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BROWNIAN MOTION CONDITIONED TO STAY IN A
CONE

RODOLPHE GARBIT

ABSTRACT. A result of R. Durrett, D. Iglehart and D. Miller states that
Brownian meander is Brownian motion conditioned to stay positive for
a unit of time, in the sense that it is the weak limit, as x goes to 0,
of Brownian motion started at = > 0 and conditioned to stay positive
for a unit of time. We extend this limit theorem to the case of multi-
dimensional Brownian motion conditioned to stay in a smooth convex
cone.

1. INTRODUCTION

The purpose of this paper is to prove the existence of a process which is,
in some sense, a multidimensional Brownian motion started at the vertex of
a smooth convex cone and conditioned to stay in it for a unit of time.

Let Co be the space of continuous functions w : [0, +00) — R? d > 1,
endowed with the topology of uniform convergence on compact subsets, and
let F be the corresponding Borel o-algebra. We shall use Cy, as a concise
notation for (Cs, F). Weak convergence in the space of probability measures
on Cy will be denoted by the symbol =-.

Let {X¢,t > 0} be the canonical process on Co, for which X;(w) = w(t)
for any w € Cy. Consider an open cone C' with vertex at the origin 0 and
let 7o = inf{t > 0 : X; ¢ C'} be the first exit time of the canonical process
from C. For any x € C we define the law Wcl of the Brownian motion

T,
started at  and conditioned to stay in C for a unit of time by the formula

WE (%) = W (x| 70 > 1)

where W, is the distribution on Cy, of the standard d-dimensional Brownian
motion started at x.

The main result of this paper is the following theorem (the precise def-
inition of a nice cone is given in Section E; for example, any circular or
ellipsoidal cone is nice).

Theorem 1.1. Suppose C' is a nice cone. As x € C' goes to 0, the law Wfl
converges weakly on Cs to a limit WOC:l.

For any t € (0,1], the entrance law ng (X: € dy) has the density e(t,y)
(w.r.t. Lebesgue measure) given by the formula ([[6]).
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2 R. GARBIT

Theorem [[.1] is the multidimensional analog of Durrett, Iglehart and
Miller result ([fI], Theorem 2.1) in which they consider Brownian motion
conditioned to stay positive for a unit of time and identify the limit as
the Brownian meander. In the case of two-dimensional Brownian motion,
Theorem [[.1] is due to Shimura ([[f], Theorem 2).

For geometric reasons, the extension of Shimura’s result to higher dimen-
sions is not straightforward. We first prove the convergence of the finite-
dimensional distribution with the help of an explicit formula for the heat
kernel of a cone given by Banuelos and Smits in [[]. Then, we prove tightness

of the laws Wf 1 as x € C' — 0 using a principle already present in Shimura’s

article: If Wfl converges weakly as x tends to any point zy € 9C'\ {0}, then
the tightness as x € C — 0 follows. For a two-dimensional cone, proving
weak convergence of W:gl as ¢ — o € dC'\ {0} is quite easy because JC' is
locally linear at xq, so the proof is nearly the same as in the one-dimensional
case. But in higher dimensions the geometry of the boundary of a cone is
not so simple and we are led to a quite more general problem: Given an
open set U and a point zg € OU, does the law Wg ; of Brownian motion
started at © € U and conditioned to stay in U for unit of time converge
weakly as € U — x¢? The major part of this paper is in fact concerned
with the study of this question.

In Section ], we consider the general problem of Brownian motion condi-
tioned to stay in an open set U and give some useful properties of the con-
ditioned laws Wg 1, such as the Markov property and a form of continuity
with respect to the variable z. In Section [J, we recall Durret-Iglehart-Miller
result on Brownian motion conditioned to stay positive which extends imme-
diately to the case of Brownian motion conditioned to stay in a half-space.
From the half-space case, we then derive in Section Al a convergence theorem
for Wg 1 as ¢ — x9 € OU when U is nice at xg. This new result is based
on the ball estimate (Lemma [£.3) which constitute the heart of this paper.
Finally, in Section | we present a complete proof of Theorem [L.1), and we
give some properties of the limit process, such as the distribution of its first
exit time from the cone after time 1.

Notations. If u is a probability measure on a space (X,.A), we will denote
by u(f) the expectation of a measurable function with respect to u. For
a set A € A and a measurable function f, the notation p(A;f) stands
for pu(lly x f), where 14 is the characteristic function of the set A. For
consistency, u(A; B) will often be preferred to (A N B).

2. BASIC FACTS ABOUT THE CONDITIONED LAWS

2.1. Markov property. Let U be an open subset of R? and let 77 be the
first exit time from U. For any x € U and t > 0, we set
We(x; 10 > t)

WU, (x) = W, =2 U7
x,t(*) (*|TU > ) Wm(TU > t)
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For convenience, we will also use the notation Wgt := W, for any ¢t <0 and
xr € R4

Let F; be the o-algebra generated by the random variables {X;,s < t}.
The shift operator §; on Co is defined by 6;(w)(s) = w(t + s). For any
optional time 7, we set .+ = {A € F :Vt > 0,An{r <t} € F;}. The laws
WU inherit a strong Markov property from Brownian motion. The proof is
standard and will be omitted here.

Proposition 2.1 (Strong Markov property). Let x € U and t > 0. For
any optional time T, any A € F+ and any positive measurable function
f(s,w) : [0,400) X Coo — R, we have

WE, (s <t f(r,00)) = W, (A7 < 6 WHy o (F(5.))jomr ) -

2.2. Continuity. Let U be an open subset of R%. We will say that U
is co-regular if W,(r; > 0) = 0 for every x € OU; that is, a Brownian
motion started at any point of the boundary of U visits instantaneously the
complement of U. For such a set, 7y and T are almost surely equal.

Proposition 2.2. Suppose U is co-regular. Then, for every bounded con-
tinuous function f on Cs, the mapping (z,t) — Wgt(f) is continuous on
U x (0,400).

Proof. Since W, (1 > t) > 0 for any (x,t) € U x (0, 4+00), it suffices to prove
that the mapping (z,t) — W,(f;7y > t) is continuous on U X (0,400).
Suppose ¥, — z € U and t,, — t > 0. Set ¢(w) = f(w) U7, > (w) and
n(w) = f(zn—2+w) Ur) sy, y (T —2+w). Since W, (f;70 > tn) = Wa(dn)
and W (f;70 > t) = Wa(¢), it is enough to show that ¢, (w) — ¢(w) for
W-almost every w.

Set Q = {Xo = ;77 = 177 # t}. It is well-known that W,(7y =t) = 0
([}, Theorem 4.7), and since U is co-regular we also have W, (ry = 77) = 0.
Hence W,(€Q2) = 1. Now choose a path w € Q. Using the continuity of w, it
is easily seen that i, <, 3(¥n — 2 +w) — L w4y (w). Hence ¢ (w) — ¢(w)
for W -almost every w. O

2.3. Finite-dimensional distributions. Let U C R? be a co-regular open
set and z¢ a boundary point of U. We shall now give a sufficient condition
for the weak convergence of the finite-dimensional distributions of Wg 1, as
x tends to g, that only involves the first transitions.

Proposition 2.3. Suppose that for any t € (0,1), the first transition law
ng(Xt € dy) converges weakly as x — x¢ to a probability measure for

which OU is a null set. Then, the finite-dimensional distributions of ng
converge weakly as x — xo to some probability measures.

Proposition R.J follows from the Markov property and the continuity
(Propositions .1 and R.9) by standard arguments, so the proof will be omit-
ted here.
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For z € U and t > 0, the Markov property of Brownian motion gives
Wy ( Xy € dy;1r > 6, Wx, (7 > 1 —1))

W (7’ U > 1) ’
Since the transitions W, (X; € dy; 7y > t) of Brownian motion killed on the

boundary of U have densities pY (¢, z,y) with respect to Lebesgue measure
dy, we get

WY (X, € dy) =

pY(t,z,y)

WY (X, € dy) = 2
x,l( t € y) Wx(TU>1)

Wy(TU >1—1t)dy.

Hence, proving convergence of the finite-dimensional distributions of Wg 1
consists essentially in finding an asymptotic formula for the heat kernel
pU(t,z,y) as & — .

2.4. Neat convergence. Let U C R? be a co-regular open set and let g
be a boundary point of U. Suppose there exists a law W 20,1 01 Coo such

that Wg 1= Wg)l as x € U tends to zg. We will say that the convergence
is neat (or that WY, converges neatly to WU 1 88T € U — x) if the limit

x
proposition gives a sufficient condition of neat convergence and states that

the Markov property then holds for the limit process.

process does not leave U before time 1, i.e. wU ,1(tr > 1) = 1. The next

Proposition 2.4. Suppose WU = WU 1 aszelU— xzo.
Ifw, 1(Xt € 0U) =0 for all t € (0,1), then the convergence is neat and

the lzmzt process WU 1 satisfies the following Markov property:
For allt > 0, Aeft+ and B € F,

(1) W (467 B) = WE (A WY, _(B)) .

Proof. Once it has been observed that the assumptions ensure that W 0.1 (X; €
U)=1forall t € (0,1), the Markov property of WU 1 follows from Propo-
sitions R.1 and .3 by standard arguments (see for example [fll, Proof of
Theorem 3.2). Then it remains to prove that W w10 > 1) = 1. But by

the Markov property of W o,1; we have

WU (vt e (e,1], X, € U) = WY | (’WV)I{EH(TU >1- e)) —1

for all € € (0, 1), thus the expected result follows by letting ¢ — 0. O

Remark 2.5. Letting ¢ — 0 in (fl]) would give a zero-one law for Wg)l

( . WU 0.1 1(A) =0or 1if A e Fy+) if we had the stronger assumption that

Z

W = W o1 a8 (z,t) — (wo,1). Note that in the special case where U = C

is a cone, the last convergence follows from the hypothesis chl = ng
because of the scaling property of Brownian motion. More precisely, let K}

be the scaling operator defined for all w € Cs by Ki(w)(s) = Vtw(s/t).
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Recall that W) is Ky-invariant. From the scaling invariance of the cone C,

it is easily checked that Wmct = ch/\/i,l o K;'. If (x,t) — (0,1), then

x/\/t — x¢ and by the continuous mapping theorem (B, Theorem 2.7) we
get . . .
WS =W oK =WE .

Therefore, the zero-one law follows under the hypothesis of Proposition R.4.

3. THE HALF-SPACE CASE

3.1. Brownian motion conditioned to stay positive. We will now re-
call the one dimensional theorem of Durret, Iglehart and Miller ([H], Theo-
rem 2.1) and give a sketch of their proof. Auxiliary results such as Lemma
and .3 shall also be used in Section fJ. Throughout this section we set d = 1
and we denote by 7 = inf{¢t > 0: X; < 0} the first exit time from the half-
line (0, 4+00). The related conditional laws will be denoted by W; 1

The Brownian meander is an inhomogeneous Markov process with con-
tinuous path that is obtained from Brownian motion by the following path
transformation: Let o = max{t < 1: X; = 0} be the time of the last zero
before time 1, and let

> 1

X = X(o+t(l—0)) .

Then, with respect to Wiener measure Wy, the process ()A(:t)tzo is the Brow-
nian meander. Let I/VOJ’r 1 be the law of the Brownian meander on Co,. We
have the following theorem.

Theorem 3.1 ([, Theorem 2.1). As x > 0 tends to 0, W;l = Wofl.

The idea of the proof of Theorem B.] is to turn the conditioned laws
into unconditioned ones by the mean of well-chosen sections of the original
process. Let us give some details. For all x > 0, introduce the random time

T,=inf{t >0: X; =z and X; >0 for all s € (¢t,t +1]}.
which is Wy-almost surely finite. The next lemma is straightforward:

Lemma 3.2 ([fl], Lemma 2.2). As x — 0, T,, converges almost surely to T
with respect to Wy.

To each time T, we associate the shift operator ¢, := 67, acting on Cwo.
We then have:

Lemma 3.3 ([ff], Lemma 2.3). For every x >0, W;I =Wyoo;t.
Lemma B.J gives an “unconditioned” representation of the laws /I/IV/; s

x > 0. It is noteworthy that Wy o ¢! also make sense for & = 0 whereas

the definition of W; | does not. From Lemmas B.J and B.3, it follows by the
dominated convergence theorem that

W, =Wooo, = Woo ey
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as x — 0. Note that the limit law clearly satisfies Wy o ¢ Yoy > 1) =1,
hence the convergence is neat. In order to prove Theorem B.1, it remains
to identify the limit with the Brownian meander. This can be done by
computing the limit of the finite-dimensional distributions of the laws VVJr
which are easily derived from a classical formula for the joint distribution of
Brownian motion and its minimum. We do not give further detail since no
expression of these finite-dimensional distributions will be needed in what
follows.

3.2. Brownian motion conditioned to stay in a half-space. Theo-
rem can easily be extended to multidimensional Brownian motion con-
ditioned to stay in a half-space. Let d > 2. Because of invariance properties
of d-dimensional Brownian motion we need only to study the case of the
half-space D = {z € R% : z; > 0}. Let BM be a Brownian meander and
Bs, ..., By be one-dimensional Brownian motions such that BM, Bs, ..., By
are mutually independent. The d-dimensional process (BM, Ba, ..., By) will

be called D-Brownian meander and its law will be denoted by W&)l.

Corollary 3.4. Asx € D — 0, Wfl = /WV/(][,)I.

Proof. A Brownian motion conditioned to stay in the half-space D is a Brow-
nian motion whose first coordinate is conditioned to stay positive. Since the
coordinates are independent one-dimensional Brownian motions, the result
follows immediately from Theorem B.1. O

Remark 3.5. It is clear from the definition of the D-Brownian meander
that it satisfies W¢ (rp > 1) = 1; thus the convergence in Theorem B4 is

neat and Wo 1 has the Markov property of Proposition P.4. Moreover, since
D is a cone, it follows from Remark P.J that we also have a zero-one law
with respect to W071.

4. PRECONDITIONING

We shall now use the results of Section [] in order to obtain a convergence
theorem for the Brownian motion conditioned to stay in a set satisfying
some regularity and convexity assumptions (Theorem [£.7). Section [L]] in-
troduces the idea of preconditioning and explains how it can be applied to
the convergence problem. The proposed method requires an estimate that
is studied in Section [l.2 This finally leads us to introduce the class of nice
sets for which we solve the convergence problem in Section [£.3.

4.1. Changing laws for the convergence problem. Let U C R? be a

co-regular open set with 0 € OU. Recall that the definition of VVU1 by the

formula
Wm(*; TU > 1)

We(my > 1) ’
does not make any sense for x = 0 since Wy(7y > 1) = 0.

WY (x) =
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Now suppose U is a subset of the half-space D. Then a Brownian motion
conditioned to stay in U is also a Brownian motion conditioned to stay in
D and then conditioned to stay in U, that is:

W£1(*§ v > 1)

2 Wf*:ﬁf*r>1=N
(2) 1(%) 10l > 1) W0 (0 = 1)

This simple identity is what we call preconditioning, for if we take it as a
definition, it is the same as before except we have changed the initial law
of the paths (W, < ngl) which are now preconditioned to stay in D. The
gain is that, although Wy(my > 1) = 0, we might have W(ﬁ(TU >1) > 0if
the boundary of U is smooth enough at 0. If /WV/O[’)I (tr > 1) > 0, we will set

(3) W (%) == W (x| 70 > 1) .

It follows easily from the Markov property of /ﬂv/(][’)l that the condition
Wol?l (ty > 1) > 01is satisfied if Wol?l (ty > 0) =1, that isif 0 is W(ﬁ—irregular
for U¢. In [B], Corollary 3.1, Burdzy gives an irregularity criterion relative
to the D-Brownian meander. The next lemma is an easy consequence of his
result:

Lemma 4.1. If B is a ball with radius r > 0 and center at (r,0,...,0),
then Wol?l(TB >0)=1.

In particular, if there > exists an open ball B tangent to ¢ 0D at 0 and such
that B C U C D, then W(ﬁ(TU > 0) = 1. Thus the law Wé{l can be defined
by relation (). We point out the fact that applying Burdzy criterion to a
proper cone C C D with vertex at the origin gives Wé?l (¢ > 0) = 0; hence
a law ng can not be defined directly.

Suppose U is such that /WOL’)I (ty > 1) > 0. The question we then have to
answer is the following: Does the convergence Wfl = W(ﬁ imply that

W?l(*’TU >1) = W(ﬁ(*\m >1)7

T

Unless U is locally linear at 0, this can not follow directly from the con-
tinuous mapping theorem, since 77 is Wol?l—almost surely discontinuous. To
overcome this problem we will use an estimate that we present in next sec-
tion.

4.2. The ball estimate. Fix d > 2. We shall note X;(t),...,X4(t), the
coordinates of the canonical process X (¢). Let D be the half-space {z €
R? : z; > 0} and B the open ball with center at e; = (1,0,...,0) and
radius 1. Let E be the set of all (d — 1)-uples (eg,...,€q) with ¢ = +1.
For all € = (ea,...,€6q) € E, let € = (—e€g,...,—€4) be the opposite of e.
We define a familly of 2¢=! disjoint subsets of D indexed by E by setting
D.={x € D : exxg,...,eqrqy > 0}. Let H be the hyperplane {z; = 1} and,
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for all € R?, let B(x) be the open ball with center at 2 and radius 1. The
next lemma is straightforward:

Lemma 4.2. If z € D.N H, then B(xz) N B°N Dz = 0.

We now come to the estimate which is the heart of this section:
Lemma 4.3. lims o limsup,_, W)\ghl(TB <s)=0.
Proof. We will show that

(4) hI,I\l oY W)\Bl (B < s) <207 Wo V(B < s)

for all s > 0, and the lemma will then follow by letting s — 0 since Wo D(rp =
0) = 0 (Lemma [.1). For A > 0, set

T\ =inf{t > 0: X;(t) = X and X;(s) > 0,Vs € (t,t + 1]}
and consider the process Zy defined by
V>0, Zx(t)=X(T)+t)— X(T)) + Aey .
By independence of the coordinates X1, ..., Xy, and Lemma B.3, the process
Zy has the distribution W/\[éhl with respect to Wy. Write
(5) Wolte(Zy) <s) < Wy(re(Zp) < s+ T\ —To)
+Wo(rB(Zo) > s+ T\ — To; 78(Z)) < s) .
For convenience, we set u = 75(Zy). If 75(Zy) > s+ T\ — Tp and u < s,

then Zo(u + Ty — Tp) = X (T + u) — X (Tp) belongs to B; this means that
Zx(u) belongs to B(Y)), where we have put

Y)\ = X(To) — X(T)\) + (1 + )\)61

= (1, X2(To) — X2(T), - -, Xa(To) — Xa(TH)) -
Note that Y\ € H. Since Zy(u) € B, we see by Lemma [L.9 that Z)(u) ¢ D=
as soon as Y), € D.. Therefore

WO(TB(ZO) > s+ T)\ — T(); TB(Z)\) < S)
< ) Wo(Ya € De;75(Zx) < 55 Zx(u) & De) .
el

Now, it is easily seen that Y), is independent of Zy conditionally to X;. In
addition, we have Wy(Yy € D| X1) = 1/2¢71. Thus

W()(TB(Z()) >s+ 1\ — TO;TB(Z)\) < S)

1
< ga > Wo(rs(2)) < s; Za(u) ¢ De)
eel
24-1 Loy
o1 Wo(re(Z)) < s) .
Combining this inequality with equation (f]) gives

Wolrs(Zy) < ) < 247 Wo(rp(Z0) < s+ Th - Th)
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and the result follows by letting A — 0 since limy_,g Ty = Ty almost surely
(Lemma B.2). O

Remark 4.4. Note that the proof of Lemma [L.J does not involve the “size”
of B. Hence the result holds for any open ball that is tangent to dD at 0.

4.3. Application to nice sets. In this section, we introduce the notion of
nice sets and solve the convergence problem for those sets.

4.3.1. Convergence with variable sets. For any set U C R? and any € > 0,
put Uy = {2 € R : d(2,U) < e} and U~ = {x € U : d(2,U°) > €}. If
(Uy) is a sequence of subsets of R%, we will say that (U,) converges to U
and write U,, — U if for all € > 0 there exists a ng such that

n>ng=>U- CU, CU+ .

Let D be the half-space {x € R? : z; > 0} and let B be an open ball tangent
to 9D at 0. Set e; = (1,0,...,0).

Proposition 4.5. Let U be an open co-reqular set such that B C U C D
and let (Uy,) be a sequence of sets such that:

(i) For alln, B C U, C D;
(ii) For all R >0, U,NB(0,R) — U N B(0,R).

Then, for all sequence (\y,) of positive numbers converging to 0,

Proof. Set x, = Ape1. Since W(ﬁ(ﬁ] >1)> Wol?l(TB > 1) > 0, it suffices to
prove that

© i W2\ (f;r0, > 1) = WE(f;70 > 1)

for all bounded continuous function f : Cs — R.
First suppose U,, — U. Since each set U, contains the ball B, we have

(7) lir% lim sup W£71(7Un <s)=0
by Lemma [[.3. As Shimura does in [§], Proof of Lemma 4.1, we fix s € (0, 1)

and put 75, =inf{t > s: X; ¢ Up} and 77 = inf{t > s: X; ¢ U}. If M is
a bound for |f], then

W2 \(fimw, > 1) = WE(fimw > 1))
< WP (fim, > 1) = WA > 1))
Tx7D 117D
+M (Wxn,l(TUn S S) + WO,l(TU S S)) .

Hence () will follow from ([f) and the fact that W({)l(TU =0) = 0 if we
prove that
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for all s € (0,1). To do this, let us introduce also the random time 7% =

inf{t > s: X, ¢ U} and set Q = {7, = 75 # 1}. We shall first prove that
W&(Q) = 1. By the Markov property we have

WO%(T[S] =1)= W(ﬁ <Xs e U; /WV/)?S,I_S(TU =1- s)) =0

because W, (7y =1 — s) = 0 for all € R? (see [ff], Theorem 4.7). We have
also
W (5 < 75)
= W01(X eU;ry <15 )+W01(X gU;s <5)
= WOJ <X5 e U; WXSJ_S(TU < TU)> + WOJ (XS € 8U;W£s71_8(7'ﬁ > 0))
=0

since W (1 < 757) = 0 for all z € R? and W, (77 > 0) = 0 for all z € 9U

(remember that U is co-regular). Hence W&(Q) =1.
Now, since U,, — U, it is easily seen that for all w €  and every sequence
(wy,) € Coo such that w, — w,

IL{rg >1} wp) II{T >1}

Hence (§) follows from the continuous mapping theorem ([f], Theorem 2.7)
and we have (f]) when U,, — U.

Now we turn to the general case, that is we consider the local conver-
gence hypothesis (ii) of Proposition [5. Fix € > 0 and choose R > 0 such

that WO 1(7'3(0 r) > 1) > 1 —e. By the continuous mapping theorem, it is
easily seen that lim,_.o W2 1(TBO,R) > 1) = Wo 1(7'3(0 r) > 1). Therefore

/W7£171(7'B(07R) > 1) > 1 — 2¢ for all large enough n. Set U}, = U, N B(0, R)

and U' = U N B(0, R). Then

WP (firo, > 1) = WE(fir0 > 1)
< WP (firoy > 1) = WE(fi 700 > 1) + 3Me

where M is a bound for |f|. By hypothesis U/, — U’, hence

limsup|W£“1(f;TU;1 >1) — W(ﬁ(f;TU’ >1)|=0
n

by the first step of this proof. Therefore

limsup]WﬁJ(f;TUn >1)— W(ﬁ(f;nj >1)| <4Me

and the desired result follows by letting ¢ — 0. O
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4.3.2. Nice sets. Let U be an open subset of R? and zy a boundary point of
U. We will say that U is nice at g if there exist a neighborhood V of zg
and a number r > 0 such that the following conditions are satisfied:

(1) For all x € U NV there exists a half-space D, D U such that:
e x €0D,;
e The ball B, C D, with radius r which is tangent to 0D, at x
is contained in U;
e The application ¢ which maps x to the center c(z) of the ball
B, is continuous at x.
(2) For all y € U NV such that d(y,0U) < r/2, there exists a point
x = p(y) € OU NV such that:
e y € (z,c(z));
e The mapping y — p(y) is continuous.

Remark 4.6. One can check that regularity and convexity assumptions
ensure the property of being a “nice set”. If the open set U is convex and
has a boundary of class C? in a neighborhood of g then the set U is nice
at xg.

Suppose U is nice at xg. With the above notations, for any x € U NV,
the point = + ¢(xo) — c¢(x) belongs to the boundary of the ball B,,; thus
we can choose a planar rotation R, with center at c(zg) and such that
Ry (z + c(xg) — c(x)) = z9. Note that the angle of R, tends to 0 as x — xq,
since c(x) — c(zg). Set ¢z(y) = Ry(y + c(zo) — ¢(x)) and U, = ¢, (U).
Then it can be seen that

(9) Byy C Uy C Dy,

and

(10) U, NB(0,R) — Uy, NB(0,R), asxz— x,
for all R > 0.

Theorem 4.7. Suppose U is co-reqular and nice at xg.
Then, as v € U — xy, we have ng = W%J.

Proof. For y close to xq, set © = p(y). Since y belongs to (x, c(x)], the point
q(y) = ¢.(y) belongs to (xg,c(zg)]. Moreover, ¢(y) tends to z¢ as y — xo.
Thus, from (f) and ([[0) together with Proposition [L.§, we obtain

T Us U
Wawa = Waots
Now by the invariance properties of Brownian motion, we have

U _ TGUs
Wya = Wq(y%l ° bz -

as y — xg -

Since ¢, tends to the identity mapping as x — z(, uniformly on compact
subsets of R?, it follows from the continuous mapping theorem that

U U
Wy1= W1, asy— .
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5. PROOF OF THEOREM

Let d > 2 and let C' C R? be an open cone with vertex at 0. We will say
that C is a nice cone if it is nice (see [.3.d) at any point of its boundary,
excepting 0. For example, any two-dimensional convex cone is nice. In
higher dimension, any circular cone or ellipsoidal cone is nice.

We note two important facts about nice cones:

(1) If C is a nice cone, then it is a Lipschitz cone;

(2) If C is a nice cone, dC is a null set with respect to Lebesgue measure.
The proof of the first one is elementary but quite tedious, so we omit it here.
Note that the second fact is a consequence of the first one.

The following lemma which is an immediate consequence of Theorem [.7
will play an important role in the rest of this article.

Lemma 5.1. Suppose C' is a nice cone. Let xqg € OC' \ {0} and ty > 0. As

(l‘,t) - (:EOatO): Wgt = WJ;C(;/\/%J © thl‘

Proof. By the scaling property of wc (Remark 2.3), we have Wft = ch; Vi1
K, 1. The result simply follows from Theorem .7 together with the contin-
uous mapping theorem. O

5.1. Convergence of the finite-dimensional distributions. We will
prove in this section that the finite-dimensional distributions of chl con-
verge weakly as © € C — 0. Recall that for any ¢t € (0,1] the law
Wfl(Xt € dy) has the density e,(t,y) given by

Pty
Wi(te > 1) Y

By using an expansion of the heat kernel p©(t,z,y) of C given by Banuelos
and Smits in [[]], we shall prove that e,(t,y) converges to a limit density
e(t,y),asz € C — 0.

Before we recall their result, let us introduce some notations. Let O be
the intersection of the cone C with the unit sphere S4~! and assume that it is
a regular set for the Dirichlet problem with respect to the Laplace-Beltrami
operator L on S¥~!. Then there exists a complete set of orthonormal eigen-
functions m; with corresponding eigenvalues 0 < A1 < A2 < A3 < ---

satisfying

e:c(t7y): (TC>1—t).

Lmj=—-XAjm; onO;
m; =0 on 00 .

Set aj = \/\j + (%l —1)2. We will use the following facts that are proved

in I :
e there exist two constants 0 < ¢; < ¢o such that

(11) Vi>1, T <aj < cpT



BROWNIAN MOTION IN A CONE 13

e there exists a constant ¢ such that

d—1
(12) Viz1 o mjllee <cay®
e if C' is a Lipschitz cone, then there exists a constant ¢ such that
c'mi(n)
13 Vi>1,Yne0, mi(n) < —2
(13) j>1,vne€0, m](n)_laj(l) ,
where I, is the modified Bessel function of order v :
(14) I(z) = ﬂ/g(sint)% cosh(x cost) dt
Y VT (v + 1) Jo
io: (§)V+2m
_ 2
= ' )
— m!I'(v +m+1)

Then we have the following lemma :

Lemma 5.2 ([[], Lemma 1). Write x = pf, y =, p, r >0, 0, n € O.
We have

e_(r22+tp2) 0o or
PCltay) = = Lo, (5) my(@)m;(m)
tlpr)2™" 53

where the convergence is uniform for (t,xz,y) € [T,00) x {z € C : ||lz|]| <
R} x C, for any positive constants T and R.

Together with the expression of I, this suggests that pc(t, x,y) is equiv-
alent at x = 0 to the product g(z)h(t,y) where

2
n—(4-1) ,~5

= 20 (g + Dttt

g(@) = p =G Dmy(0) and  h(t,y) () -

In fact, we have the following :

Lemma 5.3. Forx=p0, y=1mn, p, r >0, 0, n € O, we have
C
t
limp (7$?y) :h(t’y)’
p—0  g(x)
uniformly in (t,r,0,n) € [T,00) x [0, R] x O x O, for any positive constants
T and R.

Proof. Throughout this proof, the letter x will denote some positive constant
whose value may change from line to line.
Set M = £2. We have

C %)
p(t,z,y) 02 = Loy (M) m(6) m
- 9, 9T 1 7 J
g9(x)h(t,y) (a1 +1)e7 Mer my(8)m

j=1
Using relation ([J), we get

Lo, (M) m;(0)
Mo m1(6)

i(n)
1(n) '

i (1) K 1o, (M)
1(77)‘ =

m
m
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Now, using the integral expression for I, we see that
Io; (M)
a; (

< M% cosh M .

Hence

IOCj (M) m](e) m; (77)
Mes my(0) ma(n)

From relation ([[I]), it is easily seen that the series ) ; M®/~*! cosh M is

uniformly convergent on [0,1 — €. So, the series

' < KM%~ cosh M .

3 Loy (M) m;(0) mj(n)

— Mo ma (8) ma(n)
is uniformly convergent for (M,60,7n) € [0,1 — €] x O x O. Therefore we can
take the limit term by term to obtain

g S Los () mi(0) mi(n) _ 1
im = ,
M—0 M my(@)mi(n) 29T(aq +1)

where the convergence is uniform for (6,7) € O x O. O

Lemma 5.4. The function of y

sup
llzl|<3

is integrable on R?.

Proof. Using relations ([[) and ([L3), we get

D

Set wa, = JoZ (sint)?® dt. Using the integral expression for I, we find that

71%(/”4) K COS T o " 7\/@
Lo, (1)2 = h(p)<\/§> T(aj+ )2

=

us
. z . 1 - .
Since [? (sint)?"dt ~ cn”2 as n — oo, we have Wa,; ~ ca;? as j — 00.

: j
From Stirling’s Formula we also get I'(a; + %) > ca?ﬂ e~ %. Thus,

Ia- Qj a._
J(prl) < kcosh(pr) <\/E,0T> ]_/2 .
I,.(1)2 V2 ) oy

J

N
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Therefore,
C 1 2 oo o g%fé
_2 o
(15) M‘ < T cosh(on) Y (ﬁpr) .
9(x) r271pa = V2 a?’/
Since aj > a, the right-hand side of ([1§) is increasing with p, so
c 7'2 2d
p (1,ﬂc,y)‘ e Ver\“ q;
sup |————| < K cosh( ) =: f(r).
p<i g9(z) rs1 Z 2V/2 a}lj/z )

Because «a; > (%l — 1), the function f is integrable on any compact subset
of [0, +00). We shall now find an upper bound for the sum that appears in
the definition of f for large values of r. Let M > 1. For 2n < o; <2n + 1,

we have

Of‘{%g (20 + 1) (2n 1 1)
aj < 2n+1 n 4 — 2 n\2M 4 .
M Jaaj/z < M = MOV 2

J
Since a; > ¢ j dTll, the number of indices j for which a; < 2n+1 is bounded
d—
by <2”+1> . Thus, there exists K = K(d) > 0 such that

2d73

ZM“J ' <MZ (M2/2)" 2 < p(M)eMP/?

where P is a polynomial. Applying this result with M = 5{% and r > 2,/2/e

gives

(1—e/8) %5
e 7 ~ T
f(r) < k——F——P(r)cosh <§> ,

d_1

where P is a polynomial whose coefficients depend only on d. This is suffi-

cient to conclude the proof of Lemma [.4 O
Recall that
p“(t,z,y)
t —W >1—1).
exltsy) = [pC(1, 2, 2)dz y(re )
Lemma [.J suggests that the limit as z — 0 is the function
h(t, y)

t = W, 1-1t).
e( 7y) fch 1 P dZ y(TC > )

By integrating in polar coordinates, it is easily seen that

_ar,aa D(% 4+ H2)
hlzdz—Q T+ m1
Oél—l—l
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where o is Lebesgue measure on the unit sphere S%~!. Put

a1, d— 2
= 23T <ﬂ + d+2 > / mq(n) o(dn) .
2 "1 ) )

Then, for y = rn, we get
(16) e(t,y) = ct_al_17’0‘1_(%_1)6_T2/2tm1(77) Wy(te >1—1).
We have the following result:

Lemma 5.5. For any t € (0,1], the function e(t,y) is a probability density
and ey (t,y) — e(t,y) as ||z| — 0.

Proof. We shall first prove that the the family {e,(¢,y) : ||z|| < 1} is equi-
integrable, that is

(17) lim sup WS (| Xl > R)=0.
R=o0)1<1

Let z € C with [|z| <1 be given, and let R > 2. We denote by p = 759 2)
the first exit time from the ball B(0,2). A continuous path started at = that
is outside B(0, R) at time ¢ must have left B(0,2) before that time, so

Wmcl(HXtH > R)
= Wirlp <t WK, 1o (1Xe—sll > R)js=)
< sup { WS (1Xi-s| > R) sy € C,fly| = 2 and s € [0,4)} .

Suppose the last expression does not tend to 0 as R — oo; then there exist
a sequence (y,) € C with |ly,|| = 2 and a sequence (s,) € [0,¢] such that

(18) liminf WC |, (| Xis, || >n) > 0.

N— 00 Yn,1—5n

Without loss of generality, we may suppose that (y,) converges to a point
y € C with ||y|]| = 2, and that (s,) converges to s € [0,¢]. But Lemma [.1
(or Proposition .9 if y € C)) then implies that <W£’1_sn (Xi—s, € dy)) is a
convergent sequence of probability measures : this contradicts ([[§). Thus,
equation ([[7) is proven.

It follows from Lemmas [.3, f.4 and the dominated convergence theorem
that

¢! d
(19) L2 2. 2)dz :/h(l,z) dz .
[ g9(z)

Since
p“(txy)  gla)

g(z) [pC(1,z,2)dz
we deduce from Lemma [.J and relation ([[9) that e, (t,y) — e(t,y), as
||z|| — 0, uniformly on {y € C : ||y|| < R}, for any positive constant R.

ex(t7y) = Wy(TC >1— t) ,
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Thus, it follows from ([[7) and the integrability of e(t,y) that

hmsup/|ew (t,y) —e(t,y)| dy =0

llzl—0
This proves that the function y — e(t,y) is a probability density. ([
Proposition 5.6. The finite-dimensional distributions of 1 converge

weakly as x € C tends to 0. Moreover, the limit dzstmbutzon of the first
transition law ng(Xt € dy), t € (0,1], has the density e(t,y) given by

equation ([Ld).

Proof. Tt follows from Lemma [.§ that the laws Wcl(Xt € dy) =ez(t,y)dy
converge weakly to e(t,y) dy as z € C tends to 0. The weak convergence of
the finite-dimensional distributions then follows from Proposition R.3 since
0C' has Lebesgue measure 0. O

5.2. Tightness. For any T > 0, the space Cr of continuous paths w :
[0, T] — R?is endowed with the topology generated by the supremum metric
and the corresponding Borel o-algebra.

Proposition 5.7. For any sequence (x,,) of points of C' converging to 0 and
for any T > 0, the sequence of probability measures (ch:“l) is tight in Cp.

Proof. Our proof is a modification of Shimura’s one for the two-dimensional
case ([], Theorem 2). Since the arguments do not depend on the value of
T, we will only consider the case T' = 1. It suffices to prove that, for all
€ >0,
hm hmsupW 1(x(9,0,1) > ¢) =0,
—0 n—oo

where x(9,a,b)(w) = sup{|lw(s) —w(t)| : |s —t| < J,s,t € [a,b]} is the
modulus of continuity of order § of w on [a,b] (see Billingsley [P], Theorem
7.3).

Fix € > 0 and set s = 1/2. Since x(J, -, ) is subadditive when considered
as a function on the set of intervals, we have

WE 1(x(6,0,1) > 4e) < WE | (x(8,0,5) > 3¢) + WS | (x(8,5,1) > ¢) .
An(9) Bn(9)
Let us start with B, (). It follows from Proposition p.q that

lim hmme <X £R)=1.

r—0,R—00 N—00
Hence we can fix a > 0 and choose 0 < r < R such that
i%f’Wvghl(r <N Xs|<R)>1—a.
We then have
B, (6)<W 1 (r <Xl < Rsx(6,8,1) > €) +
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So, by the Markov property,
Bu(9) < WE, (r<IX) < RWE, - (x(6,0,1-5) > ) +a

Tn,

< sup{wyc;s (x(0,0,s) >€)):ye Cand r <|y| < R} +a.

D(5)

Now, if D(6) did not tend to 0 as J goes to 0, then we could find a se-
quence () converging to 0 and a sequence (y,) of points of C' converging
to a point y € C'\ {0} such that liminf, Wtﬁ,s (x(6r,0,s) >¢€) > 0, which
would contradict the weak convergence of the sequence of probability mea-
sures (I/Vyc:1 78) (Lemma p.]] or Proposition R.3 if y € C). This proves that

limg_g lim sup,, B, (0) < a, and letting o — 0 then gives

lim lim sup B, (§) =0 .
0—0 p—oo
We now turn to A,(d). Let p = 7 be the exit time from the ball
B(0,€) with center at 0 and radius e. Since the modulus of continuity of a
path w is less than 2¢ as long as it has not left the ball B(0,¢), we have

A,00) < WE 1 (p < sx(5,p,8) > €)

< W, (p < s;WE 1, (x(6,0,1) > e)) .
Hence

limsup A4, (6) < sup{szt(X(d,O, 1)>e):yeC|y|l=€cand t € s, 1]} .
n—oo
In the same way as above, we then get lim sup,, A,,(d) = 0, which is sufficient
to prove Proposition p.q. g

Together with Proposition .6, Proposition .7 proves that Wmcl converges
weakly on every Cp, T' > 0, as « € C' tends to 0. This is equivalent to weak
convergence on Cu; thus Theorem Elwis proven.

The limit law will be denoted by W and called the law of C-Brownian
meander. In view of Theorem [T, we shall interpret the C-Brownian mean-
der as a Brownian motion conditioned to stay in C' for a unit of time.

5.3. Some properties of the C-Brownian meander. Since ,ng (X; €
dy) has a probability density e(t, y) for each t € (0,1), it follows from Propo-
sition R.4 that W(fl (¢ > 1) =1 and that the C-Brownian meander satisfies
the following Markov property: For all ¢ > 0, A € F+ and B € F,

Wi (43671 B) = Wih (A WS, 1 _(B))

The C-Brownian meander starts from the vertex of the cone C' and stays
in it for a unit of time. The law of its exit time from C after time 1 is given
in the next proposition.



BROWNIAN MOTION IN A CONE 19

Proposition 5.8. For any t > 1, we have

W (re > t) =t~ T+

Proof. By the Markov property, we have
Wi (e > 1) = W5y (W, (e > £ - 1) = /Ce(l,y)Wy(Tc >t 1)dy .
With the change of variables y = v/tu, the last integral becomes
/Ce(l, \/%U)Wﬁu(TC >t—1) t2 du .

But W ;. (¢ >t —1) = Wy(rc > 1 —1/t) by the scaling property of
Brownian motion, and from relation () p. [§ it is easily seen that

e(1, Vtu)Wy(r¢ > 1 — 1/t)t% = t_%Jr%e(l/t,u) .

The expected result follows from the fact that e(1/t,u) is a probability
density. 0

ACKNOWLEDGMENTS

This paper is related to the Thése de doctorat of the author. We would
like to thank our advisors, Emmanuel Lesigne and Marc Peigné for their
constant help in preparing the thesis and the present paper. We would also
like to thank the referee for helping in many ways to improve the original
manuscript.

REFERENCES

[1] Bafiuelos, R. and Smits, R.G. (1997). Brownian motion in cones. Probab. Theory
Related Fields 108 (3) : 299-319.

[2] Billingsley, P. (1999). Convergence of Probability Measures. Second edition. Wiley,
New York.

[3] Burdzy, K. (1986). Brownian excursions from hyperplanes and smooth surfaces.
Trans. Amer. Math. Soc. 295 (1) : 35-57.

[4] Durrett, R. T., Iglehart, D. L. and Miller, D. R. (1977). Weak convergence to Brow-
nian meander and Brownian excursion. Ann. Probab. 5 (1) : 117-129.

[5] Port, S. C. and Stone, C. J. (1978). Brownian Motion and Classical Potential Theory.
Academic Press, New York.

[6] Shimura, M. (1984). A limit theorem for two-dimensional conditioned random walk.
Nagoya Math. J. 95 : 105-116.

[7] Shimura, M. (1985). Excursions in a cone for two-dimensional Brownian motion. J.
Math. Kyoto Univ. 25 (3) : 433—443.

LABORATOIRE DE MATHEMATIQUES JEAN LERAY, UMR CNRS 6629, UNIVERSITE DE
NAaNTES, BP 92208, 44322 NANTES CEDEX 3, FRANCE.
E-mail address: rodolphe.garbit@univ-nantes.fr



