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Abstract

A pseudo-euclidean Jordan algebra is a Jordan algebra J with an associative non-degenerate sym-
metric bilinear form B. B is said an associative scalar product on J. We study the structure of the
pseudo-euclidean Jordan K-algebras (where K is a field of null characteristic) and we obtain an in-
ductive description of these algebras in terms of double extensions and generalized double extensions.
Next, we study the symplectic pseudo-euclidean Jordan K-algebras and we give some informations on
a particular class of these algebras namely the class of symplectic Jordan-Manin Algebras. Finally,
we obtain some characterizations of semi-simple Jordan algebras among the pseudo-euclidean Jordan
algebras.
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1 Introduction

In this paper, we consider finite dimensional algebras over a commutative field K with characteristic
zero. Let J be a Jordan algebra. A bilinear form B on J is said associative if B satisfies B(zy,z) =
B(x,yz), Vx,y,z € J. Moreover, if B is nondegenerate and symmetric, we say that B is an associatif
scalar product of J. In this case, (J, B) is called a pseudo-euclidean Jordan algebra. It is well Known
that, the semi-simple Jordan algebras are pseudo-euclidean (see [}, [}, [[l4]). But there are many nilpotent
Jordan algebras which are pseudo-euclidean (see the second section of this paper and [[]).

It is well known that, to any pseudo-euclidean unital Jordan algebra, one can apply the Tits Kantor
Koecher construction (T K K construction) to obtain a quadratic Lie algebra ([d], [Ld], [Ld]). In section P,
we slightly modify this construction in order to obtain a 3-graded quadratic Lie algebras G = G_1 &Gy G,
starting from the pseudo-euclidean Jordan algebras (G, B) which are not necessarily unital. We also call
this modification the TKK construction. Recall that the Lie algebra G of Lie group & which admits a bi-
invariant pseudo-Riemannian structure is quadratic (i.e. G is endowed with a symmetric non degenerate
invariant (or associative) bilinear form B . Conversely, any connected Lie group whose Lie algebra G
is quadratic is endowed with bi-invariant pseudo-Riemannian structure . In [@], A. Medina and
Ph. Revoy have introduced the notion of double extension and used this notion to give an inductive
classification of quadratic Lie algebras.




The principal objective of this paper is to study structures of pseudo-euclidean Jordan algebras and to
give inductive descriptions of these algebras. In [, it is shown that any pseudo-euclidean Jordan algebra
is the orthogonal direct sum of irreducible ideals. So the study of pseudo-euclidean Jordan algebras is
reduced to study the irreducible ones. In order to obtain informations and inductive descriptions of the
irreducible pseudo-euclidean Jordan algebras, we introduce in sectionﬂ some notions of double extensions
namely the double extension of pseudo-euclidean Jordan algebras and the generalized double extension
of pseudo-euclidean Jordan algebras by the one dimensional Jordan algebra with zero product. Next, in
the section E, we show that any pseudo-euclidean Jordan algebra can be obtained from a finite number of
elements of U (where U is the set constituted by the algebra {0}, the one dimensional Jordan algebra with
zero product and the simple Jordan algebras) by a finite sequence of orthogonal direct sums of pseudo-
euclidean Jordan algebras and / or generalized double extensions by one dimensional Jordan algebra with
zero product and / or double extensions by simple Jordan algebras. recall that the classification of simple
Jordan algebra is we description is well known (see. [E], [ﬁ], B], [@] In particular, we can construct all
nilpotent pseudo-euclidean Jordan algebras from the null algebra {0} and the one dimensional Jordan
algebra with zero product using the generalized double extension by the one dimensional Jordan algebra
with zero product. We shall construct, in section E, all nilpotent pseudo-euclidean Jordan algebras of
dimension less then or equal to five. The list of these algebras shows that all nilpotent pseudo-euclidean
Jordan algebras of dimension less then or equal to four are associative and that the smallest dimension
of non associative nilpotent pseudo-euclidean Jordan algebra is five.

Sections E and ﬂ are devoted to study symplectic pseudo-euclidean Jordan algebras and their con-
nections with the symplectic qudratic Lie algebras. A pseudo-euclidean Jordan algebra (J, B) is said
symplectic if it is endowed with a skew symmetric nondegenerate bilinear form w : J X J — K which
satisfies

Such form, is said a symplectic form of J. Recall that in @] and [E], a Jordan algebra J is symplectic
if it is endowed with an antisymmetric bilinear form not necessarily nondegenerate w : J x §J — K
which satisfies ([). In the case where w is nondegenerate, V.N Zhelyabin ([[L§], [L7]) has obtained some
results which similar to known results in the symplectic Lie algebras. If (3, B,w) is a symplectic pseudo-
euclidean Jordan algebra, we show that there exist an invertible derivation D of J satisfying w(z,y) =
B(D(z),y), Vx,y € J. Next we prove that J is nilpotent and & = D~ is a solution of the Jordan Yang
Baxter equation. We show in section ﬂ, that the symplectic form w may be extended to the quadratic Lie
algebra obtained by the TK K construction starting from (J, B), if and only if the derivation D checks
the following condition:

(D, [R(3), RQ)I| = [R(3), R()], (2)

where R(3) = {R,, z€J}and R, : J — J, y+— ya. If D satisfies the condition (f) above, we obtain
a symplectic quadratic Lie algebra from a symplectic pseudo-euclidean Jordan algebra. Moreover this
symplectic quadratic Lie algebra is a Za—graded symplectic quadratic Lie algebra (see Remark E) In
section [, we give examples of non associative symplectic pseudo-euclidean Jordan algebras such that the
quadratic Lie algebra obtained from these examples by the T'K K construction are symplectic and pseudo-
euclidian. Let us recall that the Lie algebra of Lie group which admits a bi-invariant pseudo-Riemannian
metric and also a left-invariant symplectic form is a symplectic quadratic Lie algebra. These Lie groups
are nilpotent and their geometry (and, consequently, that of their assiciated homogeneous spaces) is very
rich. In particular, they carry two left-invariant affine structures: one defined by the symplectic form and



another which is compatible with a left-invariant pseudo-Riemannian metric. Moreover, if the symplectic
form is viewed as a solution r of the classical Yang Baxter equation of Lie algebras (i.e. r is an r-matrix),
then the Poisson-Lie tensor # = r™ — r~ and the geometry of double Lie groups D(r) can be nicely
described in [ﬂ] In addition, the symplectic quadratic Lie algebras were described by the methods of
double extensions in [[]] and [f]. Further, in [f], it is proved that every symplectic quadratic Lie algebra
(G, B,w), over an algebraically closed fields K, may be constructed by T*—extension of nilpotent Lie
algebra which admits an invertible derivation.

In order to give an inductive description of the symplectic pseudo-euclidean Jordan algebras, we
introduce in section ﬂ the notion of symplectic pseudo-euclidean double extension. More precisely, we
prove that every symplectic pseudo-euclidean Jordan algebra may be constructed from the algebra {0} by
a finite number of symplectic pseudo-euclidean double extension of symplectic pseudo-euclidean Jordan
algebra

In the section f§, we introduce Jordan-Manin algebra (3, B) (i.e. (3 =U &V, B) where U and V are
two completely isotropic subalgebras of J) and the notion of double extension of Jordan-Manin algebras
in order to describe the nilpotent Jordan-Manin algebras. We will show, in Proposition , that every
symplectic pseudo-euclidean Jordan algebra over an algebraically closed fields K is a symplectic Jordan-
Manin algebra (i.e. (J =U @V, B,w) where Y and V two subalgebras of J completely isotropic with
respect to B and w). Finally, we give an inductive description of symplectic Jordan-Manin algebras over
an algebraically closed field by using the notion of symplectic double extension of symplectic Jordan-
Manin algebras.

By using some results obtained in the previous sections, we give in the section 9 some new characteriza-
tions of semisimple Jordan algebras among the pseudo-euclidean Jordan algebras. These charcterizations
are based on representations of Jordan algebras, operators of Casimir type and the index of a pseudo-
euclidean Jordan algebra.

2 Definitions and preliminary results
Jordan algebra J is a commutative non necessary associative algebra which satisfy:
a(ya?®) = (zy)a®, Va,y €73, (3)

where R, is the endomorphism of J defined by: R, (y) := zy = yz,Vy € J.
This equality is equivalent to [R,, Ry2] =0, Va,y € J. In Jordan algebra, the following equality are
satisfied:

2(z,y, zx) + (2,y,2%) =0, Va,y,z € J where (2,y, 2) = (zy)z — 2(yz), Va,y,2 € J.
[Ruz, Re) + [Rez, Ru] + [Rew, R.] =0 Va,z,w € J.

RuyR. — RyRyR. + RuxRy — Ry(a) + ReyRe — RuRyRa =0 2,9, 2 € 3.

[Rm, [Ry, RZ]] = R(y,x,z) = R[Rz,Ry](m)a Vm,y, z €J.

For more informations about Jordan algebra see [, [14], [§] and [LT] .

Definition 2.1 Let J be a Jordan algebra.

(i) A bilinear form B on J is called associative if B(xy, z) = B(x,yz), Vz,y,z € J.



(ii) If B is a nondegenerate symmetric and associative bilinear form on J, we say that (J,B) is a
pseudo-euclidean Jordan algebra and B is an associatif scalar product on J.

In the following proposition, we are going to give a characterization of pseudo-euclidean Jordan algebra.

Proposition 2.1 Let J be a Jordan algebra. Then J is pseudo-euclidean if and only if its adjoint repre-
sentation and co-adjoint representation are equivalent.

Proof. Let J be a Jordan algebra, R (resp.p) be the adjoint (resp.coadjoint) representation of J (see the
definition or a representation of Jordan algebra in Proposition @ of section 3). Recall that:

R : J— FEnd(y) and p:3J— End(J")

are defined by R(x)y := R.(y) = zy et (p(ac)f):: foRy, Ve,y e J,VfeF~

Assume that J is pseudo-euclidean Jordan algebra, then there exists a bilinear form B : J x J — K
which is symmetric, non-degenerate and associative. Consequently, the map ¢ : J — J* defined by:
o(z) :== B(z,.),Vx € J, is an isomorphism of vector spaces which verifies:

o (Ba(v))() = Blay,2) = Bly,22) = (p(a)p»)) (=), Var,y,2 €3.

Which proves that o R, = p(z) o, Vx € J. It follows that the representations R and p are equivalent.

Conversely, suppose that the representations R and p are equivalent, then there exists an isomorphism
of vector spaces ¢ : J — J* such that ¢po R, = p(x) o ¢,Vx € J. Now, we consider the map T : Jx J — K
defined by: T(z,y) := ¢(z)(y),Vx,y € J. Since ¢ is invertible, then T is non-degenerate. Moreover, T
is associative, in fact T(zy,2) = 6(zy)(z) = G(R))(2) = (py)(6(2)(z) = dlx)(zy) = T(w, 2y) =
T(x,yz),Vr,y,z € J. It is clear that T is not necessarily symmetric. We consider the symmetric (resp.
anti-symmetric) part T, (resp. T,) of T' defined by: Ti(z,y) = (T (z,y) + T(y,z)), (resp.Tu(z,y) =
%(T(m, y)—T(y,x)), Yo,y € J. It is clear that T is associative if and only if Ty and T, are associative.

Let us consider J, = {z € J/Ts(z,y) =0,Vy € J} and J, = {x € J/Tu(z,y) =0, Vy € J}. The
fact that T est non-degenerate implies that Js N J, = {0}. Let x,y,z € J, since T, (zy, z) = To(x,yz) =
~Tu(z,2y) = =T, (z, 2y) then T,(zy, z) = 0. It follows that J? = JJ is contained in J,. Moreover J, and
Jo are ideals of J because Ts and T, are associative. Consequently, J? C Js NJo = {0}. Now, let W
be a sub-vector space of J such that J, C W and J = W @ Js. Consider F : Js x Js — K be a non-
degenerate symmetric bilinear on Js. Since 32 = {0}, then F est associative. Therefore the bilinear form
L:3x3J— Kdefined by: Ly, v = Tsypns> Liyyy. = Fy LW, Js) = L(Js, W) = {0}, is symmetric
non-degenerate and associative. Then (J, L) is a pseudo-euclidean Jordan algebra. [

Definition 2.2 1. Let (3, B) be a pseudo-euclidean Jordan algebra. An ideal T is called nondegenerate
(resp. degenerate), if the restriction of B on T X T is a nondegenerate (resp. degenerate)bilinear
form.

2. A pseudo-euclidean Jordan algebra is called B—irreducible, if J contains no non-trivial nondegen-
erate ideals.

One has the following lemma whose proof is straightforward.

Lemma 2.2 Let (3, B) be a pseudo-euclidean Jordan algebra and I be an ideal of J. Then,



(i) T+ is an ideal of J and I+ = {0};
(ii) If T is nondegenrate, then 3§ =T ® I+ and I+ is a nondegenerate ideal of J;
(iii) If T is semisimple, then T is nondegenerate.

Proposition 2.3 Let (J,B) be a pseudo-euclidean Jordan algebra. Then, § = ®I_,J;, where for all
1<:<r,

(i) Ji is a non degenerate ideal;

(ii) Ji contains no nondegenerate ideal of J;.
(i1i) For alli # j, J; and J; are orthogonal.
For more details about this decomposition, see [E]

Definition 2.3 Let J be a algebra.

(1) (3,3,3) = Vect{(z,y,2) := (zy)z — 2(yz);, x,y,2 € J} is a vector sub-space of J called the
associator of J.

(ii) The vector subspace Ann(J) :={x € J; xy =yx =0,Yy € I} of J is called the annulator of J.

(ii) The vector subspace N(J) = {z € J; (z,y,2) = (y,x,2) = (y,2z,2) = 0, Yy,z € J} is called the
nucleus of J.

Remark 1 1. In the case of Jordan algebra J, the nucleus N(J) of J coincide with the center
Z(3) ={r e NJ); xy=y=x, Vy €I} of J.

2. Let (3, B) be a pseudo-euclidean Jordan algebra. Since B((x,y, z),t) = B((y,x,t),z) = B((2,t,2),y) ,Vz,y,z €

J,then N(J)=ZJ) :={z€J; (x,9,2)=0, Yy, z € J}.

Proposition 2.4 Let (3, B) be a pseudo-euclidean Jordan algebra. Then,
Lo, i
1 (Ann(3) =3 2 (2()) =(3.3.9)

Proof. 1. The fact that B is associative implies that J2 C (Ann(fj))l. Conversely, let z € (3%)1 and
y € 3. Then B(zy,z) = B(x,yz) = 0,Vz € J. Since B is non-degenerate, then xy = 0. Thus, € Ann(J).
Hence, (3%)* € Ann(3J). We conclude that (Ann(”))L: 32

2. Let z,y,z € J and let u € Z(J), B(X,u) = B((xy)z — z(yz),u) = B(z,y(zu)) — B(z, (yz)u) =
B(z,y(zu) — (yz) ) = 0. Which proves that (J,3,3) C (3))% Conversely, let z € (J,3,3)".
B((z,y,2),u) = B(z, (u,2z,y)) = 0and B((y, z, 2),u) = B(z, (z,u,y)) =0, Yy, z,u € J. Since B is nonde-
generate, then (m y,2) = (y,z,2) = 0. Hence, x € Z(J). Therefore, (J,J,3)*+ C (Z((})) Consequently,

(@) =3.3.9).0



Corollary 2.5 Let (3, B) be a Jordan algebra. If J # {0}, then (3,3,3) # J.

Proof. Suppose that (J,J,3) = J. Let Rad(J) be the radical of J, S be a semi-simple subalgebra
of J such that J = S @ Rad(J). The fact that (J,3J,J) = J implies that (S,S5,S) = S. Since, by
Proposition @, (S,2) is a pseudo-euclidean Jordan algebra (where 2 is the Albert form of S), then
Z(S) = (8,5,5)t = {0}. Therefore, By Theorem 4.7 of [[4], S = {0}. It follows that J = Rad(3J),
consequently J = {0} because J is nilpotent and (J,3J,3) =3J. O

Corollary 2.6 Let (J,B) be a pseudo-euclidean Jordan algebra. If § # {0}, then Z(J) # {0}.

Now, we shall recall the notion of the T*-extension of the Jordan algebras. This notion was introduced
by M.Bordemann in [{f] in order to study algebras endowed with associative non-degenerate symmetric
bilinear forms. Let J be a Jordan algebra, J* be the dual space of J and 0 : J X J — J* be a bilinear
map. On the vector space J=J® J*, we define the following product:

(z+f)ly+h)=2y+hoR,+ foRy+0(z,y), Ve,y €3, f,g € J" (8)

Proposition 2.7 3 endowed with the product above, is a Jordan algebra if and only if 0 is symmetric
and satisfies the following identity:

0(zy, 2?) + 0(z,2) 0 Ryy + 0(2,y) 0 Ry2 = 0(x,yz*) + 0(y, %) o Ry + 0(z,7) o RyR,, Y,y € J. 9)
In this case, the bilinear form B : f( X ﬁ — K defined by:
Blx+ f,y+h)=f(y) +h(z), Yo,y €3, f,9 €T,
is an associatif scalar product on J if and only if 0 satisfies
O(z,y)(z) =0(z,2)(y), Vx,y,2z € J. (10)

Definition 2.4 If J is a Jordan algebra and 6 :;j X J — J* is a bilinear map which satisfies (E) and
(E), then the pseudo-euclidean Jordan algebra J is called the T* — extension of J by mean of 0 and
denoted Tj3J.

Remark 2 If J is a nilpotent Jordan algebra, then T§J is a nilpotent pseudo-euclidean Jordan algebra.
But if J is a semi-simple Jordan algebra then T§J is a pseudo-euclidean Jordan algebra which is not
nilpotent nor semi-simple, because J* is a nilpotent ideal of T3J and (T;3)? = T;3. Which show that the
class of pseudo-euclidean Jordan algebra is very rich.

Now, we will give an inductive description of pseudo-euclidean Jordan algebras by using the notion of
double extension. Let us start by introducing some Jordan algebras extensions.

3 Some extensions of Jordan algebras

3.1 Central extension of Jordan algebras

Let J1 be a Jordan algebra, V be a vector space and ¢ : J; X J1 — V be a bilinear map. On the vector
space J = J1 @V we define the following product:

(x+0)(y+w) =2y + p(z,y), Yo,y € J1,v,w € V. (11)



It is easy to cheks that J endowed with the product (Ell) is a Jordan algebra if and only if ¢ is
symmetric and satisfies:
p(zy,2°) = p(z,y2®) Va,y € J1.

We say that J is the central extension of J; by V (by means of ¢). In this case, V is contained in the
annulator of J.

3.2 Representations and semi-direct products of Jordan algebras

Let J; be a Jordan algebra, V be a vector space and 7 : J; — End()) be a linear map. On J =3, &V
we define the following product:

(x+v)(y+w) =zy+n(x)w+w(y)v, Yo,y € J1,v,w € V. (12)

Proposition 3.1 J endowed with the product (@) is a Jordan algebra if and only if m satisfies the fol-
lowing conditions:

(i)m(2®)m(z) — w(z)m(2?) =0
(ii) 27 (xy)m(x) + 7(2*)7(y) — 27 (@) 7 (y)7(x) — 7w(2®y) = 0, Va,y € J1.

In this case 7 is called a representation of the Jordan algebra J1 in V.

(13)

Remark 3 Recall that T*o3 =3 & 3" endowed with the product
(x+f)ly+h)=xy+hoR,+ foRy, Yr,yeJ, f,g€T",

is a Jordan algebra. Thus p:J — End(J*) defined by p(z)f = f o Ry, Vx € J, is a representation of J.
This representation is called the co-adjoint representation of J.

Corollary 3.2 7 : 31 — End(V) is a representation of J1 if and only if

m(zy)m(z) + m(yz)m () + 7(22)7(y)
= 7m(y)m(ez) + m(x)m(yz) + n(2)m(zy)  Va,y,z € Ji
= 7((zy)z) + m(2)m(2)7(y) + 7w (y)m(2)m (),

Proof. We will proceed by linearization to show this Corollary. Let z,y,z € J; and A € K. Replace =
by = + Ay in (i) of (IJ). The term of X is 0. Thus

2 (xy)m(x) + m(2?)m(y) — 7(y)n(a?) — 2m(2)7(2y) =0 (14)
Replace z in ([14) by z 4+ Az. The fact that the term of X is 0 implies that

m(zy)m(2) + m(y2)m(z) + m(zz)7(y)

15
= nly)(z2) + w(@)r(y2) + 7()w(ay). "
Conversely, if we replace y and z in ([[J) by = we obtain (i) of ([[).
By the same argument, we show that (ii) of ([Ld) is equivalent to
r(ay)r() + w(y)m(z) + r(@2)r(y) "

= 7((zy)z) + m(z)m(2)7(y) + 7(y)m(2)7(z).00



Corollary 3.3 Let J be a Jordan algebra, V be a vector space and 7 : J — End(V) be a representation
of 3. Then,
m(x,y,2) = [n(y), [7(z),7(2)], Vz,y,2 € 3.

Proof. Let z,y,z € J. By Proposition @, we have the following equalities:
m((zy)z) = m(xy)m(z) + n(yz)m(z) + w(22)7(y) — 7(@)7(2)7(y) — 7 (y)7(2)7(2)
m(x(yz)) = 7((zy)z) = w(zy)m(x) + w(zy)7(z) + w(z2)7(y) — w(2)m(x)m(y) — 7 (y)m(x)m ().
Consequently, 7(z,y, z) = [7(y), [r(x),7(z)]. O

Remark 4 (i) Let J be a Jordan algebra and V,W be two vector spaces. If m : J — End(V) and
p:J — End(W) are two representations of Jordan algebras, then #:=nw®p:J — End(V & W)
defined by

(7 ® p)(z)(v +w) = 7(z)v + p(x)w, Ve € J,v € V,w e W,

is a representation of J called the direct sum of the representations ™ and p.

(ii) Let J be a Jordan algebra. Replace z by x in the identity @, we obtain:
2R;yRy + Rp2 Ry — 2R, RyR, — Ry2, = 0, Vz,y € 3.

Further, The fact that J is a Jordan algebra implies that Ry R,2 = R,2R,,Vx € J. Which proves
that the linear map R :J — End(J) defined by R(x) = Ry, Ya € J is a representation of J. This
representation is called the adjoint or the reqular representation of J.

Proposition 3.4 Let J1,J2 be two Jordan algebras and w : J1 — End(J2) be a linear map. We define
on the vector space J = J1 ® J2 the following product:

(z+y)* (@ +y) =zd' +n(2)y + 7@ )y +yy, Ve, € 31,9,y € Jo.
Then, (J,*) is a Jordan algebra if and only if ™ satisfies the following conditions:
(@) w(a)m@)y + (@) yy) +2(@)y )( () ) (=@’ )v? +2(w') (7))
= 7(z)m(2?)y’ + 27 (x) (y’ (ﬂ(z)y)) )+ (7r )y + 2( (ﬂ(x)y))y,

(i) 2m(wa’)m(z)y + w(zx))y? + w(22)m(a’) ( 2 y)y2 + 2( ) (ﬂ(:c)y)
= 2n(0)m(@)m(@)y + m(@)n(a))y? + w22y + 2@ )w(@)y )y + 7@y )y,
Ve, 2" € 31, y,y € Jo.
Proof. Suppose that (J, ) is a Jordan algebra. Let 2,2’ € 3; and y,7/ € Jo.
0 = ((fc +y) *y’)*(w +y)® = (@ +y)* (y'* (z + 9)2)
= @)@y + @) y) +2(r @) (r@)y)+ (z @ )o? +2(uy') (@)
= w(@)r@?)y +2n(2) (v (n(@)y) ) +7(@) @'y + (v )y +2(y (7@)) )y,



0 = (@+y«a)xw+y)? = (@+y)* (¢« (= +)?)
= 2n(aa)n(0)y + n(02)y? + w(@)n(@ )y + (n()y)y? +2(m@)y) (n()y)
= (@)@ )r(@)y + 7@ )y + w2y + 2(n(@)m@)y)y + (79 )y,

Which give the identities (¢) and (i7).
Conversely, suppose that (i) and (i7) are satisfied, then for all 2,2’ € J; and y, 3’ € J2, we have:

((:C +y) *y’)*(w +y)? = (z+y) = (y’ * (x + y)Q): 0,
((z +y) *:c’)*(z +9)? = (z+y)* (z’* (x + y)Q): 0.
Consequently,
((:c +y)* (2" + y’))*(z +y)? —(z+y)* ((z’ +1y) % (x + y)Q): 0,Vz, 2’ € 31,9,y € Ja.
Since the product x is commutatif, then J endowed with % is a Jordan algebra. [J

Corollary 3.5 Let 31,32 be two Jordan algebras and 7 : J1 — End(J2) be a representation of Jordan
algebra. We define on the vector space J = J1 ® J2 the following product:

(x+y)* (@ +y) =z’ +n(x)y + 7@ )y +yy, Vo2’ € J1,y,y € Ja.

Then, (J,*) is a Jordan algebra if and only if © satisfies the following conditions:

(1) w(@)(yy) +2(x@)y’) (n(@)y)+ (7@’ )v* +2(v') (2()y)
= 2n(a) (o (w(@)y) ) +m(@)w'v?) + (v’ )y +2(v' (x@)y) )y

(2) (n()y)y? = (n@)y*)y

(3) w(aa')y? +2(m(@)y) (x(@)y) = m(@)n(@)y? +2(n(@)n(@)y)y.

Proof. Let z,2’ € J1, y,y € J2. First, since 7 is a representation, then w(2?)r(x)y’ = w(z)m(2?)y’.
consequently, the identity (i) of the Proposition @ is equivalent to the identity (1). Second, we obtain

the identity (2) by replacing x by 0 in (i7) of the Proposition @ Finaly, since 7 is a representation, then
2n(xa' ) (2)y + (@) 7w (2 )y = 27 (x)m (2w (2)y + m(x?2)y. (17)

Hence, the identity (2) implies that (3) is satisfies. Finally, remark that the sum of the identities (2), (3)
and ([L79), give the identity (ii) of the Proposition B.4. O



Definition 3.1 Let J1,J2 be two Jordan algebras and 7 : J1 — End(J2) be a representation of Jordan
algebras. m is called admissible, if w satisfies the identities (1), (2) and (3) of Corollary @ In this case,
the Jordan algebra (J = J1 © Ja2,*) where the product  is defined by :

(@ +y)*x (2" +y) =22 +7(@)y + 7@y +yy', Vo, 2" € J1,y, 9 € Jo,
is called the semi-direct product of Jo by J1 by means of .
Corollary 3.6 The adjoint representation of a Jordan algebra J is an admissible representation of J.

Proof. The identities (1) and (3) of Corollary B.J are a consequences of the equality ([f). Further, the
fact that J is a Jordan algebra implies that (2) is satisfies. O

3.3 Generalized semi-direct product

Let J be a Jordan algebra, (D, x0) € End(J) x J, and Ka be one-dimensional algebra with zero product.
On the vector space J = Ka ® J, we define the following product:

xxy:=zy,xxa=axx=D(x), axa=x, Vr,y€eJ.

J endowed with the product above is a Jordan algebra, if and only if, for all x,y in J, the pair (D,xq)
satisfies the following conditions

(C1)D(z*y) = 2*D(y) + 2D(z)(zy) — 22(D(x)y), (C5)D?(a?) = 2(D(x))? — 22D?(x) + xoa?,
(C2) : D(z)D(y ) D(D(z)y) = §(x0,y,), (Cs) : D*(z) = 320D (x) — 52D(x0)
(C3) : D(zox) = 2o D(z), (C4) : zD(2?) =22D(x), (C7):D?*(x0) = 22

In this case, (D, x¢) is called an admissible pair of J and the Jordan algebra 3, is called the generalized
semi-direct product of J by the one-dimensional algebra with zero product by means of the pair (D, x0).
It is easy to see that J is an ideal of J J and Ka is not in general a subalgebra of (}

3.4 Double extension of Jordan algebras

Definition 3.2 Let J be a pseudo-euclidean Jordan algebra and B be an associatif scalar product on J.
An endomorphism f of J is called B—symmetric, (resp. B—antisymmetric) if B(f(z),y) = Bz, f(y)),
(resp. B(f(x),y) = —B(z, f(y))),Vr,y € J. Denoted by Ends(F) (resp. Endq(J)) the subspace of

B—symmetric (resp. B—antisymmetric) endomorphism of J.

Let J1 be a pseudo-euclidean Jordan algebra, By be an associatif scalar product on J1, J2 be a Jordan
algebra not necessarily pseudo-euclidean and 7 : Ja — Ends(J1) be an admissible representation of Jo

n (J1). Now, Let ¢ : J1 X J1 — End((fjg)* be the bilinear map defined by:

(p(.’L',y)(Z) = Bl(ﬂ-(’z)xay)’ VZC,y € 31a z € Ja-
Since, by Corollary B.g, for all (z,2) € J1 x Ja, m(2) is Bi—symmetric and satisfies (7(2)z)z? =
(m(z)x?)z, then ¢ is a symmetric bilinear mapping which satisfies: ¢(zy, 2?) = ¢(z,y2?), Yo,y € J1.
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Consequently, we can consider the central extension J = J1 @ J5 of J1 by J5 by means of ¢. Recall that
the product on J is defined by:

(x+ )"+ f) =z2" + p(x,2), Vo, 2" € Ju, £, f €35
By the Remark E, the linear map 7 : Jo — End(J) defined by
T(y)(x+ f)=ny)r +py)f =7(y)z+ fo Ry, Yy € Jo,x € J1, f € I3,

where p is the coadjoint representation of Js, is a representation of Js2 in J. Now, we shall prove that 7
is admissible.

Since 7 is an admissible representation, then 7 satisfied the condition (1) of Corollary @ if and only
if Qz,2’,y) =0,Ve, 2’ € J1,Vy € Ja, where

Qz, 2, y) = p(y?*)o(x,2") + 20(m(y)a’, m(y)z) + (m(y)a’, 2%) + 2p(za’, 7(y))
=2p(y)ep(a’, 7 (y)z) — p(y)e(a’, 2%) — p(n(y*)’, x) = 2p(a'n(y)z, ).

It is clear that for all z,2' € J1,y,y’ € J2, we have Q(x,2’,y)(y') = B(2',T'(z,y,y’)), where
Pz, y,y) = (n(y'y?) + 20()n(y )w(y) — 22y )n(y) — 7(sP)n(y) )
(to12? + 2()2) (10)2) (01122 ~2(t/ o)) ) = 0.

By (ii) of ([[) and the identity (3) of Corollary B.H we have T'(x,y,y’) = 0. Consequently Q(z,z’,y) = 0.
Hence 7 satisfies the condition (1) of corollary B.5.
we need the following lemma to show that 7 satisfies the conditions (2) et (3) of Corollary B.5.

Lemma 3.7 Let x € J1, ¥, 2,u € J2, then:
(i) Bi([n(y),m(2)]2*, x) = 0;
(ii) Bl((ﬂ((y,z,u))+2[7r(z),ﬂ(u)ﬂ(y)])x,x) =0.
Proof. Let x € J1, y,2,u € J2. (i) The identity B;([7(y),7(2)]z%, ) = 0 is equivalent to
2B, ([r(y). 7()]er, 22’) + B (fr(y), w(2)]a %) = 0.
In fact we proceed by linearization, we replace x by = + Az’ in the identity Bi([r(y), 7(2)]2?,z) = 0,

where A € K.
Since [7(y), 7(2)] is a By —antisymmetric endomorphism and By is associative, then

2B1([n(y), 7)o, v') + Bu([n(y), 7(2))a’,2%) = Bu(2([r(y), w(:)]) 2 = [(y), m(=)]a?, a) = 0.
Which equivalent to

2([n(y), 7(=))a )@ = [x(y), 7(=)]a* = 0. (18)
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By (3) of Corollary B.5 we have:

n(yz)z? + 2(7T(z)z) (ﬁ(y)z) = n(y)m(z)x? + 2(7T(z)7r(y)z):c (19)
and
m(zy)x? + 2 (W(y)x) (ﬂ'(z)x) = 7(2)m(y)z® + 2 (ﬂ(y)ﬂ(z)x) x. (20)
J1 and J2 are commutative, then
(y)m(2)a® + 2n(2)m(y)z)e = 7(2)7(y)2? + 27 (y)m(2))z.
Which give the identity ([§) or the identity (i) of Lemma.
(ii) One pose F(y, z,u) = 7((y, z,u))+2[r(2), 7(u)7(y)], Vy,z,u € J1. Then F(y, z,u) is a B; —antisymmetric
endomorphism. In fact,
By(F(y,z,u)x,2") + Bi(z, F(y, z,u)x)
=B (;z:, 7((y, z,u)) (x’)) +2B; (x, [7(y)m(u), ﬂ(z)]x’) +B; (:I:, F(y, z, u):z:’)

=2B; (:I:, (m((y, z,u))—[7(2), [7(y), ﬂ'(u)]])(:l:')): 0, (byCorollaryp.3).
Which prove that, F(y,z,u) is a B;—antisymmetric endomorphism. Consequently, B1(F(y, z,u)z,z) =
—Bi(x, F(y, z,u)x). The fact that B; is symmetric implies that By (F (y, z,u)z,z) = 0. O

2. Since 7 satisfies the equality (2) of Corollary @ and ¢ is symmetric, then 7 satisfies the identity
(2) of Corollary B.J if and only if

2

e(n(y)z, 2*) — p(r(y)a®,z) =0, Yz € J1, y € Jo.

By (i) of Lemma B4, we have (cp(ﬂ(y):c,:cQ) — o(m(y)z?, z)) (2) = B1([7(y), 7(2)]2?, ) = 0. Hence,
(Fw)@+ N) @+ N* = (F) @+ )?) @ + ).
3. Since 7 is admissible, then 7 satisfies the identity (3) of Corollairy @ if and only if

p(yy )p(x, x) + 20(m(y )z, m(y)z) — p(y)p(y)p(x, ) = 20(n(y )7 (y)x, ) = 0.
By (i) and (i) of lemma B.7, we have:

(p(yy')w(% 2) + 207 ()2 7 ()a) —p(W)py Vo, 2) — 20 (7 (0 )7 (v)a, x)> (2)

= B ((n((y/ 9, ) + 2 (). 7()7(y N, )~ B ([x(y'), 7(2)}a, ) = 0.

Consequently, 7 satisfies the identity (3) of Corollary @ We conclude that 7 is an admissible represen-
tation of 32 in 31 D 32*.
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Hence, we can consider, the semi-direct product, fj =Jo @ J of J by J2 by means of 7. The product in 55
is given by:

(+y+ £ +y + f) =x2" +yy +n(@)y’ +n(a")y + p@)f + p') f+ oy, y),

Vo, x' € Ja,y,y" € J1, f, [ € J5. Further, let v be an associative symmetric bilinear form not necessarily
nondegenerate on Jo X J2. Then, the bilinear form B defined on J x J by:

B:(J320531935) x (Fe051035) — K
(+y+fi2'+y+f)  +— @)+ Bily,y)+ f@) + f(z)

is an associatif scalar product on J.

Then we have proved the following Theorem.

Theorem 3.8 Let (J1, B1) be a pseudo-euclidean Jordan algebra, Jo be a Jordan algebra and 7w : Jo —
Ends(J1) be an admissible representation of Jordan algebras. Let us consider the symmetric bilinear map
Y1 X I — TJb defined by: o(y,y')(x) = Bi(r(2)y,y’), Yo € Jo2,y,y € J1. Then, the vector space
f( = J2 @ J1 ® J5 endowed with the product

(@+y+ " +y +f)=a2"+yy +n(@)y + (@ )y + f o Re + f o Rar + 0(y,y"),
VZL',IL'/ GJ?vyay/ Ejl;faf/ 6337
is a Jordan algebra. Moreover, if v is an associative bilinear form on Ja X J2, then the bilinear form B
defined on J X J by:
B,:(Je®dd103)xFeehnod;) — K
@+ty+fa'+y+f)  — @)+ Biyy)+ f@)+ f(2)

is an associatif scalar product on 3.
The Jordan algebra (3, Bo) (or J) is called the double extension of (J1,B1) by J2 by means of .

Remark 5 IfJs admits an associative bilinear form ~1 # 0, then J has at least two linearly independent
associatif scalar products.

3.5 Generalized double extension of pseudo-euclidean Jordan algebras by the
one-dimensional algebra with zero product
Let (J1, B1) be a pseudo-euclidean Jordan algebra, Kb be the one-dimensional algebra with zero product

and (D, x¢) € Ends(J1, B1) X J1 be an admissible pair. Let ¢ : J; x J1 — K be the symmetric bilinear
form defined by:

w(zay) = Bl(D:rvy)a VZ',y S 31'

Then, by the identity (Cy), p(2?,2y) = ( Y, ) y € J1. Hence the vector space J = J1 ® Kb
endowed with the product: (z + Ab)(y + A'b) : o(z,y)b, Yo,y € J1, A\, N € K is the central
extension of J; by Kb by means of ¢.



Let (D, wo) € End(3) x J defined by:
D(ab+ z) := D(z) + B1(z0,2)b, Vx € J1,a € K, wy =0+ kb, ou k € K.

Then the pair (D, wo) is admissible. Hence, we can consider the generalized semi-direct product 3 = KadJ
of J by the one-dimensional algebra with zero product Ka by means of (D, wp).
Moreover, the symmetric bilinear form B : J x J — K defined by:

B‘hx = Bl, Bl(a,b) = 1, Bl(a,(]l) = Bl(b,sl) = {0} et Bl(a,a) = Bl(b, b) =0

J1
is an associatif scalar product on 3. Thus, we have the following Theorem:

Theorem 3.9 Let (J1,B1) be a pseudo-euclidean Jordan algebra, Kb be the one-dimensional algebra
with zero product and (D, xg) € Ends(J1,B1) X J1 be an admissible pair. Let ¢ : J1 X J1 — K be the
symmetric bilinear form defined by:

w(zay) = Bl(D'rvy)a VZ',y S 31-

Then, the vector space f( =Ka @ 31 ® Kb, (where Ka is a one-dimensional vector space), endowed with
the following product:

Jxb=bxJ= {0}, axa=wog=ax0+kb, zxy=2xy+ B1(D(z),y)b, a*xz=2x*xa= D(x)+ Bi(xg,x)b,
Vr,y € J1 and with the symmetric bilinear form B defined by:
B|31><31 = Bl, Bl(a,b) == 1, Bl(a,fjl) = Bl(b,Jl) = {0} et Bl(a,a) = Bl(b, b) =0
s a pseudo-euclidean Jordan algebra.

Definition 3.3 The pseudo-euclidean Jordan algebra (f{, B) is called the generalized double extension of
the pseudo-euclidean Jordan algebra (31, B1) by the one-dimensional Jordan algebra with zero product Kb
by means of (D, x0,k) € Ends(J1, B1) X J1 X K (or by means of (D, x¢) € Ends(J1, B1) X J1).

4  Inductive description of pseudo-euclidean Jordan algebras

Theorem 4.1 Let (J, B) be an irreducible pseudo-euclidean Jordan algebra. If § =T &V, where T is
a mazimal ideal of J and V is a subalgebra of J, then J is the double extension of the pseudo-euclidean
Jordan algebra W = I/I+, B) by V by means of the representation 7 : YV — Ends(W,% defined by
7(v)(s(7)) = s(Ry(i)) = s(vi),Vv € V,i € T, where I+ is the orthogonal of I, s is the canonical surjection
of T onto T/T* and B is defined by: B(s(z),s(y)) :== B(z,y), Y,y € T.

Proof. Since 7 is a maximal ideal of J, Then, Z+ is a minimal one. Further, J is irreducible, then
INZ+ # {0}. Consequently, Z+ C Z. Consider A = Z+ @V and A~ the orthogonal of A. It is easy to
check that B, , is nondegenerate. Thus, 7 = It & AL, Tt follows that, J = At @It ¢ V. Now, let
a,b € A*, then ab = a(a,b) + B(a,b) where a(a,b) € T+ and S(a,b) € AL. It is clear that A+ endowed
with 3 is a Jordan algebra. Moreover, the bilinear form @ := B‘A LAl is an associatif scalar product on
A+. Which implies that (A*, Q) is a pseudo-euclidean Jordan algebra. consider 6 := S|t At — T/TH,
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6 is an isomorphism of Jordan algebras. Let v,w € V and 2 € A+. Then, ve =i+a€Z =TI+ @ A
where i € Z+ and a € At. Thus,

B(i,w) = B(ve — a,w) = B(vz,w) = B(z,vw) = 0,

Thus 4 = 0. Which implies that YA+ C At. Consequently the map 7 : V — End(A') defined by:
n(v)a = R,(a), Yv € V, a € At is well defined and it is an admissible representation of V because
R is an admissible representation of J. Hence, we can consider the double extension V & A+ & V*
of A by V by means of 7. Now, one consider v : T+ — V* (resp. 6 : V — (Z1)*) defined by
v(i) := B(i,.), Vi € I+ (resp. 0(v) = B(v,.), Yv € V). Since B is nondegenerate, then v (resp. §
is injective. Hence dimZ' = dimV* and v is an isomorphism of vector spaces. By the Corollary ﬁ,
R:3J — End(J); x — R(z) := R, is an admissible representation of J. Further, V is a subalgebra of
J and Zt is an ideal of J, then R : V — End(Z1); v — R(v) := R(v)/7+, is a representation of V on
T1. Recall that, p: V — End(V*); x — p(x) where p(z)(f)(y) = f(xy), Yo,y € V is the coadjoint
representation of V. v is a representations isomorphism (i.e. v o R(v) = p(v) ov, Yv € V) .

It is clear that the map V : Tt @ AL @V — VO AL @V*; (i+a+v) — v+a+wv(i), is an isomorphism
of Jordan algebras. In fact, recall that ZNZ+ = {0}. Let X =i+a+v,Y =j+b+weIJ=I-p AtV
where i,j € I+, a,b € A, v,w € V.

XY =iw+ ju+ a(a,b) + B(a,b) + m(w)a + 7(v)b + vw.

V(XY) = ovw+ B(a,b)+m(w)a+ m(v)b+ v(iw) + v(jv) + v(a(a,b)).
Moreover,
v(iw)(w') = B(iw,w") = B(i,ww') = v(i)(ww') = (u(z) o 7T(’LU)) (w").

and,
v(a(a,b))(w') = B(a(a,b),w') = B(ala,b) + B(a,b),w’) = B(ab,w') = ¢(a,b),

where ¢(a,b) € V* defined by ¢(a,b)(v) := Q(va,b). It follows that,
V(XY) =vw + B(a,b) + m(w)a + w(v)b + v(i) o w(w) + v(j) o w(v) + p(a,b) = V(X)V(Y).

Hence V is an algebras isomorphism. Further, if we consider on J the symmetric bilinear forms B’ :
IxJ— K, and B” : J x § — K defined by:

! :B/‘IXG, ! :0 and " :07 1 :0, " :Blev,

|zx3 [vxv lvxs |zxz [vxV

then B’ is nondegenerate and associative, B” is associative and B = B’ + B”.
Now, let us consider on V @ A+ @ V* the associatif scalar products 7' and 7" defined by:

T'(v+a+ fiw+b+h)=Q(a,b)+ f(b) + h(a), Yv,w € V,a,b e AL, f h € V*,
T=T +7 where v:(Va At V)x (Vo Ato V) —K
(v+a+ fiw+b+h) — Bv,w).

It follows that V is an isometry of pseudo-euclidean Jordan algebras from (J, B) (resp.(J, B’)) to (V &
AL ® V. T) (resp.(V & At @ V*, T)).
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It is clear that ¢ : VO AL ®V* — V@B (Z/IH)@V*; (v+a+ f) — v+0(a)+ f is an isomorphism of Jordan
algebras, where V@ A+ @ V* is the double extension of AL by V by means of 7 and V@& Z/I+ @ V* is the
double extension of Z/Z+ by V by means of 7 : Z/I+ — Ends(V) defined by 7(s(7))(v) := w(vi), Vi €
I,v € V. Now, if one considers the associatif scalar products, I' and I" on V & Z/Z+ & V* defined by:

(v +s(i) + f,w+ s(4) + h) := B(s(i), s(4)) + f(w) + h(v) = B(, 5) + f(w) + h(v)
Yo,weV, i,j€I, f,he V",

I =T"++ wherey : (VOI/ItoV)x VOI/It V) —K
(v+s(@)+ fiw+s(j) +h) — B, w),

then ¢ is an isometry of pseudo-euclidean Jordan algebras from (V&AL @ V*, B) (resp. (VB AL@V*, B'))
to (Vo (Z/I1) @ V*,T) (resp. (V@ (Z/IH) @V T7). O

Corollary 4.2 Let (J,B) be an irreducible pseudo-euclidean Jordan algebra which is not simple. If J
is not nilpotent, then J is a double extension of a pseudo-euclidean Jordan algebra W, T) by a simple
Jordan algebra.

Proof. J is not nilpotent, then J = & ® Ra(J) where & is a semi-simple subalgebra of J and Ra(J)
is the radical of J. J is irreducible and not simple, then Ra(J) # {0}. Since & is semi-simple, then
S =®;", S;, where &; is a simple ideal of &, for all i € {1,...,m}. The fact that &; is a simple ideal
of J, implies that I = G2 @ ... ® &,, @ Ra(J) is a maximal ideal of J. By the last theorem, J is a double
extension of (W = Z/Z*,T = B) by &, by means of the representation 7 : &; — End,(W, T defined
by: 7(z)(s(i)) := s(xi), Yo € &y, i € I, where s : T — T/~ is the canonical surjection. Recall that B
is defined by: B(s(i), s(j)) := B(i,5), Vi,j € Z. O

Corollary 4.3 Let (J, B) be an irreducible pseudo-euclidean Jordan algebra which is not simple and such
that J # {0}. If Ann(3) = {0}, then J is a double extension of a pseudo-euclidean Jordan algebra (W, T)
by a simple Jordan algebra.

Proof. If Ann(3J) = {0}, then Ann(J)* = J (ie. J%2 = J). Consequently, J is not nilpotent. Hence, by
the Corollary above, J is a double extension of a pseudo-euclidean Jordan algebra (W, T) by a simple
Jordan algebra. [

Theorem 4.4 Let (J,B) be a pseudo-euclidean Jordan algebra which not the one dimensional Jordan
algebra with zero product. If Ann(J) # {0} and if there exist b € Ann(J) \ {0} such that B(b,b) = {0},
then J is a generalized double extension of a pseudo-euclidean Jordan algebra (W, T) by one dimensional
Jordan algebra with zero product.

Proof. Let b € Ann(J)\{0} such that B(b,b) = 0. Consider the ideal 7 := Kb of J. There exists a € J
such that B(a,b) = 1, B(a,a) = 0 and J = Z+ ® Ka. Denote W := (Ka & Kb)*, then Z+ = Kb ® W. Tt
follows that, J = Ka ® W & Kb.

Let z,y € W, zy = B(z,y) + alz,y)b, where S(z,y) € W and a(z,y) € K. It is easy to see that W
endowed with the bilinear form §: W x W — W; (z,y) — B(x,y), is a Jordan algebra. Moreover
Bw = B, ., is an associatif scalar product on W and a : W x W — K is a symmetric bilinear form
such that

o(B(,y), B, y)) = a(w, By, 6(z,2))) Yo,y eW.
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Now, if z € W, then ax = D(x) + ¢(x)b where D(xz) € W and ¢(z) € Kor D : W — W; z +—— D(x) is
an endomorphism of W and ¢ : W — K is an element of the dual W* of W. Since Byy is nondegenerate,
then there exist wy € W such that ¢ = By (wyp,.). Moreover, there exist 2o € W, k,h € K such that
a® = kb + xo + ha.

Let z,y € W, B(zy,a) = B(x,ya) because B is associative. Consequently, o(z,y) = B(x, D(y)). On the
other hand, B(z,ya) = B(za,y). Which proves that B(z, D(y)) = B(D(z),y). Then D € End;(W, Bw)
and zy = fB(z,y)+B(D(x),y), Y,y € W. Now, B(a?,b) = B(a,ab) = 0 which implies that, hB(a,b) = 0
(i.e. h = 0). Hence, a® = wo + kb.

Let * € W, B(ax,a) = B(x,a?). Thus ¢(z) = B(x,2¢). We conclude that, wy = z¢. Consequently,
ax = D(z) + B(x, xo)b.

It is easy to show that (D, zg) € Ends(W, Byy) X W is an admissible pair of the pseudo-euclidean Jordan
algebra (W, Byy). Consequently, (J, B) is a generalized double extension of (W, T := Byy) by the one
dimensional Jordan algebra with zero product Ka by means of the pair (D, xg) € End;(W,T) x W. O

Corollary 4.5 Let (J, B) be an irreducible nilpotent pseudo-euclidean Jordan algebra. If J is not the one
dimensional Jordan algebra with zero product, then J is the generalized double extension of a nilpotent
pseudo-euclidean Jordan algebra (W, T) by the one dimensional Jordan algebra with zero product.

Proof. If J is nilpotent, then 32 # J. Consequently Ann(J) # {0}. By the last Theorem J is a generalized
double extension of a pseudo-euclidean Jordan algebra (W, T') by the one dimensional Jordan algebra
to null product. In the proof of the same Theorem, W = I+ /Z where T = Kb C Ann(J). Since J is
nilpotent, then Z+ is nilpotent. Consequently, W is nilpotent. [

Let U be the set constituted with {0}, the one dimensional Jordan algebra with zero product and all
simple Jordan algebras.

Theorem 4.6 Let (J,B) be a pseudo-euclidean Jordan algebra. If J ¢ U, then J is obtained from
elements J1,...,Jn of U, by a finite number of orthogonal direct sums of pseudo-euclidean Jordan algebras
or/and double extensions by a simple Jordan algebra or/and generalized double extension by the one
dimensional Jordan algebra with zero product.

Proof. We proceed by induction on dimyJ. If dimJ = 0 or 1, then J € U.

Assume that dimJ = 2. If J is not irreducible, then J = 77 ® Z> where 71,75 are two nondegenerate
ideals of J which satisfies B(Z1,Z>) = {0} and dimZ; = dimZ, = 1. Therefore Z; (resp.Z3) is either a one
dimensional simple Jordan algebra or the one dimensional algebra with zero product. Now, suppose that
J is irreducible. If J is neither simple nor nilpotent, then J = S ® Ra(J) where S is a one dimensional
semi-simple Jordan subalgebra and dimRa(J) = 1. In this case, J = S@S* is the double extension of {0}
by S by means of the representation 0. Now if J nilpotent, then J is the generalized double extension
of {0} by the one dimensional Jordan algebra with zero product. We conclude that if dimJ = 2, the
theorem is satisfied.

Now suppose that the theorem is satisfied for dim(J) < n € N. We shall prove it in the case where
dimJ = n. If J ¢ U and J is irreducible, then J is either a generalized double extension of a pseudo-
euclidean Jordan algebra (W, T) by the one dimensional Jordan algebra with zero product or a double
extension of a pseudo-euclidean Jordan algebra (W, T') by a simple Jordan algebra. Since dimW < dimy,
then W, T) satisfies the theorem, so J satisfies the theorem. Now, if J ¢ U and J is not irreducible,
then § = 71 ® ... ® Z,,, where Z; # {0},1 < i < m are nondegenerate irreducible ideals of J such
that B(Z;,Z;) = {0} Vi # j € {1,..m}. Let ¢ € {1,..m}, the fact that dimZ; < dimJ implies that
(Z;, B/1,xz,) satisfies the theorem. Hence, (J, B) satisfies the theorem. [J

Let £ be the set constituted by {0} and the one dimensional Jordan algebra with zero product.
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Theorem 4.7 Let (J,B) be a nilpotent pseudo-euclidean Jordan algebra. If J ¢ &, then J is obtained
from elements J1,...,9n of € by a finite number of orthogonal direct sums of pseudo-euclidean Jordan
algebras or/and generalized double extension by the one dimensional Jordan algebra with zero product.

Proof. We proceed by induction on dimygJ. If dimJ =0 or 1, then J € £.

If dimJ = 2, then J is either the orthogonal direct sum of two one dimensional Jordan algebras with zero
product or J is the generalized double extension of {0} by the one dimensional Jordan algebra with zero
product.

Now, suppose that the theorem is satisfied for dimJ < n. We shall prove it in the case where dimJ = n.
Suppose that J ¢ £ and J is irreducible. since J is nilpotent, then J is the generalized double extension
of a nilpotent pseudo-euclidean Jordan algebra (W, T') by the one dimensional algebra with zero product.
Since dim(W) < dimg, then W satisfies the theorem. Then J satisfies the theorem. If J ¢ £ and J is not
irreducible, then J = 77 & ... & Z,, where Z;,1 < ¢ < m, are nilpotent nondegenerate irreducible ideals
of J which satisty B(Z;,Z;) = {0}, Viot = j € {1,...m}. Since dimZ; < dimJ, Vi € {1,...m}, then, any
(Z;, B/1,xz,) satisfies the theorem. Hence, (J, B) satisfies the theorem. [

5 Nilpotent pseudo-euclidean Jordan algebras with dimension
less than or equal to 5

In this section, we shall use inductive description obtained in section 4 to construct the nilpotentpseudo-
euclidean Jordan algebras with dimensions n < 5. In particular, we shall prove that all nilpotent pseudo-
euclidean Jordan algebras with dimensions n < 4 are associative, but there are nilpotent pseudo-euclidean
Jordan algebras with dimension equal to 5 which are nonassociative.

First case: n = 1. The product of nilpotent one dimensional Jordan algebra vanish (see [[4]), (i.e.
J1,1 = Ka where a? = 0). The associatif scalar product of J1,1 is given by Bi(a,a) = 1.

Second case: n = 2. The generalized double extension of null algebra is the nilpotent pseudo-euclidean
Jordan algebra Jo = Vect{a1, b1} where by € Ann(J2) and a1a; = Aby; where A € K.

If A = 0, we obtain Jo2 0 = Vect{a1,b1} where 3%)0 = {0}. If A # 0, we obtain Jz  such that
b1 € Ann(J2) and a1a; = Ab;. Now, let A € K*, then s : Jo » — J2.1 defined by

1
(,02((11) = a1 and (,02([71) = )\—bl
1
is an algebras isomorphism. Thus, for all A # 0, J2,x is isomorph to J2,1. The associatif scalar product
Bs on Ja,0 and on Ja,1 is given by Ba(ai,b1) = 1, Ba(a1,a1) = Ba(by,b1) = 0.
Third case: n = 3. Let us consider the algebra J1,; = Ka, where aa = 0. The set of admissible pairs
of this algebra is given by:

{(D,x0) € Ends(J1,1) x J11; D =0, o = aa, where o € K}.

If a = 0, the nilpotent pseudo-euclidean Jordan algebra with dimension equal to 3 obtained by generalized
double extension of J;11 by means of the pair (D, zq) = (0,0) is Js,0,x = Kaz ® Ka & Kby where {a, b2} €
Ann(ﬁgﬁoyk) and a0 = ka, keK If k= 0, then 331070 = Kaz S5 Ka D KbQ where 3%70,0 = {0} Let
k € K*, then the map 3 : J3,0k — J3,0,1 defined by

1
90(0’2) = a2, (,0(0,) =aet gO(bQ) = Eb27
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is a isomorphism of Jordan algebras. Thus for all & € K*, J30,% is isomorph to Jzo,1. Now if o # 0,
then the nilpotent pseudo-euclidean Jordan algebra with dimension equal to 3 obtained by generalized
double extension of J1,1 by means of (D,xz9) = (0,ca) is given by Js.ar = Kaz @ Ka & Kby where
by € Ann(337a,k), aa = 0, asa = aby and agsas = aa + kby, k € K. Let kK € K, a € K*. Let us consider
the map ¢ : J3.a.5 — J3,1,0, defined by,

k
plaz) = aaz + 5a, ¢(b2) = abz, ¢(a) = aa.
¢ is an isomorphism of Jordan algebras. Thus, Va € K*,Vk € K, J3,q,, is isomorph to Js,1,0. The
associatif scalar product on J3 0,0, J3,0,1 and on J3 1,0 is given by

B(ag,b2>:1 B(GQ,(I2>:B(b2,b2):O
B(a,a) =1 B(az,a) = B(bz,a) =0

Fourth case: n = 4. Recall that in the second case, we have proved that the two dimension nilpotent
pseudo-euclidean Jordan algebras are Jo,0 = Vect{a1,b1} where(]%ﬁo = {0} and J2,1 = Vect{a1, b1} where
b1 € A(J2) and ajaq = by1. Moreover, the bilinear form defined on Jo o (resp. J2,1) by Ba(a1,b1) = 1,
Bs(ay,a1) = Ba(by,b1) = 0 is an associatif scalar product on Ja,0 (resp. J2,1)-

Let us consider J2 0 = Ka; & Kby, where 3%10 = {0}. Denote by, A and B the subsets of End(J2,0)
defined by:

A={D € End(J2,); D(a) =aband D(b) =0, where a € K},
B ={D € End(J2,0); D(a) =0 and D(b) = aa, where o € K}.

The pair (D, zg) € End(J2,0) X J2,0 is an admissible pair of Ja 0, if and only if (D, zg) € (AU B) X Ja.0.
Let D € A (resp. € B) defined by D(a;) = ab; and D(b;) = 0 (resp. D(a;) =0 and D(by) = aay) and
xo = na1 +e€by € Ja 0, where a,n, ¢ € K. Let k € K. Then, the product in the nilpotent pseudo-euclidean
Jordan algebra J4,0 = Kas @ Ka; @ Kb; @ Kbs obtained by the generalized double extension of J2 o by
the one dimensional Jordan algebra with zero product by means of (D, zg) € A X J2,0 (resp. € B x 3270)
is given by:

bs € Ann(3470), asas = nay + eby + kbs, asb; = 77b3,

aza] = Oébl + Ebg, aja; = bl + Oébg, a1b1 = blbl =0.
resp.

bg S A?’L?’L(3410), azasz = nay —+ Ebl —+ kbg, a3b1 = aay + T]bg,

aza; = Ebg, aja; = bl, a1b1 = 0, b1b1 = Oébg.

Now let us consider the Jordan algebra J2 1 obtained in the second case. (D, zo) € End(J2,1) X J2,1 18
admissible, if and only if, there exists 3, e € K, such that

D(al) = ﬁbl, D(bl) = 0, and o = Ebl.

Let (D, zo) be an admissible pair of J2 1. Then, the product on the nilpotent pseudo-euclidean Jordan
algebra J41 = Kaz @ Ka; ® Kby @ Kbz obtained by the generalized double extension of J2 ; by the one
dimensional Jordan algebra with zero product by means of (D, z) is given by:

bi,b3 € Ann(J3), asaz = eby + kb3, aszay = Bby +€bs, ayar = by + Bbz
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An associatif scalar product on Js 0 and Ja,1 is given by:

By(ai,a1) = By(b1,b1) =0, DBy(a1,b1) = By(as, b3)

= 15 B4(a37a3) = B4(b3ab3) = 05
By(as,a1) = Ba(az,b1) =0, By(bz,a1) = B4(bs,b1) =0

Fifth case: n = 5. We shall construct with the same process all nilpotent pseudo-euclidean Jordan
algebras with dimension equal to 5. In the first time, let us consider the nilpotent pseudo-euclidean
Jordan algebra 30,0 and let (D, zo) € End(J3,0,0) X Js,0,1, which satisfies the conditions (C4), ..., (C7).
These conditions are equivalent to D3(z) =0, Va € J3,0,0 and D?(zq) = 0.

In the second time, let us consider Jz0,1 = Kas ® Ka @ Kby. The product on Js3 0.1 is defined by
ag20a9 = b2 and a,bg € A(JS,OJ)- (D,IL‘()) € End(fjg,lyo) X 331071 is admissible, if and only if there exists,
a, B,7v,m1,12,n3 in K, such that

D(a2) = aa + Bba, D(a) = ~ba, D(bs) =0 and xo = mras + n2a + n3be. where 1 € {0,042}.

Let (D,x0) an admissible pair of J30.1. The product on the Jordan algebra Js501 = Kas ® Kag &
Ka @ Kby @ Kby, obtained by the generalized double extension of J30,1 by the one dimensional Jordan
algebra with zero product is given by: by € A(J3),

aq4a4 = 1102 + n2a =+ 773b2 + kb4, aa = b2a2 = bga = b2b2 = 0, b2a4 = 771b4
aoa — 042b4 aay = OéQbQ, a4 = 20 + Oéng + 773b4, aoa9 — bQ + 043b4.

Now let us consider J3,1,0 = Kas ® Ka @ Kby. The product on 30,1 is defined by:
by € A(J3.1,0), aza2 =a, aza = bs.
(D, z0) € End(J3,1,0) X J3,1,0 is admissible, if and only if, there exists «, 5,7, ¢, in K, such that
D(a2) = aa + Bba, D(a) = by, D(bs) =0 and z¢ = €a + nbo.

Let (D, x0) be an admissible pair of J3,1,0- Then, the product on the Jordan algebra Js5 1,0 = Kas ®Kax @
Ka @ Kby @ Kby, obtained by the generalized double extension of J3 1,0 by the one dimensional Jordan
algebra with zero product is given by:

b, by € A?’L?’L(C{5,071), a4a4 = €a + nby + kby, asas = by + Bby,
asa = 7()4’ aq = 0’ aq4a0 = aa + ﬁbQ + nb4, aqa = ’bea

Now let us consider the pseudo-euclidean Jordan algebra J = J5.1,0 where k = a3 =172 =13 = 0 and
as = 0. The product on J is given by:

ba, by € Ann(3), agay = aa =0, asao = a, asa = by + by, asao = a, asa = bo.

The fact that as(agaq) — (agas)as = by # 0 implies that J is not associative.

6 Symplectic Forms and Jordan bialgebras

In this section we study the relation between solutions of Yang Baxter equation (EYB) in the case of
Jordan algebras (see @]) and symplectic structures on pseudo euclidean Jordan algebras. We study also
the connection between symplectic pseudo euclidean Jordan algebras and some symplectic quadratic Lie
algebras.
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Definition 6.1 Let w be a skew-symmetric non-degenerate bilinear form on J which satisfies w(xy, z) +
w(yz,x)+w(zz,y) =0, Vr,y,z € J. w is called a symplectic form and the pair (J,w) is called symplectic
Jordan algebra and if moreover B is an associatif scalar product on J, then (J, B,w) is called a symplectic
pseudo-euclidean Jordan algebra.

Definition 6.2 Let V be a vector space and A :V — V &V be a map. Then the pair (V,A) is called a
coalgebra and A is called a comultiplication.

For v € V, one writes: A(v) = ) v(1) ®v(2). The dual space V* of V endowed by the following product:

< fg,v >:Z < f,va) >< g,v2) >, Vf,ge V", ve.

is an algebra called the dual of the coalgebra (V,A). Recall that if f,g € V*, we can consider f ® g €
(V@ V)* defined by:

<@g,y ai@bi>=Y < fa;><gbi> abi€V,
i i

which proves that V* @ V* C (V@ V)*.
The space V endowed with the following actions is a V*—bimodule:

fo= Zv(l) < five) > and v.f = Z < fva) > v,

where f € V*, v eV and A(v) = Zv(l) ® v(2)-

v

It is clear that for all f,g € V* and v € V the equalities < fg,v >=< f,g.v >=< g,v.f >, hold for all
f,g€V*and v € V. Now, let V be an algebra, A be a comultiplication of ¥ and V* the dual algebra of
the coalgebra (V, A). V* with the following actions is a V—bimodule:

< fro,w>=< fow>=<w=x* f,v>, VfeV* v,we.
Consider the space D(V) =V @ V* on which we define the following product:
v+ Nw+g)=(@w+ fwtvg)+(fg+fxwtvxg), VfgeV', v,weV.

Then, D(V) endowed with the product above is an algebra in which V and V* are two subalgebras. The
algebra D(V) is called the (Drinfeld-)double of the bialgebra (V, m,A) where m : V x ¥V — V defined
by m(v,w) = vw, Yu,w €V (i.e. m is the multiplication in V).

Definition 6.3 Let J be a Jordan algebra not necessarily unital and A be a comultiplication of 3. (J,A)
is a Jordan bialgebra if D(J) is a Jordan algebra.

Let J be a Jordan algebra and consider the linear map

TIIRI — JRJ

Z$i®yi — Zyz@?%

21



Let r = Zzaz®bz S

J ® J such that 7(r) = —r (i.e. 7 is skew-symmetric). We define on J the
comultiplication A, by A,(z) =

Zi:l a;x X b1 —a; ® SCbi, Vo € 3 Let

C;] (T) = 719713 — r12723 + 13723, where

712713 = Z aia; & b; ® bj,

1<i,j<n
T12723 = E a; @bja; @b; = — E b; ® a;a; ® b;
1<i,j<n 1<i,j<n
and 713723 = E a; @ aj ® beJ = E bz ® bj X a;Qj
1<i,j<n 1<i,j<n

because r is antisymmetric. Thus,

C;](?“): Z aiaj®bi®bj+bi®bj®aiaj+bj®aiaj®bi.

1<i,j<n

C5(r) is an element of J ® J ® J and it is well defined even if J is not unital. The Jordan Yang Baxter
equation of J is Cy(r) = 0 (see [L6]). In this case, r is said an antisymmetric solution of The Jordan
Yang Baxter equation or r is an antisymmetric r—matrix. In [E], it is proven that if r € J® J is an
antisymmetric r—matrix, then the pair (J, A,) is a Jordan bialgebra.

Let r be an antisymmetric r—matrix. One poses the linear map R : J* — J defined by R(f) =
> flai)by, Vf € J*. The equality C3(r) = 0 is equivalent to the following identity:

<f,RMMR1) >+ < h, ROR(f) >+ < ,R(f)R(h) >= 0.

In fact,

(f@h®l)(rizrs) Z flaza;)h(b;)l(b;) = f(h(bi)ail(bj)a]—):< f, R(R)R(I) >,
(f ® h @1)(riaras) Zfaz (biaj)l(b;) = — < h, ROR(f) >,
(f®@h®@1)(ri3ras) Zf ai)h ib;) =<1, R(f)R(h) > .

Moreover, since r is antisymmetric, then R is antisymmetric. In fact, let f,h € J

n

<R Zh —h(Y_ flai)bi) = = < h,R(f) >= = < R(f),h >

i=1
In this case we say that R satisfies the Yang Baxter equation. If R is bijective, we say that r is a

nondegenerate r—matrix.

n

Proposition 6.1 Let (3, B) be a pseudo-euclidean Jordan algebra and v =", a; ® b; be an antisym-
metric r—matriz of J. Let ¢ : J — F* be a linear isomorphism defined by: ¢(x) = B(x,.), Vx € J
and R : J* — J the linear map defined by: R(f) = >, f(ai)b;, Vf € J*. Then, U = Ro ¢ is
B—antisymmetric. Further, J endowed with the product x defined by xxy =U(x) y+x U(y), Yx,y €J
is a Jordan algebra for which U : (J,*x) — J is a Jordan algebra isomorphism.
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Proof. Let x,y,z € J. Consider f := ¢(z) = B(z,.), h:= ¢(y) = B(y,.) and | := ¢(2) = B(z,.).
L ozxy=xU(y)+yUx)=z(Rod)(y) +y(Rod)(x) =xR(h)+yR(f)

= ¢~ (f o Rrn)) + ¢~ (o Rp(y)) = ¢~ (d(x)p(y))-

Hence, ¢(xxy) = ¢p(x)p(y). Since J* is a Jordan algebra and ¢ is bijective, then (J,*) is isomorph
to J*.

2. Since R is antisymmetric, then < ¢(x), R(¢(y)) >= — < ¢(y), R(¢(x)) >. Hence, B(z,U(y)) =
—B(y,U(x)). Thus U is B—antisymmetric.

3. Cy(r) =0. Thus, < f, R(h)R(l) > + < h, R()R(f) > + < I, R(f)R(h) >= 0. Thus, B(z,U(y)U(z))+
B(y,U(2)U(x)) + B(z,U(x)U(y)) = 0. Tt follows that, B(—U(zU(y)) —U(yU(z)) +U(x)U(y),2) =
0. Hence, U(z U(y)) + U(y U(z)) = U(x)U(y). Consequently, U(x x y) = U(z)U(y). Thus U is a
Jordan algebra morphism.[]

Remark 6 The converse of the last proposition is true. If U is a B—antisymmetric endomorphism of J
such that the product * given by: xxy =U(x)y+axU(y), Y,y €J, define a Jordan structure on J, then
the linear map R : J* — J defined by R =U o ¢~ 1, where ¢(z) = B(z,.), Vx € J, is a solution of the
Yang Baxter equation.

Proposition 6.2 Let (J, B) be a pseudo-euclidean Jordan algebra and r =3 | a; ® b; be an antisym-
metric r—matriz. LetU : J — J be the linear map defined byU = Ro¢. Then, ImU) = {U(z); = € J}
is a Jordan subalgebra of J. Further, the bilinear form w : Im(U) x Im(U) — K defined by:

w(U(z),U(y)) = BU(z),y), Y,y €3,
is a symplectic form on Im(U).

Proof. Let x € kerd and y € Im(U). There exists z in J such that y = U(z), then B(z,y)
B(x,U(z2)) = —BU(x),z) = 0. Thus, ImU) C (kertd)*. Since dim(lm(U)): dim((kzeﬂ/{)l), then
Im(U) C (kertd)*.
Let © =U(xo), y =U(yo) € Im(U) where zg,yo € J and z € kerld.
By, z) = BU(xo)U(yo), 2) = =BU(2)U(x0), y0) — BU(yo)U(2), x0) =
Thus, I'm(U) is a subalgebra of J. Now, let 20, Yo, 20 € J and x = U(xo), y = U(yo) et z = U(z9) € Im(U).
w(z,y) = wl(z0),U(yo)) = BU(x0),y0) = —B(wo,U(yo))
= _w(u(?JO)au(mO)) = —W(y, )

Thus w is antisymmetric. Further,
> wlay,2) =D wt(exy),U(x0)) = Y BU 70) = 0,
cyc cyc cyc

because C3(r) = 0. Now, let x € J. If w(U(x),U(y)) = 0 for all y in J, then B(U(z),y) =0, so U(x) = 0.
Consequently, Wi x rm(u is nondegenerate. It follows that, (Im(U), wrmwxrm@) is @ symplectic Jordan
algebra.[]
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Corollary 6.3 Let (J, B) be a pseudo-euclidean Jordan algebra and r = 2?21 a; @b; € JRJ such that
7(r) = —r, C3(r) = 0 and r nondegenerate. Then J endowed with the bilinear form wy : J x J — K
defined by

wy(z,y) = BU (2),y), Y,y €3,

is a symplectic Jordan algebra.

Proof. The fact that r is nondegenerate implies that U is invertible. It follows that, Im(U) = J. The
last proposition gives the result. [

Remark 7 Let U be an invertible endomorphism of J. Then, U satisfies:
U(Uz)y +2Uly) )= UE@UY), Yo,y € 3.
if and only if U™ is a derivation of J.

Proposition 6.4 Let (J, B) be a pseudo-euclidean Jordan algebra. J have a symplectic form w, if and
only if there exists a B-antisymmetric invertible derivation D of J such that w(x,y) = B(D(z),y), VYx,y €
J.

Proof. Since B and w are two nondegenerate bilinear form of J, then there exists an invertible endo-
morphism § of J such that w(z,y) = B(§(z),y), Vz,y € J. Further, since w is symplectic, then

B(6(xy), z) = B(3(y), 22) + B1(8(x),y2) = B(d(y)z, 2) + B(d(x)y, 2), Va,y,z € 3.

The fact that B is nondegenerate implies that §(zy) = 6(x)y+xzd(y), Vz,y,z € J. Hence 0 is an invertible
derivation of J. Conversely, if § is a B—antisymmetric invertible derivation of J, then it is clear that the
bilinear form w : J x J — K defined by: w(z,y) = B(6(x),y), Va,y € J is a symplectic form of J. O

Corollary 6.5 Let (J,B,w) be a symplectic pseudo-euclidean Jordan algebra. Then, there exists a

B—antisymmetric endomorphism U : J — J satisfying UU(z)y + zU(y)) = U(x)U(y), Vz,y € T
and such that w = wyy.

Proof. Consider the B—antisymmetric invertible derivation D of J defined by w(x,y) = B(D(x),y), Vx,y €
3. Then, Y = D~ ! is B— antisymmetric and satisfies

UU()y +xU(y)) = U@)U(y), Yo,y € J.0O
The following Theorem gives a generalization of the Corollary @

Theorem 6.6 Let (J,w) be a symplectic Jordan algebra. Then, there exists a nondegenerate r—matriz
which satisfies T(r) = —r, Cy(r) =0 and such that w = wy where U is the endomorphism associate to r.

Proof. Let {e1,...,e,} be a base of J. One poses a;; = w(a;,a;). Since the form w is nondegenerate,
then the matrix (oj)i<i j<n is invertible. Let (8;;)1<i j<n be the inverse of the matrix (aj)i<i j<n and
r =3 Bij(a; ® a;). It is clear that (3i;)1<ij<n is an antisymmetric matrix. Thus 7(r) = —r. Now
we shall prove that C3(r) = 0. Let ¢ : J — J* be the linear isomorphism given by ¢(x) = w(=x,.)
and R = ¢~ '. Then, R satisfies the Yang Baxter equation. In fact, Let f,h,l € J*. Then, there exists
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x,y,z € Jsuch that f = ¢(z), h = ¢(y) and | = ¢(z). Thus x = R(f), y = R(h) and z = R(l). It is easy
to see that

< f,R(MR() >+ < h, RIOR(f) >+ < ,R(f)R(h) >= w(x,yz) + w(y,xz) + w(z,zy) = 0.
Hence, R satisfies the Y BE. It follows that, C5(r) = 0. O

Recall that to any unital pseudo-euclidean Jordan algebra one can apply the Tits Kantor Koecher
construction (T KK construction) to obtain a quadratic Lie algebra ([{], [[d]). In the following, we are
going to make a slight modification to this construction in order to obtain a quadratic Lie algebras
(Lie(J), Br) starting from the pseudo-euclidean Jordan algebras (J, B) which are not necessarily unital.

Let (J, B) be a pseudo-euclidean Jordan algebra which is not necessarily unital. J is a copy of J. One
pose L(J) := vect{L,, = € J} and H(J) := L(J*) & [L(J), L(J)] . On H(J) we define the bilinear form I'
by:

I'(R, + D1, Ry + D3) = B(a,b) + Q(Dy, D3), Va,be 32, Dy, Dy € [L(3), L(3)].

where 2 is given by: Q: [L(J),L(J)] X [L(J),L(T)] — K

n

(D1,D2 =Y [Rei, Ra]) +— > B(Di(c),dy).
i=1 i=1
The bilinear form I" is well defined because the orthogonal of (Ann(fj)) with respect B is J2.
The vector space Lie(J) = J @ H(J) @ J with the following bracket:

[Ty, Ts) = [T, Talyy , [T1, as) = Ti(az), [T1,ba] = —Ti(ba),
[(11,5] = Ra1b2a [a17a2] = I:Evg] = 0; vT; € H(s)a aivbi € 37 i€ {172}5

is a Lie algebra. Moreover (Lie(J), Be) is a quadratic Lie algebra, where the invariant sacalar product

Bg is defined by:
Br:Lie(Q)=3JoHQ) @I x Lie(F)=JaHE) T — K
(x1 =a1+T1 4+ b1,22 = as + T + be) — T'(Th, T2) + 2B(a1, b2) + 2B(az, by).

Before starting the description of symplectic pseudo-euclidean Jordan algebras, it is natural to ask

the following question: If (J, B) is a pseudo-euclidean Jordan algebra and (£ie(J), Bz) the Lie algebra

constructed by the TK K construction from J. Suppose that (J, B) has a symplectic structure. Then,
does (Lie(J), Bz) admit a symplectic structure?

We give the answer of this question in the following proposition.

Proposition 6.7 Let (J, B,w) be a symplectic pseudo-euclidean Jordan algebra. Let D be the derivation
of J defined by: w(x,y) = B(D(z),y), Va,y € J. Define the linear map D : Lie(J) — Lie(J) by
DL((J,) - D(a‘)7 DL(E) = D(a‘)7 DC(RG) = RD(a)a and Dl:([RaaRb]) = [RD(a)vb] + [RavRD(b)] )
Ya,b € J. Then, the bilinear form wr defined on Lie(J), by: we(x,y) = Be(De(x),y), Yo,y €3, is a
symplectic form if and only if D, satisfies the following condition:

D([RE), RQ)]) = [R(3), RE)] - (21)
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Proof. Since D is a derivation of J, then

D((z,y,2)) = (D(x),y,2) + (z, D(y), 2) + (x,y, D(2)), Va,y,z €J.
Consequently D is a derivation of £ie(J). Moreover the fact that D is B—antisymmetric implies that Dz

is B —antisymmetric. Next, it is clear that D is invertible if and only if Dz ([R(J), R(J)]) = [R(J), R(J)] .
O

Definition 6.4 Let (G = G5 ® G1, B) be a quadratic Zo—graded Lie algebra. We say that (G = G5 @
G1, B,w) is a symplectic quadratic Zo—graded Lie algebra, if w : G X G — K is a nondegenerate anti-
symmetric bilinear form which satisfies:

w(lz,yl, 2) +w(ly, 2], ) + wllz, 2], y), Vo,y,2€G

and such that w(Gg, G1) = {0}.

Remark 8 Let (3, B,w) be a symplectic pseudo-euclidean Jordan algebra and D be the antisymmetric
invertible derivation of J such that w(z,y) = B(D(x),y), Ya,y € J. If Dg satisfies the condition
(B1), then (Lie(3) = Lie(3)s ® Lie(J)1, Be,ws), where we(z,y) = Be(De(x),y), Yo,y € Lie(J), is a
symplectic quadratic Zo— graded Lie algebra.

We are going to give an example of nonassociative Jordan algebra which admits a derivation satisfying
the condition (R1]).

Example. Let A =K[X] (K =R orC)and O = XA the ideal of A generated by {X}. Let us
consider O := O/X"O, n € N*. O is an associative algebra generated by {X, X2,.... X"}. Let J be an r
dimension Jordan algebra (r € N*). The vector space f( =J® @, endowed with the following commutatif
product:

(@ P)(y® Q)= (zy) ® (PQ), Vz,y€J, VP,Q €0,

is a Jordan algebra. Now, let J@ (J)* be the trivial T* —extension of J and I := {1,...,7} x {1, ...,n}. Let

(ei)1<i<r be a base of J. Then, (eij = ® E) is a base of J. Let (e;‘j) be the dual base of

(i,5)el (1,5)el

J associate to (eij)( er For all j € {1,...,n}, denote by J; = J ® X7. Tt is easy to see that if a € J;
i,j)el

and b € J;, then ab € J;4; if i+ 7 <n and ab =0 if i + j > n. Let us consider the endomorphism D of

J defined by: D(z ® X') =izx ® X, Vo € J, Vi € {1,...,n}. Then, D is a derivation of J. It is easy to

verify that the map D : J@® (J)* — J @ (J)* defined by:

D+ f)=D(a)—foD, Yac3, feJ*
is a derivation of J ® (5})* On the other hand, let i, k,t € {1,...,r} and 4,1 € {1,...,n}. We have:
|:Reij’Rezj:| (etl) = eltj © (Retheij - Reijetl)'

Since
eltj © (ReuReu - Reijetl) (epq) = er (etl(eijepq)) _e;;j ((etleij)epq) =0

26



because

et(€ijepq), (€n€ij)epq € Jjtirq f j+1+g<n
and (ey(eijepq = (eueijlepg =01if j+14+¢q > n.

Hence, if we consider I := {(i, 7, k,1), (¢,5), (k,1) € I, where j # 1}, then
[R(3, R3] = Vect( U ({[Re”,Rekl] : {Re%,Rezl} }))U( U {[RGM,R%] })
(4,9),(k,1)el (i,9,k,1)€11

By the definition of D, we have: D(e;;) = ie;; and D(ej;)(en) = —ej;(D(ex )) —lej;(ex). Hence

D(e: )(ekl) =0 if (i,5) # (k,1) and D(e} )(eij) =—75. It follows that, D( z]) - *_

Z]

[ [Reu’Rele =G+ [Reu’Rekz] :

[D, {Refj;ReZL:H =—-(+1) {Re?j’ReZL} :

It follows that, - - ~ o
[D,[R@3, RQ]] = [RQ, R
Hence, D satisfies the condition (RI]).

7 Descriptions of symplectic pseudo-euclidean Jordan algebras
In this section, K is algebraically closed.

Theorem 7.1 Let (J1,B1,w1) be a symplectic pseudo-euclidean Jordan algebras, ag € J1, A € K and §
the invertible derivation of J1 such that

wi(w,y) = B1(0(z),y), Y,y € J1.

Let (D, o) € Ends(J1) X J1 be an admissible pair such that
1
D(ag) = Azg + 56(,7:0) Ry, =6D — Dé+ A\D, Vx € J;.

Let (3 =Ka® J1 ®Kb, B) be the generalized double extension of (J1,B1) by the one dimensional Jordan
algebra with zero product by means of (D, xo). Then, the endomorphism A of J defined by:

A(D) = \b, A(x) = §(x) — Bi(ag, )b, A(a) = ag — \a, Yz € J1,
is a B—antisymmetric invertible derivation of J. Thus the antisymmetric bilinear form w of J defined
by: w(z,y) = B(A(x),y), Vz,y € J, is a symplectic form on J.

The algebra (J, B,w) obtained above is called the symplectic pseudo-euclidean double extension of (J1, B1,w1)
(by means of (D, xg,a0,\) € End(J1) x J1 x J1 x K).
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Proof. The product on J is denoted by . Let z,y € J1, then, we have
Alx*a)— A(z)*xa—xz*Ala) = §D(x) — Dé(x) — apx + AD(z) + B1(2Ax0 — ag + 6(xo) — D(ap), z)b = 0.

Al *y) — Alz) xy — z % Aly) = 8(zy) — 8(x)y — 26(y) + By ((/\D — Ray — D6+ 5D)(x),y)b =0.
A(a*a) —2a* D(a) = §(xo) — 2D(ag) + 2 Az + 3(kXA — Bi(ag, x0))b = 0.

Hence, A is a derivation of J. Moreover, since J is invertible, then A is invertible too. Thus, the
bilinear form w defined on J by: w(z,y) = B(A(z),y), Vz,y € J, is a symplectic form on J. O

Lemma 7.2 Let J be a Jordan algebra. If J admits an invertible derivation, then J is nilpotent.

Proof. Let Ra(J) be the nilpotent radical of J and let S be a semi-simple subalgebra of J such that
J = Ra(J) ®S. The map

6+ §S—S
x> 8(x) = p, o D(x),

where ps : J — S is defined by ps(s+ 1) = s, V(s,7) € S x Ra(J), is a derivation of S. In fact, Let
x,y € S. One poses D(x) = 21 + x2, D(y) = y1 + y2 where z1,y1 € S and z2,y2 € Ra(J).

d(zy) = ps(D(zy)) = ps(xzD(y) + D(x)y) = 2y2 + 21y = 26(y) + 0(7)y.

Thus ¢ is a derivation of S. Now, let € § such that d(z) = 0. Thus, D(z) = r € Ra(J). Hence,
D~Y(r) = z € S, which is impossible because D~(Ra(J)) = Ra(J). It follows that, J is injective. On
the other hand, since S is semi-simple, then it admits a unital element e. Thus d(e) = 0. It follows that
e = 0. Which show that S = {0}. Hence J = Ra(J). Thus J is nilpotent. [J

Theorem 7.3 Let (J, B,w) be a symplectic pseudo-euclidean Jordan algebra such that J # {0}. Then
(3, B,w) is a symplectic pseudo-euclidean double extension of a symplectic pseudo-euclidean Jordan alge-

bra (W, T, Q).

Proof. Let A be the invertible B—antisymmetric derivation of J defined by, w(x,y) = B(A(x),y) for all
z,y € J. Since J is nilpotent (see the Lemma [7.9), then Ann(J) # {0}. Let = € Ann(J)\{0}, then

A(z)y = A(zy) —zA(y) =0, Vy €.

Hence A(z) € Ann(3). It follows that, A(Ann(J)) = Ann(J). Let A be an eigenvalue of A, . Let
b € Ann(J) such that A(b) = A\b. Then 0 = w(b, b) = AB(b,b). Which implies that B(b,b) = 0. One pose
7T = Kb and Z1 the B—orthogonal of Z. Let a € J such that B(a,a) =0, B(a,b) =1 and J = Ka® Z+.
By the Theorem @, the pseudo-euclidean Jordan algebra (J, B) is a generalized double extension of
the pseudo-euclidean Jordan algebra (W = (Ka ® Kb)*,T := B,,, ,,) by the one dimensional Jordan
algebra with zero product by means of the pair (D, xo) € Ends(W) x W defined by: D =po R,),, and
29 = po Ry(a), where p : W @ Kb — W is the projection defined by p(z + ab) =z, Vo € W, a € K.
The product in J = Ka & W & Kb is denoted by x and given by:

b*xJ = {0},
a*a=wy=xg+ kb,
xxy:=zy+ B(D(z),y)b, Va,y € W.

a*x = D(z)+ B(xg,x)b
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where xy is the multiplication of by y in W. Let © € W. We have B(A(x),b) = —B(z,A(})) =
—AB(z,b) = 0. Thus A(W) C I+ = W & Kb. We obtain:

A)=Ab,  A(z) =0(z) +¢¥(x)b, Ve €W, A(a) = aa+ ag + Bb,

where ¢ is an endomorphism of W, ¢ is a linear form of W, «, 8 € K and ag € W. The fact that A is
B—antisymmetric and B(a, a) = 0 implies, that § is T—antisymmetric, § = 0, « = —\ and ¢ = —B(ay, .).
Thus,

A(z) = §(z) — Blag,x), Ve e W  A(a) = aa + ag.
Further, the fact that A is an invertible derivation of J, implies that § is an invertible derivation of W

and
6($0) = 2D(a0) — 2z, kX = B(ao, $0), RaOlw =0D — D6+ \D.

Since ¢ is an invertible T'—antisymmetric derivation of W, then the bilinear form  : W x W — K
defined by: Q(z,y) :=T(0(x),y), Vz,y € W is a symplectic form on W. O

Corollary 7.4 Let (J, B,w) be a symplectic pseudo-euclidean Jordan algebra. Then (J, B,w) is obtained
from the algebras {0} by a finite sequence of symplectic pseudo-euclidean double extensions of symplectic
pseudo-euclidean Jordan algebras.

8 Jordan-Manin Algebras

8.1 Double extensions of Jordan-Manin algebras

Definition 8.1 A pseudo-euclidean Jordan algebra (J, B) is said Jordan-Manin algebra if there exists
two totaly isotropic subalgebras U, V of J such that J=U @ V. In this case the triple (J,U,V) is said a
Jordan-Manin triple.

Theorem 8.1 Let (J=UDV, B) be a Jordan-Manin algebra. Let (D, x¢) € Ends(J) xJ be an admissible
pair of § such that D(V) CV and g € V. The Jordan algebra obtained by generalized double extension

of 3 by means of (D,x0,0) is a Jordan-Manin algebra (3 =U" ® V', B), where U' =U ® Kb is the direct
product of U and Kb and V' =V & Ka is the generalized semi-direct product of V by Ka by means of
(D\v y :L'()).

Proof. The associatif scalar product on Jis given by
B, ., =B, B(a,b) =1, B(a,J) = B(b,J) = {0} et B(a,a) = B(b,b) = 0.

Let U' =U @ Kb and V' =V @ Ka. It is easy to see that &’ and V' are two totaly isotropic subalgebra
of J. Further, it is clear that J =U’ & V’. Thus J is a Jordan-Manin algebra. [J

Definition 8.2 The Jordan-Manin algebra (3 =U' & V', B) is said the double extension of the Jordan-
Manin algebra (3 =U &V, B) by the one dimensional algebra with zero product by means of (D, xo).

Theorem 8.2 Let (J=U®V, B) be a Jordan-Manin algebra. If UNAnn(J) # {0} or VN Ann(J) # {0},
then J is the double extension of the Jordan-Manin algebra (W = U' & V', T) by the one dimensional
Jordan algebra to null product.

29



Proof. Suppose that U N Ann(F) # {0}. Let b € U N Ann(J) \ {0}. There exists a € V such that
B(a,a) = 0, B(a,b) = 1 and J = (Kb)* @ Ka. By the proof of the Theorem [L.4, J is the generalized
double extension of W = (Ka @ Kb)* by the one dimensional Jordan algebra with zero product by means
of the pair (D, o) € Ends(W)xW defined by: D = poR,,,, and 29 = poRu(a), where p : WOKb — W
is the projection defined by p(x + ab) = 2, Vo € W, a € K. The product in J = Ka & W @& Kb is given
by:

b*J = {0},

axa=xy+ kb,

z*y = PB(x,y)+ B(D(z),y)b, Vr,y € W.

a*x = D(x)+ B(xg,z)b,

where (3 is a Jordan product on W and k € K. We have T = Kb C U, thus U+ C T+. Since U = U™,
then U C Z+. Tt follows that, T+ = U @ (VN ZI1). Further, VN I+ C W because if z € VN T+, then
B(a,x) = B(b,x) = 0. Hence, W = UNW)@® (VNI). One poses !’ =UNW and V' = VNIt It
is clear that V' is an ideal of V. Thus, for all v € V', axv € V'. Hence, D(v) + B(v,20)b € V' Vv € V"
It follows that, B(v,70) = 0 and D(v) € V', Yv € V. Hence, 790 € (V)2 NW = V" and D(V') C V'.
Further, U’ and V' are two subalgebra of W. In fact, let z,y € U’, then a(z,y) = zxy — B(D(z),y)b € U
because b € U. Since a(z,y) € W, then a(x,y) € U’'. The fact that V' is stable under D and that V' C V
is totally isotropic implies that V'’ is a subalgebra of W. Further , it is clear that &’ and V'’ are totally
isotropic. It follows that, (D, zg) is an admissible pair of W = U’ @V’ such that zy € V' and D(V') C V'.
Hence J =U @V is a double extension of the Jordan-Manin algebra W = U’ &V’ by means of (D, xg).
For the other case V N Ann(J) # {0}, the proof is similar.(]

Lemma 8.3 Let (J=U &V, B) be a Jordan-Manin algebra. If J is nilpotent, then U N Ann(J) # {0}
and YV N Ann(J) # {0}.

Proof. Suppose that U N Ann(J) = {0}. One poses Lo = VAnn(U) = {zy; v € V and y € Ann(U)}. Tt
is easy to check that Ly # {0} and include in 4. Consider Zj the ideal of U generated by Lg. Then Zj is
a non-zero ideal of the nilpotent algebra . Thus, Zy N Ann(U) # {0}. Now, let Ly = V(IO N Ann(U)).

It is clear that Ly # {0} and include in . Let Z; be the ideal of U generated by L;. By the same
argument, we show that Z; N Ann(U) # {0}. We repeat this process and we obtain the subsets sequence
(Ly)nen of U and the ideals sequence (Z,,)nen of U defined by Ly = VAnn(U), L, = V(Zp—1 N Ann(U)),
and Z,, is an ideal generated by L,, Vn € N. It is easy to see that for all n € N, Z,, is a non-zero ideal of
U and that for all n € N Z,, € C"*1(J). which contradict the fact that J is nilpotent. For the other case
VN Ann(J) # {0} the proof is similar.[]

The following Corollary is a consequence of the Theorem E and the Lemma .

Corollary 8.4 Let (J =U @V, B) be a Jordan-Manin algebra. If J is nilpotent, then J is the double
extension of a Jordan-Manin algebra (W, T) by the one dimensional algebra with zero product.

Corollary 8.5 Let (J = U @ V, B) be a nilpotent Jordan-Manin algebra. Then, J is obtained from
the two dimension Jordan-Manin algebra by a finite sequence of Manin double extensions of nilpotent
Jordan-Manin algebras.

8.2 Symplectic Jordan-Manin algebras

Definition 8.3 Jordan-Manin (J=U &V, B) is said symplectic Jordan-Manin algebra if there exists a
symplectic structure w on J satisfying wU,U) = w(V,V) = {0}.
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The study of symplectic Jordan-Manin algebra is intersting because every pseudo-euclidean symplectic
Jordan algebras is a symplectic Jordan-Manin algebra (see. Proposition @) This result, will be proved
in the Proposition @ The proof of the Proposition @ is based on the following Lemma (Proposition2.

(ii). p. 8 of [{).

Lemma 8.6 @]) Let £, &', F be a vector spaces and S be a set. Letr : S — End(E), ' : § —
End(&’) and q: S — End(F). For all A : S — K, one pose:

EN) ={z €& VseS, (r(s) — \(s))"(x) =0, for n € N*}.
Let o : € x & — F be a bilinear map such that:
a(s)o(z,2') = o(r(s)z, ') + o(x, ' (s)2'), Vs €S, z €&, 2’ €&
Then, For all maps A, i S — K, we have o (£(N), €' (1)) € F(\+ p).

Proposition 8.7 Let (J,B,w) be a symplectic pseudo-euclidean Jordan algebra over an algebraically
closed fields K. Then, there exists two subalgebras U and V of J such that (J = U & V,B,w) is a
symplectic Jordan-Manin algebra.

Proof. Let D be the derivation defined by w(z,y) = B(D(x),y) for all z,y € J. Let Sp(D) the set of
the eigenvalues of D. One pose

SpT ={X € Sp(D); Re(\) >0} U{\ e Sp(D); Re(A\) =0 and Im()\) >0}
= (Sp(D) UiRy) and Sp~ ={\e€ Sp(D); —\e SpT}.
It is clear that Sp(D) = Sp™ U Sp~ and Sp™ N Sp~ = . Now, one poses
U= 5% 300, v= > 3N,
AeSpt AeSp—

where J(\) = {z € J; (D — Xid3)*"Q)(z) = 0}. U and V are two subalgebras of J. In fact, if we consider
in the Proposition .4 € = & = F = § = J and we define

/

o:IxJg —7, r:J—End(J) and r'=q=nr.

—~

':L', y) — zy’ T D
Since D is a derivation, then
q(x)o(y,2) = o(r(x)y, 2) + o(y,r' ()2), Va,y,2z €3J.

Thus, by the Proposition@7 we have 0((}(A),J(,u)) CIA+p), VA, peK. ThusJN)J(u) CIA+p), VA, ne
K. Thus, U and V are two subalgebras of J. Now, we use the same proposition, to prove that ¢4 and V
are totally isotropic. One pose £ =& =85 =73, F = K and define

r=r":3J— End(J) et q:3J— End(K)

r+— D, x+— 0,
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Since D is B—antisymmetric, then
q()B(y, 2) = B(r(z)y,z) + B(y,r(z)z) = 0, Vz,y,z € J.
It follows that, by the Proposition B.f, we have B(J(A), J(1)) C K(A + p).
However, K(\A):={ae€K; (¢(x)-N)"(a) =0; where n € N} = {a € K;a\ = 0}.

It follows that, for all A # 0, we have K(\) = {0}. Consequently, since the sum of two elements of Sp™
(resp. Sp~) is not zero, then U and V are totally isotropic (i.e. BU,U) = U(V,V) = 0). It follows
that, & and V are two D—stable totally isotropic subalgebras of J wich satisfies J = U & V. Hence,
F=UdU,B,w) is a symplectic Jordan-Manin algebra. O

Theorem 8.8 Let (J1 =U; V1, B1,w1) be a symplectic Jordan-Manin algebra. Let ag € V1, A € K and
0 be the invertible derivation of J1 defined by

Wl(xvy) = Bl(é(z)ay)v VZ',y S 31'

Let (D, x0) € Ends(J1) X J1 be an admissible pair such that:
1
D(V) C V, xo € v D(ao) = )\$0 + 55(:60) Rao =D — D5+ AD.

Then, the symplectic pseudo-euclidean double extension (J, B,w) of (J1 = U1 & V1, B1,w1) by means of
(D, zg, ap, A) is a symplectic Jordan-Manin algebra.

Proof. By the Theorem @, the Jordan algebra (J, B,w) is symplectic and pseudo-euclidean, where
w(z,y) = B(A(x),y), Vz,y € J, and A is the B—antisymmetric invertible derivation of (J, B) defined
by:

A(b) = \b, A(z) = §(z) — Bi(ag, )b, A(a) = ap — Aa, Yz € J1.

Further, by the Theorem , The algebra (J =U & V,B) where Y = U; ® Kb, V = V; ® Ka est is a
Jordan-Manin algebra. It remains to be shown that A(Uf) = U and A(V) = V. In fact, let u = u;+ab € Y.

Au) = Aug) + aA(b) = 6(ur) + (aXb — By(ag,u1))b € U.

Let v=v; + Ba € V.
A(v) = A(v1) + BA(a) = §(v1) — Bag — Bra € V.O

Definition 8.4 The algebra (J = U @ V, B,w) constructed above is said the symplectic-Manin double
extension of the symplectic Jordan-Manin algebra (J1 = Uy ® V1, B1,w1) by means of (D, xq, ag, A).

Theorem 8.9 Let (J=UDV, B,w) be a symplectic Jordan-Manin algebra. Let A be the B—antisymmetric
invertible derivation defined by w(x,y) = B(A(z),y), Ya,y € J. If A admits an eigenvector ¢ €
Ann(J) NU + Ann(J) NV, then (J = U @ V, B,w) is the symplectic-Manin double extension of the
symplectic Jordan-Manin algebra W =U' @ V', T,Q) by means of (D, g, a0, A) € End(W) x V' x V' x K
satisfying D(V') C V'.
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Proof. Let ¢ € Ann(J) NU + Ann(J) NV such that ¢ # 0 and A(c) = Ac¢ where A € K. One poses
c=0b+b where b € Ann(J) NU and b’ € Ann(J) NV. Since U and V are stable by A, then A(b) = Ab
and A(b') = A\b'. Since ¢ # 0, then b # 0 or b’ # 0. Suppose that b # 0 (if b’ # 0 the same demonstration
is remade). Since b € Ann(J) N U \ {0}, then there exists a € V such that B(a,a) =0, B(a,b) =1 and
J = Ka @ (Kb)*. By the Theorem (3, B,w) is the symplectic pseudo-euclidean double extension of
(W = (Ka ® Kb)*, T, 8) by means of (D, g, ap,\) € End(W) x W x W x K, where ag = p’ o A(a) and
(D, o) an admissible pair defined by: D = poR,),, and 29 = poR,(a), where p (resp. p’) is the projection
of W@ Kb (resp. W @& Ka) in W defined by p(x + ab) = x (resp. p/'(x + ca) = ), Ve € W, a € K.
Recall that, 6 = poA|,,. On the other hand, by the Theorem , (J=UaV, B) is the Manin double
extension of the Jordan-Manin algebra (W = (Ku & Kw)*, T) by the one dimensional algebra with zero
product by means of the admissible pair (D, zg) whereD(V') C V' and z¢ € V'. Recall that, W =U' @V’
where U’ = U NW and V' = VN (Ku)*. Since U and V are stable by A, then U’ et V' are stable by &
too. Moreover, A(a) = ag — Aa. Thus, ag — Aa € V because a € V. Hence, ag € V. On the other hand,

B(A(a),b) = —B(a, A(b)) = —AB(a,b) = B(—Aa, b).

Thus, B(ag,b) = 0. It follows that ag € (Kb)‘-. Hence, ag € V'. We conclude by the Theorem B.§
that, (J =U @V, B,w) is the symplectic-Manin double extension of a symplectic Jordan-Manin algebra
W=U &V, T,Q) by means of (D, zg,ap, ). O

9 Characterizations of semisimple Jordan algebras

In this section we are going to give some new charcterizations of semisimple Jordan algebras among the
pseudo-euclidean Jordan algebras.

9.1 Characterization via the representations of Jordan algebra

Recall that, by Theorem of Albert (, Theorem 4.5), a Jordan algebra J is semisimple if and only if
its Albert form 2 : J x J — K defined by: (z,y) = tr(Ray), Vz,y € J is non-degenerate. Now, we
are going to give an answer to the following question: Let J be a Jordan algebra and = : J — End(V)
be a representation of finite dimension of J. Consider the bilinear form B, : J x J — K defined by:

Bi(z,y) = tr (ﬂ(my)) ,Va,y € J (we say that B, is the biliner form of J associate to representation 7).

What about the structure of Jordan algebra J such that B is non-degenerate?

Proposition 9.1 Let J be a Jordan algebra and w : J — End(V) be a finite-dimensional representation
of 3. Then, the bilinear form B : J x J — K defined by:

Br(a,y) = tr(m(ay)) Va,y €3,
s symmetric and associative.
Proof. Let x,y,z € J. Bx(z,y) = tr(ﬁ(zy)): tr (w(yz)): B(y,x), then B, is symmetric. Now,

By (zy,z) — Br(z,yz) = tr (ﬂ((:cy)z — z(yz))): tr (W((Z‘, v, z)))
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By Corollary B., we have 7T((SC, Ys z)) = [7(y), [7(x), 7(2)]]. It follows that tr (W((Z‘, Y, z))): tr([w(y), [7(x), 7(2)]])

0, so Bx(xy, z) — Br(x,yz) = 0. Consequently, B is associative. [J

The following Lemma is the first step to study the non-degeneracy of B;.

Lemma 9.2 Let J be a Jordan Algebra. Then, J is nilpotent if and only if w(x) is nilpotent, for all
finite-dimensional representation ™ of § and for all x € J.

Proof. Let J be a Jorc}an Algebra and let 7 : J — End(V) be a finite-dimensional representation of J.
Then the vector space J = J & V with the following product

(x+v)(y+w) =zy+7m(z)w+ w(y)v,Ve,y € J,v,w €V,

is a Jordan Algebra. It is clear that ) is an ideal of J such that vw =0, Yv,w €V, then V is an ideal
nilpotent of J. Consequently, V' is contained in the radical Ra( ) of ot

Suppose that J is not nilpotent, then, J = S ® Ra(J ) where S # {0} is a semi-simple subalgebra of
3. Consequently, the Jordan algebras 3 /V and S @ Ra((} /V) are isomorphic. Let ¢ : J — 3 /V be the
canonical surjection. Since SNV = {0}, then ¢ : S — ¢(S) is an isomorphism of Jordan Algebras.
It follows that ¢(S) is semi-simple. Moreover 3 /V is nilpotent because J is nilpotent, then ¢(S) is also
nilpotent, so ¢(S) = {0}. Therefore, S C V, which contradicts S # {0}. We conclude that J is nilpotent.
consequently, 7(z) is nilpotent for all z € J.

Conversely, we have, in particular, R, is nilpotent for all z € J where R is the adjoint representation
of J, s0 J est nilpotente ( [[[4], Theorem 4.3).00

Theorem 9.3 Let J be a Jordan algebra. Then the following assertions are equivalent:
(i) J is semi-simple;

(1) There exists a finite-dimensional representation m : J x J — End(V) of J such that the bilinear
form B :J x 3 — K defined by B(z,y) = tr(m(xy)),Vr,y € J, is non-degenerate.

Proof.

If J is semi-simple, then by Theorem of Albert ([@], Theorem4.5), the bilinear form B : J x J — K
defined by : B(z,y) = tr(Rsy), Yo,y € J, is non-degenerate.

Conversely, suppose that there exists a representation 7 : J x J — End(V) such that the bilinear
form B de J defined by: B(x,y) = tr(n(zy)),Vz,y € J, is non-degenerate. Let x € J and r € Ra(J),
where Ra(J) is the radical de J. The previous Lemma implie that m(rz) is nilpotent, hence B(r,z) =
tr(m(rz)) = 0. The fact that B is non-degenerate implies that » = 0. Which proves that Ra(J) = {0}.
We conclude that J is semi-simple. [

9.2 Opertors of Casimir type of pseudo-euclidean Jordan algebra

Now, we are going to give a characterization of semi-simple Jordan algebra by using an operator called
opertor of Casimir type. Let (J, B) be a pseudo-euclidean Jordan algebra of dimension n. We consider
B = {e1,...en}, B = {€},...;e,}, two basis of J such that B(e;,e}) = d;5, Vi,j € {1,...,n} where §;;
is Kronecker’s symbol. Let us consider ¢ = Y " e;e}, then the operator R, : J — J is defined by:
Re(z) =30 w(ees), Ve € J. U T ={f1,..., fn}, T/ ={f{,..., f,} two other basis of J such that

B(fi, f}) = dij Vi,j € {1,...,n}, in the following Lemma, we prove in particular that R. = R./, where

d = Z?:l fifi-
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Lemma 9.4 Let (J,B) be a pseudo-euclidean Jordan algebra.
(1) For all x,y € J, we have UA(x,y) = B(R.(x),y) (where A is the Albert form of J);

(2) RC:RCI;
(8) For allx € J, on a Rco Ry = Ry o R,.

Proof. (1) Let z,y € J, B(Re(x),y) = 3i_ B(Re,e;(2),y) = X1y Bleiel, y) = Y1y B((wy)ei, €f) =
trRyy = Uz, y).

(2) By (1), it is clear that B(Ry(z),y) = A(z,y) = B(Re(x),y), Vz,y € J. The fact that B is
non-degenerate implies that R, = R .

(3) Let z,y,2 € J, B(Rch(y)az) - B(Rch(y)az) = B(Rc(y‘r)az) - B(Rc(y)axz) = Ql(yx,z) -
A(y,zz) = 0. The fact that B is non-degenerate implies that R.R,(y) = Rz R.(y). O

Definition 9.1 R, is called the operateur of Casimir type of the pseudo-euclidean Jordan algebra (3, B).
Proposition 9.5 J is semi-simple if and only if R. is invertible.

Proof. Let z,y € J, by Lemma P.4 we have 2(z,y) = B(R.(z),y). Consequently, the Albert form 2l is
non-degenerate if and only if the operator R, est invertible. Then we conclude, by Theorem 4.5 of [B],
that J is semi-simple if and only if R, is invertible. [J

Proposition 9.6 Let (J, B) be an B—irreducible pseudo-euclidean Jordan algebra. Then the operator of
Casimir Type R. of (J,B) is either nilpotent or invertible.

Proof. It is known that there exists n € N such that J = ker(R.)" @ Im(R.)™. It is easy to see that
B(ker(R.)", Im(R.)") = {0}, so (ker(R.)")" = Im(R.)". Moreover, by Lemma P-4, ker(R.)" is an
ideal of J. Consequently, ker(R.)"™ = {0} or ker(R.)™ = J. We conclude that R, is either nilpotent or
invertible. [J

Proposition 9.7 Let (J, B) be a pseudo-euclidean Jordan algebra and R. be the operator of Casimir
Type of (3,B). Then R. is nilpotent if and only if J is a Jordan algebra without nonzero semisimple
ideal.

Proof. Suppose that J contain a semisimple Z. By Lemma E, T and I+ are non-degenerate ideals of
Jand J =Z @I+, It follows that R is the operateur of Casimir type of (Z, B);,,) where R. is the
operator of Casimir type of (J, B). If Z # {0}, then R. _ is invertible, so R, is not nilpotent.
Conversely, suppose that J is without nonzero semisimple ideal then J is an orthogonal direct sum
of irreducible non-degenerate ideals Ji, k € {1,...,p}. Let us set Ry the operator of Casimir type of
the pseudo-euclidean Jordan algebra (J, B|Jk><3k ), where k € {1,...,p}. It is clear that R%k = Ry, for

all k € {1,...,p}. Since, by Propositions @ and @, Ry, is nilpotent, for all k € {1,...,p}, then R, is
nilpotent. [

Corollary 9.8 Let (3, B) be a pseudo-euclidean Jordan Algebra and R, be its operator of Casimir type.
Let S be the largest semisimple ideal of 3. Then J = S @ S+ is the Fitting decomposition of J relative to
R..

Proof. By Lemma @ S and St are non-degenerate ideals of J and J = S @ S*. It follows that
the operator of Casimir type of (S, Bj, ) (resp. (SL,B‘SLXsL)) is T := (Rc)|, (resp. L := (Rc)

Moreover, T is invertible because S is semisimple and L is nilpotent because St is a Jordan algebra
without nonzero semisimple ideal. [

\SL)'
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9.3 Characterization by means of the index of Jordan algebra

In this subsection, K = Ror C. Let (J, B) be a pseudo-euclidean Jordan algebra. We denote by §(J) the
vector space of all associative symmetric bilinear forms on J and by B(J) the subspace of F(J) spanned
by the set of the associative scalar products on J.

Lemma 9.9 B(3) = (7).

Proof. Let B be an associative scalar product on J and ¢ € F(J). Let T be a basis of J, M(B)
and M (y) the associated matrices of B and ¢ in T. Since B is non-degenerate, then there exists f,
a linear map of J into itself, such that ¢(z,y) = B(f(z),y), Vx,y € J. Let M(f) be the matrix of f
in T, so M(p) = *M(f)M(B). Consider the polynomial P(X) = det(M () — XM (B)) € C[X], then
P(X) = det(M(B))det(M(f) — X1I,,) where n is the dimension of J. Consequently, P(X) is a non-zero
polynomial; so there exists A € K such that P(\) # 0. Therefore ¢ — AB is non-degenerate, it follows
that ¢ = (¢ — AB) + AB € B(J). We conclude that §(J) = B(J). O

Definition 9.2 Let (3, B) be a pseudo-euclidean Jordan algebra. The dimension of B(J) is called the
index of J and will be denoted by ind(J).

Proposition 9.10 If J is a simple Jordan algebra over C, then ind(J) = 1.

Proof. Since J is simple then, by Theorem of Albert ([14], Theorem 4.5), the Albert form 2 of J is an
associative scalar product on J. Now, let B be an associative scalar product on J. Then there exists an
endomorphism D of J such that B(z,y) = A(D(x),y), Vz,y € J.If A € K, the bilinear form B’ of J defined
by: B'(z,y) = A(D(x) — Az, y), Va,y € J, is associative. If X is an eigenvalue of D and v is an eigenvector
for A, then B'(v,y) =0, Vy € J and rad(B’) := {z € J; B'(z,y) = 0, Yy € J} # {0}. Moreover, rad(B’)
is an ideal of J, it follows that rad(B’) = J. Therefore D — \idy = 0, so B(z,y) = \(z,y), Vz,y € 3. O

Proposition 9.11 Let (J, B) be a pseudo-euclidean Jordan algebra. If ind(J) = 1, then J is either a
simple Jordan algeba or J is the one-dimensional algebra with zero product.

Proof. If ind(J) = 1, then J is irreducible. Assume that J is neither simple nor the one-dimensional
algebra with zero product. Then, by Corollary and Theorem @, J is either a double extension
of a pseudo-euclidean Jordan algebra by a simple Jordan algebra or a generalized double extension of
a pseudo-euclidean Jordan algebra by the one-dimensional algebra with zero product. If 32 = J (i.e.
Ann(J) = {0}), then J is a double extension of a pseudo-euclidean Jordan algebra (W, T) by a simple
Jordan algebra §. Moreover, by Theorem @, if v is an associative symmetric bilinear form on S, then
the bilinear form 4 on S @ W @& §* defined by: ¥(z +y + f,2' + v + ') = v(x,2") + B(y,y') + f(2') +
(@), V(z,y, ), (@9, ') € §xWxS*, is an associative scalar product on J. Let us consider 7 = 2l the
Albert form of S andthe bilinear form 5 = 0 on S . It is clear that 71 et ¥3 are two linearly independant
elements of B(J), so ind(J) > 2 which contradicts the fact that ind(J) = 1. Now, if Ann(J) # {0},
then there exists b € Ann(J) such that b # 0. Since J is irreducible and J is not the one-dimensional
algebra with zero product, then B(b,b) = 0. By Theorem Q, J=Ka® W & Kb, where a € J such that
Bl(a,a) =0, B(a,b) = 1 and W+ = Ka ® Kb . Let us consider the associative symmetric bilinear form 7'
on J defined by: T'(a,a) =1, and T(z,y) =0, V(z,y) € J x J \ Ka x Ka. It is easy to see that B et T
are two linearly independant elements of B(J). therefore, ind(J) > 2, which contradicts the hypothesis
ind(J) = 1.
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We conclude that if ind(J) = 1, then J is either a simple Jordan algebra or J is the one-dimensional
algebra with zero product. [

For any real Jordan algebra J, we will denote by 3¢ .= 3ogC its complexification which is a Jordan
algebra over C. It is clear if (J, B) is a real pseudo-euclidean Jordan algebra, then (3%, B®) is a complex
pseudo-euclidean Jordan algebra where B is the bilnear form on defined 3 defined by: B®(z®a, y®b) :=
abB(z,y),Vz,y € J,Va,b € C.

Corollary 9.12 Let (J, B) be a pseudo-euclidean Jordan algebra over C. Then the two following asser-
tions are equivalent:

1. ind(J) =1
2. J is either a simple Jordan algebra or J is the one-dimensional algebra with zero product.

Corollary 9.13 Let (3, B) be a pseudo-euclidean Jordan algebra over R such that 3% # {0}. Then the
following assertions are equivalent:

(1) ind(J) =1,
(ii) ind(JC) =1 (i.e. dimeB(JC) =1),
(iii) JC is simple.

Proof. By Corollary .19, the assertions (i) and (iii) are equivalent. In the following we are going to
prove that (i) and (ii) are equivalent. Assume that dim¢B(J®) = 1. Let Ty, T5 be two associative scalar
products on J. For k € {1,2}, we consider the symmetric bilinear form Ty on J© defined by:

Tk(‘ray) = Tk(‘ray)a Tk(lxvly) = —Tk(l',y), Tk(ll’ay) = ’LTk(‘ray)a vxay €J.

It is easy to verify that T} is an associative scalar product on J€. Since dimcB (3%) = 1, then there
exists A\ := a + i € C such that T} = \T. In particular, for all z,y € J we have T1(z,y) = AT (z,y),
so Ti(z,y) = (o + iB)Te(x,y). It follows that 8 = 0, consequently T3 = aT5. We conclude that
dimg B(J) = 1.

Conversely, assume that dimg B(J) = 1. By Proposition , J is simple. Suppose that dimcB(J®) #
1. Then, by Theorem , 3€ is not simple. Therefore J admits a complexe structure. This means that
there exists a simple complex Jordan algebra & such that J = G is the underlying real algebra &. By
Theorem 8.5.2 of [E], & admits an euclidean real form &, so J = € @ i€. Let A be the Albert form of &,
we consider the two bilinear forms By and Bs on J defined by:

Bi(z1 +ixe,y1 +iy2) = U(w1,y1) — (22, 92),
Bi(z1 +ixe,y1 +iy2) = U(w1, y2) + U@, 1), Vo1, 22,y1,y2 € E.

An easy calculation proves that By and Bs are linearly independent associative scalar product on J which
contradicts that ind(J) = 1. We conclude that dime¢B(J¢) = 1. O

Definition 9.3 LetJ be a Jordan algebra. J is called reductive if J = SBAnn(J) where & is a semisimple
ideal of J.
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Remark 9 If J = 0 & Ann(J) where & is a semisimple ideal of J, then & is the greatest semisimple
ideal of J and & = @?:1 GS; where {&;, 1 <i < n} is the set of all simple ideals of J.

Corollary 9.14 Let (J, B) be a pseudo-euclidean Jordan algebra and J1,...,Jr (r € N) be B—irreducible
non-degenerate ideals of J such that J = @;_, J; and B(J,J1) = {0}, for all k,1 € {1,...,r}. Then the
following assertions are equivalent:

1. ind(J) =
2. J is reductive and dimAnn(J) < 1.

Proof. Suppose that ind(J) = r. Let i € {1,...r}, we consider {Ti1,...,Tin,} a basis of B(J;), where
n; = ind(J;). Now, for ¢ € {1,...,r} and j € {1,...,n;}, we consider the bilinear form T;; : J x J — C

defined by: T; = Ty, andfij(:c,y) =0,V(x,y) € I x I\ Ji xJi. It is clear that the elements

Y3,%x3;
of Uycic, {Tij, 1 < j < ni} are linearly independant, so ind(3) > 30 cicn i = Y 1<se, ind(J;). Since
ind(J) = r, then ind(J;) = 1,Vi € {1,....,7} (i.e. B(J;) = Vect{T;1}). Consequently, by Corollary

Jor all ¢ in {1,...,r}, J; is either simple or the one-dimensional algebra with zero product. Let us
suppose that there exist i # j € {1,...,7} such that J; = Ca and J; = Cb with a® = b* = 0 and consider
the symmetric bilinear form defined on J by: T'(a,b) =1 and T(x,y) =0, V(z,y) € J x J\ (Ca x Cb).
It is clear that T is an element of F(J). Therefore, there exist a,...,a, € C such that 7' = Y., Ti.
Which contradicts the fact that T'(a,b) # 0, so J is reductive with dimAnn(J) < 1.

Conversely, Assume that J is reductive and dimAnn(J) < 1. Then, without lost of generality, we
can suppose that for all ¢ € {2,...;r} J; is simple and J; is either simple or the one-dimensional algebra
with zero product. It follows that for all i € {1,...,r}, we have ind(J;) = 1 and B(J;) = CB;, where
B; = Blaixai' Now, If T is an associative symmetric bilinear form on J, then T; := T‘&_Xﬁi is an
associative symmetric bilinear form on J;. Consequently, there exists (o;),.;, in C such that T; =
a;B;, Vi € {1,...,r}. Moreover, since T;(J;, k) =0, Vi # k € {1,...,r}, then T =Y, «; B; where B; is
the bilinear form on J defined by: B“Gimi = B; and Bi(z, y)=0,Vz,y € IxJ\Ji x J;. Moreover, it is
casy to see that the elements of {(B;), 1 < i < r} are linearly independent. We conclude that ind(J) = r.
Il

In the following result, we give a characterization of semisimple Jordan algebra by using the notion
of index

Corollary 9.15 Let (3, B) be a pseudo-euclidean Jordan algebra and J1,...3, (r € N) be B—irreducible
non-degenerate ideals of J such that 3 = @;_; Ji and B(Jr,J1) = {0}, for all k,l € {1,...,r}. Then the
two following assertions are equivalent:

1. J is semisimple,

NS}

.3 =3J and ind(J) = r.
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