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Thermophoresis at a charged surface: the role of hydrodynamic slip

Julien Morthomas and Alois Wiirger
CPMOH, Université Bordeauz 1 & CNRS, 351 cours de la Libération, 33405 Talence, France

By matching boundary layer hydrodynamics with slippage to the force-free flow at larger distances,
we obtain the thermophoretic mobility of charged particles as a function of the Navier slip length b.
A moderate value of b augments Ruckenstein’s result by a term 2b/A where A is the Debye length.
If b exceeds the particle size a, the enhancement coefficient a/\ is independent of b but proportional
to the particle size. Similar effects occur for transport driven by a salinity gradient or by an electric

field.

PACS numbers: 82.45.-h, 82.70.-y, 47.61.Fg

I. INTRODUCTION.

In recent years the thermally driven motion of charged
colloids has attracted much attention, and a variety of
surprising phenomena have been observed [1, 2]. The
Soret effect of a micellar solution was shown to vary with
the surfactant concentration [3], and unexpected depen-
dencies on temperature and electrolyte composition were
reported for suspensions of nanoparticles and macromole-
cular solutions [4-13]. A thermal gradient has been used
as a trap for DNA in a microchannel with ambiant flow
[14].

Transport of charged colloids arises from a generalized
external force acting on the electric double layer at a
particle-fluid interface. The thermophoretic mobility is
defined through the drift velocity of the solute induced
by a temperature gradient in the solvent fluid,

u = 7DTVT. (1)

There are two different routes to calculating the trans-
port coefficient Dyp; the first one relies on low-Reynolds
number hydrodynamics and the thermal force density on
the fluid in the boundary layer [15-21], whereas the sec-
ond one expresses the velocity u through the particle
mobility and a force that is given by the gradient of the
double-layer energy [22-24].

Most parameters of a charged colloid depend on tem-
perature, such as the solute surface potential and the
solvent permittivity, viscosity, and salinity. Thus in most
cases, it is not obvious to single out the physical mech-
anism underlying the observed dependencies. For exam-
ple, the transport coefficient D7 changes sign as a func-
tion of temperature and electrolyte composition; increas-
ing temperatures and high pH values favor an inverse
Soret effect Dy < 0. It was realized only recently that
the thermoelectric field of the electrolyte solution plays
a major role in thermophoresis and often determines the
sign and magnitude of Dy [6, 20].

The size dependence of D7 has been much debated
in the last years. Experiments on polystyrene beads
in aqueous solution reported a linear variation Dy x a
with the particle radius over almost two orders of mag-
nitude [7]; on the other hand, a constant Dy was found
for droplets in microemulsions, and polystyrene beads

[9, 11, 12].

From low-Reynolds number hydrodynamics with no-
slip boundary condition at the particle-fluid interface, it
is well known that any transport coefficient is constant
with respect to the particle size, as long as the latter is
larger than the Debye length A [25]. At moderate elec-
trolyte strength, A\ takes typical values of a few nanome-
ters, thus satisfying A < a. Accordingly, Ruckenstein
obtained a constant Dr [15]; this result was confirmed
by several authors [16-20]. As a possible explanation for
the experimental findings of Ref. [7], we noted in a pre-
vious paper that hydrodynamic slippage at the particle
surface would give rise to linear dependence of D on the
particle size [21].

In the present work, we derive the thermophoretic mo-
bility as a function of the particle size a, the Debye length
A, and the slip length b. We discuss the dependence on
these different length scales and, in particular, recover
the above mentioned limiting cases of constant D7 and
D1 x a. In Sect. 2 we obtain the general expression for
the velocity change through the boundary layer. In Sect.
3 we show how a finite slip length modifies thermophore-
sis due to temperature and permittivity gradients; Sect.
4 discusses similar effects in a non-uniform electrolyte.
We conclude with a discussion of the main results.

II. BOUNDARY LAYER HYDRODYNAMICS.

The boundary conditions at a solid-fluid interface have
been debated since the early days of fluid mechanics;
Navier proposed that a sheared fluid could slip along
the surface, with the velocity jump being proportional to
the applied shear rate. At a macroscopic scale, the fluid
sticks to the solid surface, suggesting continuity of the
velocity field. On the scale of microns or even nanome-
ters, however, various measurements provide evidence for
the occurrence of hydrodynamic slippage [26, 27]. On a
molecular level, slip has been explained in terms of the
weak adherence of the solvent to the solid surface. Simu-
lations of the molecular dynamics at a charged interface
related the slip length to van der Waals force parameters
of the non-wetting fluid and to ion-specific interactions
[28]. These simulations show that continuum hydrody-
namics provide a good description of the fluid motion



FIG. 1: Schematic view of the fluid velocity field in the bound-
ary layer close to a particle of radius a. The external field act-
ing on the electric double layer accelerates the charged fluid
with respect to the solid. A finite surface velocity vo arises
from hydrodynamic slip in a molecular layer (thick grey line);
the slip length b is defined as the distance where the linear ve-
locity profile would vanish. At a distance B, well beyond the
electric double layer, the fluid attains the boundary velocity
UVB.

even on the scale of nanometers, and that slip occur-
ring in a few molecular layers may significantly accel-
erate externally driven transport, such as the flow in a
microchannel.

In a continuum picture, the shear stress ¥y and the
resulting slip velocity vy are related through Navier’s
boundary condition

Nvo = 6207 (2)

where 7 is the fluid viscosity and b a material specific
constant that has the dimension of a length. The lat-
ter parameter accounts for the reduced mocular viscosity
at the interface. Various experiments confirm the linear
stress-velocity relation, but others indicate a non-linear
behavior, i.e., a slip length b that depends on the shear
rate [26, 27].

A vparticle of radius a exerts on the surrounding fluid
the effective force density f,, including the excess hydro-
static pressure [19, 20], which is finite only close to the
surface and vanishes at distances of the order B. The nor-
mal component of the fluid velocity within the boundary
layer is zero, and its parallel component satisfies Stokes’
equation, nd%v, + f, = 0, with constant hydrostatic pres-
sure. It turns out convenient to consider the fluid mo-
tion in the frame attached to the particle. The integral
of nd?v, + f, = 0 gives the shear stress X,, = 70,v,.
Its values at the surface Yo and at the outer side of the

boundary layer are related by

B
23:207/ dzf, = o — A (3)
0

Integrating once more gives the parallel component of the
fluid velocity v, (z). With the finite value at the particle
surface vg = v,(0) we have well beyond the charged layer

1 B
UBZUO_FH/ dzzfy = vg + Av. (4)
0

The boundary velocity vp is the sum of two contributions
of different physical origin. The intrinsic slip velocity vg
arises if the fluid molecules do not fully adhere to the
solid. The velocity change through the boundary layer
Awv, sometimes referred to as apparent slip [25], is due
to the forces exerted by the surface on the fluid in the
boundary layer.

The above Eqgs. (2-4) are closed by matching X g and
vp to the fluid flow beyond the boundary layer. In this
range, the velocity field is solution of the force-free Stokes
equation nV*v = 0 in three dimensions [30, 31]. For a
uniform particle surface, the boundary velocity depends
on the polar angle as

vg = Upsind.

The normal and tangential components of the fluid flow
beyond the boundary layer (r > @ = a + B) vary as
v, o< [1 — (a/r)?] and

2+1ﬁ
vw=vp|s+-—=]-

R R

Since the normal velocity v, vanishes at r = a, the off-
diagonal stress in spherical coordinates reads [31]

dvt VUt
Yt = — == .
t =" < dr r )
With @ ~ a, we find the stress at the outer side of the

boundary layer

2nvp
P

Yp= (5)
For an inhomogeneous particle surface [32], the tangen-
tial velocity takes a more general form v, =), ¢, (0)r™"
and modifies the numerical prefactor in ¥ p accordingly.

We briefly discuss the role of curvature in the matching
condition (5). The change AY through the boundary
layer has been calculated with X,, = nd,v,, i.e., the
shear stress has been taken as the normal derivative of
the tangential velocity. On the other hand, Eq. (5) has
been obtained from the above expression X, in spherical
coordinates that comprises, besides the normal derivative
Orvy, the term —v; /7 accounting for the finite curvature
of the interface. Indeed, outside the boundary layer, the
normal derivative 0,v; of the force-free flow 9,v; and the



curvature term —u; /7 are of the same order of magnitude;
thus both have to be retained. As shown in Ref. [33] for
Navier’s slip condtion (2), the curvature contribution to
the shear stress can be written alternatively in terms of
the normal derivative X, = nd,v, with an effective slip
length 1/beg =1/b+ 1/a.

Egs. (2-5) determine the boundary velocity vp as a
function of the slip length

_ Av+bAY/n

B T (6)

For Stokes boundary conditions with zero slip length one
has vp = Av, whereas the opposite limit b — oo leads to
v = %aAE/n. In some aspects hydrodynamic slippage
at a solid-fluid interface is similar to the flow on a gas
bubble in a viscous liquid [25, 34], which is described by
Hadamard-Rybczynski boundary conditions. In view of
(2) the limit of zero shear stress at the interface, ¥g = 0,
corresponds to b — oo [30].

So far we have considered the reference frame where
the particle is immobile, that is why v, and v; are fi-
nite at r — oo. Transformation to the laboratory frame
gives the velocity of the moving particle, u = — (e, vg);
the orientational average along the particle surface (...)
results in [25]

uz—%@. M)
Eqgs. (6) and (7) apply to any force density exerted on
the fluid in the boundary layer. In the remainder of this
paper we discuss in detail the case of thermophoresis,
and then treat a non-uniform electrolyte with a salinity
gradient and a spontaneaous electric field.

III. THERMOPHORESIS.

We discuss transport driven by a temperature gradient
in an otherwise uniform electrolyte [15]. In order not to
encumber the equations, we resort to the Debye-Hiickel
approximation. The charged particle exerts on a unit
volume of the surrounding fluid the force density [19, 20]

e’ vT
f= %(1—1—&4—7)7,
where ¢ = z/Joe_Z/’\ is the electric potential in the bound-
ary layer and 1, the value at the surface. The logarith-
mic derivative 7 = —dlne/dInT accounts for the tem-
perature dependence of the permittivity (7'); in water
it varies from 7 = 1.25 at 0 °C to 7 = 1.5 at 50 °C. The
parameter « describes the spatial variation of the salinity
[18, 20],

VTL() vT

I

o

The reduced Soret coefficient « of the electrolyte solution
takes values a = 0.8 for NaCl and a = 3.4 for NaOH.

Integrating Eqs. (3) and (4) we find with T}, = dT'/dx
the changes of velocity and shear stress,

1

A
v T

2
:58ﬂ l+a+71)

T, ep
1 il AY = 20
n( +Oz+T)T, 1

Insertion in the general relation (6) gives the boundary
velocity

2
e 14+20/AT,
= —— 1 —_—

B 877( +04+T)1+2b/aT
Identifiying v = —%63 and v = —D7T, we obtain the
thermophoretic mobility

2
g 1+2b/\
7= T T T ®)

which constitutes a main result of the present paper.

We discuss limiting cases with respect to the lengths
a, b, A. For zero slip b = 0 and using the surface potential
1y = Ao /e, we have

(0) _ 02)\2
T " 12neT

1+a+71)

and thus recover the variation with the square of the
Debye length obtained in [15, 17, 19]. In the opposite
case of large slip length a < b, Eq. (8) confirms the
relation Dy = (a/)\)DgFO) obtained previously in [2, 21].
In the intermediate case A < b < a, we find a linear law
Dy o« A, with an enhancement factor Dy /Dg? ) = 2b/\
that is twice that of the electrophoretic mobility u/ug =
b/ A [29]. The additional factor 2 arises since the thermal
force is quadratic in the surface potential v, whereas
electrophoresis is linear in 1.

IV. THERMOELECTRICITY

Recently it has become clear that the Soret effect of
charged colloids is to a large extent determined by the
thermoelectric effect of the electrolyte solution [6, 20],
that is, the macroscopic field induced by thermal diffu-
sion of the mobile ions,

kgVT
E, =da Be ,

where e is the elementary charge and da the reduced See-
beck coefficient. Typical values are o = 0.6 for NaCl and
da = —2.7 for NaOH [20]. This electric field drives the
colloidal particles to the cold or to the warm, depending
on the sign of da and of the surface charge 0. Note that
this effect differs from that studied in [36], with an elec-
tric field Einq o< (D4 —D_) proportional to the difference
of diffusion coefliicients of co-ions and counterions.

The thermoelectric effect modifies the thermophoretic
mobility according to [20],
et oMkp

————=Dp—9§
dnmlpT T 00— (9)




where the reduced Seebeck coefficient doy, accounts for
a finite slip length. Eq. (8) shows how the first term
depends on the slip length b. Here we derive the corre-
sponding relation for day.

The external electric field E, exerts on the charged
fluid in the boundary layer the force

f = pE, (10)

where p = —2esinh(ey/kpT) is the charge density in
the electric double layer. The permittivity of water being
much larger than that of most materials, the electric field
hardly penetrates in the particle; close to the particle the
vector Eg is parallel to the surface, and its magnitude
Eg = 3 E sinf is enhanced by a factor 3¢/(2e+¢p) ~ 3
with respect to the value at infinity F.,. For a homo-
geneous surface the integrals in (3) and (4) are readily
related to the electrostatic properties of the charged sur-
face. From direct integration or comparison with known
results for electrophoresis [35], we obtain the stress and
velocity changes through the boundary layer in terms of
the surface charge density o and the surface potential v,

AY = —oEg, Av—-Y0pg (11)
7

Note that the ratio of the velocity change Av and Eg is
identical to the Helmholtz-Smoluchowski mobility p, =
ethy/m [35]; this does not come as a surprise, since the
thermoelectric effect induces a macroscopic electric field.

Inserting these quantities in (6) we find the boundary
velocity vp and the modification of the Seebeck coefhi-
cient by the slip length,

1+ 5/

(50{1; = (5C¥T2b/a}

(12)

The overall behavior is similar to (8), yet with a linear
correction term b/\ that is by a factor 2 smaller. This
difference is readily traced back to the fact that ther-
mophoresis is quadratic in the surface potential, whereas
the electric field E, couples linearly to 1.

V. DISCUSSION.

According to Egs. (8) and (12), the Soret and ther-
moelectric effects of charged colloids show a similar de-
pendence on a finite slip length b. For small values of b
we find an enhancement factor proporotional to the ratio
of slip and Debye lengths b/\. If b is comparable to the
particle size, this linear law saturates at a constant value
~a/A.

A recent experimental study [7] reported the ther-
mophoretic mobility Dr of charged polystyrene beads
to depend on the particle size. The data show a lin-
ear variation with both particle radius and Debye length,
Dy o a), in the range 2nm < A < 13nm and 10nm <
a < 550nm. These observed dependencies are well ac-
counted for by Eq. (8) with slip boundary conditions,
A < a < b, but differ essentially from the no-slip result
Dgf)) oc A%, Yet note that a fit of these data with Eq. (8)
would require a slip length of hundreds of nanometers.
Such large values are hardly realistic in view of available
data [27]. Moreover, a large slip length implies high sur-
face tension, i.e., low solubility of the particles. Thus we

feel that at present there is no satisfactory explanation
for the data of [7].

As a more promising system for the observation of slip-
enhanced thermophoresis, one could think of thermally
driven flow through a pore or in a microchannel. This
situation is accounted for by our results when putting
in the above formulae a — oo. Then the enhancement
factors in Egs. (8) and (12) read (142b/X) and (14b/\),
respectively. A significant enhancement is expected it
the slip length b exceeds the Debye length A, which is
typically of the order of one nanometer.

[1] W. Kéhler, S. Wiegand (eds.): Thermal Nonequilibrium
Phenomena in Fluid Miztures, Springer (2001)

[2] R. Piazza, A. Parola, J. Phys. Cond. Matt. 20, 153102
(2008)

[3] R. Piazza, A. Guarino, Phys. Rev. Lett. 88, 208302
(2002)

[4] S. Tacopini, R. Piazza, Europhys. Lett. 63, 247 (2003)

[5] R. Kita, S. Wiegand, J. Luettner-Strathmann, J. Chem.
Phys. 121, 3874 (2004)

[6] S.A. Putnam, D.G. Cahill., Langmuir 21, 5317 (2005)

[7] S. Duhr, D. Braun, PNAS 103, 19678 (2006)

[8] S. Iacopini et al., EPJ E 19, 59 (2006)

[9] S.A. Putnam et al., Langmuir 23, 9221 (2007)

[10] R. Kita, P. Polyakov, S. Wiegand, Macromolecules 40,

1638 (2007)

[11] D. Vigolo, G. Brambilla, R. Piazza, Phys. Rev. E 75,
040401 (2007)

[12] M. Braibanti et al., Phys. Rev. Lett. 100, 108303 (2008)

[13] H. Ning et al., Langmuir 24, 2426 (2008)

[14] S. Duhr and D. Braun, Phys. Rev. Lett. 97, 038103
(2006).

[15] E. Ruckenstein, J. Colloid Interface Sci. 83, 77 (1981)

[16] K.I. Morozov, JETP 88, 944 (1999)

[17] A. Parola, R. Piazza, EPJ E 15, 255 (2004)

[18] S.N. Rasuli, R. Golestanian, 101, 138101 (2008)

[19] S. Fayolle, T. Bickel, A. Wiirger, Phys. Rev. E 77, 041404
(2008)

[20] A. Wiirger, Phys. Rev. Lett. 101, 138102 (2008)



[21] A. Wiirger, Phys. Rev. Lett. 98, 138301 (2007)

[22] E. Bringuier, A. Bourdon, PRE 67, 011404 (2003)

[23] S. Fayolle et al., Phys. Rev. Lett. 95, 208301 (2005)

[24] J.K.G. Dhont et al., Langmuir 23, 1674 (2007)

[25] J. L. Anderson, Ann. Rev. Fluid Mech. 21, 61 (1989)

[26] C. Neto et al., Rev. Prog. Phys. 68, 2859 (2005)

[27] E. Lauga, M.P. Brenner, H.A. Stone, in: J. Foss et
al. (ed.), Handbook of Experimental Fluid Dynamics,
Springer (2007)

[28] L. Joly et al., J. Chem. Phys. 125, 204716 (2006)

[29] A. Ajdari, L. Bocquet, Phys. Rev. Lett. 96, 186102
(2006)

[30] J. Happel, H. Brenner, Low-Reynolds Number Hydrody-

namics, Prentice-Hall, New York (1965)

[31] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Else-
vier Amsterdam (1987)

[32] R. Golestanian, T.L. Liverpool, A. Ajdari, New J. Phys.
9, 126 (2007)

[33] D. Einzel, P. Panzer, M. Liu, Phys. Rev. Lett. 64, 2269
(1990)

[34] N.O. Young et al., J. Fluid Mech. 6, 350 (1959)

[35] P.C. Hiemenz, R. Rajagopalan, Principles of Colloid and
Surface Chemistry, Dekker (1997)

[36] D.C. Prieve et al., J. Fluid Mech. 148, 247 (1984)



