangular with
diagonal(A1 + λ1, A2 + λ2 Id, ..., Ak + λk) (resp.(B1 + µ1, B2 + µ2, ..., Bk + µk)) and
µ(z0), µC(z0) are block diagonal . Hence we search matricesAi,j , Bi,j ∈ Mni,nj

(C), i <
j such that for alli < j :
(4.9)




(
A∗
i + λ̄i

)
Ai,j −Ai,j

(
A∗
j + λ̄j

)
+ (B∗

i + µ̄i)Bi,j −Bi,j
(
B∗
j + µ̄j

)

+Q1(i, j) +Q2(i, j)2 = xix
∗
j

− (Bi + µi)Ai,j +Ai,j (Bj + µj) + (Ai + λi)Bi,j −Bi,j (Aj + λj) +Q3(i, j) = 0

whereQ1(i, j) (resp.Q2(i, j)) is a quadratic expression depending on theAα,β ’s (resp. in
theBα,β) andQ3(i, j) is bilinear inAα,β ’s andBα,β . For τ > 0 small enough, with the
same arguments given in the preceding paragraph, the implicit function theorem implies

Lemma 4.1. The equations (4.9) has a solutionAi,j , Bi,j ∈ Mni,nj
(C), i < j which

depends smoothly onζ ∈ Op, moreover we have that
∑

i<j

‖Ai,j‖2 + ‖Bi,j‖2 = O

(
1

|q|2
)
.

And the derivative of the mapζ 7→ (Ai,j , Bi,j) is bounded byO
(

1
|q|2

)
.

Then we obtainz0(ζ) = (A0, B0, x0, 0) ∈ Mn(C)×Mn(C)×Cn× (Cn)
∗ an almost

solution of the moment map equation :
{ [

A0, B0
]

= 0

2iµ(z0) − t = O
(

1
|q|2

)



ON THE QALE GEOMETRY OF NAKAJIMA’S METRIC 13

More precisely, the off block diagonal terms of the moment map equations are zero. We
will now used an argument that we learned in a paper of S. Donaldson [8][Proposition 17]
: we will find h = ik a Hermitian matrix such that if

zh = eik.z0 = (ehA0e−h, ehB0e−h, eh.x0, 0)

then2iµ(zh) − t Id = 0 andµC(zh) = 0 (this latter condition being obvious).
By the induction hypothesisii) and if τ is small enough andR large enough then we

have
∀η ∈ un, ‖lz0(η)‖ ≥ C|η|

the constantC being uniform onOp. Hence ifh = iη with

‖k‖ ≤ δ := min

{
1,
Ce−2

4|z0|

}

then

∀η ∈ un, ‖lzh
(η)‖ ≥ C

2
|η|

So as soon as we have
∣∣µ(z0) − t

2i Id
∣∣ < 4

C2 δ, the proposition 17 in [8] furnishes ah = ik

with µ(eh.z0) = t
2i Id with

‖h‖ ≤ 4

C2

∣∣∣∣µ(z0) −
t

2i
Id

∣∣∣∣ .

But whenR is large enough, the condition
∣∣µ(z0) − t

2i Id
∣∣ < 4

C2 δ is satisfied, hence there
is h = ik a Hermitian matrix such that2iµ(zh) − t Id = 0 andµC(zh) = 0.

We need to recall howh is found. Forz ∈ M we have a linear maplz : un →
TzM ≃ M and l∗z its adjoint; by definition of the moment map we havel∗z = dµ(z) ◦
I. The endomorphismQz of un is given byQz = l∗z lz. Then for everyh = ik, with
|k| < δ, Qzh

is invertible andQ−1
zh

has a operator norm bounded by4C−2. Let a(z) =

Q−1
z

(
µ(z) − t

2i Id
)
, we follow the maximal solution of the equation

(4.10)
dz

ds
= −ilz(a(z)),

starting fromz0 ats = 0. By definition we have

dµ(zs)

ds
= −

(
µ(zs) −

t

2i
Id

)

hence

µ(zs) −
t

2i
Id = e−s

(
µ(z0) −

t

2i
Id

)
;

in factzs = gs.z0 where

dgs
ds

= ia(zs).gs, gs ∈ GLn(C)

The arguments of [8] insures that the maximum solution of (4.10) is defined on[0,+∞[.
and ifgs = eηsehs whereηs ∈ un andhs is Hermitian, then|hs| ≤ δ. So that we also get :

‖ġs‖ ≤ 4

C2

∣∣∣∣µ(z0) −
t

2i
Id

∣∣∣∣ e
−seδ

henceg∞ = lims→+∞ gs exists and

(4.11) ‖g∞ − Id ‖ ≤ 4eδ

C2

∣∣∣∣µ(z0) −
t

2i
Id

∣∣∣∣ = O

(
1

|q|2
)
.
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We clearly have2iµ(g∞.z0) = t Id andh = ik is given bye2h = g∗∞g∞ i.e. the polar
decomposition ofg∞ is g∞ = eη∞eh. Moreover if s ≥ 0, then the operator norm of
lzs
Q−1
zz

remains less than2/C hence

(4.12) ‖g∞.z0 − z0‖ ≤ 2

C

∣∣∣∣µ(z0) −
t

2i
Id

∣∣∣∣ = O

(
1

|q|2
)
.

The implicit function theorem told us thath depends smoothly onz0 hence onζ ∈ Op,
indeed

d

dt

∣∣∣∣
t=0

µ(etik.z) = Qz(k).

This map will be called :ζ ∈ Op → h(ζ) ∈ iun. The following lemma gives an estimate
of the size of the derivative ofh

Lemma 4.2. Let v ∈ TζOp be a vector of unit length then

‖dh(ζ).v‖ = O

(
1

|q|2
)
.

Proof. Let ż0 = dz0(ζ0).v and ḣ = dh(ζ).v, we also letv ∈ M be the vectorv :=
(δA, δB, δx, 0) where if

v = (((δλ1, δµ1), ..., (δλk, δµk)) , (δA1, ..., δAk) , (δB1, ..., δBk) , (δx1, ..δxk))

thenδA (resp.δB) is a block diagonal matrix with diagonal(δA1 + δλ1 Idn1
, ..., δAk +

δλk Idnk
) (resp.(δB1 + δµ1 Idn1

, ..., δBk + δµk Idnk
)) andδx = ((δx1, ..., δxk).

We have

dµ(zh).
(
D exp(h)ḣ.z0 + eh.ż0

)
= 0

Recall that :

D exp(h)ḣ =
eadh − Id

adh
.ḣ.eh .

Let iη̇ be the Hermitian part ofD exp(h)ḣ andξ̇ be its skew Hermitian part. Then

dµ(zh).(D exp(h)ḣ.z0) = dµ(zh)(ilzh
η̇) + dµ(zh)(lzh

ξ̇) = Qzh
(η̇).

Moreover from the construction ofz0 and the lemma (4.1), we obtain easily that

dµ(z0)(ż0) = O

(
1

|q|2
)

;

and

ż0 = v +O

(
1

|q|2
)
|v|.

So if k ∈ U(n) is such thatg∞ = keh then

Ad (k) dµ(zh).
(
eh.ż0

)
= dµ(g∞.z0).(g∞.ż0)

= dµ(g∞.z0). (( g∞ − Id ).ż0) + dµ(g∞.z0 − z0).ż0 + dµ(z0)(ż0)

Hence

Qzh
(η̇) + dµ(zh).

(
k−1.

(
g∞ − Id ).ż0) = O

(
1

|q|2
)
.
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We now make the scalar product of this quantity withη̇ and we obtain :

‖lzh
(η̇)‖2 ≤ O

(
1

|q|2
)
‖η̇‖ − 〈lzh

(η̇), k−1.I (g∞ − Id) .ż0〉

≤ O

(
1

|q|2
)

(‖η̇‖ + ‖lzh
(η̇)‖)

But our construction gives that

‖η̇‖ ≤ 2

C
‖lzh

(η̇)‖ ,

hence we obtain :

‖η̇‖ ≤ 2

C
‖lzh

(η̇)‖ = O

(
1

|q|2
)
.

Now ḣ is a Hermitian matrix and‖h‖ = O
(
|q|−2

)
hence by definition oḟη andξ̇, we have

ḣ− iη̇ = O
(
|q|−2

)
.

Hence the lemma. �

We note that it is straightforward to verify the pointii) at zh because by construction

∀η ∈ un, lzh
(η)| ≥ C

2
‖η‖.

We have build a mapfp fromOp to Lt whose value at a pointζ = (q,A,B, x) ∈ Op is
thezh constructed before. This map isU(n1)×U(n2)× ...×U(nk)-equivariant hence it
induces a map

ψp : Op/(U(n1) × U(n2) × ...× U(nk)) → Hilbn0 (C2)

We remark that adjustingǫ, R, τ , we have

Cp ⊂ Op/(U(n1) × U(n2) × ...× U(nk)) ⊂ Hilbp

0(C
2) ×

(
C

2
)k
0
.

Where the last inclusion is an isometry ifHilbp

0(C
2)×

(
C2
)k
0

is endowed with the product
metric. We now want to compare the metricψ∗

pgN and the product metric onHilbp

0(C
2)×

(
C2
)k
0
. Letv be a vector ofTζOp which is orthogonal to theU(n1)×U(n2)× ...×U(nk)

orbit of ζ. As before, we definedf(ζ) = zh = eh.z0, ḣ, v..
Recall that we have denote byΠq the orthogonal projection ontoIm lq. Hence we need

to compare

‖ (Id−Πzh
) .dfp(ζ).v‖2 = ‖dfp(ζ).v‖2 − ‖Πzh

.dfp(ζ).v‖2 and ‖v‖2.

But

dfp(ζ).v = lzh
(ξ̇) + ilzh

(η̇) + eh.ż0

Hence

(Id−Πzh
) .dfp(ζ).v = (Id−Πzh

) .
(
ilzh

(η̇) + eh.ż0
)
.

But we have already seen that

‖lzh
(η̇)‖2 = O

(
1

|q|4
)
.



16 GILLES CARRON

but ilzh
(η̇) is orthogonal toTLt hence to the range ofΠzh

, we also have

〈(Id−Πzh
) (ilzh

(η̇)) , (Id−Πzh
) .(eh.ż0)〉 = 〈(Id−Πzh

) .ilzh
(η̇), (eh.ż0)〉

= 〈ilzh
(η̇), (eh.ż0)〉

= −
〈
η̇, dµ(zh)

(
eh.ż0

)〉

But

dµ(zh) ((dfp(ζ).v) = 0 = dµ(zh)
(
ilzh

(η̇) + eh.ż0
)

so that

〈(Id−Πzh
) (ilzh

(η̇)) , (Id−Πzh
) .(eh.ż0)〉 = −

〈
η̇, dµ(zh)

(
eh.ż0

)〉

= 〈η̇, dµ(zh) (ilzh
(η̇))〉 = ‖lzh

(η̇)‖

= O

(
1

|q|4
)
.

It remains now to estimate

‖ (Id−Πzh
) (eh.ż0)‖2 = ‖eh.ż0‖2 − ‖Πzh

(eh.ż0)‖2.

But Πzh
= lzh

Q−1
zh
l∗zh
, and

l∗zh

(
eh.ż0

)
= dµ(zh)(ie

h.ż0).

We have already noticed that

I.ż0 = dz0(ζ).(I.v) + w

wherew = O(|q|−2. So

l∗zh

(
eh.ż0

)
= dµ(zh)

(
ehdz0(ζ).(Iv)

)
+ l∗zh

(w)

And the proof of the lemma (4.2), furnishes aw′ = O(|q|−2) such that

dµ(zh)
(
ehdz0(ζ).(Iv)

)
= dµ(zh) (w′) +O(|q|−2

as the operator norm oflzh
Q−1
zh

is bounded by2/C we have obtained :

‖Πzh
(eh.ż0)‖2 = O

(
1

|q|4
)
.

Hence we have obtain :

ψ∗
pgN (v, v) = ‖eh.ż0‖2 +O

(
1

|q|4
)
‖v‖2

= ‖ż0‖2 + 2〈ż0, hż0〉 + O

(
1

|q|4
)
‖v‖2.

By construction

|ż0|2 = ‖v‖2 +O

(
1

|q|4
)
‖v‖2
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And if v = (δq, δA1, δA2, ..., δAk, δB1, δB2, ..., δBk, 0) and if hi,j are the block ofh of
sizeni × nj then

〈ż0, hż0〉 = 〈v, hv〉 +O

(
1

|q|4
)
‖v‖2

=
∑

j

〈δAj , [hj,j , δAj ]〉 + 〈δBj , [hj,j , δBj ]〉 +O

(
1

|q|4
)
‖v‖2

=
∑

j

〈
[
δAj , δA

∗
j

]
+
[
δBj , δB

∗
j

]
, hj,j〉 +O

(
1

|q|4
)
‖v‖2

= O

(
1

σ2|q|2
)
‖v‖2

according to the hypothesisiii).
In order to finish the proof we need to check the propertyiii) at the pointzh. With what

has been proved in the preceding paragraph, we only need to check that if(δA, δB, 0, 0)
is a unitary vector in the tangent space ofLt at zh and orthogonal toU(n) orbit of zh then[
δAj , δA

∗
j

]
+
[
δBj , δB

∗
j

]
is bounded. This is evident.

5. CONCLUSION

With the previous asymptotic of Nakajima’s metric, we’ll show that Nakajima’s metric
coincides with Joyce’s one ; a way for proving such a result would be to verify the estimate
3.1) for the ordersl ≥ 1 ; this is probably possible with some extra work, however we’ll
give here a different proof which follows the classical proof of the unicity for the solution of
the Calabi-Yau problem. Moreover our argument gives a new analytical result on mapping
property of the Laplace operator on QALE space. For new results which extended Joyce’s
ones and which go further than our result, there is a forthcoming work of A. Degeratu and
R. Mazzeo [7].

We have already seen that Kronheimer’s classification of hyperkähler ALE4−dimensional
manifold implies that onHilb2

0(C
2) ≃ T ∗P1(C) , Nakajima’s metric is the Eguchi-Hansen

metric. We are going to prove our result by induction onn. Hence we now assume that
up to a scaled factor, Joyce’s and Nakajima’s metrics coincide onHilbl0(C

2) for all integer
l < n. We considerg the Joyce’s metric onHilbn0 (C2) andω the Kähler form associated
to g (for the complex structureI) and for simplicity of forthcoming notation, we denote by
g′ Nakajima’s metric onHilbn0 (C2) with associated Kähler formω′.

5.1. Comparison of the two metrics. The second group of cohomology ofHilbn0 (C2)
has dimension1 and a cycle dual to a basis ofH2(Hilbn0 (C2),R) is given by the image of
a holomorphic mapfn : P1(C) → Hilbn0 (C2) such that ifπ : Hilbn0 (C2) →

(
C2
)n
0
/Sn

then the image offn is P1(C) ≃ π−1{((0, 0), q′)}Sn for q′ ∈
(
C2 \ {0}

)n−2

0
. We can

assume that ∫

P1(C)

f∗
nω =

∫

P1(C)

f∗
nω

′

Moreover, for each partitionp of {1, 2, ..., n}, we have onCp ⊂ Hilbp

0(C
2) × Vp

ψ∗
pg = gp + eucl +O

(
1

σ2ρ2

)
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and

ψ∗
pg

′ = g′p + eucl+O

(
1

σ2ρ2

)

wheregp (resp.g′p) is the sum of the Joyce’s (resp. Nakajima’s) metric onHilbp

0(C
2) ≃

Hilbn1

0 (C2) × Hilbn2

0 (C2) × ... × Hilbnk

0 (C2). Howeverfn(P1(C)) is homologous to
Cp,j,v := ψp{(y1, ..., ynj−1}×fnj

(P1(C))×{ynj+1, .., ynk
}×{v}whereyj ∈ Hilb

nj

0 (C2)

andv ∈ Vp, let gj (resp. (g′j) be the Joyce’s (resp. Nakajima’s) metric onHilb
nj

0 (C2)
andωj (resp. ω′

j) its Kähler form ; that is to saygp = g1 + g2 + ... + +gk andg′p =

g′1 + g′2 + ...+ g′k. We have

∫

Cp,j,v

ω =

∫

fnj
(P1(C))

ωj +O

(
1

σ2ρ2

)

=

∫

Cp,j,v

ω′

=

∫

fnj
(P1(C))

ω′
j +O

(
1

σ2ρ2

)

In particular letting‖v‖ going to∞, we obtain
∫

fnj
(P1(C))

ω′
j =

∫

fnj
(P1(C))

ωj

Our induction hypothesis yields thatgj = g′j for all j, and eventually, we have proved that

g − g′ = O

(
1

σ2ρ2

)

5.2. Coincidence of Joyce’s and Nakajima’s metrics. Following the classical proof of
the unicity of the solution of the Calabi-Yau problem, we would like to find a good function
φ such that

ω − ω′ = i∂∂̄φ.

However it is not easy because the weightσ−2ρ−2 is critical in Joyce’s analysis on QALE
manifold. To circumvent this difficulty, we remark that bothmetricsg andg′ have aS1

invariance property coming from the diagonal action ofS1 on
(
C2
)n
0
/Sn. For Joyce’s

metric it comes from the unicity result of the QALE Kähler Einstein metric asymptotic
to
(
C2
)n
0
/Sn. For Nakajima’s metric, the action ofS1 on M is the following : if eiθ ∈

S
1 and if z = (A,B, x, 0) ∈ Lt then eiθ.z :=

(
eiθA, eiθB, eiθx, 0

)
∈ Lt. And this

action is isometric. ThisS1 action is holomorphic for the complex structureI but not
for the complex structuresJ andK. LetX be theg or g′ Killing field associated to the
infinitesimal action ofη = i/2. ThenX has linear growth onHilbn0 (C2) that is to say
there is a constantc such that

X(z) ≤ c(ρ(z) + 1).

Moreover ifω1 is the Kähler form of(g, J), ω2 is the Kähler form of(g,K) andω′
1 and

ω′
2 are the corresponding form associated to the metricg′ then

ω1 = d(iXω2) and ω′
1 = d(iXω

′
2)

Hence if we let
β = iXω2 − iXω

′
2
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then we have

ω1 − ω′
1 = dβ and β = O

(
1

σ2ρ

)

We work now in the Kähler manifold(Hilbn0 (C2), g, J), the following analytical result
is the key point of our proof :

Proposition 5.1. There is a(0, 1)-formα onHilbn0 (C2) such that

α = O

(
log(ρ+ 2)

ρ

)

and
β0,1 = ∆∂̄α = ∂̄∂̄∗α+ ∂̄∗∂̄α.

We first explain how we can prove thatω1 = ω′
1 with this proposition. This proposition

will be proved in the next subsection.
The 1-form Φ = ∂̄∗∂̄α satisfies∂̄β0,1 = 0 = ∂̄Φ and ∂̄∗Φ = 0. Moreover the

metric g has by definition bounded geometry, hence we have the following uniform in
x ∈ Hilbn0 (C2) local elliptic estimate :

‖Φ‖L2(B(x,1)) = ‖∂̄∗∂̄α‖L2(B(x,1)) ≤ c‖∆∂̄α‖L2(B(x,2)) + c′‖α‖L2(B(x,2))

≤ O

(
log(ρ+ 2)

ρ

)

But Φ being harmonic we also have a uniform estimate

|Φ(x)| ≤ c‖Φ‖L2(B(x,1).

Hence we obtain that

Φ = O

(
log(ρ+ 2)

ρ

)
.

But the Ricci curvature ofg is zero hence the Bochner formula and the Kato inequality
implies that|Φ| is a subharmonic function henceΦ is zero by the maximum principle. And
we getβ0,1 = ∂̄∂̄∗α, the same argument shows that we can find a(1, 0)-form α̃ such that
β1,0 = ∂∂∗α̃. Hence if we let

iφ = ∂̄∗α− ∂∗α̃

then we have
dβ = i∂∂̄φ.

Again the same argument as before using the fact thatg has bounded geometry, implies
that

φ = O

(
log(ρ+ 2)

ρ

)
.

Bothω1 andω′
1 are Kähler Einstein with zero scalar curvature hence thereis a plurihar-

monic functionf such that
ωm1 = ef (ω′

1)
m

But we also have

f = O

(
1

σ2ρ2

)
.

By the maximum principle we deduce thatf = 0. We finish the proof with a classical
argument : the functionφ is subharmonic for the metricg [4][exposé VI, lemma 1.6] and
decay at infinity hence by the maximum principleφ is negative ; but reversing the role of
g andg′, −φ is also subharmonic for the metricg′ and−φ is positive and decay at infinity
henceφ is zero.
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5.3. Proof of the analytical result. We first remark that because(Hilbn0 (C2), g) is as-
ymptotic to the Euclidean metric on

(
C2
)n
0
/Sn, we have

lim
r→∞

volB(x, r)

rd
=
wd
n!

whered = 4(n− 1) is the real dimension ofHilbn0 (C2) andwd is the volume of the unit
ball in R

d. The Bishop-Gromov inequality tolds us that for any pointx ∈ Hilbn0 (C2) :

wdr
d

n!
≤ volB(x, r) ≤ wdr

d.

The result of P. Li and S-T. Yau implies that the Green kernelG of the metricg (that is
to say the Schwartz kernel of the operator∆−1) satisfies [20] :

G(x, y) ≤ c

d(x, y)d−2
.

Moreover becauseg is Ricci flat, the Hodge-deRham operator acting on1 forms is the
rough Laplacian :

∀v ∈ C∞
0 (T ∗Hilbn0 (C2)), ∆ = dd∗ + d∗d = ∇∗∇

Hence the Kato inequality implies that if~G(x, y) is the Schwartz kernel of the operator
∆−1, then it satisfies

|~G(x, y)| ≤ G(x, y) ≤ c

d(x, y)d−2
.

The proposition (5.1) will be a consequence of the followinglemma

Lemma 5.2. If f ∈ L∞
loc(Hilbn0 (C2)) is a non negative function which satisfies

f = O

(
1

σ2ρ

)
,

then

u(x) =

∫

Hilbn
0
(C2)

f(y)

d(x, y)d−2
dy

is well defined and satisfies

u = O

(
log(ρ+ 2)

ρ

)
.

Proof. Let o ∈ Hilbn0 (C2) be a fixed point. And we can assume thatρ(x) = d(o, x). We
remark thatu is well defined indeed there is a constantc such that forR > 1 then∫

B(o,R)

f ≤ cRd−3.

As a matter of fact, the function1
σ2ρ is asymptotic to a homogeneous functionh of degree

−3 on
(
C2
)n
0
/Sn h(rθ) = r−3h̄(θ) whereh̄ is a positive function onS2d−1/Sn ; this

functionh̄ is singular on the singular locus ofS2d−1/Sn; we callΣ this singular locus. but
h̄ behaves liked(.,Σ)−2 nearΣ but the real co dimension ofΣ is 4 hencēh is integrable
onS2d−1/Sn and we have

lim
R→∞

R3−d

∫

B(o,R)

1

ρσ2
=

1

d− 3

∫

S2d−1/Sn

h̄.

In order to finish our estimate, we must find a constantc such that ifρ(x) ≥ 10 then

F (x) =

∫

Hilbn
0
(C2)

1

d(x, y)d−2

1

ρ(y)σ(y)2
dy ≤ c

log ρ(x)

ρ(x)



ON THE QALE GEOMETRY OF NAKAJIMA’S METRIC 21

We decompose

(5.1)
Hilbn0 (C2) = (B(o, 2ρ(x)) \B(x, ρ(x)/2))∪B(x, ρ(x)/2)∪

(
Hilbn0 (C2) \B(o, 2ρ(x))

)
,

then we haveF = F1 + F2 + F3 whereFi is the integral ofd(x, y)2−dρ−1σ−2 on theith

region of the decomposition (5.1). The first and the last integrals are easy to estimate :

F1(x) ≤
(

2

ρ(x)

)d−2 ∫

B(o,2ρ(x))

1

ρ(x)σ(x)2
≤ C

1

ρ(x)
.

ConcerningF3 we have

F3(x) =

∫

Hilbn
0
(C2)\B(o,2ρ(x))

2d−2

d(x, y)d−2

1

ρ(y)σ(y)2
dy

≤
∫

Hilbn
0
(C2)\B(o,2ρ(x))

2d−2

ρ(y)d−1

1

σ(y)2
dy

≤
∞∑

k=1

∫

B(o,2k+1ρ(x))\B(o,2kρ(x))

2d−2

ρ(y)d−1

1

σ(y)2
dy

≤
∞∑

k=1

1

(2kρ(x))
d−2

∫

B(o,2k+1ρ(x))

1

ρ(y)σ(y)2
dy

≤ C

∞∑

k=1

1

(2kρ(x))
d−2

(
2k+1ρ(x)

)d−3

≤ C′ 1

ρ(x)
.

It remains to estimateF2 : We have

F2(x) ≤
2

ρ(x)

∫

B(x,ρ(x)/2)

1

d(x, y)d−2

1

σ(y)2
dy.

Let V (τ) =
∫
B(x,τ)

1
σ(y)2 dy and notedV the Riemann-Stieljes measure associated to the

increasing functionV . We have
∫

B(x,ρ(x)/2)

1

d(x, y)d−2

1

σ(y)2
dy =

∫ ρ(x)/2

0

1

τd−2
dV (τ)

=
V (ρ(x)/2)

(ρ(x)/2)
d−2

+ (d− 2)

∫ ρ(x)/2

0

V (τ)

τd−1
dτ.

(5.2)

We will estimateV : if we noteS the pull back toHilbn0 (C2) of the singular locus of(
C2
)n
0
/Sn andO = {y ∈ Hilbn0 (C2), such that σ(y) ≥ 2} then we haveV (τ) =

V1(τ)+V2(τ) whereV1 is the integral overB(x, τ)∩O andV2 is the integral overB(x, τ)\
O.
V1 is easy to estimate because on this region,σ−2 is bounded hence

(5.3) V1(τ) ≤ C vol (B(x, τ) ∩ O) ≤ Cmin{τd, τd−4}.
OutsideO the metric is quasi-isometric to the Euclidean metric and wecan estimateV2

by a similar integral on
(
C2
)n
0
/Sn. Let

D = {q ∈
(
C

2
)n
0
, such that ∀i 6= j |qi − qj | ≥ |q1 − q2|}
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andD′ = {q ∈ D, |q1 − q2| ≥ 1}. D is a fundamental domain for the action ofSn on(
C2
)n
0

and if x̄ ∈ D is such thatSn.x̄ = π(x) then

V2(τ) ≤
C

n!

∑

γ∈Sn

∫

D′∩B(γx̄,τ)

1

|q1 − q2|2
dq.

We give three different estimates forV2 according to the relative size ofσ(x) andτ :

(1) If σ(x) ≤ 3/2 then forτ ∈ [0, 1/2] we haveV2(τ) = 0.
(2) if σ(x) ≥ 3/2 then forτ ≤ σ(x)/2 then

V2(τ) ≤
C

σ(x)2
τd

(3) and finally ifτ ≥ σ(x)/2 then there is a pointz ∈ S such thatd(x, z) = σ(x)− 1
and if z̄ ∈ D such thatSnz̄ = π(z) then
∫

D′∩B(γx̄,τ)

1

|q1 − q2|2
dq ≤

∫

D′∩B(γz̄,3τ)

1

|q1 − q2|2
dq ≤ Cτd−2.

Now, with the estimate (5.3), it is easy to show that in (5.2) the part coming fromV1 is
bounded ; concerning the part coming fromV2, whenσ(x) ≤ 3/2, we get

∫ ρ(x)/2

0

1

τd−2
dV2(τ) ≤ C + (d− 2)

∫ ρ(x)/2

3/2

Cτd−2

τd−1
dτ = C′ + C log ρ(x) ,

and whenσ(x) ≥ 3/2, we obtain
∫ ρ(x)/2

0

1

τd−2
dV2(τ) ≤ C + (d− 2)

∫ σ(x)/2

0

Cτd

τd−1σ(x)2
dτ + (d− 2)

∫ ρ(x)/2

σ(x)/2

Cτd−2

τd−1
dτ

= C′ + C log

(
ρ(x)

σ(x)

)

Hence the result. �
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