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Distinction of some induced representations

Nadir MATRINGE
October 21, 2009

Abstract
Let K/F be a quadratic extension of p-adic fields, o the nontrivial element of the Galois
group of K over F, and A a quasi-square-integrable representation of GL(n, K). Denoting
by AY the smooth contragredient of A, and by A the representation A o o, we show that
representation of GL(2n, K) obtained by normalized parabolic induction of the representation
AY®A? is distinguished with respect to GL(2n, F). This is a step towards the classification
of distinguished generic representations of general linear groups over p-adic fields.

Introduction

Let K/F be a quadratic extension of p-adic fields, o the nontrivial element of the Galois group
of K over F, and A a quasi-square-integrable representation of GL(n, K). We denote by ¢ again
the automorphism of My, (K) induced by o.

If x is a character of F*, a smooth representation p of GL(2n, K) is said to be x-distinguished if
there is a nonzero linear form L on its space V, verifying L(p(h)v) = x(det(h))L(v) for all h in
GL(2n,F) and v in V, we say distinguished if y = 1. If p is irreducible, the space of such linear
forms is of dimension at most 1 (Proposition 11 of [F2]).

Calling A" the smooth contragredient of A and A the representation Aoo, we denote by A% x AY
the representation of GL(2n, K), obtained by normalized induction of the representation A% @ AY
of the standard parabolic subgroup of type (n,n). The aim of the present work is to show that
the representation A% x AV is distinguished.

The case n = 1 is treated in [H] for unitary A% x AV, using a criterion characterizing distinction in
terms of gamma factors. In [F3], Flicker defines a linear form on the space of A7 x AY by a formal
integral which would define the invariant linear form once the convergence is insured. Finally in
[F=H], for n = 1, the convergence of this linear form is obtained for A7| |5 x AV| |5 and s of
real part large enough when A is unitary, the conclusion follows from an analytic continuation
argument.

We generalize this method here. The first section is about notations and basic concepts used in
the rest of the work.

In the second section, we state a theorem of Bernstein (Theorem 2.1]) about rationality of solutions
of polynomial systems, and use it as in [C-P] or [Ba], in order to show, in Proposition 2.2 the
holomorphy of integrals of Whittaker functions depending on several complex variables.

The third section is devoted to the proof of theorem [B.I] which asserts that the representation
A%| |5 x AY| |5 is distinguished when A is unitary and Re(s) is in a neighbourhood of n.

In the fourth section, we extend the result in Theorem 2] to every complex number s. Our proof
relies decisively on a theorem of Youngbin Ok (Proposition of the present paper), which is a
twisted version of a well-known theorem of Bernstein ([Ber], Theorem A).

We end this introduction by recalling a conjecture about classification of distinguished generic
representations:

Conjecture. Let m be a positive integer, and p a generic representation of the group GL(m, K),
obtained by normalized parabolic induction of quasi-square-integrable representations Ay, ..., As.
It is distinguished if and only if there exists a reordering of the A;’s, and an integer r between 1
and t/2, such that we have A7, = AY fori=1,3,..,2r — 1, and A; is distinguished for i > 2r.



We denote by n the nontrivial character of F* trivial on the norms of K*. According to
Proposition 26 in [F1], Proposition 12 of [F2], Theorem 6 of [K], and Corollary 1.6 [A-K-TJ, our
result reduces the proof of the conjecture to show that representations of the form A x -+ x A,
with A7, = AY for i = 1,3,..,2r — 1 for some r between 1 and ¢/2, and non isomorphic
distinguished or n-distinguished A;’s for i > 2r are not distinguished whenever one of the A;’s is
n-distinguished for ¢ > 2r. According to [M3], the preceding conjecture implies the equality of the
analytically defined Asai L-function and the Galois Asai L-function of a generic representation.

1 Notations

We denote by | |k and | | the respective absolute values on K*, by ¢k and gp the respective
cardinalities of their residual field, by Rx the valuation ring of K, and by Pk the maximal ideal
of Ry . The restriction of | |k to F is equal to | |%.

More generally, if the context is clear, we denote by |M|x and |M|r the positive numbers
|det(M)|x and |det(M)|r for M a square matrix with determinant in K and F respectively.
We denote by G,, the algebraic group GL(n). Hence if 7 is a representation of G, (K) for some
positive n, and if s is a complex number, we denote by 7| |5 the twist of m by the character
det( )5

We call partition of a positive integer n, a family 7 = (nq,...,n:) of positive integers (for a
certain ¢ in N — {0}), such that the sum n; + --- 4+ n; is equal to n. To such a partition, we
associate a subgroup of G, (K) denoted by P;(K), given by matrices of the form

g1 *x * * *
gs  * * *
* * )
gt—1 %
gt

with g; in Gp, (K) for ¢ between 1 and ¢. We call it the standard parabolic subgroup associated
with the partition . We denote by Nj(K) its unipotent radical subgroup, given by the matrices

and we denote it by N, (K) when 7 = (1,...,1). We denote by My (K) the standard Levi sub-
g1
group of matrices , with g; in G, (K) for i between 1 and ¢.

gt
Finally we denote by P, (K) the affine subgroup of GL(n, K) given by the matrices < g x >,

1
with ¢ in GL(n — 1, K).
Let X be a locally closed space of an [-group G, and H closed subgroup of G, with H.X C X. If
V is a complex vector space, we denote by C*°(X, V) the space of smooth functions from X to
V', and by C°(X,V) the space of smooth functions with compact support from X to V' (if one
has V' = C, we simply denote it by C°(X)).
If p is a complex representation of H in V,, we denote by C*°(H\X, p,V,) the space of functions
f from X to V,, fixed under the action by right translation of some compact open subgroup Uy
of G, and which verify f(hz) = p(h)f(z) for h € H, and € X (if p is a character, we denote
this space by C*°(H\X, p). We denote by C°(H\X, p,V,) subspace of functions with support
compact modulo H of C*(H\X, p,V,).
We denote by Ind%(p) the representation by right translation of G in C*(H\G, p,V,) and by



ind% (p) the representation by right translation of G in C°(H\G, p,V,). We denote by Ind’g(p)
the normalized induced representation IndS ((Aq/Ay)Y2p) and by ind' S (p) the normalized in-
duced representation ind$; ((Ac/Ar)Y?p).

Let n be a positive integer, and 7 = (n1,...,n:) be a partition of n, and suppose that we have a
representation (p;, V;) of GL(n;, K) for each ¢ between 1 and ¢. Let p be the extension to Py (K)

of the natural representation p1 ® - - - ® p; of GL(n1, K) X - -- x GL(ny, K), by taking it trivial on
GL(n )
p)-

N7 (K). We denote by p; X -+ x p; the representation Ind’Pﬁ(K)

2 Analytic continuation of Whittaker forms

If p is a generic representation of G, (K), and v is a nontrivial character of K, trivial on F, then
for every W in the Whittaker model W (p, ) of p, by standard arguments, the following integral
is convergent for Re(s) large, and defines a rational function in ¢z*:

Ho(Ws) = [ W (p)det (9)] = dp.
N (F)\Pn (F)

By standard arguments again, the vector space generated by the functions I(gy (W, s), for W
in W(p,), is a fractional ideal I(gy(m) of C[gz*", ¢%], which has a unique generator which is an
Euler factor, independent of 1, that we denote by Lg(o)(p, s).

Similarly, if p’ is another generic representation of G, (K), then for every W and W’ in the
Whittaker models W (p, 1) and W (p',4~1), the following integral is convergent for Re(s) large,
and defines a rational function in ¢x°, which has a Laurent series development in ¢z°:

oW, = | W)W ()l det(p) 1"~ dp.
N (K)\ Py (K)

The vector space generated by the functions Iy (W, W, s), is a fractional ideal of Clqy”", g5/,
which has a unique generator which is an Euler factor, independent of 1, that we denote by

Loy(p x ¢, 5).

According to theorem 9.7 of [Z], there is a partition of n and quasi-square-integrable rep-

resentations Aj,...,A; associated to it such that p is isomorphic to Ay x --- x A;. The map
w = (u1,...,u) — g% = (¢j*,...,q3) defines an isomorphism of varieties between (Dg)' =
(c/ ln(qu:)Z)t and (C*)'. We also denote by D the variety ((C/ﬁ) which the isomorphism
s+ ¢z° identifies to (C*)*, and we denote by D the product (Dk )" X Dp.
Associate to u and p is the representation p, = Aq| |5 X -+ x A¢| |E. In their classical model,
for every representation p,, the restrictions of the functions of the space of p, to the maximal
compact subgroup GL(n, Ri) of GL(n, K) define the same space F,, which is called the space
of flat sections of the series p,. To each f in F,, corresponds a unique function f, in p,. It
is known that for fixed g in GL(n, K) and f in F,, the function (u,s) — |g|%pu(g)f belongs
to C[D] ®c F,. For every f in F, and u in (Dg)*, there is a function Wy, = Wy, defined in
Section 3.1 of [C-P] in the Whittaker model W (p,, %), such that Wy, describes W (p,, 1) when
f describes F,. The space W) is defined in [C-P] as the complex vector space generated by the
functions (g, u) — Wy, (gg’) for ¢’ in GL(n, K).

We will need a theorem of Bernstein insuring rationality of solutions of polynomial systems.
The setting is the following.
Let V be a complex vector space of countable dimension. Let R be an index set, and let = be a
collection {(x,, ¢, )|r € R} with z, € V and ¢, € C. A linear form X in V* = Homc(V,C) is said
to be a solution of the system = if A(x,) = ¢, for all r in R.
Let D be an irreducible algebraic variety over C, and suppose that to each d, a system =Z; =
{(zr(d), cr(d))|r € R} with the index set R independent of d in D. We say that the family of



systems {E4,d € D} is polynomial if x,.(d) and ¢,(d) belong respectively to C[D] ®c V and C[D].
Let M = C(D) be the field of fractions of C[D], we denote by Vi the space M ®c V and by V3,
the space Hom(Vag, M).

The following statement is a consequence of Bernstein’s theorem, the discussion preceding it, and
its corollary in Section 1 of [Bal.

Theorem 2.1. (Bernstein) Suppose that in the above situation, the variety D is nonsingular and
that there exists a non-empty subset 2 C D open in the usual complex topology of D, such that for
each d in ), the system Zq4 has a unique solution \yg. Then the system E = {(z,(d), c-(d))|r € R}
over the field M = C(D) has a unique solution A(d) in Vi, and X(d) = Aq is the unique solution
of Eq on Q.

In order to apply this theorem, we first prove the following proposition.

Proposition 2.1. Let p be a generic representation of G, (K), there are t affine linear forms L;,
for i between 1 and t, with L; depending on the variable u;, such that if the L;(u;)’s and s have
positive real parts, the integral Iigy(W, s) = fN (F)\ P, (F) W(p)|det(p)|}_1dp is convergent for any
W in W(pu, ¥).

Proof. We recall the following claim, which is proved in the lemma of Section 4 of [F1].

Claim. Let 7 be a sub-P,(K)-module of C°° (N, (K)\P,(K),v), such that for every k between
0 and n, the central exponents of the shifted derivatives TIF! (see [Bedl] 7.2) are positive (i.e.
the central characters of all the irreducible sub quotients of 7! have positive real parts), then

whenever W belongs to T, the integral fN (F)\Po (F) W (p)dp is absolutely convergent.

Applying this to our situation, and denoting by e, the maximal element of the set of central
exponents of p (see Section 7.2 of [Ber]), we deduce that as soon as u is such that L;(u) = u;—e,—1
has positive real part for i between 1 and ¢, and as soon as s has positive real part, the integral

an(F)\Pn(F) W (p)|det(p)|5 dp converges for all W in W (py, ). O

We now can prove the following:

Proposition 2.2. Let p be a generic representation of GL(n, K), for every f in F,, the function
Ioy(Wy ., s) belongs to C(qp", qr°).

Proof. In our situation, the underlying vector space is V' = F, and is of countable dimension
because p is admissible. The invariance property satisfied by the functional (), for Re(s) large
enouigh, is

Lio) (pu(P)Wr.u» ) = |det(p) | *Li0)(Wr,us 8) (1)

for f in F,, and p in P, (F).

From the proof of Theorem 1 of [K], it follows that out of the hyperplanes in (u,s) defined by
¢, (t) = 1t where p$ s the representation of G,_;(F) called the j-th derivative of
pu (see summary before Proposition 2.3 of [A-K-T]), for j from 1 to n, the space of solutions
of equation [Ilis of dimension at most one. If we take a basis of (fo)aca of F,, the polynomial
family over the irreducible complex variety D = (Dk)* x Dp of systems Z/;, for d = (u,s) € D
expressing the invariance of I(g) is given by:

= _  (pu(P)pul9i) fo — |det(p)|F *pul9i) fa 0),
—d a € A,p € Py(F),gi € Go(K)
Now we define €2 to be the intersection of the three following subsets of D:

e the intersection of the complements of the hyperplanes on which uniqueness up to scalar
fails,

e the intersection of the domains { Re(L;(u)) > 0} and {Re(s) > 0}, on which oy (Wy ., ®, s)
is given by an absolutely convergent integral.



The functional I(gy is the unique solution up to scalars of the system Z’, in order to apply

Theorem 2] we add for each d € D a normalization equation E4 depending polynomially on d.
This is done as follows.

From Proposition 3.4 of [M3], if F' is a positive function in C2° (N, (K)\P,(K), ), we choose a W
in Wp(o) such that its restriction to P, (K) is of the form W (u,p) = F(p)P(q&") for some nonzero
P in Py. We thus have the equality I(o)(W,u,s) = an(F)\Pn(F) F(p)|det(p)|5 tdpP(g*™*). Call-

ing ¢ the constant r F(p)|det(p)|5tdp, this latter equality becomes I gy (W, u,s) =
& No(F)\Py(F) F 0)

cP (qji(“)

Now as W is in W,EO), it can be expressed as a finite linear combination W (g, u) = Y, pu(9a)Wy. u(g)
for appropriate g, € GL(n, K). Hence our polynomial family of normalization equations (which
is actually independent of s) can be written

Es) = {(Z pu(ga)fa,cP(qiu)} .

We now call = the system given by Z' and F, it satisfies the hypotheses of Theorem [2.1] because
on the open subset €2, the functional I(g)(,(u, s)) is well defined and is the unique solution of the
system for every (u, s) in 2. We thus conclude that there is a functional I’ which is a solution of
= such that (u,s) — I'(W;., s) is a rational function of ¢£* and ¢i* for f € F,. We also know
from Theorem 2] that I'(Wy ., s) is equal to I(g)(W,u,s) on 2. Hence I(g)(W,u,s) is equal to
the rational function I'(Wy.,,,s) when it is defined by a convergent integral for (u, s) in €, and
we extend it by I'(W ., s) for general (u,s) (and still denote it by I(g)(W, u, s)). O

We now recall the following theorem of Youngbin Ok:

Proposition 2.3. ([OF], Theorem 3.1.2 or Proposition 1.1 of [M2]) Let p be an irreducible
distinguished representation of G, (K), if L is a P,(F)-invariant linear form on the space of p,
then it is actually Gy, (F)-invariant.

We also recall the proposition 2.3 of [M2].

Proposition 2.4. Let p be a generic representation of G,(K), for any s € C, the functional
Aps = W= Tigy(W,s)/ Loy (p, s) defines a nonzero linear form on W (p,) which transforms by
| |77% under the affine subgroup P, (F).

For fized W in W (p, 1)), the function s — A, (W) is a polynomial of qz°.

3 Distinction of representations 77| |5 x 7|

7, Re(s) near n

s :
|~ for unitary

We denote by G the group GL(2n, K), by H its subgroup GL(2n, F'), by G’ the group GL(n, K)
and by M the group M, (K). We denote by P the group P, »)(K), and by N the group N, »)(K).
A

Bo AB; ), and by T the sub-

We denote by H subgroup of G given by matrices of the form (

0

group of H of matrices < 0 A°

), with A in G'.

We let 6 be an element of K —F whose square belongs to F', and let U be the matrix < ﬁ" _g?} >

of G, and W the matrix ( I

In ) . One has U°U~! = W and the group H is equal to U= HU.

Lemma 3.1. The double class PUH is opened in G.



Proof. Call S the space of matrices ¢ in G verifying ¢° = ¢g~!, which is, from Proposition 3. of

chapter 10 of [S], homeomorphic to the quotient space G/H by the map Q : g — ¢°¢g~ 1. As
the map @ sends U on W, the double class PUH corresponds to the open subset of matrices

( él, g ) in S such that det(C') # 0, the conclusion follows.

O
We prove the following integration formula.

Lemma 3.2. There is a right invariant measure dh on the quotient space T\H, and a Haar
measure dB on M, such that for any measurable positive function ¢ on the quotient space T\H,
then the integrals

o(h)dh
A

/¢(In B) dB
v \ B7 Ln )|l — BB}

Proof. It suffices to show this equality when ¢ is positive, continuous with compact support in
T\H. We fix Haar measures dt on T and dg on H, such that dhdt = dg. It is known that there
exists some positive function q; with compact support in H, such that ¢ = Q;T, which means that
for any A in H, one has ¢(h) = Iz d(tg)dt. One then has the relation

and

are equal.

[ ot = /H 3(9)dg.

Now as H is conjugate to H, there are Haar measures dA and dB on M such that dt is equal to

d*A = ‘f‘ﬁ, . and the Haar measure on H is described by the relation
K

( A B > dAdB dAdB
d o o - n no
peoa )| |\ B oa ),

Hence we have
g (A B dAd
fT\H ¢(h)dh = foM ¢ ( B A° > A BB "
B? A°
K
~ A I, A~'B dAdB
= fM><M¢ A° (Ale)" I, [A]22 I, —A-TB(A-1B)° %

as the complement of G’ is a set of measure zero of M (we recall that if M is in G’, one has

det( fw, Af ):det((fw ]\f) (IMG I)):det (I_MMU ]\/‘;):det(I—MM“)).

This becomes after the change of variable B := A~1B equal to

Lol )5 D
MxM A7 B? I, |A|% | I, — BBo|%

which is itself equal to

o A 1 B dB
n dA————.
Joua? (" 2 ) (5 &) Am=5m

The conclusion follows from the fact that &T is equal to ¢. [l




Theorem 3.1. Let n be a positive integer, and let T be a generic unitary representation of G'.
Then the representation 77| |5, x ©V| |%° is a distinguished representation of G for s of real part
in a neighbourhood of n.

Proof. We denote by II, the representation 77| |5, x 7| |5° of G2,(K). Let V be the space of
the representation 7 (and 77), and V'V be the space of its smooth contragredient 7".
We first start with the following lemma:

Lemma 3.3. Any coefficient of the representation I1,, is bounded for Re(u) near zero.

Proof of LemmalZ3 From [Ber], as IIy (resp. IIY) is unitary, we know that all its shifted deriva-
tives have positive central exponents. Actually, this latter property remains true for II, (resp.
ITY) for Re(u) in a neighbourhood of zero.

Realizing II,, in its Whittaker W (IL,, ), it is a consequence of [Ber], Theorem B (since II, is
always irreducible for Re(u) near zero), and of Proposition [5.1] of the appendix, that any coef-
ficient of II, is of the form g — an(K)\Pn(K) I, (g)W (p)W'(p)dp, for W in W (II,, ) and W’

in W(ILY,4~1). But then, from Cauchy-Schwartz inequality, we see that any coefficient of II,, is
bounded on P, (K). Now because the central character of II, is unitary, this implies that any
coefficient of II,, is bounded on the maximal parabolic subgroup P,_11(K). This latter fact,
combined with the Iwasawa decomposition in G, (K), and the smoothness of the coefficients,
implies that the coefficients of II,, are actually bounded on G,,(K).

O

We denote by L the linear form on V ® V'V who sends the elementary tensor v @ vV to vV (v),

it is clearly invariant under the group m° @ =V (7).

Step 1.
We denote by ps the representation P, which is the extension of 77| |5 @ 7| |° to P by the
trivial representation of N, (/). Here for every s, the group P acts through the representation
pson VeV
As a function f, in the space C°(P\G, A;1/2p5) of 7| |5 x m¥| |&°, verifies relation

rl(a 5 ) - %w% @ 7(B)f(g).

we deduce that the restriction to H of the function Ly, : g — L(fs(g)) belongs to the space
C>(T\H), but its support modulo T is generally not compact, we will show later that the space
of functions obtained this way contains C°(T'\ H) as a proper subspace. We must show that for
s =n + u with u near zero, the integral fT\H |Ly., (h)|dh converges.

Denoting by 75 the function on G’ defined by 775[< A AX ) k] = (l‘ﬁl}i)s, For any complex
2 2

numbers ¢t and u, the multiplication map f,, — fi+. = 1 fu is a vector space isomorphism between
C=(P\G,A3"?p,) and C2(P\G, A5 ?pyi).

In the following, all equalities will be formal, we will show that they have sense for t = n
and u near zero at the end of this step, by proving the absolute convergence of the considered
integrals. According to lemma B.2] the integral fT\H |Ly,..(h)|dh is equal to

/ |L | I, B dB _/ I, B |L | I, B L
” ftu B I, |In — BBU|7;( = " TRe(t) B° I, fu B° I, |In — BB‘7|7;('

Now we suppose that Re(u) is near zero. We remind that the quantity |Ly, | ( gla IB )
n

I, B

is defined for B such that det ( B I,

) # 0, we claim that it is actually bounded by some



positive real number M.
Indeed the linear for vV : f, — L(fu(I2,)) belongs to the smooth dual of II,, and the coefficient
|Ly,|(g) which equals | < v¥,II,(g)fs, > |, is bounded by Lemma 3.3

As before, we can suppose that B belongs to G’, hence the following decomposition holds

(5 2)-(omr ) () (7 )

Denoting by 7js the function g +— ns(wg), we only need to look at the convergence of the
integral:

Ik

I, B dB \BB ,[| e(t) I, B~ dB
fM TRe(t) ( B° I, ) |I,—BB7 |7 f]\/[ K)R (t)nRe(t) I, [T.—BB°|%

(Ln—BBlicyR I, B™° |B|%d* B
= Jo (P Wigey | 7 ) mi ey
n
= [, {n=C 7O Uk |C3)Re® L, C\ ac
= Jo |1 —CeC1 MRe(t) I, ) 1CT%

e(t)—n ~ I, ©
_ [, [0C7 — I, [Fe0 nRe(t)< b >dC

We recognize here the function 7 of 4. (3) of [J-P-S] (p.411). The following lemma and its
demonstration was communicated to me by Jacquet.

Lemma 3.4. (Jacquet) Let g be the characteristic function of M, (Rk), then from the Godement-
Jacquet theory of Zeta functions of simple algebras, the integral fG, ¢o(H)|H|%d*H is conver-
gent for Re(t) > n — 1, and is equal to 1/P(q") for a monzero polynomial P. Then, for
Re(t) > (n—1)/2, and g in G’, denoting by ¢ the characteristic function of My on(Rx) (matrices
with n rows and 2n columns) one has

iila) = Plalolic | OUH.0)g) "

Proof of the lemma. 1t is a consequence of the decomposition G’ = N, .+ (K)M ;) (K)Gan(Rk)
(with N, n)( ) the opposite of N, ,)(K)), and of the fact that functions on both sides verify

the relation f[< }4( A )g] = If}%f‘(g)7 and are both equal to 1 on Gap,(Rg) (if d*H is
ED e

normalized so that the maximal compact subgroup Ga, (R ) has measure 1). O

Finally, we suppose moreover that Re(t) = n, hence we need to check the convergence of

Lo Yao= [ e [ e nojmia mic

As the functions in the integrals are positive, by Fubini’s theorem, this latter is equal to:

—25// [(H,HO)|dC|H|3*d*H

=P [ [ slm.cacimlan

=Pl [ [ sluroac

which clearly converges.



Hence we proved that the H-invariant linear form f, — fT\ gLy, (h)dh on II; was well defined
for Re(s) in a neighbourhood of n.

Step 2.
Suppose that the complex number s has real part greater than n. We are going to show that the
linear form A : fs — fT\ 7Ly, (h)dh is nonzero. More precisely we are going to show that the

space of functions L(f) on T\ H for f in C2°(P\G, A;lmps), contain C°(T\H).
According to Lemma 3], the double class PU H is opened in G, hence the extension by zero out-
side PU H gives an injection of the space C>°(P\PUH, A;l/st) into the space C°(P\G, A;l/st).
But the right translation by U, which is a vector space automorphism of C°(P\G, A;lmps),
sends C°(P\PUH, A;lmps) onto C°(P\PH, A;lmps), hence Céx’(P\PI:I,A;leS) is a sub-
space of C°(P\G, A;1/2p5).
Now restriction to H defines an isomorphism between C2°(P\PH, A;l/st) and C°(T\H, ps)
because Ap has trivial restriction to the group 7. But then the map f — L(f) defines a morphism
of H-modules from C°(T\H, p;) to C°(T\ H), which is surjective because of the commutativity
of the following diagram,

C(H) ©V,, "5 CX(H)

R Lo

C&(I\H,ps) — CZ(T\H)
where the vertical arrows defined in Lemma 2.9 of [M1] and the upper arrow are surjective.
We thus proved that space of restrictions to H of functions of L(f), for f in C=°(P\G, A;1/2p5),
contain C°(T\H), hence A is nonzero and the representation 77| |5, x 7V| |° is distinguished
for Re(s) near n.

O

4 Distinction of A% x AV for quasi-square-integrable A

Now we are going to restrain ourself to the case of m a discrete series representation.

We recall if p is a supercuspidal representation of G,.(K) for a positive integer r. The representa-
tion px p| |px---xp| |51 of Gpy(K) is reducible, with a unique irreducible quotient that we denote
by [pl [%t ol |52, - - -, p]. A representation A of the group Gy, (K) is quasi-square-integrable if and
only if thereisr € {1,...,n} and !l € {1,...,n} with Ir = n, and p a supercuspidal representation
of G,.(K) such that the representation A is equal to [p| |%*, p| |52, ..., p], the representation p
is unique.

Let A; and Ay be two quasi-square-integrable representations of G, -(K) and G, (K), of the
form [p1] |71 pa| |72, .., p1] with p; a supercuspidal representation of G,.(K), and

[p2] 1271, o1l 1272, .., pa] with po a supercuspidal representation of G, (K) respectively, then if
p1 = pa| |'2, we denote by [A1, Ag] the quasi-square integrable representation [p1| [%71,.. ., pa]
of G(1,41,)-(K). Two quasi-square-integrable representations A = [p| |1, p| |'%2,...,p] and
A =[] |ZII(_1,p’| |ll/(_2, .., 0] of Gy(K) and G,/ (K) are said to be linked if p/ = p| |5 with &’
between 1 and [, and I’ > [, or if p = p| |%, with k between 1 and I’, and [ > I’. It is known
that the representation A x A’ always has a nonzero Whittaker functional on its space, and is
irreducible if and only if A and A’ are unlinked.

We will need the following theorem.

Theorem 4.1. Let ny and ny be two positive integers, and A1 and As be two unlinked quasi-
square integrable representations of Gp, (K) and G, (K) respectively. If the representation Ay X
Ao of Gy iny(K) is distinguished, then either both Ay and Ao are distinguished, either Ay is
isomorphic to AY.



Proof. In the proof of this theorem, we will denote by G the group G, 4n,(K) (not the group
G2, (K) anymore), by H the group G, 1y, (F), and by P the group P, n,)(K).

As the representation A; X Ag is isomorphic to Ay x Ap, we suppose n1 < no. From Lemma
4 of [F4], the H-module 7w has a factor series with factors isomorphic to the representations

indf,lPumH((éllp/QAl ® Ag)*) (with (5113/2A1 ® Ag)¥(x) = 611,/2A1 ® Ag(uzu~')) when u describes
a set of representatives of P\G/H. Hence we first describe such a set.
Inlfk
. I, =4Iy . .
Lemma 4.1. The matrices u = I ST , give a set of representatives
k k

I’nz—k
R(P\G/H) of the double classes P\G/H when k describes the set {0,...,n1} (we set ug =

In1+n2)'

Proof of Lemmal[{.]l Set n = ni + ng, the quotient set H\G/P identifies with the set of orbits
of H for its action on the variety of K-vectors spaces of dimension n; in K™. We claim that
two vector subspaces V and V' of dimension n; of K™ are in the same H-orbit if and only if
dim(V NV7) equals dim(V'NV'?). This condition is clearly necessary. If it is verified, we choose
S a supplementary space of V NV in V and we choose S’ a supplementary space of V' NV’
in V', S and S’ have same dimension. We also choose () a supplementary space of V + V7 in
K™ defined over F' (i.e. stable under o, or equivalently having a basis in the space F™ of fixed
points of K™ under o), and Q' a supplementary space of V/ + V' in K™ defined over F, and
Q@ and Q' have the same dimension. Hence we can decompose K" in the two following ways:
Kr={WVnV)e(SeS?)®Q and K" = (V'NV'7 )& (S'®S"7)® Q. Let uy be an isomorphism
between V NV and V' N V'? defined over F (i.e. u(v{) = u(v1)? for vy in VN V), us an
isomorphism between S and S’ (to which we associate an isomorphism u3 between S? and S’7
defined by us(v) = (u2(v?))? for v in S7), and u4 an isomorphism between @ and @’ defined over
F. Then the isomorphism h defined by v1 + ve + v3 + v4 — ug(v1) + u2(ve) + ug(vs) + ua(vy) is
defined over F, and sends V =5S@V NV to V' =5 @ V' NV'?, hence V and V' are in the
same H-orbit.

If (e, ..., ep) is the canonical basis of K™, we denote by V,,, the space Vect(ey, ..., en,). Let k be
an integer between 0 and nq, the image Vj, of V,,; by the morphism whose matrix in the canonical

In1—k
basis of K™ is *11//(22{5]3& 1/1(/225[)]}k verifies dim(V,,, NV,7 ) = n1—k. Hence the
I,k
In, —g
matrices _11 // (22?) I 1/1(/226])]clk for k between 0 and n; give a set of representa-
Inz—k
Inl —k
. . S o I, =6y
tives of the quotient set H\G/P, which implies that their inverses I, ol
Iny—k

give a set of representatives of P\G/H.

O

We will also need to understand the structure of the group P NuHu~! for u in R(P\G/H).

Lemma 4.2. Let k be an integer between 0 and ne, we deduce the group P N ukHugl s the
H X X° M
A Y

A? Y°

Hy

Gr(K), X in Mp, 1 x(K), Y in Mygn,—i(K), and M in My, _kn,—k(F). It is the semi-direct

group of matrices of the form for Hy in Gp,—(F), Hy in Gp,—k(F), A in
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product of the subgroup My (F') of matrices of the preceding form with X, Y, and M equal to zero,
and of the subgroup Ny of matrices of the preceding form with Hy = I, _x, Ho = Ih,_, and
A = I. Moreover denoting by Py, the parabolic subgroup of My, n,)(K) associated with the sub

partition (ny — k, k,k,na — k) of (n1,n2), the following relation of modulus characters is verified:
6123rwukHu;_1|Mk(F) = (5Pk5P)\Mk-(F)'

Proof of Lemma[-3 One verifies that the algebra wuy M, (K)u; ' consists of matrices having the

M, X X°
. . " Y A B°
block decomposition corresponding to the partition (n1—k, k, k, no—k) of the form ve B A°
Ms; X' X7
H,
the first part of the proposition follows. For the second part, if the matrix T = A e
H>

belongs to My (F'), the complex number 65, Hu ! (T') is equal to the modulus of the automor-
phism intp of Ni, hence is equal to

B AL [ 3 ™ Al a2 = [E Al | Ha
In the same way, the complex number dp, (T') equals
[H [ | Al AR ™ [ Ha | 5* = [Hy 3 Al | Hal 7,

and 6p, (T) equals (|Hy|x|Alx)")(|Ha|k|Alx)™™) = [Hi| 52 Al ™™ [ Ha 77"
The wanted relation between modulus characters follows. O

A helpful corollary is the following.

Corollary 4.1. Let Py be the standard parabolic subgroup of My, n,)(K) associated with the
sub partition (n1 — k,k,k,na — k) of (n1,n2), Uy its unipotent radical, and Ny, the intersection
of the unipotent radical of the standard parabolic subgroup of G associated with the partition
(n1 —k,k,k,na — k) and uHu='. Then one has U, C NiN.

In_x X
Proof of Corollary[.1 It suffices to prove that matrices of the form I 7
k
Inz—k
I’ﬂ,l—k

1y,

and for Y and X with coefficients in K, belong to Ny N. This is immedi-

Iy, Y
I’IlQ*k
Inlfk XU Inlfk
I, I, ye
I and I

Insz Insz
O

ate multiplying on the left by respectively

Now if the representation A; X As is distinguished, denoting A; ® Ay by A, then at least one
of the factors ind_, , H((éllp/ *A)") admits on its space a nonzero H-invariant linear form. This
uwHu ™!

is equivalent to say that the representation ind%ly . (5113/ QA) admits on its space a nonzero
uwHul-invariant linear form. From Frobenius reciprocity law, the space

Homu gy (ind% (512 A),1)

11

My
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Y’?
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is isomorphic as a vector space, to

HompmuHufl (6113/2A, (SpmuHu—l) = HompmuHu—l (5113/2/6PﬂuHu*1A’ 1)

Hence there is on the space Va of A a linear nonzero form L, such that for every p in PNuHu ™!,

and for every v in Va, one has L(x(p)A(p)v) = L(v), where x(p) = %(p). As both 5113/2
and dpnyHy—1 are trivial on N, so is x. Now, fixing k such that v = uy, let 1 belong to Uy, from
Corollary 1] we can write n as a product ngng, with ng in Ng, and ng in N. As N is included
in Ker(A), one has L(A(n)(v)) = L(A(ngno)(v)) = L(A(ng)(v)) = L(x(ng)A(ng)v) = L(v).
Hence L is actually a nonzero linear form on the Jacquet module of VA associated with Uy. But
we also know that L(x(mk)A(myg)v) = L(v) for my in My (F), which reads according to Lemma
L(8p,. " (mi) A(my)v) = L(v).

This says that the linear form L is My (F)-distinguished on the normalized Jacquet module
rar,,m (A) (as My, is also the standard Levi subgroup of M).

But from Proposition 9.5 of [Z], there exist quasi-square-integrable representations Aj of G, —(K),
A7 and A} of Gi(K), and AJ of G,,—r(K), such that Ay = [A], AY] and As = [AL, Af], and
the normalized Jacquet module 77, ar(A) is isomorphic to A] @ A] @ AL, ® AY. This latter
representation being distinguished by M (F'), the representations A} and A} are distinguished
and we have ALY = A”?. Now we recall from Proposition 12 of [F2], that we also know that
either Ay and A, are Galois auto dual, or we have AY = AJ. In the first case, the representations
A; and A, are unitary because so is their central character, and if nonzero, A} and A} are also
unitary. This implies that either A; = A} and Ay = A} (i.e. A; and A, distinguished), or
Ay =AY and Ay = AY (i.e. A7 = AY). This ends the proof of Theorem [} O

We refer to Section 2 of [M3] for a survey about Asai L-functions of generic representations,

we will use the same notations here. We recall that if 7 is a generic representation of G, (K) for

some positive integer r, its Asai L-function is equal to the product Ligmad(ex)(ﬂ-)L?(O) (m), where

Lf{md(em)(ﬁ) is the Euler factor with simple poles, which are the s;’s in C/(an(Z;)Z) such that

7 is | |7 -distinguished, i.e. the exceptional poles of the Asai L-function L (7). We denote by
Lﬁ .. () the exceptional part of LE (), i.e. the Euler factor whose poles are the exceptional
poles of LE(w), occurring with order equal the order of their occurrence in LE (7). If 7 is
another generic representation of G.(K), we denote by L;qq(eq)(m X ') the Euler product with
simple poles, which are the exceptional poles of L(m x 7’) (see [C-P], 3.2. Definition). An easy
consequence of this definition is the equality L(m x 7') = Loy (7 X ©’) Lyqq(ea)(m X 7'). A pole sq
of L(m x 7') is exceptional if and only 7’V = | |327, though only the implication (s¢ exceptional =
7'V = | |32m) is proved in [C-P], the other implication follows from a straightforward adaptation
of Theorem 2.2 of [M2], using Theorem A of [Ber], instead of using Proposition 1.1 (which is
actually Ok’s theorem) of [M2].

We refer to Definition 3.10 of [M3] for the definition of general position, and recall from Definition-
Proposition of [M3], that if A; and Ay are two square integrable representations of G,,, (K) and
Ghn, (K), the representation Aj|.|7%} x Ag|.|32 is in general position outside a finite number of
hyperplanes of (mf in (u1,us).

We refer to Proposition 2.3 of [A-K-T] and the discussion preceding it for a summary about
Bernstein-Zelevinsky derivatives. We use the same notations, except that we use the notation
[pl I%t, ..., p] where they use the notation [p, ..., p| |%']-

According to Theorem 3.6 of [M3], we have:

Proposition 4.1. Let m be a positive integer, and 7 be a generic representation of G, (K) such
that its derivatives are completely reducible, the Euler factor L?(o) (m) (resp. LE(m)) is equal

to the l.c.m. \/kﬂ-L?ez(ﬁfk)) taken over k in {1,...,n} (resp. in {0,...,n}) and ng) in the

irreducible components of w(¥).

An immediate consequence is:

12



Corollary 4.2. Let m be a positive integer, and m be a generic representation of G, (K) such
that its derivatives are completely reducible, the Euler factor Lﬁf(o) (m) (resp. LE (7)) is equal to

the l.c.m. vk,iLﬁmd(ew)(wgk)) taken over k in {1,...,n} (resp. in {0,...,n}) and 7T§k) in the

irreducible components of w(¥).

Proof. Let s be a pole of LF e (i, (ko )) for ko in {1,...,n} and wgf) a irreducible component of

m(ko) . Either s is a pole of LK Tad(ez)(ﬂ.(k )) or it is a pole of Lﬁ(o) (ﬂ'z(f“)), which from Proposition
(k

T
component of 7(*) . Hence in the factorization L% 0)(m) = ViiLE o, (7™, the factor LE (T

), for k' > ko and 7" a irreducible
(ko))

0

T implies that it is a pole of some function L, ((m

can be replaced by L F ra d(em)( (k”)), and the conclusion follows from a repetition of this argument.

The case of L¥ (r) is similar. O
This corollary has a split version:

Proposition 4.2. Let m be a positive integer, and ™ and 7' be two generic representations of
G (K) such that their derivatives are completely reducible, the Euler factor Lﬁf(o)(ﬂ x ') (resp.

(k) '(k)) taken over k in {1,...,n} (resp.

1(k)

LE (7 x 7")) are equal to the L.c.m. V iajL?rad(em)(ﬂ- X T

in {0,...,n}), 7r( ) in the irreducible components of ©'*) | and '
of w)

in the irreducible components

Proof. Tt follows the analysis preceding Proposition 3.3 of [C-P], that one has the equality L) (7 x

) = Vi ]LK( gk) X ﬂ’§k)), and the expected statement is a consequence of the argument used
in the proof of Corollary
O

If 7 is a representation of G, (K) for some positive integer m, admitting a central character,
we denote by R(II) the finite subgroup of elements s in C/(2iw/Ln(qx)Z) such that x| |3 is
isomorphic to 7.

A consequence of Corollary and Theorem [£1] is the following proposition:

Proposition 4.3. Let A be a square-integrable representation of G, (K), and t be a complex
number of real part near n, then the Euler factor LX (I, s) equals LE (A%, s + 2t)LE(AY, s —
2t)L(A7 x AY.s), and the Euler factor Lﬁ(o)(ﬂt,s) equals [, cpa)(l — a5 NLE(A7,s +
2)LE(AV,s — 2t)L(A° x A s).

Proof. We first show that for ¢ near n, the representation Il; is in general position. According to
Definition 4.13 of [M3], since for such a ¢, II; is irreducible, the representation will be in general
position if for each k between 1 and 2n, the central characters of the irreducible sub quotients
of H,Ek) have different central characters, and if for each ¢ and j between 1 and 2n, the function
L((A%] [5)@ x (A7V] |z, s) has a pole in common, neither with L& ((A?] [%)®, s), nor with
LE((A] |19, 5). According to Corollary 4.4 and Remark 4.5 of [M3], the latter condition is
equivalent to the fact that the function L(A7] |t x A%Y| |, s) has a pole in common, neither
with LE(A7] |t s), nor with LE(A7V| |, s), and by invariance of the L-functions under o, we
can remove it in the preceding expressions.

We start by proving the assumption on the central characters. Writing the discrete series rep-
resentation A under the form St;(p) = [p] |(l vz . |(I;_l)/2] for a positive integer [ and
a unitary supercuspidal representation p of G, (K ), with {m = n, from Proposition 9.6 of [Z],

the derivative H,Ek) is zero unless k is of the form mk’ for k' between 1 and [, in which case its
irreducible components are the

1-1)/2 o ((1=1)/2+i 1—1)/2 1-1)/24+k" —i
| 5lo?| 15072, o] G072 (D2 Y] AR

< K11 i
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for 7 between 0 and k’. The exponent of the central character of this representation is equal to
m[Re(t)(k' —2i) + (I —i)i/2+ (I+i— k') (K —1)/2].

One the checks that for i’ # i, the two exponents are different for Re(t) near n.

Concerning the condition on the L functions, it follows from the proof of Proposition 4.16 in
[M3], that if L(A| [% x AY| |, s) has a pole in common with LE(A| |4, s), then one would
have p? = p |‘I’<+2t for a an integer between —n and n, which is impossible because p has a
unitary central character and ¢ is near n. We obtain a similar contradiction if we assume that
L(A] |5 x AY| |, s) has a pole in common with L& (A7Y| [t s).

Hence for ¢ near n, the representation II; is in general position.

Now from Corollary [£.2] we know that given the hypothesis of the proposition, the function
L (I, s) is equal to the Le.am. Vi, g, /iy 4521 L5 (e (A7 L) F) > (AV] | E=)). Writ-

ing the discrete series representation A under the form St;(p) = [p |gl{1)/2, ] | = /2] for

a positive integer [ and a unitary supercuspidal representation p of G, (K), w1th Im = n, the
representation (A%| [5)*1) (resp. (AV] |")*2))) is equal to zero unless there exists an integer
ki with ki = mkj (resp. ky with kg = mkj), in which case it is equal to St;_p/ (p7)| | k24t (
kb /2—t
Stii, (0] [ 7").
Suppose that the representations (A%| [%)*1) and (AY| |")*2)) are not zero (hence k; = mk!
for a integer k), a complex number sy is a pole of LFmd(em)((Aﬂ [E)F) x (AV] |5 k=) if
and only if the representation St;_; (p7)| |k /2 St (p¥)] |k 2/27 g | |¢*°-distinguished, i.e.
St_w; (p7)] |y;;+s°)/2+t x Sti_py (pV)] |§I(€ 2ts0)/271 g distinguished. But from Theorem ] this
implies that k¥ and k) are equal to an integer k', (i.e. k1 = ko = k), and that the image of
so + k' in C/(2im/Ln(qk)Z) belongs to the group R(St;—i(p)) = R(p) (in particular, we have
Re(so+ k') = 0).
Conversely if this is the case, the representation St;_/ (p7)] |(k )2 St (p)] |§’; +e0)/2-
which is equal to St;_j (p7)] |(1? TR0/ St (p¥)] |( W =s0)/2= !, is distinguished from Theo-
rem B as Re((k' + s9)/2 +t) = Re(t) > n/2 > (n — k)/2 for Re(t) near n.

resp.

Hence nontrivial Euler factors LE md(ez)((Aﬂ L)) x (AY] |z *2)) belong to one of the
three following classes:

Lo LY ey (A7 % Y1) for ky = n and k; > 0. In this case, if LT radcen) (A7) I )(*1)) is not

k2t
| /2ty

1, it is equal to LE ru,d(em)(Stl*k/ (p7) for ki = mkj, and a pole sy of this function

is such that Stl—k’l( ) | I§°+k1)/ SR distinguished, hence considering central characters,
we have Re(so) = —k| — 2Re(t) < —n.

2. LK

Fmd(ez)((AV| | ) ®2)) for ky = n and ko > 0. In this case, if L?md(ez)((Aﬂ |t )*2)) is not

||k/2t

1, it is equal to LF rad em)(Stl kb ( for ko = mkl, and a pole sy of this function

is such that St;_ (p7)] |(I§°+k /270 g distinguished, hence considering central characters,
we have Re(so) = —ky + 2Re(t) > 0.

3. L?md(em)((Aﬂ [t )F3) x (A7) |1 *8)) for ky = ko = k3 > 1. In this case, if the Euler factor
is not 1, we know that we have Re(sg) = —k4 for k4 in {0,...,n/m} verifying ks = mkj,
or more precisely that the image of so + k% in C/(2im/Ln(qx)Z) belongs to the group
R(Sti_x;,(p)) = R(St;_x;(p7)). This is equivalent to the relation [A"V(kS)]V = | |3¢(A7)Fs)
which is itself equivalent to the fact that sg is a pole of Lmd(em)(A"(ks) X A“V(ks)) (see Th.
1.14 of [M3]), hence we have L (A7) [f) ") x (A7) [ #2)) = Lpageay (A7) x
Aav(ki’»)).
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In particular, two non trivial factors that don’t belong to the same class have no pole in
common. We deduce that the Euler factor L% (0)(Ht, s) is equal to

o — o (ks ov(k
Vi L ey (A7 ] 15 "V, X iy (A TR D) Vi Lraen) (A7 82 x A7V F))]

for k1 > 0, ko > 0 and k3 > 1. The two first factors are respectively equal to LK (A7] |%) and
LE(AY] |%") according to Corollary 22} and the third factor is equal from Proposition to
Ly(A7 x A7Y), which is itself equal to L(A” x A7)/ Lyqq(es) (A7 x A%Y). We then notice that
S0 is an exceptional pole of L(A? x AY) if and only if its image in C/(2iw/Ln(qx)Z) belongs
to R(A), which implies the equality L,qq(es)(A7 x A7) =1/ HsieR(A)(l — ¢*~*). Hence we
deduce the equalities

L?‘,(O)(Htv S) = Lg(AU| |§(7 S)L%‘((A\q |;{ta S)[L(AU X Ao'v, s)/LTad(ez)(Aa X Aavv S)]
=Lsien) X — g DLEA] |5, s)LE(AY] [, ) L(AT x A7Y,s)

The second statement of the proposition follows, as tensoring by | |* the representation, is equiv-
alent to make a translation by 2u of the Asai L function.

As the function LE (T, s) is equal to the product Lf{md(em)(ﬂt, s)Lf{(O)(Ht,s). It remains to
show that the function Lﬁmd(m)(ﬂt, s) is equal to the factor J[, cpa)1/(1 — qx~"). But we
already know that it is equal to the product of the 1/(1 — ¢®~*)’s, for s;’s such that II, is | |z%-
distinguished. As TI; is | | 5% -distinguished if and only if IT,| [5/% = A7 |55/ AV| | F5/2 s
distinguished, Theorem @ limplies that if I1; is | | o*'-distinguished, either we have A7| |t;si/ % and
AVY] |;(t+5i/2 distinguished (hence Galois-auto-dual), or we have (A7] |tgs"/2)” = (AV] |;(t+si/2)v.
The first case cannot occur because quasi-square-integrable distinguished representations must
be unitary (because distinguished representations have unitary central character), and this would
imply Re(t + s;/2) = Re(t — s;/2) = 0, which would in turn imply Re(t) = 0. The second case
clearly implies that s; belongs to R(A). Conversely, if s; belongs to R(A), its real part is zero,
and it is immediate that the representation IT| ;}'/ ? verifies the hypothesis of Theorem 3.1l This
concludes the proof of the first statement.

O

Definition-Proposition 4.1. We denote by Py (Il,t,5) the element of C[q?t,q?ﬁs] defined by

[, er@a)(1—a%77)
LE(A7,s+2t)LE(AY,s—2t) L(A7 xAV,s) "

element of C[qft], having simple roots. For any complex number to, the erpression P (1L, to, s)

the expression The expression Py(Il,t,1) defines a nonzero

defines a nonzero element of (C[qft], having an at most simple root at s = 1.
Proof. As the s;’s have real part equal to zero, and as the function L(A x AV s) admits no

s;—1
pole for Re(s) > 0 (see [J-P-S], 8.2 (6)), the constant ¢ = % is nonzero. Hence the
zeros of Py (11, ¢, 1) are the poles of L (A%, 1+2t) L (AY,1—2t). From Proposition 3.1 of [M3],
the function L (A, 1+ 2¢t) has simple poles which occur in the domain Re(1 + 2t) < 0 whereas
the function LE(AV,1 — 2t) has simple poles which occur in the domain Re(1 — 2t) < 0, hence
those two functions have no common pole, and there product have simple poles. The second part
is a consequence of the fact that the function LE (A7, s + 2ty) has simple poles, and if it has a
pole at 1, then Re(1 + 2to) < 0, whereas LE(AVY, s — 2t;) also has simple poles, and if it has a
pole at 1, then Re(1l — 2ty) < 0, so that both cannot have a pole at 1 at the same time. O

Lemma 4.3. For every f in Fu, the expression Po)(ILt,s)I0)(Wy,,s) defines an element of
Clgt!, ¢%). This implies that for fized f in Fu, the function Ioy(Wy,,1) is well defined and
belongs to C(qt.), and for to in C, the function Lioy(Wy,, » 8) is well defined and belongs to C(qp").
Moreover the function 1oy (Wy,,1) has a pole at to in C, if and only if the function Ig)(Wy, ,s)
in C(qz®) has a pole at 1, in which case the couple (to,1) lies in a polar locus of the function
Poy(IL,t,5). In this case the functions Py (I1,t,1)10)(Wy,, 1) and P)(IL, to, s)L0)(Wy,, , ) have
the same limit when t tends to ty and s tends to 1, which is nonzero.
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Proof. Let f be in Fip, the function Pg)(IL, ¢, 5)I(o)(Wy,, s) belongs to C(qz', qr*), hence it is the
quotient of two polynomials P(qz", ¢z%)/Q(qz", ¢z%). If Q is not constant, we write Q(gz", ¢z°)
under the form )., ai(qp")qp", with T a finite subset of Z, and the a;’s in C[X] — {0}. There
are two real numbers a < o such that [a, /] is a subset of a neighbourhood of n containing
no real part of a zero of the function t + a;,(¢z"), for ig the minimum of 7. As the functions
ai(gz") are bounded for Re(t) € [a, /], there is a real number 7, such that for Re(t) € [a, o],
and Re(s) > r, the function P)(IL,t, s)I(0)(Wy,, s) is given by an absolutely convergent Laurent
development >, ., ¢k (t)qz"* with ¢, in C[gE"]. Moreover if we choose [, /] so that I, satisfies
the hypothesis of Proposition for Re(t) in [, /], then for fixed t with Re(t) in [, /], the
function Py (I1, ¢, 5) I 0y (Wy,,s) = L0y (Wy,,s)/L)(Ilt, s) actually belongs to ClgE*). Suppose
there were an infinite number of nonzero ¢;’s, then for ¢ of real part in [a, '], and outside the
countable number of zeros of the c,’s, and Re(s) large, the Laurent development >, _, (t)gp"
would not be finite, a contradiction. Hence for f in F, the function P)(IL,t,5)I(0)(Wy,,s)
defines an element of C[gs’, ¢°].

Now the function I(g)(W7,, 1) defines an element of (C(q;t) whose poles form a subset of the poles
of 1/Py(IL,t,1), and for o in C, the function I(g)(Wy, ,s) defines an element of C(qz") whose
poles form a subset of the poles of 1/ P (11, to, s).

For the final statement, if ¢y is a pole of I(g)(Wy,,1), then it must be a zero of the function
Py (I1, 2, 1), which is simple according to Definition-Proposition &1} as Py (II,, 1)) (Wy,,1) is
polynomial, the pole ¢ = ¢ is also simple. Hence the function Py (1L, ¢, 1)I(o)(Wy,, 1) has nonzero
limit when t tends to to. As the function Py)(IL,t,s)I0)(Wy,,s) belongs to C[qft,q?ﬁs], the
function P (1L, 2o, )L (0) (W, , ) tends to the same limit when s tends to 1. Conversely if 1 is a
pole of I(g)(Wy, ,s), then it must be a zero of the function Pg)(IL, to, s), which is simple according
to Definition-Proposition BTl as P (11, to, s)I(0)(WF,, ,s) is polynomial, the pole s = 1 is also
simple. Hence the function Po)(IL, to, s)I(0)(Wy,, ,s) has nonzero limit when s tends to 1. As the
function Py (I1,t, )10y (Wy,, s) belongs to (C[quﬁt, q%s], the function Po)(IL, #,1)10)(Wy,, 1) tends
to the same limit when ¢ tends to ¢g. O

Finally we can prove the main result.

Theorem 4.2. Let A’ be a quasi-square-integrable representation of G, (K), then the represen-
tation A7 x A" of Gon(K) is distinguished.

Proof. Write A’ = A|.|%, for A a square-integrable representation, and w a complex number.
Denoting by II; the representation A°|.|% x AV|.|%", we know from Proposition Bl that TI; is
distinguished for Re(t) near n. Hence for Re(t) near n, we know from Proposition 4] that the
linear form Wy, — iilql(o)(Wft ,8)/ L(0y(Ilt, 5) is nonzero and Gy, (F)-invariant.

Suppose that ¢ is in a neighbourhood of n such that II; is in general position (the see proof
of Proposition {3), then the function 1/Lg)(Il;, s) is equal to Py (II,¢,s). But the function
Py (11,2, 1), which is a nonzero polynomial in q;t, has no zeros for Re(t) in some open subset
in a neighbourhood of n. From this we deduce that for Re(t) in this open subset, according to
Lemma B3] the functions s +— Iy (Wy,,s) and t' — Ig)(Wy,,1) have respectively no pole at
s =1 and ¢ =t, and we have éilr%l(o)(Wft,s) = tl,iTtI(O)(wal)' Hence for Re(t) in this open
subset, if i belongs to G2, (F') the two functions I(g)(Wy,,1) and I(g)(p:(h)Wy,,1) coincide, but
as they are rational functions in q;t, they are equal. Hence for f in the space of Iy, and h in
Gan(F), the functions Iy (Wy,, 1) and I(g)(pt(h)Wy,, 1) are equal.

Suppose that for every f in the space of Ily, the function I(gy(p:(h)Wy,, 1) has no pole at t = u,
then according to Proposition 3] for every f in the space of Ily, the function I(g(pu(h)W7,, s)
has no pole at s = 1, and if h is in Ga,(F), one has iijr%l(o) (pu(R)Wy,,s) = gilril(o) (pe(h)Wy,, 1) =
gL”ZI(O)(wa 1) = iml(o) (Wi, s). Hence we have a Ga,, (F')-invariant linear form f,, — iml(o) (Ws.s8)
on the space of II,. Moreover, as Wy, describes the space W (m,,) when f, describes the

space of IL,, and as the restrictions to P, (K) of functions of W(m,, ) form a vector space
with subspace C°(N,, (K)\P,(K), ), if we choose W, with restriction to P, (K') positive and in
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C (N (K)\P,(K), ), then we have I(g)(Wy,, 1) = an(F)\Pn(F) Wy, (p)dp > 0, and the Gy, (F)-
invariant linear form defined above is nonzero, hence II, = A’ x A’V is distinguished.

Now if for some f in in the space of Ily, the function I(g)(p¢(h)Wy, ,s) has a pole at s = 1, it is
a consequence of Lemma (3] that we have iilr%P(O) (IT, u, )10y (Wy, , s) is nonzero, and from the

same Lemma, we know that for every f in in the space of Iy, and h in G2, (F), we have
ii_?:rlbp(o) (H, U, S)I(O) (pu(h)qu , S) = QLTZP(O) (H, t, 1)[(0) (pt(h)Wf“ 1)
= limPo)(IL ¢, 1)1(0)(Wy,, 1) = lim Py (11, u, 5) L () (W, , 5)-

Hence in this case too, the representation II, = A’® x A’V is distinguished. O

5 Appendix

In this appendix, we prove a result that seems to be well-known (e.g. it is used in the proof of the
lemma of Section 4. in [F2]). However we couldn’t find a proof in literature. To do this we will
give in Proposition and Theorem [5.] a very precise description of the restriction of Whittaker
functions on G,_1(K) to the standard maximal torus of G,,_1(K), refining Proposition 2.2 of
[J-P-S] and Proposition 2.6 of [C-P]. As for the proposition, these facts seem to be well-known,
but there seems to be a lack of references.

Proposition 5.1. Let w be a smooth submodule of finite length of C°(Ny,(K)\P,(K),v) such
that all of the central exponents of its shifted derivatives (see [Ber], 7.2.) are positive, then for
any W in w the following integral converges:

/ W) .
N (K)\ Py (k)

Before proving this, we give a precise description of the behaviour near zero of the functions
e W <th

of [C-P|, where the case of W with g — |g|(I?_j_1)/2W (g

I ) , fort € K*, j between 1 and n, and W in 7. This generalizes Proposition 2.6
n—j

) projecting into an irreducible
n—j

submodule of 7r("—7) (or equivalently where the case of completely reducible derivatives) is treated.

Let ®~ be the functor which to a P, (K)-smooth module (7, V'), associates the P,_1(K)-

smooth module
v

V(Un(K), %)’
where U, (K) is the unipotent radical of P,y 1(K), and V(U,(K),1) is the vector subspace
spanned by the vectors m(u)v — ¢(u)v for v in V and w in U, (K). The action of P,_1(K) on

&~ (V) is its natural action twisted by the character | |1_(1/2' For V. C C°(Nn(K)\Pp(K),v),
one sees that V (U, (K),v) is the kernel of the restriction map from C°(N, (K)\P,(K),) to
Cgo (Nn—l(K)\Pn—l(K)a 1/’)

Applying this repeatedly, one sees (see [C-P] Proposition 2.2), one sees that a model of 7, _;_1) =
(®~)"=7=1(r), for 7 a submodule of C>°(N,,(K)\P,(K), 1), is the space of functions of the form

—(n—j—1)/2
g1 |g| =3 W(g . )
n—j
with g in G;(K), and W in &, with P; 41 (K) acting by right translation (the twist by |g|;((n*j71)/2
appears because of the presence of the twist by |det( )|1_(1/ % in the definition of ®~, and g is in

G;(K) because the quotient space N,y1(K)\Pj41(K) identifies with N; (K)\G;(K)).
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Now we introduce the functor ¥~ which to a P,(K)-smooth module (m, V), associates the
Gy —1(K)-smooth module
v

V(Un(K), 1)’

where V (U, (K), 1) is the vector subspace spanned by the vectors w(u)v — v for v in V' and w in
Un(K).

Then one shows ([C-P] Proposition 2.3) that when V" is the space of 7(,,_;_1) with 7 a submodule
of CX (N, (K)\P,(K),), then V(U,(K),1) is the subspace of functions

g gz 2y (g , )
n—j

which vanish when the last row of g is in a nieghbourhood of zero (depending on W).

By definition, the G;(K)-module 7("~9) = U~ (m(,_;_1)) = ¥~ ()" ~1(x) is the (n — j)-th
derivative of 7, and the shifted derivative 7"~ is equal to | |}/*7("=9). It is known ([BZ] section
3), that the functor ®~ and ¥~ are exact and take representations of finite length to representa-
tions of finite length.

Hence when 7 satisfies the conditions of proposition 1] the G (K )-module 7("~7) has finite
length. We are going to analyze the smooth representation of the center K* of G;(K) on the
space E of 7 = ("1 As F is a G;(K)-module E of finite length, it has a filtration 0 = Fy C
E,C---CFE._1 CE =FwithV;, = E;/E;_, irreducible G,;(K)-modules, on which K* act
by the central character ¢; of the representation of G;(K). We first show that we can reduce to
finite dimension.

Lemma 5.1. Any vector v of E lies in a finite dimensional K*-submodule.

Proof. One proves this by induction on the smallest i such that F; contains v. If this ¢ is 1, the
group K* only multiplies v by a scalar, and we are done.

Suppose that the result is known for F;, we take v in E;;; but not in F;, then for every ¢ in
K*, the vector 7(t)v — ¢;(t)v belongs to E;. By smoothness, the set {T(u)v |t € Uk} is actually
equal to {7(u)v |t € P} for P a finite set of Ux. The vector space generated by this set is
stabilized by Uk, and has a finite basis vy, ..., vy,. Now the vector 7(mg )v; — ¢;(7x )v; belongs
to F;, hence to a finite dimensional K*-submodule V; of E;. Finally the finite dimensional
Vect(vi,...,vm)+ Vi +---+V,, is stable under mx and Uk, hence K*, and contains v. O

Each vector of E will thus belong to a subspace satisfying the statement of the following;:

Proposition 5.2. If E’ is a non zero finite dimensional K*-submodule of E, then E' has a basis
B in which the action of K* is given by a matriz block diagonal matriz Matg(7(t)) with each
block of the form:

c(t) c®)Pr2(vk(t) ct)Pris(ok(t) ...  c(t)Prig(v(t))
C(t) C(t)P2,3(’UK (t)) e C(t)PQ,q(UK (t))

for c one of the ¢;’s, q a positive integer depending on the block, and the P; ;’s being polynomials
with no constant term of degree at most j —i.

Proof. First we decompose E’ as a direct sum under the action of the compact abelian group Uk .
Because E’ has a filtration by the spaces E’ N E;, and that K* acts on each sub factor as one of
the ¢;’s, the group Uk acts on each weight space as the restriction of one of the ¢;’s. Now each
weight space is stable under K* by commutativity, and so we can restrict ourselves to the case
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where F’ is a weight-space of U.

Again E' has a filtration, such that K* acts on each sub factor as one of the ¢;’s (with all these
characters having the same restriction to Ug), let’s say c¢;,,...,¢;,, in particular, we deduce
that the endomorphism 7(7k ) has a triangular matrix in a basis adapted to this filtration, with
eigenvalues ¢;, (7k), ..., ¢, (7K). As 7(7k) is trigonalisable, the space E’ is the direct sum its
characteristic subspaces, and again these characteristic subspaces are stable under K*.

So finally one can assume that F’ is a characteristic subspace for some eigenvalue ¢(7) of 7(7k),
on which Uk acts as the character ¢, where ¢ is one of the ¢;’s.

Hence there is a basis B of B’ such that

1 Ai(t) Ais(t) ... Aig(t)
1 Ass(t) ... Agq(t)
Matg(c  (t)7(t)) = .
1 Aq—l,q(t)
1

for any ¢ in K*, where the A; ;’s are smooth functions on K*. So we only have to prove that the
A; ;’s are polynomials of the valuation of K with no constant term.
We do this by induction on gq.
It is obvious when ¢ = 1. Suppose the statement holds for ¢ — 1, and suppose that E’ is of dimen-
sion g, with basis B = (v1,...,v,). Considering the two ¢~ !7(K*)-modules Vect(vi,...,v4-1)
and Vect(vq,...,vq)/Vect(vy) of dimension ¢ — 1, we deduce that for every couple (4, j) different
from (1,¢), there is a polynomial with no constant term P; ; of degree at most j — ¢, such that
A;j = P;jovk. Now because ¢ !7 is a representation of K*, and because the P; j o vx’s vanish
on Uk for (i,5) # (1,q), we deduce that A, 4 is a smooth morphism from (Uk, x) to (C,+),
which must be zero because (C,+) has no nontrivial compact subgroups. From this we deduce
that A; , is invariant under translation by elements of Uy (i.e. A1 (75-u) = Ay 4(7% ) for every
Denote by M (k) the matrix Matp(c~r(n%)) for k in Z. One has M (k) = M(1)M(k — 1)
for k > 1, which in implies A; ,(7%) = Z‘JZ;; P j(1)Pjq (k—1) + Al,q(ﬂlf(_l) + Ay 4(mK) =
Q(k) + Ay o(mh1) + Ay 4(7k) for Q a polynomial of degree at most ¢ — 2. This in turn implies
that Ay 4(7h.) = ;:11 Q) + kA, (k) = R(k) for R a polynomial of degree at most ¢ — 1,
according to the theory of Bernoulli polynomials, for any & > 0. The same reasoning for k£ < 0,
implies Ay 4(7%) = R'(k) for R’ a polynomial of degree at most ¢ — 1, for any k < 0. We need to
show that R = R’ to conclude.
We know that M (k) is a matrix whose coefficients are polynomials in k for k > 0 of degree less
that ¢ — 1, we denote it P(k). The matrix M (k) has the same property for k¥ < 0, we denote it
P'(k). Moreover for any k > 0 and k' < 0, with &+ &’ > 0, one has P(k + k') = P(k)P'(K').
Fix k > ¢ — 1, then the matrices P(k + k') and P(k)P’'(k’) are equal for k" in [1 — ¢, 0], as their
coefficients are polynomials in k' with degree at most ¢ — 1, the equality P(k + z’) = P(k)P'(2')
holds for any complex number z’. Now fix such a complex number z’, the equality P(k + 2’)
and P(k)P’(z') holds for any integer k > ¢ — 1, and as both matrices have coefficients which are
polynomials in k, this equality actually holds for any complex number z, so that P(z 4 2’) equals
P(2)P'(%') for any complex numbers z and 2’.
As P(0) = I,, we deduce that P and P’ are equal on C, and this implies that R is equal to R'.
([l

This proposition has the following consequence:

Proposition 5.3. Let m be a smooth submodule of finite length of C° (N, (K)\P,(K),v), and
let the c1,. .., ¢, be the central characters of the irreducible sub factors of T = ©("=7). Then for
any function W in the space of w, there exist a function ¢ in C°(K) null at zero, functions ¢x
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in C°(K), complex polynomials Qg for k between 1 and r, and | between 1 and an integer ng,

such that one has W (tlj 7 ) = |t|i§nij)/2 > ey (D ra(0)Qri(vk (1)) + ¢(t)]-
n—j

Proof. We first remind that the function W : ¢ — |g|;(("7j71)/2W (g I ) belongs to the
n—j

space of m(,_;_1). We denote by v its image in the space E of 7("=3) | From Proposition [5.2], the
vector v belongs to a finite dimensional K*-submodule E’ of E, on which K* acts by a matrix
of the form determined in Proposition We fix a basis B = (eq,...,¢eq4) of E', and denote by
M (a) the matrix Mz(7(a)) (with 7(a) = 7("=9)(al;)), hence we have T(a)e; = > %_, M(a)y ey
for each [ between 1 and q.

Ey
Taking preimages Eq,... ,Eq of er,...,eq in m,_;_1), we denote by E the function vector

E

q
As the function |a|;<j/27r(n_j_1) (al;)E; — Y21 _, M(a)i, Ey belongs to the kernel of the projection
from 7(,,—;_1) to 7("=9) (the torsion by | |I_(j/2 comes from the fact that the projection from the
space of 7(,_;_1) to 7("=7) is an intertwining operator of G, (K)-modules, if you take the twisted
action |g|;(1/27r(n_j_1) on the space of m(,,_;_1)), there is a neighbourhood of zero in K7, such
that this function vanishes on elements of G;(X) with last row in this neighbourhood.

In particular, there exists N, such that the vector function |a|;(j/27r(n,j,1) (a)E—*M (a)E vanishes
on P;(V“Ij.

This implies as in proof of Proposition 2.6. of [C-P], the following claim:

Claim. There is actually an N, such that for every t in P, and every a in Ry — {0}, the vector
E(tal;) is equal to tM(a).|a|jK/2E~(th).

Proof of the claim. Indeed, if U is an open compact subgroup of Uk, such that E and the homo-
morphism a € K* — M(a) € G4(C) are U invariant, and denoting by u1, ..., us the representa-
tives of U/Ug, we choose N to be max(Ny,, ..., Nu,, N ). Then for t in PY, and a = wlu;u in

Ry (with u in U), we have E(tal;) = E(trlu;I;) = M (u;). |uz|]/2 E(tr}I;) because tm}; belongs
to PR C PR C PIZ(V“"'. But if 7 > 1, again one has E(tr} I;) = tM(7T}().|7TK|jIg2E~'(t7T;(_1Ij)
because tﬂ;(_l belongs to PIJ(\H'T_1 c Py c PIJ(V"K, and repeating this step r — 1 times, we deduce
the equality

Etal;) = "M (u)'M (mic) [wsli2 i1 B(e) = M (uire) i [ B(t) = 'M (@) ali* B().

O

Denoting by to the scalar 7%, the previous claim implies that the vector E’( t) is equal to

tM(t)|t|%2[tM(t0 |t0| B E(tol;)] for t in P¥. Let’s then choose complex numbers 1,...,,,
€1

satisfying v = (z1,...,24) | ... |, then thereis an integer N’ such that we have W = (z1,...,24)E
€q

on PI](V/IJ», and this in turns implies that if we put M = max(N, N’), we have
W(tL) = (21,. .., 2 MOt Vo

for any ¢ in PM, and Vi = M (to) |to| @/ E(toI;).

We recall that it is a classical fact that because W is fixed by an open subgroup of U;(K)
(7(n—j—1) being smooth) and transforms by ¢ under left translation by elements of N;(kK), that
the function W(t[ ;) vanishes when ¢ is of large absolute value, the preceding equality implies
that there is a function ¢ in C°(K) vanishing in a neighbourhood of zero, such that W (tI;) is
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equal to (x1, ... ,xq)tM(t)|t|JK/2V0 + |t|JK/2gz5(t) (as ¢ — | |JK/2¢ is a bijection of the set of functions
in C°(K) null at zero).

Finally, because the coefficients of *M (t) are of the form a polynomial in v multiplied by a central
character ¢;, we deduce that there exist functions ¢ ; in C°(K'), complex polynomials Qy,; for

k between 1 and r, and [ between 1 and an integer ny, such that one has W (”j I > =
n—j

2 IS (I dra(8) Qi (v (8))] + b(1)].

A refinement of the proof of this proposition gives the following:

Theorem 5.1. Let m be a smooth submodule of finite length of C2°(Ny(K)\Pn(K),v), and for
J between 1 and n — 1, let the c1n—j,...,Cr; n—j be the central characters of the irreducible sub

factors of T = 7™=3) . Then for any function W in the space of m, the function

t1...th—1
ta...th—1

tn—Qtn—l
tnfl

is a linear combination of functions of form
n—1
LT o= 2o (27 6525
j=1

for ij between 1 and r;, positive integers m;, and functions ¢; in C(K).

Proof. The proof is by induction on n.

Let W belong to the space of m, so that its restriction to P,(K’) belongs to the space of (g,
following the beginning of the proof of the preceding proposition, we denote by v its image in
the space E of 7). Again the vector v belongs to a finite dimensional K*-submodule E’ of
E, on which K* acts by a matrix of the form determined in Proposition We fix a basis
B = (e1,...,eq) of E', and denote by M(a) the matrix Mp(7(a)) (with 7(a) = 7™M (al,_1)),
hence we have 7(a)e; = > 7_, M(a)k ey for each [ between 1 and g.

Ey
Taking preimages Ei, ..., Eq of e1,...,e4 in 7y, we denote by F the function vector
E,
There is a neighbourhood of zero in K™~1, such that the function |a|;((n71)/27r(0) (a)Ey—S"0_, M(a) Ex
vanishes on elements of G,,—1(K) with last row in this neighbourhood. In particular, there exists
N, such that for every (t1,...,t,—2) in (K*)"~2, the vector function

lal "V Py (@l ) E(ty - tn1) = M(a)E(t, ... tn1)
vanishes when ¢,,_1 belongs to PIZ(V“I]- (here by E(tl, .oy tp—1), we mean

t1...th—1
to...tp—1

eyl

tn72tn71
tnfl
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hence (g (aIn_l)E(tl, coytno1) = E(tl, ey tp_1a)).

As in the proof of Proposition B3, we deduce that there is an integer Ni, and an element
to of K*, such that for every (t1,...,t,_2) in (K*)"~2  the vector E(t1,...,t,_1) is equal to
M ()l 2 (1 Dol B .t ) for any fy in P,

If the image v of W in 7 s equal to z1e1 + - - - 4+ x4€q, there is also an integer N, such that for
every (t1,...,tn—2) in (K*)"72, the function W(t1,...,tn—1) — (z1,...,2¢)E(t1,.. ., th_1) van-
ishes when t,_; belongs to PI](VZ. Hence taking N = (max(Ny, Ny), for any t,_; in PY, and any
(t1,.. . tn—2) in (K*)"~2 the function W (ty,...,t,—1) is equal to

(21, -y ) M (b))t |2 M (15 Do) VP E (- - b, to).

But the functions | |;(k/27r(0) (toI,—1)E; belong to the smooth submodule of finite length &~ ()
of C°(Np—1(K)\Pn_1(K), ), so by induction hypothesis, the functions E(ty, ..., t,_o,to) are

sums of functions of the form HJ L ciy i () [t I 2y (£)m ¢’ (t;) for i; between 1 and rj,
positive integers m;, and functions qﬁ in C°(K). This in turn 1mphes that the function

Sty tnet) = (@1, ) Mttt |2 M (85 ) o 2P E (1, - - tas to)
(t;)

is also a sum of functions of the form [}~ clm( D179 2 (8)™5 ¢ (t5) for i; between 1
and 7;, positive integers m;, and functions ¢; in C°(K).

Reminding that there is an integer N, such that for any (¢1,...,t,_2) in (K*)"~2 and any t,_1
of absolute value greater than q%l, both W(tq,...,tn—1) and S(t1,...,t,—1) are zero, we deduce
that the difference of the two functions is a smooth function @(t1,...,t,—1) on (K*)"~! which
vanishes when ¢,,_1 has absolute value outside [q;(N , q%/]. Moreover there is a compact subgroup
U of Uk independent of (¢1,...,t,—1) such that both functions (hence ¢) are invariant when ¢,,_;

is multiplied by an element of U. Denoting by (ta)a ¢ 4 a finite set of representatives of

{tlax"™ < [telx < ax }/U,

this implies that ¢(t1,...,t,1) is equal to >, o 4 ¢(t1,. ., tn—2,ta)1s,u(tn—1), which we can
always write as 3 ¢ 4 O(t1, ..., ta—2,ta)|tn-1| "7V 20 (th-1) with ¢ = | P P
C°(K) and null at zero.

Finally as each function ¢(ty,...,t,—2,tq) is equal to W(tl, coiyta) = S(t1,. .., ta), by induction
hypothesis again, it is a sum of functlons of the form [T/ ,1 i, GNP 2 ()™ ¢ (t;) for
1; between 1 and r;, positive integers m;, and functlons (b” in C®(K), and the statement of our
proposition follows. [l

We are now able to prove Proposition 511

Indeed, let W belong to the space of 7 as in the statement of Proposition [5.1], first we notice

the equality
/ WP = [ Wig)ldy
Ny (K)\ Pr(K) Np—1(K)\Grn-1(K)

Now the Iwasawa decomposition reduces the convergence of this integral to that of

/ (K)|W(a)|2ABn71(K)(a)d*a.

to...th_1
Using coordinates (t1,...,th—1) = of Ap—1(
tn72tn71
tn—l

the function Ap, _, (k)(t1, ..., ta—1) is equal to [/ Lt |—J(n i-1)

22

K))



According to Proposition Bl the function |W (t1,...,t,_1)|? is majorized by a sum of functions
of the form

n—1
T lex, al@nlen, sl ED IS ore (8™ 65 ()
Jj=1

for ¢k, ; and ¢y, ; central characters of irreducible sub factors of 7("=3)m; non negative integers,
and ¢; non negative functions in C°(K).
Hence our integral will converge if so do the integrals

n—1
A TT Iek,.51 (83Dl 1)1 Ficorc (1) 5 t5) "t . ¥t

n—1(K) j=1

ie. if so does the integral [, |ckj,j|(tj)|clj,j|(tj)|tj|§(vK(tj)mf ¢ (t;)d*t; for any j between 1 and
n—1.

But our assertion on the central exponents of the shifted derivatives, insures that we have
ek, j1(t;) = |til% and |ey, ;[(t;) = |t;]%, with ry and 72 both strictly greater than —j/2, and

tj |§(_(T1+T2)UK (t;)™ ¢;(t;)d*t; converges.

it is than classical that the integral |, P
This proves Proposition [5.1]
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