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BROWNIAN MOTION CONDITIONED TO STAY IN A
CONE

RODOLPHE GARBIT

ABSTRACT. A result of R. Durrett, D. Iglehart and D. Miller states that
Brownian meander is Brownian motion conditioned to stay positive for
a unit of time, in the sense that it is the weak limit, as x goes to 0,
of Brownian motion started at « > 0 and conditioned to stay positive
for a unit of time. We extend this limit theorem to the case of multi-
dimensional Brownian motion conditioned to stay in a smooth convex
cone. Properties of the limit process are obtained and applications to
random walks are given.

1. INTRODUCTION

The purpose of this paper is to prove the existence of a process which is,
in some sense, multidimensional Brownian motion started at the vertex of
a smooth convex cone and conditioned to stay in it for a unit of time.

Let Coo be the space of continuous functions w : [0, +00) — RY, d >
1, endowed with the topology of uniform convergence on compact subsets
induced by the distance

dw,w) =Y 27" t) —w'(t)]| A1),
() = 327" (ma w(t) =/ (O]] A1)
n>0
and let F be the corresponding Borel o-algebra. We shall use C as a

concise notation for (Coo, F). If (14n), i are probability measures on C, the
sequence (p,) is said to converge weakly to p if

/fdunﬂ/fdu

for all bounded and continuous function f : Coc — R. Weak convergence
will be denoted by the symbol =.

Let {X;,t > 0} be the canonical process on Cy, for which X;(w) = w(t)
for any w € Co. Consider an open cone C' with vertex at the origin 0 and
let 7o = inf{t > 0: X; ¢ C} be the first exit time of the canonical process
from C. For any x € C' we define the law chl of the Brownian motion
started at x and conditioned to stay in C' for a unit of time by the formula

WEL (%) = Wa(x |70 > 1),

where W, is the distribution on Cs, of the standard d-dimensional Brownian
motion started at x.
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Our main result is the following theorem which states that the Brownian
motion started at x and conditioned to stay in C' for unit of time converges
in law to a limit process as x € C tends to 0, when C is a nice cone.
The precise definition of a nice cone is given in Section [; for example, any
circular cone is nice.

Theorem 1.1. Suppose C is a nice cone. Asx € C goes to 0, the law ng
converges weakly on Cs to a limit fWVOC,Vl.

For any t € (0,1], the entrance law va(% (Xt € dy) has the density e(t,y)
(w.r.t. Lebesgque measure) given by the formula (R3).

Theorem [[.1] is the multidimensional analog of Durrett, Iglehart and
Miller result ([f], Theorem 2.1) in which they consider Brownian motion
conditioned to stay positive for a unit of time and identify the limit as the
Brownian meander. In the case of two-dimensional Brownian motion, The-
orem [L.] is due to Shimura [§]. Our proof of Theorem [[.] is in the same
spirit as Shimura’s one. We first prove convergence of the finite-dimensional
distributions by using an explicit formula for the heat kernel of a cone given
by Banuelos and Smits in [fll. Then, we prove tightness of the laws ng as

x € C — 0 using Shimura’s principle: If chl converges weakly as = tends to
any point xg € 0C'\ {0}, then the tightness as © € C' — 0 follows. For a two-
dimensional cone C, proving weak convergence of chl as x — xg € 0C'\ {0}
is essentially a one-dimensional problem since the boundary of C' is locally
linear at xy. But in higher dimension, the problem becomes harder. It is
the reason why the major part of this paper is intended to provide tools for
proving this fact.

In Section ], we consider the general problem of Brownian motion condi-
tioned to stay in an open set U and give some useful properties of the con-
ditioned laws Wg 1, such as the Markov property and a form of continuity
with respect to the variable z. In Section [J, we recall Durret-Iglehart-Miller
result on Brownian motion conditioned to stay positive and we extend it
to the case of Brownian motion conditioned to stay in a half-plane. From
the half-space case, we derive in Section | a convergence theorem for Wg 1
as & — g € OU when U is nice at xg. Finally, in Section f| we present a
complete proof of Theorem [[.1], and we give some important properties of
the limit process.

Our interest in such a limit theorem is related to random walks. Bolthausen
proved in [B] that a one-dimensional square integrable centered random walk
conditioned to stay positive until time n converges to a Brownian meander,
that is, a Brownian motion conditioned to stay positive for a unit of time.
By analogy, the limit process given in Theorem [[.1] is very likely to be the
limit in law of a multidimensional random walk conditioned to stay in a
cone. Under the assumption that such a functional Central Limit Theorem
holds, we derive in information on the tail probability of the first exit
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time of the random walk from a cone. The functional CLT in itself will be
the subject of a forthcoming article.

Unusual notations. If p is a probability measure on a space (X, .A), we will
denote by u(f) the expectation of a measurable function with respect to p.
For a set A € A and a measurable function f, the notation u(A; f) stands
for pu(lly x f), where 14 is the characteristic function of the set A. For
consistency, u(A; B) will often be prefered to u(A N B).

2. BASIC FACTS ABOUT THE CONDITIONED LAWS

2.1. Markov property. Let U be an open subset of R¢ and let 77 be the
first exit time from U. For any z € U and t > 0, we set

Wx(*; U > t)

o _
W) = Wa(x |1 > t) Wt > 1)

For convenience, we will also use the notation Wgt := W, for any t < 0 and
r € RY

Let F; be the o-algebra generated by the random variables {X;,s < t}
and let Fiy = Ng>¢Fs. The shift operator 6; on Cy is defined by 0;(w)(s) =
w(t + s).

The laws WV inherit a Markov property from Brownian motion:

Proposition 2.1 (Markov property). Let x € U and t > 0. For all s > 0,
AeFo and Be F,

Wg,t (A; 98—13) = Wgt (A§ W)[{(S),t—s(B)) .

Proof. Suppose first that s € [0,t). By the Markov property of Brownian
motion, we get
W (A; Gs_lB; U > t)
= W, (A;TU > S; WX(S)(B;TU >t — S))
= I/Vg3 <A;TU > 3§W)l(](s)7tfs(B)WX(s)(TU >t — 8)) .

Moreover, W)l(](s) (B) is Fs-measurable, and the Markov property also

t—s
b
gives

We (4 WY o (BYim > t)
= We <A§ W)Ig(s),t—s(B);TU > 53 Wy o) (v >t — 5)) :
Thus we have
Wo (46, By > t) = W (A WY (B > t)

and the result follows.
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Now suppose s > t. Since {7y > t} is Fs-measurable, the Markov prop-
erty gives

We (A; 6?8_1B;TU > t) =W, (A; WX(S)(B);TU > t) ,
which is the desired result. O

We shall also need the related strong Markov property; the proof is quite
similar and is omitted here.

Proposition 2.2 (Strong Markov property). Let © € U and t > 0. For
any optional time 7, any A € F_+ and any positive measurable function
f(s,w) :[0,400) X Coo — R, we have

W (A7 <t £(7.60,)) = WE, (Am < 6WE o (F5))jor ) -

2.2. Continuity. Let U be an open subset of R%. We will say that U
is co-regular if W,(r; > 0) = 0 for every x € OU; that is, a Brownian
motion started at any point of the boundary of U visits instantaneously the
complement of U. For such a set, 7y and 7 are almost surely equal.

Proposition 2.3. Suppose U is co-regular. _For every bounded continuous
function f on Cx, the mapping (z,t) — Wgt(f) is continuous on U X
(0, +00).

Proof. Since W, (1y > t) > 0 for any (z,t) € U x (0, +00), it suffices to prove
that the mapping (z,t) — W,(f;7y > t) is continuous on U X (0, 400).
Suppose z, — x € U and t,, — t > 0, and set

¢n(w) = f(xn -+ w) Il‘{TU>tn}(xn —T+ w)
and
P(w) = f(w) Yr, 5y (w) -
Since W, (f;7v > tn) = Wa(dyn) and Wo(f;17v > t) = Wi(¢), it is enough
to show that ¢, (w) — ¢(w) for W -almost every w.

Set Q = {Xo = x;7y = 77 # t} and choose a path w € £ and a sequence
(wy,) that converges to w on Co.

If 77 (w) > t, then there exists € > 0 such that w(s) € U for all s € [0, t+¢].
Since U is open and w,, — w uniformly on [0,¢ + €], for n large enough we
have wy,(s) € U for all s € [0,t+¢] and we have t,, < t+e¢, thus 7 (wy,) > t,.

On the other hand, if 7y (w) = 77(w) < t, then there exists s < t such
that w(s) € U. If n is sufficiently large, then wy,(s) ¢ U and s < t,, so that
Tv(wy) < tn. Hence, in each case,

]L{TU>t}(wn) - II{TU>t}(w) .

Together with W,(€2) = 1, this proves that ¢,(w) — ¢(w) for W-almost
every w. O
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2.3. Finite-dimensional distributions. Let U C R? be a co-regular open
set and xg a boundary point of U. Thanks to the Markov property and
the continuity, it is now easy to find a sufficient condition for the weak
convergence of the finite-dimensional distributions of W 1, as x tends to o,
that only involves the first transitions.

Proposition 2.4. Suppose that for any t € (0,1), the first transition law
ng(Xt € dy) converges weakly as x — x¢ to a probability measure for
which AU is a null set. Then, the finite-dimensional distributions of ng
converge weakly as T — xg.

Proof. For all t € (0,1), let us denote by p; the limit of ng(Xt € dy) as
x — x9. By Portemanteau Theorem,

pe(U) > limsuprI(Xt el)=1.

T—xT0
Since p(0U) = 0, we have pu(U) = 1.
Now, consider times 0 < 1 < t3 < --- < t,, and a bounded continuous

function f : R® — R, and set F' = f(Xy,X4,,...,Xy,). Fix 0 <t <
min(¢1, 1) and observe that for all z € U we have

wl(F) = WY (W)%,l—t(f(th—thh—tv"'7th—t))>
= WY (H(Xy))

with Hy(y) = Wyl (f( X4y, X4y—ty ..., X4,—¢)). By Proposition P.3, the
function y — Hy(y) is continuous on U. Since ng(Xt € dy) converges
weakly to p(dy) as © — g, it follows from the continuous mapping theorem

that
lim WY 1(Hy(Xy)) = pe(Hy)

T—To

That is

lim WU / F( Xt Xyt -, Xey—t)) pe(dy) -

Tr—T0

The expression on the right side of this equation clearly defines a probability
measure on R, thus Proposition R.4 is proved. O

Let z € U and ¢ > 0. The Markov property of Brownian motion gives

W (Xy € dy; v > 1)
We(ty > 1)
Wo (Xt € dy; 1o > t; Wx, (T > 1 —1))
Wx(TU > 1) '

WY (X e dy) =

Since the transitions W, (X; € dy; 7y > t) of Brownian motion killed on the
boundary of U have densities pU(t, x,y) with respect to Lebesgue measure
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dy, we get

pY(t,z,y)

WY (X € dy) = L
:1:,1( t € y) W:v(TU>1)

Wy(to >1—1t)dy .

Hence, proving convergence of the finite-dimensional distributions of Wg 1

consists essentially in finding an equivalent of the heat kernel pY (¢, z,7) as
xr — Xg.

2.4. Neat convergence. Let U C R? be a co-regular open set and let z
be a boundary point of U. We shall now take the opposite view to the
initial problem and exhibit conditions ensuring that some properties of the
conditional distributions are preserved by weak limit. . .
Suppose that there exists a law W;{)’l on Co such that Wg 1= W;{)’l
as © € U tends to xg. We will say that the convergence is neat (or that

Wg 1 converges neatly to W%l as x € U — x) if the limit process does

not leave U before time 1, i.e. W%J(TU > 1) = 1. The next proposition
gives a sufficient condition for neat convergence and states that the Markov

property then holds for the limit process.

Proposition 2.5. Suppose ng = W%l asx € U — xg.
If W%’I(Xt € 9U) =0 for all 0 < t < 1, then the convergence is neat, and

the limit process Wg),l has the Markov property:
Forallt >0, A€ Fiv and B € F,

(1) W (467 8) = W5 (4WE, 1 _(B)) .

0,1 T
Proof. Let t € (0,1). By Portemanteau Theorem, we get

W({),l(Xt eU) > limsupwgl(Xt cel)=1.

€T
Tr—X0

Since WU (X, € dU) = 0, we sce that Wlé,l(Xt € U) = 1. Note that it is

xo,1 T
enough f(;)r the right hand side of equation ([ll) to be correctly defined. We
will now prove that the Markov property holds for W%l and then use it to
show that the convergence is neat.

Consider a finite sequence 0 < s1 < s9 < --- < §, and a function G =
9(Xs, Xsyy ..y X5, ), where g : R™ — R is bounded and continuous. Choose
e € (0,s1), and consider another finite sequence 0 < t1 < tg < -+ < t, <
t+e€ and a function F' = f(Xy,, Xy,,..., X, ), where f : R™ — R is bounded
and continuous. For every x € U, we have

ng(F; Gob) = W1U1 (F;9(Xtqs15- -5 Xegsy))
= ng <F; W)[g(tJre),lftfe(g(Xm—m ce 7X8n—5)))
= WH(F;H(X140))
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where He(y) = WY _,_ (9(Xey—c- -, Xau—e)).
If t + ¢ > 1, then H, is defined on R? by the formula

He(y) = Wy(g(X81—e= ooy Xsu—e))

and is therefore continuous everywhere; thus the function H (Xy.) is con-
tinuous on Cs

If t+€ < 1, then H. is defined and continuous on U by Proposition . Since
the coordinate mapping Xi4. is continuous on Co, and WU -almost surely
takes its values in U, we see that the mapping HE(XHE) is almost-surely
continuous with respect to Wa%,l

Thus, in each case, the continuous mapping theorem gives

01 (F He(Xiio)) -

T

lim WY, (F; Ho(X11.0)) = WY
T—xT0 ’
We have also, by hypothesis

Jlim WY (F;Goby) =WE (F;Goby).
Hence
(2) WY [(F;Go0;) =W | (F; Ho(Xpte)) -

By density, relation () holds for all F,,.measurable function F, and a
fortiori for all F € F,+. Now suppose F € F,+. We shall let ¢ — 0 in ([).
Ift > 1, then H(Xiye) = Wx(i40)(9(Xsy—e5 - -, Xs,—¢)), and it is clear that
He(Xtqe)(w) — Ho(X¢)(w) as e — 0 for all w € Coo

If t < 1, then by Proposition R.3, we have Ww(t+e) e = wU w(t)i—t 3
€ — 0 for all w € Cy such that w(t) € U. Since the collection of those w
forms a set of full W ,1-measure, we see that He(Xiie) converges on -
almost surely to HO(Xt) as € — 0.

In each case, the dominated convergence theorem gives

lim WY ((Fy Ho(Xye) = WY [(F; Ho(Xy)) -

Hence
W:v 0, |(F3 Ho(Xy)) = Wmo 1 (F5 W)%,kt(G)) .

Here again, by density, the result holds for all G € F.
It remains to prove that Wghl(TU > 1) = 1. By the Markov property of

Ol(F;Goﬁt) wv

X

/Wv/m({hl, we have
WY (Ve (61, X €U) = WY, (W}{QH(TU >1- e)) —1
for all € € (0,1). The expected result follows by letting ¢ — 0. O

Remark 2.6. Letting ¢ — 0 in (fl) would give a zero-one law for W%l
(i.e WU 0,1 1(A) =0or 1if A € Fy+) if we had the stronger assumption that

Z

WU = W 0.1 38 (z,t) — (w0,1). Note that in the special case where U = C
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is a cone, the last convergence follows from the hypothesis Wmcl = Wg)l
because of the scaling property of Brownian motion. More precisely, let K}

be the scaling operator defined for all w € Co by
Ki(w)(s) = Vtw(s/t) .

Recall that W) is Ki-invariant. From the scaling invariance of the cone C,
it is easily checked that
77C _ 11/C -1
Wey = Wx/\/m oK.
If (z,t) — (x0, 1), then z/v/t — x( and, by the continuous mapping theorem,
we get
1 C 1 C -1 1 C
W:v,t = W:vo,l o Kl = on,l .

Therefore, the zero-one law follows under the hypothesis of Proposition R.3.

3. THE HALF-SPACE CASE

3.1. Brownian motion conditioned to stay positive. We will now re-
call the one dimensional theorem of Durret, Iglehart and Miller ([H], Theo-
rem 2.1) and give a sketch of their proof. Auxiliary results such as Propo-
sitions B.2 and shall also be used in Section f]. Throughout this section
we set d = 1 and we denote by 7 = inf{t > 0 : X; < 0} the first exit time
from the half-line (0,400). The related conditional laws will be denoted by
W,

The Brownian meander is an inhomogeneous Markov process with con-
tinuous path that is obtained from Brownian motion by the following path
transformation:

Let 0 = max{t < 1: X; = 0} be the time of the last zero before time 1, and

X, = X (o +t(1—0))| .

1-0
Then, with respect to Wiener measure Wy, the process ()zt)tzo is the Brow-

nian meander. Let W&r 1 be the law of the Brownian meander on Co,. We
have the following theorem.

Theorem 3.1 (Durrett, Iglehart, Miller). As > 0 tends to 0, W;l =
Wy,

Note that Theorem gives a precise meaning to the statement that
Brownian meander is Brownian motion conditioned to stay positive until
time 1.

The idea of the proof of Theorem B.J is to turn the conditioned laws
into unconditioned ones by the mean of well-chosen sections of the original
process. Let us give some details.

For all x > 0, introduce the random time

T, =inf{t >0: X; =2z and X > 0 for all s € (¢,t+ 1]} .
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These times are Wy-almost surely finite. To see this, suppose first x > 0,
and let h = inf{t > 0 : X; = x} be the first hitting time of x and g = inf{t >
h: Xi = 0} be the time of the first return to 0 after time h. Note that they
are both stopping times. By the Markov property of Brownian motion, we
have
Wo(g—h>1)=Wy(ry >1)>0.

We construct an increasing sequence of stopping times hy < g1 < ho <
g2 < ---,setting hy = h, g1 = g and for all ¢ > 1, hj11 = ¢g; + ho 0, and
Gi+1 = gi+goby,. Then (g; — h;)i>1 is a sequence of i.i.d. random variables.
Since > Wy(g; — hi > 1) = +oo, we get Wy(g; — h; > 11i.0.) = 1 by the
Borel-Cantelli lemma. In particular Wy(7T, < +o00) = 1. Finally, we remark
that Wy(To < T,) = 1 for every = > 0, so that Tj is also Wy-almost surely
finite.

To each time T, we associate the shift operator ¢, := 67, acting on Coo.
We then have:

Proposition 3.2. For every z > 0, W1+1 =Wooo,t.

Proof. Consider a finite sequence of times 0 <t < to < --- < t,, a sequence
Bi, Ba, ..., By, of Borel subsets of R, and set B = {w € Cx : w(t;) € B;,Vi =
1...n}.

Let hy = inf{t > 0: X; = x} be the hitting time of x and write

(3)  Wo(gs € B) = Wo(¢y € B; Ty = hy) + Wo(¢s € BTy > hy)
By the Strong Markov property, we have

(4)  Wolgs € B; Ty = hy) = Wo(0, {B; 7 > 1}) = Wo(Bi 7y > 1) .

In order to compute the second term of the right hand side of (), observe
that
{(bx S B§TJ3 > hx} = {T-‘,- Oahz < 1§0Tx 007'+ Oehz € B} 5
so that applying successively the strong Markov property to h, and then to
T+ gives
Wo(pe € B;Ty > hy) = Wy(ry < 1,01, 00,, € B)
= Wa(ry < 1;Wo(01, € B))
(5) = Wi(ry <1)Wy(¢s € B) .
Putting () and () in equation (f) gives
Wo(pe € B) = Wo(B;1 > 1) + {1 — Wy(r > 1)} Wo(¢e € B) ,
Therefore Wa(B 0
3T > =
W, eB) =22t 7 Wt (B).
O(QSI ) Wz(TJ,_ > 1) :1:,1( )
O
Proposition B.9 gives an “unconditioned” representation of the laws /I/I\Z;t 1
x > 0. It is noteworthy that Wy o ¢! also make sense for & = 0 whereas
the definition of W; , does not.
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Proposition 3.3. Asx — 0, ¢, converges almost surely to ¢g with respect
to Wo.

Proof. 1t suffices to prove that T, almost surely converges to Ty with respect
to Wy. Let w be a continuous path such that w(0) = 0 and T := Tp(w) <
+o00. By definition of T and continuity of w, if € is small enough, then
w(t) > 0forall t € (Tp, To+1+¢€]. Put n =w(Tp+¢€) > 0. For all x € [0,7n),
there exists ¢ € [Ty, Tp + €) such that w(t) = z. Since w(s) > 0 for all
s € (t,t + 1], we see that T, (w) < Ty + €. On the other hand it is clear that
Ty < Tp(w). Hence T, (w) — Ty as x — 0. O

From Propositions B.3 and B.3, it follows by the dominated convergence
theorem that .
W;,—l :VV()O(ﬁx_1 :>WQO¢61

as * — 0. Note that the limit law clearly satisfies Wy o gbal(ﬂr >1) =1,
hence the convergence is neat. In order to prove Theorem B.1, it remains
to identify the limit with the Brownian meander. This can be done by
computing the limit of the finite-dimensional distributions of the laws W; 1
which are easily derived from a classical formula for the joint distribution of
Brownian motion and its minimum. We do not give further detail since no
expression of these finite-dimensional distributions will be needed in what
follows.

3.2. Brownian motion conditioned to stay in a half-space. Theo-
rem can easily be extended to multidimensional Brownian motion con-
ditioned to stay in a half-space. Let d > 2. Because of invariance properties
of d-dimensional Brownian motion we need only to study the case of the
half-space D = {z € R% : z; > 0}. Let BM be a Brownian meander and
Bs, ..., Bg be one-dimensional Brownian motions such that BM, Bs, ..., By
are mutually independent. The d-dimensional process (BM, B, ..., By) will

be called D-Brownian meander and its law will be denoted by Wol?l.

Corollary 3.4. Asx € D — 0, /I/Iv/fl = W(ﬁ.

Proof. A Brownian motion conditioned to stay in the half-space D is a Brow-
nian motion whose first coordinate is conditioned to stay positive. Since the
coordinates are independent one-dimensional Brownian motions, the result
follows immediately from Theorem B.1. (]

Remark 3.5. It is clear from the definition of the D-Brownian meander that
it satisfies Wol?l (tp > 1) = 1; thus the convergence in Theorem B.4 is neat.
Therefore, Wol?l has the Markov property of Proposition P.§. Moreover, since
D is a cone, it follows from Remark B.q that we also have a zero-one law
with respect to Wol?l.
Remark 3.6. For x = (21, 79,...,24) € D, define a process Z, by

Vi > 0, Zx(t) :x+X(Tx1(X1)+t)—X(T$1(X1)) .
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It is not difficult to verify that, under the Brownian distribution, the law of
the random process Z, is precisely W;?l. This alternative representation of

the laws W£1 will be used in the next section.

4. PRECONDITIONING

We shall now use the results of Section f] in order to obtain a convergence
theorem for the Brownian motion conditioned to stay in a set satisfying
some regularity and convexity assumptions (Theorem [L11). Section [
introduces the idea of preconditioning and explains how it could be applied
to the convergence problem. The proposed method requires two estimates
that are studied in Sections [£.3 and [£.3. This finally lead us to introduce a
class of nice sets for which we solve the convergence problem in Section [i.4.

4.1. Changing laws for the convergence problem. Let U C R? be a
co-regular open set with 0 € OU. Recall that the definition of Wg 1 by the
formula

ng(*; U > 1)

Wx(T U > 1) ’

does not make any sense for x = 0 since Wy(7y > 1) = 0.

Now suppose that U is contained in the half-space D. Then a Brownian
motion conditioned to stay in U is also a Brownian motion conditioned to
stay in D and then conditioned to stay in U, that is:

ng(*) =

—~ —~ wPb * Ty > 1
©) WU, () = WO (5| 7 > 1) = zt50 > U
’ ’ W:gl(TU > 1)

This simple identity is what we call preconditioning, for if we take it as a
definition, it is the same as before except we have changed the initial law
of the paths (W, < ng?l) which are now preconditioned to stay in D. The
gain is that, although Wy(r7y > 1) = 0, we might have /W\;({jl(TU >1)>0
if the boundary of U is smooth enough at 0. Proposition in Section .9
gives a sufficient condition on U which ensures that Wol?l (v > 1) > 0. If
so, we will set Wé{l(*) = Wol?l(* |7r > 1).

At this point, we have to note that Wé?l (ty > 1) > 0 is equivalent to
/W\;(ﬁ (ty > 0) = 1. The last condition is necessary for if /I/I\?(f)l (T > 0) was
< 1, then it would be 0 by the zero-one law, and Wol,)l (tr > 1) would also
be equal to 0. The condition is also sufficient: It implies that there exists
an € > 0 such that Wol,)l (T > €) > 0, and by the Markov property we then
have

Wol?l(TU >1) = W()l?l <TU > € W}Qﬁl_e(m >1-— e)> >0

since Wy(ty > 1 —¢€)is >0 for all x € U.
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The problem we then have to solve is the following: Since W£1 = Wol,)l
and /W\;(ﬁ (tr > 1) > 0, do we have

W£1(*|TU>1)=>W£1(*|TU>1)?

The next lemma shows that the answer is positive when U is locally a
half-space at 0.

Lemma 4.1. Let V C R? be an open co-reqular set such that 0 € V. For
every bounded continuous function f :Co — R, we have

}Ci_{%wﬁ(fﬁv >1) = Wh(f;mv >1).

In addition, we have Wol?l (tv > 1) > 0; thus, as x — 0,

17 DNV 7 DNV
21 :>W071 .

Proof. Set Q = {Xo = 0,7y = 7 # 1}.
We first prove that WO%(Q) = 1. For all € € (0,1), we have
Wil < v < 7p) = WA(WE (v < 7)) =0
since Wy (my < 1y7) = 0 for all x € RY. Hence, letting ¢ — 0 gives
Wol?l(ﬁ/ <17)=0.
To see that Wol?l(ﬁ/ =1)=0, fix e € (0,1) and write
Wik =1) = WR (W2, (v =1-¢)).

The result follows immediatly because W, (ry = 1 —¢€) = 0 for all z € R
Then, we prove the following statement: For all w € € and every sequence
(wy) € Coo such that w,, — w, we have

(7) Iy s13(wn) = Ty 51y (w)

If 7y (w) > 1, then w(t) € U for all t € [0, 1] and for n large enough w, (t) € U

for all t € [0, 1]; thus 7y (wy,) > 1.

If 7y (w) = 77(w) < 1, then there exists ¢ € (0,1) such that w(t) ¢ V. For n

large enough we then have w,(t) ¢ V and so 7y (w,) < 1. This proves ().
We can now apply the continuous mapping theorem which gives

Wml,)1(f§7'v>1)—>wol?1(f;7'v>1), asx — 0,

for any bounded continuous function f : Co, — R, and the lemma is proved.
O

If U is not locally a half-space at 0, then 7 is everywhere discontinuous.
A way to get round this difficulty is given by the next lemma which will be
the basic tool for applying preconditioning to the convergence problem.



BROWNIAN MOTION IN CONES 13

Lemma 4.2. Suppose WOI?I(TU > 1) > 0 and let (zy,) be a sequence of points
in U such that x,, — 0.
If we have

lim hmsup W;Z’l(TU <s)=0,

s—0
then N —
lim WD 1(f;7'U >1)= WoDl(f§7'U > 1)

for every bounded contmuous us function f:Coo — R.
As a consequence WU 1= Wo 1-

Proof. We follow Shimura’s proof ([fi], Lemma 4.1). Fix s € (0,1) and
introduce the random times 777 = inf{t > s : Xy ¢ U} and 7 = inf{t > s

X, ¢ U}. Set Q= {1, = T # 1}
We shall prove that Wol?l(Q) = 1. By the Markov property we have
Wi =1) =W (X e U WR 1 y(rw =1-5)) =0
because W, (17 = 1 — 5) = 0 for all z € R?. We have also
Wi (< 75)
= WOI(X eUsty < 157 )+W01(X ¢ Uss <17)
= W <Xs EU;WR 1_y(m < TU)) + W (Xs €U WR 1 (rp > 0)>
= 0

since W (1 < 757) = 0 for all z € R? and W, (77 > 0) = 0 for all z € 9U

(remember that U is co-regular). Hence /W\;(ﬁ(Q) = 1.
Then, we shall prove the following statement: For all w € £ and every
sequence (wy,) € Cso such that w, — w, we have

(8) Lre sy (wn) = Lpre sy (w)

If {5 (w) > 1, then w(t) € U for all t € [s,1] and for n large enough wy,(t) € U
for all ¢t € [s,1]; thus 77 (wy) > 1.

If 77 (w) = 75(w) < 1, then there exists ¢ € [s, 1) such that w(t) ¢ U. For n
large enough we then have w,(t) ¢ U and so 7§ (w,) < 1. This proves ().

For any bounded continuous function f : C,c — R, the continuous map-
ping theorem gives

WE (fimh > 1) = WA (76 > 1) -
If B is a bound for |f|, then
Wy <f;m > 1) = Wi (fim0 > 1)
< W ( s > 1) — Wo1( s > 1)

+B<W (TU<S)+W01TU<S>
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Hence

limsup W2 | (f;mr > 1) = WE(fi o > 1))
n

n

< B (limsup /‘/175“1(’7'(] <s)+ /‘/1701?1(7'[] < s)) .

Therefore, using the hypothesis of the Lemma and the fact that /Wv/(ﬁ (v =

0) = 0, we obtain the announced result by letting s go to 0.
O

4.2. An irregularity criterion. In order to apply the ideas of precondi-
tioning to a set U, we have to know whether WOI?I(TU > 0) = 1 or not. Such
a criterion was discovered independently by Shimura ([}, Lemma 3.1) in
the two dimensional case, and by Burdzy ([ff], Corollary 3.1) when studying
excursions from hyperplanes and smooth surfaces.

Suppose d > 2. Let h : [0,4+00) — [0,4+00) be a continuous function and

set
Uh:{xERd:x1>h< x%—|—+x§>}

We then have :

Proposition 4.3. If h(r)/r, r > 0, is non-decreasing in a neighborhood of
0, then Wol?l(TUh > 0) =1 if and only if fol h(r)r=2dr < .

For the reader convenience, we will now sketch a proof of Proposition [.3.
We go back first to dimension d = 1. Let n > 0 and let h,, = inf{t > 0 :
X = 1/n} be the first hitting time of 1/n. Let a1, = max{t < h,, : X; = 0}
be the time of the last return to 0 before time h,, and let by, = inf{t >
hyn : X; = 0} be the first hitting time of 0 after time h,. Note that b,
is a stopping time. We construct an increasing sequence of random time
a1y < biyn < agp < by, < -+ by setting aji1, = a1, 0 Hbm + bjn and
bj+1,n = b1 00y, + bjn. Since the Brownian motion starts afresh at b; n,
the distribution of the process X (a;j, + -) (w.r.t. Wp) does not depend on
j-

Now recall that Brownian meander is the section of Brownian motion
which starts at time

To=inf{t >0: X; =0and X >0 for all s € (¢t,t+ 1]} .

Ifwe
C is such that Ty(w) < 400, then there exists an integer n > 0 such that,
after time Tp(w), the path w hits 1/n before hitting 0. Hence, Tp(w) is one
of the times a; ,(w).
Let d > 2 and consider the d-dimensional processes Z;, and Zj defined
by
Zin(t) = (X1(ajn(X1) + 1), Xa(t), ..., Xa(t))



BROWNIAN MOTION IN CONES 15

and

Zo(t) = (X1(To(X1) + 8), X2(1), ..., Xa(t)) -
We know that Z; has the law of a D-Brownian meander with respect to Wj.
Hence, for an open set U, we have

W& (rv > 0) = Wo(rw(Zo) > 0) .
Since there almost surely exists j,n > 0 such that Tp = a; 5, the condition
Wo(t(Zp) > 0) = 1 is implied by the condition
Wo(tu(Zjn) > 0 for all j,n >0) =1
which is equivalent to
Vi,n >0, Wy(tp(Zjn) >0)=1.

As the distribution of the processes Z;,, does not depend on j, this is also
equivalent to

Vn > 0, WO(TU(Zl,n) > 0) =1.
Recall that aq ,(X7) is the time of the last return to 0 of X; before it hits 1/n.
We know from Williams (see [I(]) that a Brownian motion taken between

those two times is a 3-dimensional Bessel process taken between time 0 and
its first hitting time of 1/n. Therefore

WO(TU(ZLn) > 0) = WQ(TU(BS, XQ, ... 7Xd) > 0) s

where BS' is a 3-dimensional Bessel process independent from Xa,..., Xy.
Since BS is the norm of a 3-dimensional Brownian motion, we can rewrite
the last equality as

WO(TU(Zl,n) > 0) = VVQ(TU(\/)Q2 +X22 +X§,X4,. .. ,Xd+2) > 0) .

Now, for any set U C R¢, put

U= {z c R42. (\/2? + 23 + 22, 24,...,2a42) €U} .

We have just proved that Wy(ry+ > 0) = 1 implies /W\;(ﬁ (tr > 1) =1. The
same arguments hold if the event {7y > 0} is replaced by {ry = 0}, and we
have in fact an equivalence:

Wo(rpe >0) =16 Wo(w>1)=1.

Thanks to this duality, Proposition .3 simply follows from a classical ir-
regularity criterion for Brownian motion (e.g. Port and Stone [fj], Proposi-
tion 3.5).

Remark 4.4. Although the criterion given in Proposition [i.3 is designed
for the sets Uy, it can be applied to any set U that coincides with a set Uy,
in a neighborhood of 0: If V' is a neighborhood of 0 then W’ (v > 0) =1
and by consequence

Wol,)l(TU >0) = Wol?l(TUmv >0) .
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Thus, fUNV =U, NV,
W (rv > 0) = W (10, > 0) .

As an example of application, the ball B with center at (1,0,...,0) and
radius 1 verifies WOI?I(TB > 0) = 1. On the contrary, for a proper cone C' C D

with vertex at the origin, Proposition [L.d shows that /W7(f)1(7'c > 0) =0,
hence a law fWVOCJ can not be defined directly.

4.3. The ball estimate. In this section we will prove a fundamental esti-
mate (Lemma [.6) which solves the convergence problem for the Brownian
motion conditioned to stay in a ball. This estimate will also play a key
role in the study of Brownian motion conditioned to stay in nice sets (see
Section [1.4).

Fix d > 2. Let D be the half-space {z € R? : 21 > 0} and B the open
ball with center at e; = (1,0,...,0) and radius 1. As we have already seen,

Proposition [£.d shows that Wé?l (t >0) = 1.
Set WO%(*) = Wol?l(* |75 > 1). According to Lemma [£.2, in order to prove
that ngl = W(ﬁ as x € B — 0, it would be sufficient that

9) lim lim sup Wml?“l(TB <s)=0.

s—=0 pnooo

for every sequence (z,) € B such that z, — 0. But (f) does not hold
in general: for any x € 0B \ {0} we have /‘/1751(’7'3 = 0) = 1, thus it is
possible to find sequences (z,) € B and (s,) such that x,, — 0, s, — 0 and
WP (15 < s,) — 1.

To overcome this difficulty, we will only prove that ([]) holds for every
sequence (Apep) with A, — 0 and e; = (1,0,...,0), and then deduce the

convergence of Wmfi , -for a general sequence (z,)- from the convergence of

/I/I\?ﬁ 1.l thanks to invariance properties of Brownian motion.

We start with elementary geometry. Let E be the set of all (d — 1)-uples
(e2,...,€q) with ¢, = £1. For all € = (ea,...,€q) € E, let € = (—e€2,...,—€g)
be the opposite of e. We define a familly of 24~ disjoint subsets of D indexed
by E by setting

Vee E, D.={x € D :eyxo,...,eqvqg > 0}.

Let H be the hyperplane {x; = 1} and, for all € R?, let B(x) be the open
ball with center at x and radius 1.

Lemma 4.5. If z € D.N H, then B(x) N B°N Dz = 0.



BROWNIAN MOTION IN CONES 17

Proof. Let x € D, N H. For any y € B(x) N D¢ we have

Pt (ya— wa)’

d
= -+ 4+ Hyi+ (@ — 2m)
=2

1> (y1— 1)+ (y2 — 22)

> (- +y+ g
since x € D, and y € D¢ imply —z;y; > 0 for all ¢ = 2...d. Hence y belongs
to B. 0

We now come to the estimate which is the heart of this section:

Lemma 4.6.

lim limsup W2 (75 < s)=0.
5—=0 x>0 ’

Proof. We will show that

(10) lim sup W)\Zhl(TB <s) < 2d-1 WOLA(TB <)
A—0

for all s > 0, and the lemma will then follow by letting s — 0 since Wol?l(TB =
0) =0.
For A\ > 0, set
T\=inf{t >0: X;(t) =X and Xi(s) > 0,Vs € (t,t + 1]}
and consider the process Z) defined by
Vvt > 0, Z)\(t):X(T)\—i-t)—X(T)\)-i-)\el .

Remember that Z, has the distribution ng | with respect to Wy (see

Lemma B.9).
Write

(11) W(](TB(ZA) < S) < Wo(TB(Zo) <s+1T)— To)
+WO(TB(ZO) >s54+ Ty — To;TB(Z)\) < 8) .
For convenience, we set u = 75(Zy). If 75(Zy) > s+ T\ — Tp and u < s,
then Zo(u + T\ — Tp) = X (T + u) — X (Tp) belongs to B; this means that
Zx(u) belongs to B(Y)), where we have put
Y, = X(To) — X(T)\) + (1 + )\)61
= (1, X2(To) — Xo(Th), . .-, Xa(To) — Xa(T))) -

Note that Yy € H. Since Z,(u) ¢ B, we see by Lemma [L.] that Z)(u) ¢ D-
as soon as Yy € D.. Therefore

W()(TB(ZQ) >s+ Ty — To;TB(Z)\) <s

< Y Wo(Ya € De;75(Zx) < 55 Zx(u) & De) .
eel

~—
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Now, it is easily seen that Y), is independent of Zy conditionally to X;. In
addition, we have Wy (Y € D| X1) = 1/2¢71. Thus

Wo(rs(Zo) > s+ Ty — To; 8(Z)) < 5)

< Qd% Y Wolrs(Zy) < s:Zx(u) ¢ De)

ecelE
2d-1 _ 1

= o Wolr(Z0) < 9)

Combining this inequality with equation ([L1)) gives
Wo(rs(Zx) < 5) < 29" Wo(rp(Zo) < s+ Th — Tp)

and the result follows by letting A — 0 since limy_,o 7\ = Tp almost surely
(see Lemma B.J). O

Remark 4.7. Note that the proof of Lemma [f.6 does not involve the “size”
of B. Hence the result holds if B is replaced by any open ball B’ that is
tangent to 9D at 0.

The following proposition and its proof illustrate how the ball estimate
can be combined to invariance properties of Brownian motion in order to
solve the convergence problem.

Proposition 4.8. Asz e B — 0, Wfl = Wfl.
Proof. 1t follows from Lemmas [.9 and [L.g that
W>i171:>W£1 as A — 0.

Let (z,,) € B be a sequence such that x,, — 0 and set \,, = 1—||x,, —e1||. For
each n, choose a rotation R,, in the plane (0, eq,z,) with center at e; such
that R,(A\ne1) = z,,. From the invariance properties of Brownian motion, it
is easily seen that

Wi =Wie 1okt
Now, by elementary geometry,

lzn — Anea|
R - < —e||———
O T

for all y € R% Thus, for any w € Cs and any sequence (w,) € Cs such
that w, — w, we get
Ry (wy) — w .

It therefore follows from the continuous mapping theorem that

117 B 117 B -1 117 B
w 1= W)\n6171 o Rn = Wo’l .

Tn,

O

4.4. Application to nice sets. In this section, we introduce the notion of
nice sets and solve the convergence problem for those sets.
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4.4.1. Convergence with variable sets. For any set U C R? and any € > 0,
put

Us ={z eR:d(z,U) < €}
and

U-={zeU:d(z,U% > ¢€}.

If (U,) is a sequence of subsets of RY, we will say that (U,,) converges to U
and write U,, — U if for all € > 0 there exist a ng such that

n>ny=U-CU, CU+ .

Let D be the half-space { € R? : z; > 0} and let B be an open ball tangent
to 9D at 0. Set e; = (1,0,...,0).

Proposition 4.9. Let U be an open co-regular set such that B C U C D
and let (U,) be a sequence of sets such that:
(1) For alln, BC U, C D;
(2) For all R >0, U,NB(0,R) — UNDB(0,R).
Then, for all sequence (\y,) of positive numbers converging to 0,
wi =Wl

Anel,
Froel. Since W(ﬁ (v >1) 2 WOI?I (tB > 1) > 0, it suffices to prove that
12 Tim WO, (fi70, > 1) = Wi (fimr > 1)

for all bounded continuous function f :
Cy — R.

First, suppose that U, — U. Since each set U, contains the ball B, we
have

. .
WL o1(tu, <) <WE . 1(tB < s).

Hence

(13) lim lim sup Wﬁel,l(TUn <s)=0

—0 n

by Lemma [£.6. Now, a minor modification of the proof of Lemma [£.9 shows
that ([[J) holds. Let us give some details. Because of ([[3) it is sufficient to
prove that

(14) lim WP, ((fir5, >1) = WE(fim5 > 1)

for all s > 0, where 77, =inf{t > s: X; ¢ U,} and 75, = inf{t > s: X; ¢
U}. Recall that Q = {r; = 7 # 1} satisfies WOI?I(Q) = 1. Let w € Q be
given and let (w,) € Cx be a sequence such that w, — w.

If 75 (w) > 1, then w(t) € U for all t € [s,1]. Choose € > 0 such that
w(t) € Ug— for all t € [s,1]. Then, for n large enough, w,(t) € U.- for all
t € [s,1] and Uy, D Ue—; thus 75 (wp) > 1.

If 7 (w) = 7(w) < 1, then there exists ¢ € [s,1) such that w(?) ¢ U. Pick



20 R. GARBIT

e > 0 such that w(t) ¢ Uy.+. Then, for n sufficiently large, w,(t) ¢ U.+ and
Un C Uet; hence 737 (wy,) < 1. This proves that in each case

L s1y(wn) = e sqy(w)

and ([[4) follows from the continuous mapping theorem.

Now we turn to the general case, that is we consider the local convergence
hypothesis 2. of Proposition B9 Fix € > 0 and choose R > 0 such that
Wol?l(TB(O,R) > 1) > 1 —¢. By Lemma [L.1], we have

Jim W o1 (Teo.r) > 1) = Wil (Tpo,r) > 1) -
Therefore
Wi o1 (Tao,m) > 1) > 1— 2e
for all large enough n. Set U}, = U, N B(0, R) and U’ = U N B(0, R). Then

’W,\[iel,l(fﬂ'Un >1) - WOL,)l(f§TU > 1)
< ‘WﬁelJ(f;TU;L >1) - Wo%(f;TU/ > 1)[ +3Me
where M is a bound for |f|. By hypothesis U/, — U’, hence

lim sup ’W,\[iel,l(f?TUa > 1) — Wol?l(fﬁ'U/ >1)=0
n
by the first step of this proof. Therefore

limsup (W, 1 (fi70, > 1) = Wii (fimv > 1)] < 4Be
n
and the desired result follows by letting ¢ — 0. U

4.4.2. Nice sets. Let U be an open subset of R and zy a boundary point of
U. We will say that U is nice at xg if there exist a neighborhood V' of z(
and a number r > 0 such that the following conditions are satisfied:

(1) For all x € OU NV there exists a half-space D, D U such that:
e x €0D,;
e The ball B, C D, with radius » which is tangent to 9D, at x
is contained in U;
e The application ¢ which maps = to the center ¢(z) of the ball
B, is continuous at x.
(2) For all y € U NV such that d(y,0U) < r/2, there exists a point
x =p(y) € OU NV such that:
o y € (z,c(x)];
e The mapping y — p(y) is continuous.

Remark 4.10. It can be verified that regularity and convexity assumptions
ensures the property of being a “nice set”. If the open set U is convex and
has a boundary of class C? in a neighborhood of g then the set U is nice
at xzg.
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Suppose that U is nice at xg. With the above notations, for any x €
oU NV, the point x + ¢(xg) — ¢(x) belongs to the boundary of the ball By,;
thus we can choose a planar rotation R, with center at ¢(z¢) and such that
R, (x + ¢(xg) — ¢(x)) = zp. Note that the angle of R, tends to 0 as x — xo,
since ¢(x) — c(zp). Set ¢z(y) = Ry(y + c(xo) — ¢(x)) and Uy, = ¢, (U).
Then it can be seen that

(15) By, C Uy C Dy,

and

(16) U,NB(0,R) — U, NB(0O,R), asxz— xg,
for all R > 0.

Theorem 4.11. Suppose that U is co-regular and nice at .
Then, as x € U — xy, we have
ng = f/lv/gL1 .

Proof. For y close to g, set x = p(y). Since y belongs to (z, ¢(x)], the point
q(y) = ¢.(y) belongs to (xo,c(xg)]. Moreover, ¢(y) tends to zg as y — xo.
Thus, from ([[§) and ([[§) together with Proposition f.9, we obtain

—

I/Vq(y%1

Now by the invariance properties of Brownian motion, we have

U 117Uz
Wy1=Wiia0 oz

= W:r[{),l? asy — xg .

Since ¢, tends to the identity mapping as * — xg, uniformly on compact
subsets of R?, it follows from the continuous mapping theorem that

U wU
Wyi1= Wyo1, asy— .

5. NICE CONES

Let d > 2 and let C' C R? be an open' cone with vertex at 0. We will say
that C is a nice cone if it is nice (see [.4.9) at any point of its boundary,
excepting 0. For example, any two-dimensional convex cone is nice. In
higher dimension, any circular cone or ellipsoidal? cone is nice.

We note two important facts about nice cones:

(1) If C is a nice cone, then it is a Lipschitz cone;
(2) If C is a nice cone, OC is a null set with respect to Lebesgue measure.

lwe only suppose that C is open to simplify the notations. But this is really of no
importance because we will suppose that C' is co-regular, so 7¢ and 7 are almost surely
equal.

2An ellipsoidal cone in R? is a cone that is obtained by any rotation of the cone with
equations azx? + - - - + adacg < z? and z; > 0, where a,...aq are positive numbers. If
az = - -+ = ag4, then the cone is circular.
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The proof of the first one is elementary but quite tedious, so we omit it here.
Note that the second fact is clearly a consequence of the first one.

5.1. Proof of Theorem [L.1. We begin with the following lemma:

Lemma 5.1. Suppose C is a nice cone. Let xo € OC \ {0} and tg > 0. As
(x’ t) - (x(]’ tO);
117C 117C
W$7t = W$0/\/%71 ©
Proof. By the scaling property of we (see Remark P.G), we have
wC —_ e -1
Wy = Wx/\/f,l oK, .
The result simply follows from Theorem together with the continuous
mapping theorem. O

—1
Ky,

5.1.1. Convergence of the finite-dimensional distributions. We will prove in
this section that the finite-dimensional distributions of ch: 1 converge weakly

as ¢ € C' — 0. Recall that for any ¢t € (0,1] the law ng(Xt € dy) has the
density e, (t,y) given by

C

po(t z,y)
—W, >1-1).
Witro > (e )

By using an expansion of the heat kernel p(t,z,y) of C that is given by
R. Bafiuelos and R. Smits in [[], we shall prove that e,(¢,y) converges to a
limit density e(t,y), as z € C — 0.

Before we recall their result, let us introduce some notations. Let Cyx. be
the intersection of the cone C with the unit sphere S%~! and suppose that it is
a regular set for the Dirichlet problem with respect to the Laplace-Beltrami
operator L on S%~!. Then there exists a complete set of orthonormal eigen-
functions m; with corresponding eigenvalues 0 < A\ < Ay < A3 < -
satisfaying

ex(t,y) =

Lmj=—-X\ym; onCys;
m; =0 on OCy; .

We set aj = 1/ + (& — 1)2. We will use the following facts that are proved

in I :

e there exists two constants 0 < ¢; < ¢y such that
1

1
(17) Vi>1, c1jaT <a; <cpjd-T
e there exists a constant ¢ such that
d—1
(18) Viz1, |mjllec <ca;®

e if C' is a Lipschitz cone, then there exists a constant ¢’ such that

‘ d'mi(n)
1 >1 2 < Z 1
(19) Vji>1,YneCs, mjn) < T (D)



BROWNIAN MOTION IN CONES 23

where I, is the modified Bessel function of order v :
20 L 2 [ st coshrcost)
r) = —= sin cosh(z cos
v ﬁF(V + %) 0
0 (%)V—i—Qm

B mzom!r(u—i—m—i—l) '

Then we have the following lemma, :

Proposition 5.2 (Baiuelos, Smits). Write x = pf, y = rn, p, r > 0, 0,
n € Cx. We have

e” pr
t(pr)2 j=1
Together with the expression of I, this suggests that pC(t, x,y) is equiv-
alent at x = 0 to the product g(z)h(t,y) where
g(@) = p* =Dy ()

and
2

ror=(5= =5
Mt Y) = 2oy + g™

In fact, we have the following :

(n) -

Lemma 5.3. Forx=p0, y=1n, p, r >0, 0, n € Cx, we have
C
t
G
p—0  g(z)
uniformly in (t,r,0,n) € [T,+00) x [0, R] x Cx, x Cx, for any positive con-
stants T and R.

Proof. Set M = £-. We have

= h(t,y) ,

(M)

= 2T (g + 1)e™ 2
g(@)h(t,y) (o0 +1) S M ma(6)

pc(t’ €, y) (o Iaj (M) mj(a) mj (77)
P ETIOR > ey

Using relation ([9), we get

Iaj(M)mj(H)mj(n)‘< w Ia; (M)
Mer ma(0) mi(n)| = Mo I, (1)

Now, using the integral expression for I, we obtain

us

24y ;
I, (M) < — Cosh(M)/ (sint)? dt
\/7_TF(Ozj + g) 0
and B
230 8

I, (1) > / (sint)?% dt .

Val(a; +3) Jo
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Hence
Iaj (M) o
———— < M% cosh M ,
Iaj(l)

and so

Loy, (M) m; (6) m;(n)
Mer my(0) ma(n)

From relation ([[7), it is easily seen that the series Y ;Mm% cosh M is

uniformly convergent on [0,1 — €]. So, the series

Lo; (M) m;(0) m;(n)
Mer my(0) ma(n)

' < KM%~ cosh M .

J
is uniformly convergent for (M,0,7n) € [0,1 — €] x Cx, x Cx,. Therefore we
can take the limit term by term : since

iy Loy (M) mji(0) my(n) _ ey S =1;
M—0 Mo ml(e) ml(n) 0 si ] 2 9 ’
we get
o S Lo (D) my(9) my(m) 1
M—0 = Mo ml(e) ml(n) 2041I‘(a1 i 1) )
where the convergence is uniform for (6,7) € Cx, x Cx. 0

Lemma 5.4. The function of y

sup
1
llzll<3

p“(1,z,9) ‘
g9(z)

is integrable on R?.

Proof. Using relations ([[§) and ([9), we get

Zi Ezg m;(n) '

IN

e
' foaxpr)'
T2t o

2

r_ [e.e]
< _°© 2 Zlaj(prl)a%‘

From the integral expression for I, we find that

I, (pr) < ﬂ cosh(pr) /g(sint)%‘j dt
T T VAT (g + ) 0

and
2(3)% 2
L (1) > ——2) " in )29 dt |
(1) 2 ﬁr(aj+%)/o (sint)
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So, if we set wq; = fo sint)2% dt, we get

(
T &g N
Lo (p 1) < k cosh(pr) <ﬁ> vy
Io,(1)2 V2) T(aj+3)2

The Wallis integral f0§ (sint)®* dt is equivalent to cn_%, thus we, is equiv-

_1 .

alent to ca; . From Stirling’s Formula we also get I'(a; + 1) > ca?’ e %,
Thus,

-

I, (pr aj o 4
s (P 1) < kK cosh(pr) <\/E'OT> . 5 -
I, (1)2 V2 )l
Therefore
Cn - 0 aj “
2 o
(21) M' < T coshpn Y (ﬁpr) it
9() = > "5 ) e
J=1 J
Since aj > o, the right-hand side of (1) is increasing with p, so
. 2 2
po(Lz,y) ez ( ) ver\* e
— < = .
o) ‘ S A eosh Z 25) =0

Because «a; > (%l — 1), the function f is integrable on any compact subset
of [0, +00). We shall now find an upper bound for the sum that appears in
the definition of f for large values of r. Let M > 1. For 2n < o; <2n +1,
we have

E%fé 2d—3 2d—3
M ij < M2n+1 (277‘ + 1) 4 _ M(M2/2)n (277‘ + 1) 4
7 (2n)m™ nm
J
Since a; > ¢ ] a1 , the number of indices j for which a; < 2n+1 is bounded

C1

d—
by <M> . Thus, there exist K = K(d) > 0 such that

2d—3

> a;* > nK 2
ZM J_a%_/Q < anl(M /2) < P(M)e ,

where P is a polynomial. Applying this result with M = 5(;% andr > 2,/2/e
gives

o (1—e/8)5 _

fir)y < niP(r)cosh<g>,

d
r2—1

where P is a polynomial whose coefficients depend only on d. This is suffi-
cient to conclude the proof of Lemma [.4 O
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Proposition 5.5. For any t € [0,1] and any R > 0, we have

]
lim e,(t,y) = ht,y)

——Wy(te >1-1),
2] —0 fh(l,z)d ol )

uniformly on {y € C : |ly|| < R}.

Proof. First recall that W (1¢ > 1) f p(1,z,2)dz. Tt follows from Lem-
mas B.3, p.4 and the dominated convergence theorem that

. Wy (e > 1)
(22) T o R / Al z)dz
Since
pPCtay)  g(x)
g(z)  Wy(re > 1)

the desired result is easily deduced from proposition and relation (2J).
O

ex(t,y) = Wy(te >1-1t),

Remark 5.6. By scaling, it is easily deduced from (P3) that
1% t
o Walre>1) / h(1,2) dz

t—+o00 g( —1/2 )

uniformly on {z € C : ||z|| < R}, for any positive constant R. So, for a
Lipschitz cone, the convergence is stronger than what was announced by

R. Bafiuelos and R. Smits ([il], Corollary 1).

Note that a straightforward computation gives

oy, a2 ['(% 4+ 442
h(l,2)dz =2~ 5+ 2 T 4 dn) |
JRCSLE o [ et

where o is Lebesgue measure on the unit sphere S¢ 1.
Let e(t,y) be the limit of the densities e,(t,y) as x € C' — 0. By Propo-
sition .5, we have

llwll?

2 ma () Wylre > 1 - 1),

(23) e(t,y) = ct*alfluy”alf(%fl)ef

where ¢! = 2a71+ﬂ1“( 2 [y (n) o(dn).
Proposition .5 is not SufﬁClent to prove weak convergence of the law

WEL(X; € dy) = eq(t,y) dy

as x € C goes to 0. Indeed, except for t = 1, we don’t know a priori if e(t, y)
is a probability density (except for the case ¢ = 1), and this seems hard to
check by a direct computation. However, when C is a nice cone, we may
handle this by proving the equi-integrability of the family {e,(t,y) : ||z] <

1.
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Lemma 5.7. For allt € [0,1), we have

lim sup WS (| X > R)=0.
R=oo|z<1

In other words, the familly of probability {ng(Xt edy):x el |z|| <1}
18 tight.

Proof. Let x € C with ||z| < 1 be given, and let R > 2. We denote by
p = Tp(o,2) the first exit time from the ball B(0,2). A continuous path
started at x that is outside B(0, R) at time ¢ must have left B(0,2) before
that time, so

Wfl(”XtH > R)
= WS (p < 11Xl > R)
= ch:l(/) <t Wgﬁ,l—p(“Xt—s|’ > R)js=p)
y,1—s

< sup{WC (HXt_SH>R):y€C,HyH:2andse[O,t]}.

Suppose that the last expression does not tend to 0 as R — oo; then there

exist a sequence (y,) € C with |y,|| = 2 and a sequence (s,) € [0,¢] such
that
(24) liminf WE ., (1 X | > n) > 0.

Without loss of generality, we can suppose that (yn) converges to a point
y € C with ||y|| = 2, and that (s,) converges to s € [0,#]. But Lemma [.]]

(or Proposition R.d if y € C)) then implies that </W7y(’;,178n (Xi—s, € dy)> is a

convergent sequence of probability measures : this contradicts (24). O

Proposition 5.8. The finite-dimensional distributions of chl converge as
x € C tends to 0. .
Moreover, the limit distribution of the first transition law W£1(Xt € dy),

€ (0,1], has density e(t,y) w.r.t. Lebesgue measure.

Proof. By Proposition B.5, e, (t,y) converges to e(t,y) uniformly on every
compact set as x € C tends to 0. Thus, for all R > 0, we have

limsup/ lex(t,y) —e(t,y)| dy

llz[l—0

< SUP/ ex(t,y)der/ e(t,y)dy .
[|=]|<1J/ B(0,R)© B(0,R)c

Thanks to Lemma [.7 and the integrability of e(t,y), letting R — 400 gives
timsup [ lea(t.y) ~ e(t.)] dy =0.
ll=l—0
This proves that the function y — e(t, y) is a probability density and that the
probability measures ng (X; € dy) converge weakly to e(t,y)dy as z € C
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tends to 0. The weak convergence of the finite-dimensional distributions
then follows from Proposition P.4 since C has Lebesgue measure 0. O

5.1.2. Tightness. For any T > 0, the space Cr of continuous paths w :
[0, T] — R%is endowed with the topology generated by the supremum metric
and the corresponding Borel o-algebra.

Proposition 5.9. For any sequence (x,,) of points of C' converging to 0 and
for any T > 0, the sequence of probability measures (ch:“l) is tight in Cp.

Proof. Since the arguments do not depend on the value of T', we will only
consider the case T' = 1. It suffices to prove that, for all ¢ > 0,
lim lim sup Wﬁ,l(x(é,O, 1) >e€) =0,

6—0 n—oo

where
x(0,a,b)(w) = sup{|lw(s) —w(t)| : |s — t] < 6,5, 1 € [a,b]}

is the modulus of continuity of order § of w on [a,b] (see Billingsley [H]).

Our proof is a modification of Shimura’s one for the two-dimensional
case ([f], Theorem 2).

Fix € > 0 and set s = 1/2. Since x(J, -, -) is sub-additive when considered
as a function on the set of intervals, we have

ng,l(X(5707 1) > 46) S Wacc,lﬂ (X(57 07 S) > 36) + ng,l (X(d S, 1) > 6) .

/

N~ ~~

An () Bn(9)
Let us start with B, (8). It follows from Proposition .§ that

lim  liminf WS | (r < | X,| <R)=1.

r—0,R—00 n—00
Hence we can fix o > 0 and choose 0 < r < R such that
i%f’Wgul (r<|Xs| <R)>1-a.
We then have
Bu(0) WS (r < | Xl € Rix(8,5,1) > ) + @,
So, by the Markov property,
Bu(6) < W, (r< Xl < BWE L (x(5,0,1-5) > ) +a

< sup{wgfs (x(0,0,s) >€)):ye Cand r <|y| < R} +a.

D)
Now, if D(0) did not tend to 0 as ¢ goes to 0, then we could find a sequence

(0n) _converging to 0 and a sequence (yn) of points of C' converging to a point
y € C'\ {0} such that

lim inf WS , (x(8,,0,5) > €) >0,

n—0o0
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which would contradict the weak convergence of the sequence of probability
measures (Wy(i,s) (Lemma [B.] or Proposition if y € C). This proves
that lims_.g lim sup,, B, (0) < «, and letting o — 0 then gives

lim limsup B, (d) =0 .

-0 n—oo

We now turn to A,(5). Let p = 7p(y) be the exit time from the ball
B(0,¢€) with center at 0 and radius e. Since the modulus of continuity of a
path w is less than 2¢ as long as it has not left the ball B(0,¢), we have

An(0) < WE L (p<six(0,p,5) > €)
< W¢, (p < ;W1 ,(x(6,0,1) > e)) .
Hence
lim sup A, (9)

n—oo
< sup{ngt(X(é,O, 1)>e):yeC|y|l=€candt e s, 1]} .
In the same way as above, we then get

limsup 4,,(6) =0,

n—oo

which is sufficient to prove Proposition .. O

Together with Proposition .8, Proposition .9 proves that Wfl converges
weakly on every Cp, T' > 0, as « € C' tends to 0. This is equivalent to weak
convergence on Cso; thus Theorem DNis proven.

The limit law will be denoted by WO% and called the law of C-Brownian
meander. Thanks to Theorem [L.1] we shall say that the C-Brownian meander
is Brownian motion conditioned to stay in C for a unit of time.

5.2. Properties of the C-Brownian meander. The C-Brownian mean-
der starts from the vertex of the cone C' and stays in it for a unit of time.
From the Markov property and the expression of the densities of the entrance
laws, the law of the exit time of C after time 1 is easily derived :

Proposition 5.10. For any t > 1, we have
W (re > t) =t~ 5+
Proof. By the Markov property, we have

ng(TC > t) = ng (I/Vv)(1 (TC >t — 1))

= / e(l,y)Wy(re >t —1)dy .
C
With the change of variables y = v/tu, the integral becomes

/ e(1, \/%U)W\/ZH(TC >t—1) t2 du .
C
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The scaling property of Brownian motion gives
W\/Zu(TC >t—1)=Wy(te >1-1/t),
and from relation (R3) p. Rq it is easily seen that
e(1, Vi) Wy(re > 1 — 1/t)t2 =t~ 2 7T e(1/t, u) .

The desired result follows from the fact that e(1/t, ) is a probability density.
U

5.3. Application to random walks. Let ({,),>1 be a sequence of i.i.d.
random vectors of R? with E(¢,) = 0 and a covariance matrix equal to the
identity. Form the random walk S,, = & +&+ -+ -+ &, and let {S,(t),t > 0}
be the process with continuous paths for which S,,(k/n) = Si/+/n and which
is linearly interpolated elsewhere.

Consider a nice cone C for which P(§; € C') > 0, and let

Tc =inf{n >0:5, ¢ C}

be the first exit of the random walk from the cone C.

For d =1 and C' = (0, +o0), Bolthausen proved in [J] that conditionally
on {Tc > n} the process S, converges in law to a Brownian meander; in
other words, we have

P(Sn € *|Tc > n) = Wy, .

This means that a random walk conditioned to stay positive converges in
law to a Brownian motion conditioned to stay positive. By analogy, we are
led to conjecture that a multidimensional random walk conditioned to stay
in a cone should converge, in good cases, to a Brownian motion conditioned
to stay in the same cone, that is

(25) P(S, € *|Tc >n) = W, .

Shimura proved it to be true in the two-dimensional case, under extra sym-
metry assumptions on the random walk and the cone (see [f]). It is clear
that such an invariance principle can not hold without extra assumptions.
For example, consider the simple random on Z? and the cone C' = {(z,y, ) :
x> 0and 2/2 <y < 2z}. Given {T¢ > n}, {Sk,k = 1...n} is a simple
random walk on {(0,0,2) : z € Z}. Hence it converges in law to a one-
dimensional Brownian motion that lives on the z-axis. Note that in this
case P(Tc > n) = 1/3™ decreases exponentially to 0. The next result states
that a necessary condition for the above-mentioned limit theorem to hold is
that P(T¢c > n) decreases polynomialy to 0

Proposition 5.11. Suppose d > 2 and let C be a nice cone in RY.
If

P(S, € x| Tc > n) :>’W7(fl ,
then

a—2

P(Tc > n) = n~ Tt L(n),
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where L is a slowly varying function.

Proof. Set pin(x) =P(S, € *|Tc > n). Let t > 1 and observe that
]P’(TC > [tn])

- t
P(T¢ > n) (70 > tn)

where t,, = [tn]/n. Since u, = Wocl and t,, — ¢, an argument similar to the
one used in the proof of Lemma @ shows that

JLH(;OM”(TC >ty) = WOCJ(TC >t).
By Proposition we have therefore

lim P(Te > [tn]) _ e
n—oo P(Te > n)

This proves that L(n) = n%_%P(TC > n) is slowly varying. O

For a two-dimensional random walk with bounded increments, the con-
ditional limit theorem (RJ) holds under the assumption that P(Tg > n) is
“slowly” decreasing to 0. We will present this result in a forthcoming paper.

APPENDIX A. THE CONTINUOUS MAPPING THEOREM

For the reader convenience we state here the continuous mapping theorem.
The proof can be found for example in Billingsley [F.

Theorem A.1. Let X and Y be two metric spaces equipped with their Borel
o-algebras. Let (uy), p be probability measures on X such that p, = u, and
let (¢n), ¢ : X — Y be measurable mappings.

If there exists a measurable subset X' of X such that u(X') =1 and such
that ¢ () — ¢(z) for all sequence (x,,) converging to a point x € X', then

fn oyt = pog !
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